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On the refinement matrix mask of interpolating Hermite splines

Lucia Romani®, Alberto Viscardi®*

¢ Dipartimento di Matematica, Alma Mater Studiorum Universita di Bologna,
Piazza di Porta San Donato 5, 40126 Bologna, Italy

Abstract

We propose a new computational approach for constructing the refinement matrix mask of interpolating
Hermite splines of any order and with general dilation factor. Our strategy exploits the refinability properties
of cardinal B-splines with simple knots and simplifies the constructive procedures proposed so far.

Keywords: Cardinal Hermite Spline Interpolation; Cardinal B-Splines; Vector Subdivision; Refinement
Matrix Mask; Arbitrary Dilation Factor

1. Introduction

Hermite subdivision schemes with dilation factor m € N\ {1} form a special subclass of vector subdivision
schemes which started to be investigated in the early 90’s (see, e.g., [3, 4, 7, 8]) but is still subject of recent
research [1, 2, 5, 6, 10]. The distinctive feature of Hermite schemes is the fact that the sequence of vector data

[5+1]
p

AUl {0 the previous data pm so that p U] = A[J] 7] , contains vectors pj/

= pLjH} }rez, generated at refinement level j+1 (j € Np) by the application of a subdivision matriz

U+ [pltt] T ¢ et

(n € No := NU {0}) whose components correspond to the evaluation at m~U+VZ of a certain function and
its derivatives up to order n (see, e.g., Figure 1).

In the present paper we investigate Hermite subdivision schemes capable of generating, in the limit,
interpolating Hermite splines. Precisely, for any given initial sequence of vector data {pLO} € R""} ez, the
vector-valued limit function f = [fo,..., fn]" € CO(R,R™"), linear combination of the shifts of the basic

limit functions {QSO s o_g of the scheme, is formed by a first scalar-valued function f, € C"(R) which is a

polynomial spline of degree 2n+1 satisfying fq(k) = fés)( k)= pL ]s, forallk € Z and s € {0,...,n}. For any
arbitrary dilation factor m and order n, such a Hermite scheme is described by the finite matrix sequence
{Ay € RIVFDX(Hm—L which is called the refinement matriz mask and is the building block to define

the subdivision matrices {AUl};cy, .

The construction of such a refinement matrix mask is already known in the literature for m = 2, n € Nj.
The authors in [7] constructed the matrices {Ak}k__l 0,1 by introducing the transformation matrices Hy,
and Hp, yielding {Ay = HLAkHR}k_,l 0,1 With {Ak}kf,l 0,1 the refinement matrix mask of degree-(2n+1)
B-splines with knots of multiplicity n+ 1 derived in [9]. An alternative approach, proposed more recently in
[10], constructs explicitly the degree-(2n+ 1) polynomials defining the basic limit functions {¢ < Jo_o on the
intervals [—1,0] and [0, 1] which cover their supports. The refinement mask {Ay}x=—1,01 is then obtained
from the refinement equation, exploiting the evaluation of those polynomials.

The goal of our work is to provide an easier construction of the refinement matrix mask of interpo-
lating Hermite splines for any arbitrary order and dilation factor, by exploiting the refinability properties
of degree-(2n 4+ 1) cardinal B-splines with simple knots. In Section 2 we recall basic facts about vector
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subdivision schemes, in Section 3 we review the main properties of the subclass of interpolating Hermite
spline subdivision schemes and finally, in Section 4, we present our novel construction.
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Figure 1: The application of the Hermite spline scheme in Example 4.1 (m = 2, n = 1) to the initial data p[O] = {pECO] S RQ}keZ

with p[i)]l =[2, l]T7 pg)] =1, O]T7 p[10] =[3, —I]T and pgco] =0 for k ¢ {—1,0,1}. The first column represents the initial data

p[O] over Z. The second and the third columns represent the data after one subdivision step (i.e. p[I] over Z/2) and after

two subdivision steps (i.e. p[2] over Z/4) respectively. The last column shows the two components of the vector-valued limit

function f(z) = [fo(x), f1(z)]T = Z Z pEcO]s‘ﬁ([)(?]s (x — k), where fo is a C! cubic spline and fi = f§ is a C° quadratic spline.
s=0,1keZ

2. Basic facts about vector subdivision schemes

A univariate (shift-invariant) vector subdivision scheme of order n € Ny takes as input an initial sequence
of vector data (control points)

