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Abstract

A fundamental example of reaction-diffusion system exhibiting Turing type pattern forma-
tion is the Gierer-Meinhardt system, which reduces to the shadow Gierer-Meinhardt problem
in a suitable singular limit. Thanks to its applicability in a large range of biological appli-
cations, this singularly perturbed problem has been widely studied in the last few decades
via rigorous, asymptotic, and numerical methods. However, standard matched asymptotics
methods do not apply [6, 10], and therefore analytical expressions for single spike solutions
are generally lacking.
By introducing an ansatz based on generalized hyperbolic functions, we determine exact ra-
dially symmetric solutions to the one-dimensional shadow Gierer-Meinhardt problem for any
1 < p <∞, representing both inner and boundary spike solutions depending on the location
of the peak. Our approach not only confirms numerical results existing in literature, but also
provides guidance for tackling extensions of the shadow Gierer-Meinhardt problem based on
different boundary conditions (e.g. mixed) and/or n-dimensional domains.

Keywords: Singular perturbation, explicit solution, Gierer-Meinhardt, nonlinear elliptic
PDE, boundary value problem.

1. Introduction

In this paper, we provide an analytical expression for single spike solutions to the shadow
Gierer-Meinhardt equation on a one-dimensional domain Ω = [−L,L] ⊂ R (with L > 0),
given by

ε2∆u− u+ up = 0 in Ω,

u > 0 in Ω and
∂u

∂ν
= 0 on ∂Ω,

(1)

where 0 < ε� 1 and 1 < p <∞ (see [12] and references therein).
This problem arises from the full Gierer-Meinhardt (GM) model, a fundamental example

of a Turing type reaction-diffusion system describing the dynamics of an activator a(x, t) and
an inhibitor h(x, t) [1]. As these two variables (are assumed to) evolve on different time scales
(slowly diffusing activator, fast diffusing inhibitor), the parameter D (representing the ratio
between h and a diffusion coefficients, respectively) satisfies D � ε (see [12]). Therefore, it is
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possible to study the GM model in the singular limit D → ∞ by rescaling both a and h via
a function u, which leads to the shadow Gierer-Meinhardt system in (1).

The existence and main properties of such solutions for general n-dimensional domains
has been extensively studied in the last few decades (see e.g. [2, 5, 10] for inner spike solutions,
[3, 7, 13, 14] for boundary spike solutions, and [4, 11] for stability of spike solutions). Moreover,
numerical profiles have been computed for different p-values using suitable boundary value
problem solvers (see [9]). However, an explicit expression for inner spike solutions to (1) is
only available for p = 2, where (see e.g. [4])

u(x) =
3

2
sech2

( x
2 ε

)
. (2)

Using the method based on generalized hyperbolic functions introduced in [8], we can deter-
mine an analytical expression for inner spike solutions to (1) for any 1 < p <∞.

2. Spike solutions

Introducing the rescaled variable ρ = x
ε , a spike solution to (1) is a radially symmetric

monotone function u(ρ) satisfying

u′′ − u+ up = 0, (3a)

u′(ρ∗) = 0, (3b)

u(ρ)→ 0 as ρ→ ρl, (3c)

u > 0, (3d)

where ρ∗ is the ρ value where the peak is located and ρl represents the limiting ρ-value where
u vanishes. In particular, for inner spike solutions we have ρ∗ = 0, ρl = ∞, whereas for
boundary spike solutions ρ∗ = L and ρl = 0 as L → ∞. We note that on a general n-
dimensional domain an extra term n−1

ρ u′ would appear on the left hand-side of Equation
(3a), which drops out here as we consider n = 1 (see e.g. [9]). Therefore, an extension of
the technique presented here would need to be considered in order to study Equation (3) on
higher dimensional domains (n > 1).

In order to determine an analytic expression for the solution to (3), we introduce the
ansatz

u(ρ) =
A

coshsa(ρ)
, (4)

where cosha(ρ) = makρ+qa−kρ

2 , and A, a, m, q, k, s are constants to be derived (see [8]). As
long as the quantities m, k log a, and s are positive, such function decays at infinity, and is
therefore a valid candidate for our problem.
Plugging (4) into (3), we get

Ak2 s ln2(a) cosh−2−sa (ρ)
(
s cosh2

a(ρ)−mq (1 + s)
)
− A

coshsa(ρ)
+

Ap

coshpsa (ρ)
= 0. (5)

By suitably rearranging terms, we obtain

A cosh−sa (ρ)
(
−1 +Ap−1cosh−s(p−1)a (ρ) + k2 s ln2(a) cosh−2a (ρ)

(
s cosh2

a(ρ)−mq (1 + s)
))

= 0.

