http://www.gsd.uab.cat

A sd

This is a preprint of: “On the periodic orbits of the Third-order differential equation z’”” — pux'’ +
' — px = eF(x,2’,2")”, Jaume Llibre, Lucy Any Roberto, Appl. Math. Lett., vol. 26, 425-430,
2013.

DOI: [10 .1016/j.am1.2012.10. 017}

ON THE PERIODIC ORBITS OF THE THIRD-ORDER
DIFFERENTIAL EQUATION 2" — ua" + 2/ — px = eF(x, 2, 2")

JAUME LLIBRE' AND LUCI ROBERTO?

ABSTRACT. In this paper we study the periodic orbits of the third-order
differential equation ="’ — px” + 2’ — pr = eF(x,z’,2"), where € is a
small parameter and the function F is of class CZ.

1. INTRODUCTION AND STATEMENT OF THE MAIN RESULTS

In the qualitative theory of differential equations one of the main problems
is the study of their periodic orbits, their existence, their number and their
stability. A limit cycle of a differential equation is a periodic orbit isolated
in the set of all periodic orbits of the differential equation.

In this paper we deal with the third-order differential equation
(1) 2 — pa” + 2 — px = eF(x, 2, 2"),

Here the variables x and ¢, and the parameters p and e are real, moreover
¢ is a small real parameter and the function F : Q — R is of class C2. Here
) is an open subset of R3. The prime denotes derivative with respect to an
independent variable t. The objective is to study the periodic solutions of
this differential equation.

There are many papers studying the periodic orbits of third—order differ-
ential equations. In particular our class of equations (1) is not far from the
ones studied in [13] and [2]. But our main tool for studying the periodic
orbits of equation (1) is completely different to the tools of the mentioned
papers. We shall use the averaging theory, more precisely the Theorems 3
and 4 of the appendix. Many of the papers dealing with the periodic orbits of
third—order differential equations use Schauder’s or Leray—Schauder’s fixed
point theorem, see for instance [4, 8, 9], or the nonlocal reduction method
see [1], and others [5]. The non-autonomous case of the differential equation
(1) was studied in [6] with p # 0. As in [6], our main tool for study the
periodic orbits of equation (1), was the averaging theory. But in [6] they
only need to use Theorem 3, and here we shall use Theorem 3 when p # 0
and Theorem 4 when p = 0.
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We recall that a simple zero rj§ of a function F(rg) is defined by F(rj) =0
and (dF(r§)/dro) # 0.

The main results on the periodic solutions of the third-order differential
equation (1) are the following two theorems.

Theorem 1. Consider p # 0 into the differential equation (1). For e # 0
sufficiently small and every positive simple zero r( of the function

2w

}—(7’0):% A F(A,B,C)cosfdb,

where

ro(cos @ + psin @) _ ro(sin® — pcos6) _ ro(cos @ + psinf)

A= — _
1+ p? ' 1+ p? ’ 1+ p? ’

the differential equation (1) has a periodic solution z(t) tending to the pe-
riodic solution
rg(cost 4 psint)

t) =

of 2" — px" + 2’ — pxr =0 when e — 0.

In order to state the next result we need the following definitions
1 2
fi(ro, Zo) = 7/ F(a, B,7)cosf db,
21 Jo

2w
Falro, 20) = 5 [ Pl ,)ao,

where

a=—Zy—rocosl, [ =rgsinf, -~ =rgcosd.

Theorem 2. Consider p = 0 into the differential equation (1). If there
exists (ro, Zp) such that

f1 (7‘0, Z[)) =0, fg(?“o, Z()) =0 and det (W) (7“0, Zo) 75 0,

then the differential equation (1) with p = 0 has a periodic solution x.(t)
tending to the periodic solution

x(t) = —rgcost — Zy,
of " + 2’ =0 when ¢ — 0.

These two theorems are proved in the next section. The proofs are based
on the averaging theory for computing periodic orbits, see the appendix.
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2. PROOF OF THE THEOREMS

We start with some preliminaries. Indeed with some change of coordinates
that will be used in the proofs of Theorems 1 and 2.

If y = 2’ and z = 2", then we write the third-order differential equation
(1) as a first-order differential system in the open subset 2 C R3. Thus we
have the differential system

=y,
(2) y =z
2 =—y+pulr+z2)+eF(z,y,2).
System (2) with e = 0 will be called the unperturbed system, otherwise
we have the perturbed system. The unperturbed system has a unique sin-

gular point, the origin with eigenvalues i, —i, . Doing the linear change of
variables (X,Y, 2)T = C(x,y,2)" with

0 —p 1
C=| —u 1 0],
-1 0 -1

we transform the differential system (2) into the next differential system
having its linear part in the real Jordan normal form, i.e.