(p[i”l)T, (pé‘”)T, (p[lo])T7 r bl

and, at each refinement level j € Ny, computes from p¥! the refined sequence of vector data pV*Y by

applying the rules _ ‘ ‘
P£f+1] = Z Agg]fmk pgt
keZ

for some dilation factor m € N\ {1} and refinement mask {Ag] e RH)x(+Dy, ) BEquation (1) can be
rewritten in matrix form as

0
PRo

pl¥ = [ C | er, kez,
(o]
pk,n

jENO,h€Z7 (1)

plitil — Al pli (2)

where the involved matrices AUl (called subdivision matrices) are block m-slanted matrices defined by

m—1 —1
ALl = Al Al AV : (3)
A[j] A[lj] A[lj]—m




The vector scheme in (1) is said to be convergent if and only if there exist continuous vector-valued functions

R

I (mie —k
900,8( ) , 36{0,...,n},j€NOak€Z7
xr +— :

il (miz — k)

that, by introducing the matrix notation @Ef]( )= [ 2 o), ..., Lj,]n (z)|, satisfy the refinement equation
: o
o) = Y of @) A, hew (4)
keZ

For any j € Ny, (4) can be rewritten in matrix form as
oll(z) = oltl(z) AVl with  oll(z) == | ..., o (), oY (x), oV (), ] : (5)
For any input vector sequence p[O], a convergent vector scheme generates in the limit a continuous vector-

valued function f = [fo, ..., f,]7 that, in light of (2) and (5), fulfils f(z) = ®Ul(z) pl!, for all j € Np. In
particular, for j =0

m)zZ@ECO](a:)pECO] = ZZ ksqzﬁ[o] with f,.(z —Z Zp[o] T? —k), r=0,...,n. (6)

keZ s=0 k€EZ s=0 keZ
f has the regularity of the least regular function among its components fo,..., f,. Due to (6), the n + 1
vector-valued functions ¢£)O,]s($) = [gpg]]s (@), ..., <p£?]s( )T, s €{0,...,n} are called the basic limit functions

of the vector scheme and each of them is obtained by refining the initial sequence of vector data defined by
0

P = k00, T €10,...,0}, k € Z.

Note that, when n = 0, the above description recovers the known results on scalar subdivision with dilation

factor m.

3. A short review of the subclass of interpolating Hermite spline subdivision schemes

The interpolating Hermite spline scheme of order n € Ny is a special instance of convergent vector
subdivision scheme that, for any choice of m € N\ {1}, generates interpolating Hermite splines of degree
2n + 1. The following properties [5, 7] make it a special member of the class of vector subdivision schemes.

i) For all j € Ny, each matrix in the jth level refinement mask {A[ e RHIX(nHDy, o satisfies

1

AVl = DJ1A, D/ with D =

moreover, the refinement mask is compactly supported on [1 —m, m —1]NZ, i.e. Ay is the zero matrix
fork>m—1landk<1l—m

ii) For all r,s € {0,...,n},

dr .
Ph(@) = T eha(@)  and  @(R) = G0 b, Vi€No kEZ
In particular, the latter requires, for every j € Ny, A([)j] to be the (n + 1)-dimensional identity matrix
which implies Ag = D due to i).



iii) For all s € {0,...,n}, gpg?]s € C™(R) is a polynomial spline of degree d = 2n + 1.
Remark 3.1. Condition i) implies,
supp(apﬂ) C [-1,1], Vr,s € {0,...,n}. (7)
Indeed, consider, for every j € Ny, k[Lj],kg] € Z such that

pgjﬂﬂ, pgé] £0 and p =0 for k< kB VvE> kY

From (1) and i) one gets, for every j € Ny,
m (K — 1)y 41 <k ana RETY <m (B 4 1) -1 8)
Since the vectors {pg]}kez are attached to m™/Z, using (8) we have that, for f in (6),

n . k[j+1] 1 k[j-‘rl] +1
U supp(fr) = lim | £ K

j—>oo mj"rl
r=0

) 7

] (5]
C lim[kL ,1 kR—i._l

[0 _ [0]
mi+l j—o0 mJ mJ < [kL Lokg 11

As previously observed, for every s € {0,...,n}, f = gf]s is obtained by p
r€{0,...,n}, k € Z, for which kf] = kgg] =0.

