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Abstract

Various studies have confirmed the possibility of identifying the location of a set of small inhomogeneities
via a direct sampling method; however, when their permeability differs from that of the background, their
location cannot be satisfactorily identified. However, no theoretical explanation for this phenomenon has
been verified. In this study, we demonstrate that the indicator function of the direct sampling method
can be expressed by the Bessel function of order one of the first kind and explain why the exact locations
of inhomogeneities cannot be identified. Numerical results with noisy data are exhibited to support our
examination.
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1. Introduction

In this study, we consider an inverse-scattering problem for identifying the locations of unknown inhomo-
geneities with small diameter from measured far-field pattern data. For this purpose, various identification
methods have been developed, of which most are based on Newton-type iteration schemes. However, to
successfully apply these schemes, one must begin the iteration procedure with a good initial guess that is
close to the unknown inhomogeneities. Moreover, it is very difficult to identify multiple inhomogeneities
simultaneously using iteration schemes

To quickly identify multiple inhomogeneities, various techniques have been developed; these include
MUTtiple SIgnal Classification (MUSIC) T_‘I:l 2, E topological derivative M 1, I linear sampling method ﬂ
I @ and Kirchhoff and subspace migrations m ﬂ,}iﬂ] However, these techniques still require a significant
amount of incident-field and corresponding scattered-field directional data to guarantee an acceptable result.
By contrast, the direct sampling method needs one or a small number of incident-field data points and
has been confirmed to be a very stable and effective detection technique ﬂE, @, @] Most research has
focused on the detection of targets whose permittivities differ from the background; concerning those whose
permeabilities differ from the background, however, little has been performed. Thus, this study analyzes
the indicator function of the direct sampling method in a full-view inverse scattering problem. To this
end, we construct a relationship using Bessel functions of order one of the first kind. This is based on the
fact that a collected far-field pattern can be represented as an asymptotic expansion formula owing to the
existence of small inhomogeneities when their permeabilities differ from the background space. From the
identified structure, we can examine certain properties of direct sampling method and explain unexplained
phenomena.

This paper is organized as follows. In Section B we briefly introduce the two-dimensional direct scat-
tering problem and the asymptotic expansion formula for the far-field pattern. In Section Bl we establish
a relationship between indicator function of direct sampling method and Bessel function of order one and
explain its properties. In Section Ml several results of numerical simulations are presented to support our
establishment. A brief conclusion is given in Section
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2. Direct scattering problem

We briefly discuss two-dimensional time-harmonic electromagnetic scattering from small inhomogeneities
located in the homogeneous space R?. Throughout this study, we assume that all small electromagnetic
inclusions ¥,,, m = 1,2,---, M, are embedded in R? and are characterized by their location x,, and size

Tm-

Z’m =Xm + rmBma

where B, is a simply connected smooth domain containing the origin and r,, is a small positive constant.
For the sake, we assume that B,, is a unit circle and r,, denotes the radius of ¥,,. Let ¥ denote the
collection of ¥,,, and w be a given positive angular frequency.

Let us assume that every ¥, is characterized by its magnetic permeability at a given w and that all
permittivities are equal to e = 1, po and u,, denote the magnetic permeabilities of R? and %,,, respectively.
With this, we can define the piecewise constant magnetic permeability p(x) as

— Ho, X€R2\§
M(X) B { Hm, X € Y.

We let k = w\/Eop0 = 27/\ be the wavenumber, where A is the wavelength satisfying r,, < A for all
m = 1,2,--- M (if not, this becomes an imaging of extended target problem, refer to ﬂ%]) Throughout
this paper, we assume that w is sufficiently large and all ¥, are well-separated such that

E|Xm — Xmr| > 0.75, (1)

for m,m’'=1,2,---,M and m # m/.

