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Abstract

This paper investigates a sufficient condition of asymptotic stability in distribution of stochastic differential equa-
tions driven by G-Brownian motion (G-SDEs). We define the concept of asymptotic stability in distribution under
sublinear expectations. Sufficient criteria of the asymptotic stability in distribution based on sublinear expectations
are given. Finally, an illustrative example is provided.
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1. Introduction

Recently, the topic among the stability in distribution of SDEs has been extensively researched. Among
them, Du et al. [3] discussed a new sufficient condition for stability in distribution of stochastic differential delay
equations with Markovian switching. Li et al. [7] analyzed the stabilization in distribution of hybrid stochas-
tic differential equations by feedback control based on discrete-time state observations while the stabilisation in
distribution by delay feedback control for hybrid SDEs is studied in You et al. [9]. In [7] and [9], we can find
other related literature on stability in distribution. On the other hand, a great number of work of SDEs driven by
G-Brownian motion is studied by many researchers, e.g., Peng [8], Fei et al. [4, 5], references therein.

So far, to the best of our knowledge, the stability in distribution of SDEs driven by G-Brownian motion (G-
SDESs) has not been discussed yet. In this paper, we try to investigate the following SDE disturbed by G-Brownian
motion

dX(t) = f(X@))dt + g(X(1))dB(t) + h(X())d < B > (1) (1.1

on a sublinear expectation space (Q, H, I@J).
The main contribution of this paper is as follows.
o The stability in distribution of G-SDEs is discussed under sublinear expectations.
e We provide a criterion of the stability in distribution of G-SDEs.

e New mathematical techniques are employed.

2. Preliminaries

In this section, let us give the concept of sublinear expectation space (Q, H, &), where Q is a given state set
and H a linear space of real valued functions defined on Q. The concepts of sublinear expectation and G-Brownian
motion come from Peng [8].

Below, we assume that G-Brownian motion is one-dimensional process with G(a) := %H:Z[aB(l)z] = %(&Za*—
o2a”), where B[B(1)2] = 62, -K[-B(1)?] = 02,0 < 0 < & < oo. Let (H;)s0 be a o-field filtration generated by
G-Brownian motion (B(f))»o. We know that the weakly compact family of probability measures # characterizes
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the degree of Knightian uncertainty. Especially, if # is singleton, i.e. {P}, then the model has no ambiguity.
Moreover, the related calculus reduces to a classical one. In this paper, we set

P ={(P7) . (00 18 H;-progressively measurable process, and o, € [, 6] for each ¢ € [0, c0)}

which is a weakly compact family of probability measures on (Q, B(Q2)). Here dB(t) = o(t)dw(r), and w(¢) is a

classical standard Brownian motion under probability measure P (see, e. g. Feietal. [4]). Thus, from Fei et al [4,

Proposition 2.3], we have E[X] = 1})122; Ep[X], where Ep is a classical linear expectation. We now define G-upper
(S

capacity V(-) and G-lower capacity V(-) by V(A) = suppep P(A), YA € B(Q), V(A) = infpep P(A), YA € B(Q).
By Chen [1, Lemma 2.4], we have V(A) = 1 — V(A®), where A€ is the complement set of event A . The following
stochastic processes are based on the generalized nonlinear expectation space be (Q, H, E, V, (H,)0).

Definition 2.1. (i). The distribution §¢ generated by d-dimensional random variable ¢ in H is defined by
Fe(A) = Viw € Q: £(w) € A} = Elljwcaswen]s YA € BRY).

(ii). For random variables & and n, we denote their distributions by §: and §,, respectively. Define the distance of
distributions of random variables & and n as follows dr(§e, §,) = sup |I@[¢(§)] - IAE[¢(77)]|, where T = {¢ : R? —
¢eT

R :|¢p(x) = ¢ < |x =yl and |¢p(-)| < 1} A

(iii). For the stochastic process (x(t));so on sublinear expectation space (Q, H,E,V, (H,);s0), we denote the dis-
tribution of x(t) by §xy) for each t € [0,00). If there is a distribution v(-) of the random variable such that
dr(Sxr,v) =0, as t — oo, then, the stochastic process (x(t))s0 is called the (asymptotic) stability in distribution.
We also call the process (x(t))o converges weakly to the distribution v.