Remark 3.2. In light of i) and iii), for any initial data pl”, fo in (6) is a C™ spline of degree d and, for all
re{0,...,n},

] satisfying pg)} = 0k,00r,s,

T

d" . s i .
frl@) = ——folx)  with  fo(m k) = Pl jeENy, kel (9)

4. Constructing the mask of Hermite splines from cardinal B-splines with simple knots

Let Ny € C?1(R) be the cardinal B-spline of degree d = 2n + 1 supported on [—n — 1,7+ 1] and defined
over the knot vector {—n — 1, —n,...,0,...,n, n + 1} with all simple knots. N, satisfies the refinement
equation (see, e.g., [11])

(m—1)(n+1)
Ny(z) = > b, Na(ma — k) (10)
k=—(m—1)(n+1)

| (meDee) L m
where — Z b 2F = = (m=D(+D <1> , z€C, |z] =1.
k=—(m—1)(n+1) m(l - z)

In light of (10), for any given sequence of control points clol = {CLO] € R}rez, we can express the associated
spline as

f@) =3 e Na(w—k) = > ! Na(miz — k), j €Ny,

keZ keZ
where CE{+1] = Z bh—mk Cg], h e Z. (11)
keZ

Thus, for all j € Ny, s € {0,...,n}, y € R,

1 ) 1 d°
(8) (4= —
— Ty = ()

= > ' NP R),
keZ

z=m=—iy



and, in particular,

L (o) gy [ pr(s)
5 fOmh) =Y ! Ny (h—k), heL (12)
keZ
Now, in view of (9), we can interpret f (S)(m*j h) as the control point pgf ]S for our Hermite scheme. Thus,
after left-multiplying both sides of (1) by D?*!, due to i) we obtain
f(O) (m™771h) o (m™7k)
f(l)('rn_j_lh) | htm=1 ) |hdm=1 | f(l)(m_jk)
j+1 . . m . - . . . us j
me — D]+1p£{+1] = Z DJHAEf]_mkD_JD]pL]] = Z Ap_mk n.lj - (13)
: . k=[h=m+tl] k=[h=mtl] : ]
f (m=7=1h) " " O (m=7k)
mn+1) mni
Now, the vectors with the samples of f(s)7 s=0,...,n can be expressed via (12) with respect to the integer

samples of Ny and its derivatives. Moreover, on the left-hand side, we can use (11) to express cV* with
respect to cl/l = {ng]}kez- Thus (13) can be stated in the equivalent matrix form

A A,
A, 1 A
NBcll = Nt — @ N clil, (14)
Al Al—m
Am—l A—l
D

where the framed D indicates the row indices from 0 to n and the column indices from 0 to n, and the
matrices B, N are defined entry-wise, for h, k € Z, by

B(h,k) = bp_mi and N(hk) = NS0 —k) for h = (n+1)l+s, s€{0,...,n}. (15)

Since we want (14) to hold for every choice of cl/!, the next result follows.

Theorem 4.1. Let n € Ng, d = 2n+ 1 and m € N\ {1}. The refinement mask {Ax}; =", of the

interpolating Hermite spline scheme of order n and dilation factor m that fulfills i), ii) and iii) is uniquely
determined by the equations

Al Al—m
AO =D ¢€ R(n+1)><(n+1) and A = : : — NLBLN}_;il c ]R(m,fl)(nJrl)><2(n+1)7 (16)
A1 A
NL = N(n+1l:n+n+1)(m-1),1—-n:m+n—1) € R DOFx(m+d=2)

where B, =B(l-n:m+n—1, —n:n+1) e RmTd=2x20nt1)
Np = N(0:d, —n:n+1) € RAnHx2m+l),

are finite portions of the bi-infinite matrices in (14). Moreover, by construction, the interpolating Hermite
spline scheme reproduces polynomials up to degree d and cardinal B-splines of degree d.

5



Proof. Ay = D is already asked in condition ii). For the remaining matrices, we observe that the block
A can be extracted from the bigger matrix in (14) with row indices from n + 1 to n + (n + 1)(m — 1) and
column indices from 0 to 2n + 1 = d. Thus, on the right-hand side, we need only to consider the rows of N
with indices from 0 to d. Since, for every s € {0,...,n}, Supp(Nrgs)) = [-n—1,n+ 1], due to (15), we can
also cut the columns of N considering only indices from —n to n + 1, leading to

I Nd(—n) Nd(l 771) Nd(n) 0 T
1 1 1
NP () | NP —n) |- | NP @) 0
: : : 0
() () (n)
_ N (—n) Ny (I-n) |- N, (n) 0 (d+1)x(d+1)
Nr = 0 Na=n) ] Nan=1) | Nam) | % : (17)
0 NP (=n) |-+ | NYn-1) | NP(n)
0 : : :
[0 NP (=n) [ [N (- 1) | NS ()