(6)
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In order to balance terms, a convenient choice is s = 2
p−1 , a = e. This reduces Equation (6)

to
A cosh2

a(ρ)
(
4k2 − (p− 1)2

)
+
(
Ap(p− 1)2 − 2Ak2mq(1 + p)

)
= 0. (7)

Since the first term depends on ρ while the second one does not, we get

4k2 − (p− 1)2 = 0,

Ap(p− 1)2 − 2Ak2mq(1 + p) = 0,
(8)

which in turn leads to

k =
1

2
(p− 1), m =

2Ap−1

q (p+ 1)
. (9)

We notice that, according to the fixed parameters, the expressions for m, k log a, and s satisfy
the sign constraints which ensure the decay at infinity of our candidate solution (4).
The last constraint we need to impose from (3) is u′(ρ∗) = 0. Taking into account Equation
(3d), this leads to

A = e−ρ
∗
(

2

q2(1 + p)

) 1
1−p

. (10)

When we plug (10) into (9), we are left with m = eρ
∗(1−p)q. Substituting all these findings

into (4), we obtain that

u(ρ) =

(
1 + cosh ((1− p)(ρ− ρ∗))

1 + p

) 1
1−p

=: us(ρ), (11)

where the q term cancels out. Hence, multiple choices of q (and therefore different m and
A, correspondingly) lead to the same result, as long as the constraints in (9) and (10) hold.
Equation (3c) is satisfied both for inner (ρl = ∞) and boundary (ρl = 0 as L → ∞) spike
solutions.
Rescaling the independent variable to the original one, we have that

u(x) =

1 + cosh
(

(1− p)
(
|x−x∗|
ε

))
1 + p


1

1−p

=: us(x), (12)

where x∗ = ρ∗ε. We observe that for p = 2 this expression coincides with the one in (2).

3. Numerical solutions

The accuracy of our solution for inner spike solutions in the case of a generic 1 < p <∞ is
confirmed by a qualitative comparison with numerical solutions obtained using the NDSolve
routine in Mathematica. For such problems, this function is based on a combination of the
LSODA algorithm and Newton’s method.
Due to the highly singular nature of the problem, our numerical approach is based on a
shooting strategy as follows:
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Step 1. We reformulate Equation (3a) as a system of two first-order ODEs:

u′ = v,

v′ = u− up.
(13)

Moreover, we equip Equation (13) with the boundary conditions

u(ρ∗) = a, (14a)

v(ρ∗) = 0, (14b)

where Equation (14b) corresponds to Equation (3b) and a lies in an interval of radius δ
centered at the analytical value us(ρ

∗), i.e. a ∈ [us(ρ
∗)− δ, us(ρ∗) + δ], with δ = 0.1.

Step 2. We solve Equation (13)-(14) using the NDSolve routine in Mathematica and pick
the (unique) solution which verifies the artificial boundary condition (see [9])

u(ρl) + v(ρl) ≤ η, (15)

where we fix η = 0.01.

Step 3. We extract the corresponding value of a which satisfies Equation (15).

A comparison between the analytical expression in (11) and the numerical solution obtained
with the above strategy for p = 2, 3, 4 is illustrated in Figure 1.

u

ρ

(a)

u

ρ

(b)

Figure 1: Comparison between the analytical solution to (3) obtained in (11) (continuous line) and the numer-
ical one (circles) obtained with the shooting strategy described in Section 3 for in the case p = 2 (blue), p = 3
(orange), and p = 4 (green). The panels (a), (b) display inner and boundary spike solutions, respectively.

4. Conclusion

In this work, we provide an explicit formulation for single-spike solutions to the 1D shadow
Gierer-Meinhardt problem for any 1 < p <∞. This formula (which returns the known expres-
sion in the case p = 2 and matches the numerical findings both for inner and boundary spikes)
constitutes an invaluable tool to improve our understanding of such a crucial problem describ-
ing pattern formation. This improved knowledge allows us not only to tackle extensions of
the shadow Gierer-Meinhardt problem (e.g. different boundary conditions, higher-dimensional
domains), but also to shed a light on other relevant problems with similar features.
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