Lemma 2.2. For two random variables £,1 in H, we have dr(F¢, ) < sup |E[¢(§) — o]l
¢eT

Proof: For two random variables &, 77 in H, decompose T = T* U T~, where T* = {¢ € T : Ep(&) — Eg(n) > 0},
and T™ = {¢ € T : E¢(¢) — Eg(r7) < 0}. By the property of sublinear expectation, we easily deduce our claim. O

Denote the family of capacities on R4 by C(BRY)). Tt is easy to know that the metric dr on C(B(RY)) is a
distance, and (C(B(R?)), dr) is a Polish space.

From [2, Proposition 2.1], we have the following inequality.

Lemma 2.3. Let & be a nonnegative random variable in H, and ¢: R, — R, a nondecreasing function. Then we
have, for any € > 0, V{£ > &} < Egi‘(j)].

Now we consider the stochastic differential equation (1.1) with initial value X(0) = x, where (B(f));»0 is the
G-Brownian motion in R on the generalized nonlinear expectation space (Q, H, E, V, (H,)r»0), and
RIS RY g RS RY bR - RY
For Eq. (1.1), we provide the following locally Lipschitzian and linear growth conditions.

Assumption 2.4. The functions f, g, h are locally Lipschitzian, i.e., for each k, there exists by > 0 such that

£ () = fOIV 18(x) = g V [A(x) = h(y)| < bilx =yl
for those x,y € RY with |x|V |y| < k, and the linear growth condition | f(x)| +|g(x)| + |h(x)| < b(1+|x]) for all x € R,
and b > 0.
Under Assumption 2.4, we deduce Eq. (1.1) has a unique continuous solution X(#) on ¢ > 0 from Peng [8] or
Fei et al. [5].

Let C2(R?;R,) denote the all nonnegative functions V(x) on R4 being continuously twice differential in x.
For V € C*(R%; R,), we define G-operator L. : RY — R by LV(x) = V,(x)f(x) + GRV,(x)h(x) + g7 (x)V(x)g(x)).

For the convenience of the reader, we provide the following lemma.

Lemma 2.5. Let V € C*(R%;R,) and 71,7, be bounded stopping times such that 0 < 1| < T2 q.s. If both V(X(1))
and L(V(X(t))) are bounded on t € [Ty, T2] quasi surely, then we have

f IL,V(X(s))ds} .

Proof: From G-It6 formula from Peng [8, Proposition 3.6.3], we easily derive the claim. O
2

BIV(X(m))] < BV(X (1)) + B
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3. Asymptotic stability in distribution

In this section, we will set up some sufficient criteria on the asymptotic stability in distribution the solution
process X*(¢) of SDE (1.1) with initial value X(0) = x € R¢. We now give the following definition.

Definition 3.1. SDE (1.1) is called to have property (P1) if for any x € R? and any & > 0, there exists a positive
constant H such that V{|X*(t)| > H} < &, ¥t > 0. SDE (1.1) is called to have property (P2) if for any € > 0 and
any compact subset K of R%, there exists a T = T(e, K) > 0 such that V{X*(t) - X°(1)| < &} > 1 —¢, ¥t > T for
x,y € K.

It is well to know that property (P1) guarantees that for each & > 0 there exists a compact subset K = K(e, x)
of R such that ‘V(X*(r) € K) > 1 — &. We now state our main result.

Theorem 3.2. Let Assumption 2.4 hold. If SDE (1.1) have properties (P1) and (P2), then SDE (1.1) is asymptoti-
cally stable in distribution.

In order to complete the proof of this theorem, we need to prove three lemmas.

Lemma 3.3. Let Assumption 2.4 be satisfied and SDE (1.1) have property (P2). Then, for each compact subset K
of]Rd, we have lim dr(Sxxz), Sxr @) = 0 uniformly in x,y € K.
t—oo

Proof. Set A, = {|{X*(¢) — X’(¢)| < €/4}. Thus, there is T > 0 such that for r > T', we get V(AY) = 1 — V(A,) < &/4
by property (P2). Moreover, we have, foreach P € P and V¢ > T,

|Ep[¢(X* ()] — Ep[¢(X* ()] < Ep[2 A IX*(1) = X*(1)]]
< B[14,2 AX(0) = X (0] + B[142 A 1X*(1) - X (0)]] < ; +2V(AS) < &.