In a similar fashion we can cut the matrices on the left-hand side considering only the rows of N with indices
fromn+1ton+ (n—+1)(m —1) and the columns of B with indices from —n to n + 1. The only non-zero
entries of N contained in those rows are the ones with column index between 1 —n and m + n — 1, extrema
included. For B the only non-zero entries contained in the considered columns lie on the rows with indices
from —(m —1)(n+ 1) —mn to (m — 1)(n + 1) + m(n + 1). Thus the useful indices for the cut are the ones
between « and 8 where

a = §123X>0{1—7’L, —(m—-1n+1)—mn} = 1-n,
B = i%in;o{m—l—n—l, (m—1)n+1)4+mn+1)} = m+n-—1.

From (17), it is clear that det (Ng) # 0. Thus N;z1 in (16) is well-defined as well as the matrices
{Ag};7" .- Since all the matrices involved in (14) are properly slanted, (14) holds for every choice of the
sequence cl7l.

Now we only have to prove that for every initial sequence p'™, the scheme produces a C™ polynomial
spline of degree d and its derivatives. In view of (2) and (14), we observe that, after a subdivision step, each
of the added new control vectors depends only on two consecutive control vectors from the previous step.
Since the refinement rules have been chosen to reproduce degree-d cardinal B-splines and thus polynomials
up to degree d, the first component of the vector-valued limit function will be a polynomial of degree d on
every unitary interval with integer extrema. The fact that we are interpolating the first n derivatives yields
C" regularity, so concluding the proof. O

[0]

Remark 4.2. When m = 3 one has that Ny = Ng, for every n € Ny.

Since the entries of B are given in (10) (see (15)) and the entries of N can be easily obtained by recalling
the properties of cardinal B-splines and their derivatives, Theorem 4.1 gives us an easy-to-implement method
for constructing the refinement mask {A;, € RTDX(+1m=l for any order n € Ny and dilation factor
m € N\ {1}. We conclude providing some illustrative examples.

Example 4.1 (m =2, n =1, d = 3). Figure 1 shows the result of its application to some initial data.

0
Ng
2 1/6 |2/3]1/6 0
{betie_s = {1,4,6,4, 1} /8, Ny = , Ng = ,
kJSk 2 L |:_1/2 0 1/2:| R 8 NL
1o - 12 18 12 —1/8
Ao = [0 1/2]’ A=A A= [—3/4 —~1/8|3/4 —1/8]'
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Example 4.2 (m=2,n=2,d=25).

{b}i__5 = {1,6, 15, 20, 15, 6, 1} /32,

1/120 | 13/60 | 11/20 | 13/60 | 1/120 Nz
Ny = |[-1/24| =5/12| 0 |5/12 | 1/24|, Ng = {5 :
16 | 1/3 | -1 | 1/3 | 1/6 ol N,

0
1 0 0 B /2 5/32  1/64 | 1/2 —5/32 1/64
Ao =10 1/2 0|, A=[A A_] = [-15/16 —7/32 —1/64|15/16 —7/32 1/64
0 0 1/4 0 —3/8 —1/16| 0 3/8  —1/16

Example 4.3 (m=3,n=2,d=25).
{be}S__s = {1, 6, 21, 50, 90, 126, 141, 126, 90, 50, 21, 6, 1 } / 243,

1/120 | 13/60 | 11/20 | 13/60 | 1/120| 0

—1/24 | =5/12| 0 | 5/12 | 1/24 | ©

N, - N. — | 1/6 | 13 -1 | 1/3 | 1/6 0

L= 2R = 1770 [1/120 | 13/60 | 11/20 | 13/60 | 1/120]’

0 |-1/24|-5/12| 0 | 5/12 | 1/24

0 16 | 1/3 | -1 | 1/3 | 1/6
64/81  16/81  4/243 | 17/81 —2/27  2/243
Lo o —40/81 0 2/243 | 40/81 —13/81  4/243
Ao=lo 13 0 A _ [Ar As] _ |do/81 —32/81 —10/243| 40/81  -8/81  1/243
L P o T Ae A T [TTRTTRRT R4 TGRT —16/81 4/243
—40/81 —13/81 —4/243 | 40/81 0 —2/243
40/81  8/81  1/243 | —40/81 32/81 —10/243
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