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ON THE SOLVABILITY OF A PARAMETER-DEPENDENT
CANTILEVER-TYPE BVP

GENNARO INFANTE

ABSTRACT. We discuss the solvability of a parameter dependent cantilever-type boundary
value problem. We provide an existence and localization result for the positive solutions
via a Birkhoff-Kellogg type theorem. We also obtain, under additional growth conditions,
upper and lower bounds for the involved parameters. An example is presented in order to

illustrate the theoretical results.

1. INTRODUCTION

Differential equations have been utilized to model the steady states of deflections of elastic

beams; for example the fourth order ordinary differential equation

(1.1) u (t) = f(t,u(t), t € (0,1),

subject to the homogeneous boundary conditions (BCs)
(1.2) uw(0) =u/'(0) =u"(1) =u""(1) =0,

can be used as a model for the so-called cantilever bar. The boundary value problem
(BVP) (L.I)-(1.2) describes a bar of length 1 which is clamped on the left end and is free
to move at the right end, with vanishing bending moment and shearing force, see for exam-
ple [1I, [16] 27].

Under a mechanical point of view, some interesting cases appear when the shearing force
at the right side of the beam does not vanish (see for example [12]):

e u"”(1) + ko = 0 models a force acting in 1,

o u"”(1) + kyu(1l) = 0 describes a spring in 1,

e v (1) + g(u(1)) = 0 models a spring with a strongly nonlinear rigidity,

e v (1) + g(u(n)) = 0 describes a feedback mechanism, where the spring reacts to the
displacement registered in a point 7 of the beam,

o v (1) + g(u(m),u(n2),u"(ns3)) = 0 describes the case where the spring reacts to the
displacement registered in the point 7;, the angular attitude registered in the point 7,

and the bending moment in the point 7;.
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Of course, a different configuration of the beam may lead to more complicated BCs than
the ones illustrated above. It is therefore not surprising that the case of non-homogeneous
BCs has received attention by researchers. By means of critical point theory, Cabada and
Terzian [4] and Bonanno, Chinni and Terzian [2] and Yang, Chen and Yang [26] studied the
parameter-dependent BVP

u” (1) + Ag(u(1)) =0,

while the case of A =1 has been investigated in an earlier paper by Ma [17].

By classical fixed point index, Cianciaruso, Infante and Pietramala [5] studied the BVP

W(t) = f(t,ult), t € (0,1),
(0) u'(0) = u"(1) = 0,
u" (1) + H(u) =0,
where H is a suitable functional (not necessarily linear) on C[0, 1]. The functional approach
for the BCs adopted in [5] fits within the interesting framework of nonlinear and nonlocal
BCs; these are widely studied objects, we refer the reader to the reviews [3] [6, 18, 20] 19|
211, 25] and the manuscripts |7, 13}, 23].
Regarding the higher order dependence in the forcing term, the ODE
uM () = f(t,u(t), ' (t),u"(t),u"(t), te]0,1]
under the homogeneous BCs
w(0) =4/ (0) =u"(1) =u""(1) =0
has been studied by Li [16] via fixed point index. The non-homogeneous case
u(0) = ' (0) = " (1) = 0,u”" (1) + g(u(1)) =0

has been studied, with the lower and upper solutions method, by Wei, Li and Li [24], while
the case

u(0) = u/(0) = / plt)u(t) dt, u"(1) = (1) = / g(ty"(t) dt,

has been investigated by Khanfer and Bougoffa [14] via the Schauder fixed point theorem.
Here we study the solvability of the parameter-dependent BVP

ul(t) = Nf(t,u(t), o' (t), u"(t),u" (1)), t € (0,1),
(1.3) u(0) = w/(0) = u"(1) = 0,
W"(1) + NH[u] = 0,



where f is a continuous function, H is a suitable compact functional in the space C3[0,1]
(this allows higher order dependence in the BCs) and A is a non-negative parameter. For
the existence result we adapt an approach used by the author [I1], in the context of elliptic
systems, that relies on a Birkhoff-Kellogg type theorem in cones due to Krasnosel’skii and
Ladyzenskii [15]. We also provide, under additional growth conditions, a localization result
for the parameter A. The results are new and complement the ones present in the papers [2]
4, 5, 14, [16), 17, 24, 26]. We also complement the results in [I0], by obtaining additional
qualitative properties (such as monotonicity and localization) of the solution. We illustrate

the applicability of our theoretical results in an example.