Since ¢, P are arbitrary, we obtain that sup IIE[¢(Xx(t)) - (X)) < &, VYVt = T, which shows, by Lemma 2.2,
¢eT

dr(Fxy Sxowy) < & Yt > T for all x,y € RY. Thus, we complete the proof. O

Lemma 3.4. Let Assumption 2.4 be satisfied and SDE (1.1) have properties (P1) and (P2). Then, for any x € R,
{Zx:() : t > 0} is Cauchy in the capacity space C(B(R?)) with metric dy.

Proof. Fix x € R? arbitrarily. We need to prove that for any & > 0, there is a T > 0 such that
dr(Fx+s), Sxn) < &Vt =T, s> 0.
By Lemma 2.2, we only need to show

sup [E[p(X* (1 + 8)) — p(X*D))]| < & Yt > T, s> 0. 3.1
¢eT

In fact, for any ¢ € T and ¢, s > 0, and each P € P, we get
[Ep[¢(X*(t + 5)] — Ep[¢(X ()] < |Ep[Ep[¢(X*(t + s)IH]] = Ep[dp(X ()]
<| [ Bt o) - Edo(C @] < [ 1ER0OC@N - EnoC O)ipGs .

<2V(X*(s) € By) + f IEp[¢(X*(1))] — Ep[p(X*(O)]Ip(s, x, dz), (3.2)
Bu

where By = {x € R? : |x| < H} and B, = R? \ By, and p(s, x, dz) denotes the transition probability of solution
process X*(s) with X*(0) = x under probability measure P. From property (P1), there exists a positive number H
sufficiently large such that

V(X*(s) € BY) < Z’ Vs> 0. (3.3)
Moreover, by Lemma 3.3, there exists a 7(P) > 0 such that

Sujr; [Ep[¢(X*(1)] — Ep[¢(X ()] < g Vi > T(P) (3.4)
pe
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for any z € By. Thus, substituting (3.4) and (3.3) into (3.2), due to weak compactness of P, we can take T =
maxpep T(P) < oo such that [E[¢(X*(¢ + 5)) — ¢(X*()]| < &, Vt > T, s > 0. Since ¢ is arbitrary, the inequality
(3.1) holds. Thus, the proof is complete. O

Proof of Theorem 3.2. From Lemma 3.4, {Fxx(, : t > 0} is Cauchy in the space C(8(RY)) with metric dr. Thus,
there exists a unique v € C(B(RY)) such that lim(§ x9(n» V) = 0. Moreover, by Lemma 3.3, for each x € K, where K
t—00

is a compact subset of R4, we obtain lim dr(Sx=,v) < lim[dr(Sxoq), V) + dr(Sx=q)> Sxo))] = 0. Thus, we prove
t—o00 —o0
the claim. O

The following proposition characterizes an equivalent definition of stability in distribution under sublinear
expectation. Here, weak convergence of capacities is defined by F 5 5F Sf for each P € P as n — oo, where, F' g

and F 5 denote the distribution functions of random variables &, and & under probability P, respectively. Here, N
stands for weak convergence of probability distribution.

Proposition 3.5. Weak convergence of capacities implies dy(S¢,,§¢) = 0 asn — oo.

Proof. By lkeda and Watanabe [6, Proposition 2.5 in Chapter I], together with Lemma 2.2, we get easily our
claims. O

Above proposition helps us to intuitively understand the stability in distribution under sublinear expectation.

4. Sufficient criteria for properties (P1) and (P2)

Theorem 3.2 above depends on properties (P1) and (P2). For applications of Theorem 3.2, we will estab-
lish sufficient criteria. Property (P1) is associated with boundedness while property (P2) is concerned uniformly
asymptotic stability. Thus, the importance of this section is clear.

Let K denote the family of increasing functions « : R, — R, such that x(0) = 0, and K, the family of
functions « € K such that k(s) — oo as s — oo.