X' =-Y +eF(X,Y,2),
(3) Y = X,
7' = uZ — cF(X,Y, Z),
where F(X,Y, Z) = F(A, B,C) being
XtZ4py o Y-pX+2) _ X+pY —pz2)
L+u? B L+p? 7 B 1+ p?

Now we pass from the cartesian variables (X, Y, Z) to the cylindrical ones
(r,0,7) of R3, where X = rcosf and Y = rsinf. In these new variables
the differential system (3) becomes

r'=¢eG(r,0,7)cosb,
G(r,0,7Z)sin0

(4) 0=1-e—"""—",
r

Z'=pZ —eG(r,0,2),
where G(r,0,Z) = F(rcos,rsinf, Z).
Now we change the independent variable from ¢ to 6, and denote the

derivative with respect to 6 by a dot. Therefore the differential system (4)
becomes

A=—

d
i = =5 = e G(r,0,2) cosf + O(c?),
(5) i
VA Z -
AN A s
T

2
- G(r,0,7) + O(c2).
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We must study the following cases separately: pu # 0 and p = 0.

Case p # 0. We can write system (5) as follows

(6) % = Fy(0,%) + eFi(0,x,¢) + O(e?),
where
G(r,0,7Z)cos0
T 0
x:< ),FO(G,X):< ),Fl(e,x,e): .
Z Z —
1 NZSlie TG(T, 0.7)

We shall study the periodic solutions of system (6) using the averaging
theory, more precisely Theorem 3 of the appendix. First we look for the
periodic solutions of the unperturbed system

X = F()(Q, X).
Note that these periodic solutions are
(T(9)7 Z(H)) = (7"(), 0)7

for every rg > 0, i.e. these periodic orbits are circles in the plane Z = 0 for
system (4). Of course all these periodic solutions in the coordinates (r, Z)
are 2m—periodic in the variable 6.

We shall describe the different elements which appear in the statement
of Theorem 3 in the particular case of the differential system (5). Thus
we have that £ = 1 and n = 2. Let r; > 0 be arbitrarily small and let
ro > 0 be arbitrarily large. Then we take the open bounded subset V' of R
as V = (ri,re), a =19 €V, B:[r1,r2] — R is defined as 5(rg) = 0. The set
Z is

Z ={za = (r0,0),70 € [r1,72]}-
Clearly for each z, € Z we can consider that the 2w—periodic solution
x(0) = zo = (70, 0).
Computing the fundamental matrix M, (0) of the linear differential sys-

tem (14) associated to the 2w—periodic solution z, = (r9,0) such that
M,,,(0) be the identity of R?, we get

M(8) =M (6)= (o oo )

Note that the matrix M (#) does not depend of the particular periodic orbit
Zo. Since the matrix

M) =M = (g Lo ).

is not identically zero because u # 0, it satisfies the assumptions of statement
(ii) of Theorem 3, and we can apply this theorem to system (5).
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Now ¢ : R? — R is £(r, Z) = r. We calculate the function (15)
1 2m
F(rg) = — F(A,B,C)cosfdo,
21 Jo
where A, B and C are defined in the statement of Theorem 1. Then by
Theorem 3 we have that for every simple zero rj € [r1,r2] of the function
F(rp) we have a periodic solution (r.(6), Z:(0)) of system (5) such that
(re(0), Z2(0)) — (r5,0) as e — 0.
Going back through the changes of coordinates we get a periodic solution
(re(t),0:(t), Zc(t)) of system (4) such that
(re(t),0:(t), Ze(t)) — (r5,t,0) as e — 0.
Consequently we obtain a periodic solution (X:(¢),Yz(t), Z:(t)) of system
(3) such that
(X(t),Yz(t), Ze(t)) — (rgcost,rgsint,0) as e — 0.

Therefore since

X+Z+uY
(7) T=———
1+ p
we have a periodic solution (x.(t),y(t), ze(t)) of the system (2) such that
5 t int
xg(t)—>—T0(COS +,L2Lsm ) £ 0.
T+ pu

Note that the previous expression provides a periodic solution of the linear
differential equation 2"’ — ux” + ' — ux = 0. Hence we have proved Theorem
1.

Case 1t = 0. System (5) with u = 0 becomes

;= % =eG(r,0,7Z)cost + 0(52)»
(8)

. Z

7= = G(r,0,2) + OE),

with (r, Z) € D C R? and D an open subset in R.