2. EXISTENCE AND LOCALIZATION OF THE EIGENVALUES

First of all we associate to the BVP ([1.3) a perturbed Hammerstein integral equation of
the form

(2.1) u(t) = A(+ () Hu] + / B(t,5) (5, u(s), u/(5), u" (), " (5)) ds).

where the Green’s function k and the function v need to be determined; this is done by
considering two auxiliary BVPs, a procedure found to be particularly useful in the case of
nonlinear BCs, see for example [9] and references therein.

Regarding k& it is known (see for example Lemma 2.1 and Lemma 2.2 of [16]) that for
h € C10, 1] the unique solution of the linear BVP

u®(t) = h(t), t € (0,1),
u(0) = u'(0) =u"(1) = u"(1) =0,
is given by 1
) = [ ke ns) ds
where

(B2 s —1%), s>t

k(t,s) =
(3%t — %), s<t

Note that the function k& has the following properties

2
k(t,s),%(t, s), %(t,s) > 0on [0,1] x [0, 1],

and
3

8_£(t,3> <0 on [0, 112\ {(t,s)|t = 5)}.

Regarding the function ~, note that (see for example [12])

30 = 53— 1)
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is the unique solution of the BVP

A0t =0, 4(0) =/(0) =7"(1) =0, (1) +1=0.

By direct calculation, it can be observed that

Y(#), 7' (8),7"(t), =" (t) > 0 on [0, 1].
With the above ingredients at our disposal, we can work in the space C3[0,1] endowed
with the norm

lulls := max {[u?]}, where [[w]l = sup |w(?)].
Jj=0,...,3 te(o,1]

Definition 2.1. We say that A is an eigenvalue of the BVP ((1.3)) with a corresponding eigen-
function u € C3[0,1] with |lullz > 0 if the pair (u, \) satisfies the perturbed Hammerstein

integral equation ({2.1)).

We make use of the following Birkhoff-Kellogg type theorem in order to seek the eigen-
functions of the BVP ([1.3). We recall that a cone K of a real Banach space (X, ||| is a
closed set with KK + K C IC, p/C C K for all ¢ > 0 and £ N (—K) = {0}.

Theorem 2.2 (Theorem 2.3.6, [§]). Let (X, ||||) be a real Banach space, U C X be an open
bounded set with 0 € U, K C X be a cone, T : KNU — K be compact and suppose that

inf ||Tz| > 0.
xeKnoU

Then there ezist Ay € (0,4+00) and o € K NOU such that xog = \gT'xp.
We apply the Theorem [2.2] in the cone
(2.2) K :={ue C%0,1] : u(t),u'(t),u"(t),—u"(t) >0, for every t € [0,1]}.

The cone ([2.2) is a smaller cone than the one of positive functions used in [I0], but larger
than the one used in [16]. We consider the sets

K, ={u€ K :|lulls < p}, K, = {u € K : [|ulls < p},

OK, = {ue K :|lulls = p}.

where p € (0,400).
The following Theorem provides an existence result for an eigenfunction possessing a fixed

norm and a corresponding positive eigenvalue.

Theorem 2.3. Let p € (0,+00) and assume the following conditions hold.
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(a) f € C(Il,,R) and there exist §, € C([0,1],R) such that
[t u,v,w,2) > 6,(t), for every (t,u,v,w,z2) €11,
where
I, : [0,1] x [0, p]* x [—p,0].
(b) H: K, — R is continuous and bounded. Let n,€ [0, 4+00) be such that
Hlu] > 1, for every u € 0K,,.

(¢) The inequality

(2.3) n +/01§p(8) ds >0

holds.
Then the BVP (1.3)) has a positive eigenvalue A, with an associated eigenfunction u, € 0K,,.