Assumption 4.1. Suppose that there are functions V € C*(R%;R,), k € K, positive numbers u and a, such that
k(lx) < V(x), 4.1)
LV(x) < —a1V(x) + u “4.2)

for all x € R%.
We now give a criterion for property (P1).
Proposition 4.2. Let Assumption 4.1 hold. Then SDE (1.1) has property (P1).
Proof. Fix any x € R4, and denote X*(r) = X(¢). Let k be a positive integer. Define the stopping time 1; = inf{r >

0:|X(®)| = k}. Clearly, 7, — o0 q.s. as k — oo. Let #; = 14 A ¢ for each ¢. The G-1t6 formula shows that

Tk

Ble® ™ V(X (1))] < V(x)+fE[ f ke"”LV(X(s))ds]+a1fE[ f e"”V(X(s))ds].
0 0

In terms of (4.1) and (4.2), we have E[e™* V(X(1))] < V(x) + J7 f(;k e"ds = V(x) + (%[e”"* — 1]. Letting k — oo,
we have

EIVX(#)] < V(x) + aﬁ 4.3)
1

which, together with (4.1), shows I@[K(IX ®D] < C, ¥t = 0, where C denotes the right-hand term of (4.3). Thus, by
Lemma 2.3, we have A
E
[«(X(D)] < C V>0,
x(H) k(H)

Therefore, for any € > 0, taking sufficiently large H such that C/«(H) < &, we prove the result. O

VX0 = H} <
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Next, to establish a criterion for property (P2), we consider the difference between two solutions of (1.1)
starting from different initial values x, y

X -X@=x-y+ fo [F(X($) = f(X(s)]ds + fo [8(X*(5)) — &(X*(s))]dB(s)
+ f [A(X*(s)) = h(X"(s)ld < B > (5). 4.4)
0

For a given function W € C2(R; R, ), define G-It6 operator LW : RY x R¢ — R associated with SDE (4.4) by

LW(x,y) = Wi(x = »[f(x) - f(]
+ GQ2W(x — y)[h(x) — h(y)] + trace([g(x) — g(]T Wa(x — »)[g(x) — gO)])). 4.5)

We now give the following assumption for establishing property (P2).

Assumption 4.3. Suppose that there exist functions W € C2(R%; R,,), v; € K, V2 € K such that

W(0) = 0, (4.6)
vi(jx]) < W(x), Vx € RY, 4.7)
LW(x,y) < —va(|x = y]), V(x,y) € RY x R, (4.8)

Proposition 4.4. Let Assumption 4.3 hold. Then SDE (1.1) has property (P2).

Proof. For each € € (0, 1), in terms of continuity of W and (4.6), we can select S8 € (0, &) sufficiently small for

SUP| <5 W(u) -

E
e 5 (4.9)

Let K be a compact subset of R? and fix any x,y € K. Define now the stopping times 18 = inf{t > 0 : |X*(r) -
X' < Byand T, = inf{r > 0 : [X*() = X7(1)| = y}, where y > . Set t, = T, A t. By the G-It6 formula, (4.7) and
(4.8), we derive that for each ¢ > 0,

viViEy < 1) < B[, < WX (1) = X' (1,)] < BIWX(2,) - X' (2))]

SW(x—y)+IAE

fy LW(X(5), X’(s))ds| < W(x —y).
0

Moreover, we have V{#, < f} < Y@=
I vi(y)

there is a y = y(K, &) > 0 such that

For (x,y) € K x K, the function W(x — y) is bounded, which implies that

Viz, < oo} < = (4.10)

|,

Fix the y. Let 3 = 73 AT, At. Through the G-1t6 formula and (4.8), we can deduce that for each t > 0, each P € P,

0 < Ep[W(X*(15) - X*(15))] = W(x—y) + Ep

fﬁ LW(X*(s5), X’ (s))ds| < W(x —y) = v(B)Ep(tg AT, A D).
0

Wx-y)
n@ >

Wx—y)

This shows Ep(tg AT, A1) < @

which derive E(Tﬁ AT, AD < . Thus, from above inequality we get

W(x-y)
nPB)

Moreover, there exists a positive constant 7 = T(K, &) such that V{rg A ¥, < T} > 1 — 7. From (4.10), we get