In this study, we consider the following plane-wave illumination: let i, := exp(ikd - x) be the incident
field with direction of propagation d € S' and v(x) be the time-harmonic total field that satisfies the
Helmholtz equation

v. (ﬁvw(x)) +wp(x) = 0

with transmission condition on the boundary of ¥,,. Here S' denotes the two-dimensional unit circle. Let
scat (X) be the scattered field, which satisfies the Sommerfeld radiation condition

lim /|r| (‘%’%‘"‘;(X) - ikn/}scat(x)) =0

[r|—o0

uniformly in all directions r = x/ |x|. The far-field pattern of the scattered field satisfies

(X)) | g <L>
T Ve@8) o o (2)

uniformly on 6 = x/|x|, as |x| — co. As shown in [17], ¥se can be written using the following asymptotic
expansion formula.

Yscat (X) =

Lemma 2.1 (Asymptotic formula). For sufficiently large k, 1o (d, 0) can be represented as follows.

R4 &

N m:1(rm)2|Bm|(d M(X) - 0) exp(ikd - X,) exp(—ik - X,). 3)

Yoo(d, 0) =

Here, M((x,,) is a 2 x 2 diagonal matriz with components 2o/ (jim + po) and |By,| = 7 is the area of By,.



3. Indicator function of the direct sampling method

In this section, we introduce an indicator function of the direct sampling method from the collected
far-field patterns. Assume that we have the following set of far-field patterns:

S:={t(d,0,) :n=1,2--- N},

where
2mn . 2mn

Gn = [COS T,SIHT
Then, for any searching point xg, the traditional indicator function §Fpsm(xs) introduced in ﬂE, @, @] is
given by
|<’L/Joo (d, 0n), exp(—ik@n . XS)>L2(SI)|

|10 (d, 07)[|L2s1) || exp(—1k0y - Xs) || £2(s1) ’

Spsm(xs) ==

where
N

(f(02),9(00) 125y == D f(0n)9(8,) and ||f(0n)l|r2(s1) := (f(On), £(0n))L2(s1).
n=1
The locations of the inhomogeneities can be identified via the above indicator function when their permittiv-
ities differ from the background. In the permeability-contrast case, two peaks of large magnitude will appear
in the neighborhood of each inhomogeneity instead of at their true locations. This is explained theoretically
below.

Theorem 3.1. For sufficiently large N, Fpsm(xs) can be represented as follows:
¥ (%)

q/ 9
ggﬁgI (xs)]

Spsm(xs) =

where

Hm + Ho [Xm — Xq|
Here, J, denotes the Bessel function of order one of the first kind.

w<xs>:=f<rm>2( ) (E ) Akl - x), )

m=1

Proof. Since N is sufficiently large, applying asymptotic expansion formula (@) yields

N
U(xs) = (thoo(d, 0,), exp(—ikby, - Xs)) 251y = D oo(d, 0) exp(ik6, - x)

n=1
k:2 1 + i) e [ : : :
= Z Z 2B (d - M(x,,) - 0,,) exp(ikd - X,,) exp(—ik@,, - X ) exp(ikO,, - Xs)
2(1 M N
K + i) Z )| Bonl (L) exp(ikd - X,,) Z(d - 0,,) exp(—ikO,, - (Xs — Xim)).
m=1 Mo =+ o n—1

Notice that for x € R? and 9,6,,,0 € S!, the following relation holds (see [12])

N

> (9 0,) exp(—ik6, - x) = 27r/

(9 - 0) exp(—ik® - x)dO = 2ri («9- %) J1(k|x)),
Sl

n=1

we can immediately obtain

wix) = DS 1

m=1

Ho . X — Xs
_ kd - -x,,) | ——— -d | J1(k|xm 1).
um+uo)eXp(l * )(|mes| ) 1 (ko = )
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Finally, since |B,,| = 7 and |exp(ikd - x,,,)| = 1, applying Holder’s inequality

|<woo (d, 0n), exp(—iszn . Xs)>L2(81)| S ||’L/}OO (d, en)||L2(Sl)|| exp(—ik@n . XS)HL?(Sl);
we can obtain ([B]). This completes the proof. |