Proof. Let Fu(t) := fol k(t,s)f(s,u(s),u'(s),u"(s),u"(s))ds and Tu(t) := ~(¢t)H][u]. Note
that, due to the assumptions above, the operator T' = F'+1I" maps 7[, into A and is compact;
the compactness of F' follows from a careful use of the Arzela-Ascoli theorem (see [22]) and

I' is a finite rank operator.
Take u € 0K, then we have

(24) NTulls = [[(Tu)"lloo = [(Tw)™(0)]

— |- Hlu] - /0 F(s,uls), o/ (s), " (s), " (s)) ds|

= H|u| +/0 f(s,u(s),u'(s),u"(s),u" (s)) ds > 1, +/0 0,(s)ds.

Note that the RHS of (2.4) does not depend on the particular u chosen. Therefore we

have

1
inf ||Tul|3 > n, +/ d,(s)ds >0,
0

u€oK,

and the result follows by Theorem [2.2] O

The following Corollary provides an existence result for the existence of uncountably many

couples of eigenvalues—eigenfunctions.

Corollary 2.4. In addition to the hypotheses of Theorem assume that p can be chosen
arbitrarily in (0, +00). Then for every p there exists a non-negative eigenfunction u, € 0K,
of the BVP ([1.3)) to which corresponds a A, € (0, +00).

The next result provides some upper and lower bounds on the eigenvalues.
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Theorem 2.5. In addition to the hypotheses of Theorem|[2.3 assume the following conditions
hold.

(d) There exist 6, € C([0,1],Ry) such that
fltu,v,w, 2) < gp(t), for every (t,u,v,w, z) € II,.
(e) Letn, € [0,+00) be such that
Hlu] <7, for every u € 0K,.
Then X\, satisfies the following estimates
p p
(np+fo (s) ds) (77 'I'fo 9,( ds)

Proof. By Theorem there exist u, € 0K, and ), such that
(2.5) u,(t) =\, (7(t)H[up] + /01 k(t,s)f(s,un(s),. .. ,ugl(s)) ds).
By differentiating we obtain

(1) =N, ('y’(t)H[up] -/ %(t, (s, uy(9). .l (s)) ds).

<)\p<

u)(t) :)\ Hlu,) / (%2 (t,8)f(s,uy(s), . u’”(s))ds),
wy (t) =\, ( —H[u,] — / f(s,u,(s),u,(s), u (s),uZ’(s))ds),
which implies
2.6) i loe = Ao ()] / Fls ().l () ds).

Furthermore note that

Ok 0k

0 <k(t,s), =(t, s), 8t2( ,8) <1, on [0,1] x [0, 1],

and
0 <7(t),7(t),7"(t) < 1 on [0,1],
which yield

p=luplls = 1wl
From (12.6) and the estimates (d) and (e) we obtain
1
p = Hlu, / f(s,uy(s),..., Z’( ))ds) S/\p(ﬁp—i—/o 5p(s)ds),
and 1
p =N Hlu,) / fs,u,(s ,_..,ug'(s))ds> zAp(ﬂp+/0 d,(s)ds),



which proves the result. [l

We conclude with an example that illustrates the applicability of the previous theoretical

results.
Example 2.6. Consider the BVP

u®(t) = Me"® (1 + (u"(t))?), t € (0,1),
(27) u(0) = 1/(0) = u"(1) =0,
u///(l) + )\< ) 5 + fO Bu /l dt) 0.

2
Fix p € (0,400). Thus we may take
1

Thus we have

! 1 ! 1
J (s)ds = ds > =
Qp-l—/o 9,(s)ds 1+p2+/0 sds > o,

which implies that (2.3)) is satisfied for every p € (0, +00).

Thus we can apply Corollary [2.4] and Theorem obtaining uncountably many pairs of
positive eigenvalues and eigenfunctions (u,, A,) for the BVP , where [[u, |3 = [|u) [0 = p
and

2
4p gAp§2p(p +1)
2ePp? + 2ef 4+ p+ 4 p?+3
The Figure [1| (produced with the program MAPLE) illustrates the region of localization of
the (u,, \,) pairs.

No
AZ

FIGURE 1. Localization of (u,, A,)
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