Vitg ATy > 1} = Bl(tp ATy A DLppr,on] < E(rp AT, A D) <

1—2<(V{Tﬁ/\%ysT}S(V{rﬁsT}+(V{%y<oo}sﬂ/{rﬁsT}+§,

which deduce V{rg < T} > 1 — 5. Thus, by Chen [1, Lemma 2.4] we have

V{T[g > T} <
5

. @.11)

| ™
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We now define the stopping times p = inf{t > 753 A T : |[X*(f) — X*(#)| > &}. From (4.8), we know
LWX (g AD, X (1 A1) < (X (s AD) =X (s AD))) < 0.
Thus, from the G-Itd formula, we get

Elrery WX (o A 1) = X (p A )] < E[Ljr,eryW(X (15 A 1) = X (15 A D))]

A

WAL R
+E f I[Tﬂg]LW(Xx(s),Xy(s))ds < E[IITﬁST}W(XX(Tﬁ AL)— Xy(Tﬁ AD)]. 4.12)

AL

For ¢t > T, from (4.12), we have
V({ts < TY N {p < thi(8) < Ellr,erpn WX (0 A D) = X (0 A 1))]
< E[lcny WX (o A D) = X(p A D)] < B,y WX (15 A 1) = XV (15 A 1))]

= E[I{TpsT]W(XX(TB) — X"(13))] < V{rg < T} sup W(u) < sup W(u),
lul<B lul<B

which, together with (4.9), get

Vit < TIN{p < 1)) < ; (4.13)
By (4.11) and (4.13), we get V{p < 1} < V({rg < T} N{p < #}) + V{rgy > T} < &. Letting t — oo we obtain
V{p < oo} < &, which shows that for any (x,y) € K X K, we have V{|X*(t) - X°(1)] < &} > 1 — &, ¥Vt > T. Thus, we
complete the proof. O
5. Examples

In this section, we provide two examples for illustrating our conclusions.

Example 5.1. Let B(¢) be a scalar G-Brownian motion, and « and o be constants. Consider the Ornstein-Uhlenbeck
process

dX(t) = aX(t)dt + odB(t), t = 0 (GR))
with initial value X(0) = xo € R¢. SDE (5.1) has a unique solution
!
X(t) = e“xp+ 0 f e“IGB(s). (5.2)
0

We observe that when @ < 0, the distribution of the solution X(f) converges to the G-normal distribution v ~
N, [a?/2lal), 7*/(lal)]) as t — oo for any xo, but when « > 0, the distribution will not converge. Thus, SDE
(5.2) is asymptotically stable in distribution if @ < 0 but it is not if & > 0.

In fact, in order to apply Propositions 4.2 and 4.4, we set V(x) = x2. Thus, we get LV(x) = 2aV(x) + 0%5>.
Moreover, Assumption 4.1 holds as @ < 0. On the other hand, we obtain
LV(x,y) =2a(x —y)? + 0°5* = 2aV(x — y) + 0257,
which implies Assumption 4.3 holds as @ < 0. Then by Propositions 4.2 and 4.4, we can also get stability in
distribution of SDE (5.1) as @ < 0.

(Algorithm and simulation) In order to illustrate stability in distribution of solution of SDE (5.1), we provide an
algorithm as follows. We selecto =0y <0y <--- <0y, = suchthatoy —o; =0, —0i1,i = 1,--- ,m. Let
h be a small positive number. For any ¢ > 0, there a positive integer k such that ¢ € [(k — 1)k, kh). The discrete
approximation solution of SDE (5.2) with probability measure P©°? can be expressed as

k=1

Xj(kh’ o)) = ok=Dh xo + o k=Dh Z e-ath o Awi,
£=0
where foreach £ (£ = 0,--- ,k— 1), Awé (j = 1,---,n) are random numbers from the normal distribution Aw ~
N(O0,h). Let v{ (j =1,---,n) are random numbers from normal distribution v; ~ N(0, a'iz/ (2|a])). Define the error

of two distributions of random variables X(#) and v as follows

e(kh) = m Z Z (X, i)? = v)?).

i=0 j=1
6
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Fig. 1. The computer simulation of the errors |e(kh)| witha = —=1,0 =0.8,6 = 1,x9 = 1,2 = 0.001,n = 1000, m =

20.

Obviously, for each o;(i = 0, 1,--- ,m), Epwy[X(£)] = Epey[v] as t — oo. If the error |e(kh)] — 0 as k — oo, then
we claim stability in distribution of solution of SDE (5.1). Indeed, a simulation figure (see Figure 1) shows this
assertion.
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