Remark 3.1. Based on the result in Theorem 3], we can observe that unlike the traditional result, Fpsm(Xs)
should equal to 0 (or small values) at the x5 = x,,, € ¥,,, because J;(0) = 0. Since J;(|z|) has its maximum
value at = +1.8412, the map of Fpsm(xs) has two peaks of magnitude 1 at the locations x, satisfy

X — Xs

k|xm — xs| = 1.8412  and = 4d. (6)

|Xm — X
This means that location identification is highly depending on the value of k£ and the direction of propagation
d, refer to Example Il Notice that, if the value of permeability p,, is significantly larger than the others,
the location of x,, cannot be detected through the direct sampling method. This is the theoretical reason
why the true locations of x,, cannot be detected through the traditional direct sampling method.

4. Simulation results

In this section, we present the results of some numerical simulations to support Theorem Bl For
this purpose, we choose a set of three different small inhomogeneities X,,, m = 1,2, 3, with radii r,,, = 0.1.
Locations x,,, of 3, are selected as x; = [0.7,0.5], xo = [—0.7,0.0], x3 = [0.2, —0.5], the wavelength is chosen
as A = 0.4, and the direction of propagation is selected as d = [cos(7/4),sin(w/4)]. It is worth mentioning
that all far-field pattern data 1 (d, 8,,) are generated by solving Foldy-Lax framework as presented in HE]

Ezample 4.1 (Imaging of single inhomogeneity). Figure [l shows map of Fpsm(x) when there is only one
inhomogeneity 7 whose permeability is y1 = 5. As we discussed in Remark BT, instead of the true location
X1, the two peaks of largest magnitude appear at locations satisfying (@). For example, the horizontal and
vertical positions of these peaks are

1.8412 m 1.8412 .«

0.7+ cos - = {0.6171,0.7829} and 0.5+ sin - = {0.4171,0.5829},

respectively.
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1 3
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Figure 1: (Example [4])) Map of Fpsm(x) when A = 0.4.



Ezample 4.2 (Imaging of multiple inhomogeneities with same value of permeability). Figure 2] shows map
of Fpsm(x) with three inhomogeneities 3, whose permeabilities are the same as u,, = 5, m = 1,2,3.
Similar to the result in Figure [l the two peaks of largest magnitude appear away from the true locations
Xm- Unfortunately, the appearance of large numbers amounts of artifacts disturbs the identification of the
locations of ¥,,.

Figure 2: (Example 2]) Map of Fpsm(x) when A = 0.40. White circles denote the locations of xm, m = 1,2, 3.

Ezample 4.3 (Imaging of multiple inhomogeneities with different value of permeabilities). Figure Bl shows
map of §psm(x) for a case with three inhomogeneities 3, whose permeabilities are pq = 10, puo = 6, and
13 = 2. As we discussed in Remark [B.] the existence of x3 can be successfully identified because the value
of permeability of X3 is smaller than those of ¥; and 5. However, owing to the existence of a large number
of artifacts, it is very difficult to identify the existence of x5. Furthermore, because the permeability of ¥,
is very large, it is impossible to recognize the existence of ¥; through the direct sampling method.

-1 -0.5 0 0.5 1

Figure 3: (Example 3] Map of Fpsm(x) when A = 0.40. White circles denote the locations of x,,, m = 1,2, 3.



5. Conclusion

We considered the direct sampling method for imaging small inhomogeneities when their permeabilities
differ from the background. Throughout careful analysis, we established mathematical structure of indicator
function by the Bessel function or order one, direction of propagation, and characteristic of inhomogeneity
(size and permeability). Based on this, we observed that although the exact locations of such inhomogeneities
cannot be detected via a traditional direct sampling method, they are located between two peaks of large
magnitude. Thus, improving the direct sampling method to retrieve the exact locations of inhomogeneities in
TE polarization will be an interesting research subject. Finally, extending current research to the real-world
microwave imaging problem ﬂﬂ] will be the forthcoming work.
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