Note that system (8) is in standard form of averaging theory for applying
Theorem 4, see (16). Then the averaged differential system is

(9) (7, 2) = eg"(r, 2),
where
2T
(10) P Z) = 217r/0 (G(r,s,Z)coss,G(r,s,Z))ds.

By Theorem 4 for every singular point p = (rg, Zp) of system (9) such
that

9q°
(11) det ( ) ’ #0,
a(r, Z) (rZ)=p
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there exists a 2m—periodic solution (r.(6), Z:(0)) of system (8) such that
(re(0), Z:(0)) — p as € — 0. Then (11) is equivalent to

e (222 1, 2 0,

where f; and fo are the functions defined just before the statement of The-
orem 2.

Going back through the changes of coordinates the 2w —periodic solution
(re(0), Z(9)) of system (8) provides the periodic solution (X (t), Yz(t), Z(t))
of system (2) with u = 0 such that

(Xc(t),Ye(t), Zo(t)) — (rocost,rosint, Zp) as e — 0.
Therefore, from (7) we have a periodic solution (x.(t),y:(t),z:(t)) of the
system (2) such that

xe(t) = —rocost — Zy as € — 0.

Hence we have proved Theorem 2.

3. APPENDIX

In this appendix we present the basic results from averaging theory that
we need for proving the results of this paper.

We consider the problem of the bifurcation of T'—periodic solutions from
the differential system

(12) x = Fy(t,x) + eFi(t,x,¢) + 2 Fo(t, X, €),

with € = 0 to € # 0 sufficiently small. The functions Fp, F1 : R x Q — R”
and Fy : R x Q% (—¢gg,e0) — R" are C? functions, T—periodic in the variable
t, and €2 is an open subset of R™. One of the main assumptions is that the
unperturbed system

(13) X:FO(tax)v

has a submanifold of periodic solutions. A solution of this problem is given
using averaging theory. For a general introduction to averaging theory see
the books of Sanders and Verhulst [11], and Verhulst [12].

Let x(t,z) be the solution of unperturbed system (13) such that x(0,z) =
z. We write the linearization of the unperturbed system along the periodic
solution x(t,z) as

(14) y = DxFo(t,x(t, 2))y.

In what follows we denote by M,(t) some fundamental matrix of the linear
differential system (14), and ¢ : R¥ x R"* — R* the projection of R” onto
its first k coordinates, i.e., {(x1,...,xy) = (T1,...,Tf).

Theorem 3. Let V C R* be open and bounded, and let By : C1(V) — R*=F
be a C? function. We assume that
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(i) Z2 ={2a = (o, fo()), 0 € C(V)} C Q and that, for each z, € Z
the solution x(t,zq) of (13) is T—periodic;

(i) for each zo € Z there is a fundamental matriz My, (t) of (14) such
that the matriz

M, }(0) = M, }(T)
has in the right hand up corner the k x (n — k) zero matriz, and
in the right hand down corner a (n — k) x (n — k) matriz A, with
det(Ay) # 0.
We consider the function F : C1(V) — R¥

(15) ( / () F(, x(¢, za))dt> .

If there ezists an a € V with F(a) = 0 and det((dF/da)(a)) # 0, then
there is a T—periodic solution ¢(t,e) of system (12) such that p(0,e) — a
as € — 0.

Theorem 3 goes back to Malkin [7] and Roseau [10], for a shorter proof
see [3].

The next theorem provides a first order approximation for the periodic
solutions of a periodic differential system, for the proof see Theorems 11.5
and 11.6 of Verhulst [12]

Consider the differential equation
(16) x=cf(t,x) + 529(t) x,€), x(0) =xg

withx € D C R"™, ¢ > 0. Moreover we assume that both f(¢,x) and g(¢,x, ¢)
are T'—periodic in t. Separately we consider in D the averaged differential
equation

(17) y=ef(y), y(0)=xo,

where LT
(WWZTAf@Wﬁ

Under certain conditions, equilibrium solutions of the averaged equation
turn out to correspond with 7'—periodic solutions of equation (16).

Theorem 4. Consider the differential equation (16) and suppose that

(i) the functions f, g, fx, 9x and fxx are defined, continuous and
bounded by a constant independent of € in [0,00) x D and ¢ € (0,ep];
(ii) f and g are T—periodic in t (T independent of ).
If p is a singular point of the averaged equation (17) and

det( f0> ly=p # 0,

then there exists a T—periodic solution ¢(t,€) of equation (16) which is close
to p such that p(0,e) — p ase — 0.
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