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Abstract: The aim of this paper is to answer the question left in [17] (Math. Z. (2015) 281).
We prove that the zero-filter limit of the Camassa-Holm equation is the Burgers equation in the
same topology of Sobolev spaces as the initial data.
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1 Introduction
The Camassa-Holm equations with fractional dissipation reads as follows

om + 2mou + ud.m+ vA?"m = 0,
m=(1-a*)u, (1.1)
u(0, x) = ug(x),

where the constant @ > 0 is a filter parameter, the constants v > 0 and y € [0,2]. The frac-
tional power operator A” is defined by Fourier multiplier with the symbol |£]”, namely, AYu(x) =
FLEPFu€)). When v = 0, (1.1) becomes the classical Camassa-Holm (CH) equation

om + 2mou + ud.m = 0,
m = (1 - a?d*)u, (1.2)
u(0, x) = up(x).

The CH equation was firstly proposed in the context of hereditary symmetries studied in [16] and

then was derived explicitly as a water wave equation by Camassa-Holm [4]. Many aspects of the
mathematical beauty of the CH equation have been exposed over the last two decades. Particularly,
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(1.2) is completely integrable [4, 7] with a bi-Hamiltonian structure [6, 16] and infinitely many
conservation laws [4, 16]. Also, it admits exact peaked soliton solutions (peakons) of the form
u(x, ) = ce™* ! with ¢ > 0, which are orbitally stable [14]. Another remarkable feature of the CH
equation is the wave breaking phenomena: the solution remains bounded while its slope becomes
unbounded in finite time [5, 10, 11]. It is worth mentioning that the peaked solitons present the
characteristic for the travelling water waves of greatest height and largest amplitude and arise as
solutions to the free-boundary problem for incompressible Euler equations over a flat bed, see
Refs. [8, 12, 13] for the details. Because of the interesting and remarkable features as mentioned
above, the Camassa-Holm equation has attracted much attention as a class of integrable shallow
water wave equations in recent twenty years. Its systematic mathematical study was initiated in a
series of papers by Constantin and Escher, see [9-13]. When v > 0 and y = 2, Xin-Zhang [25]
proved that the classical viscous Camassa-Holm equation is globally well-posed.
Note that

(1-®)  f=gxf ¥felX®), (1.3)

|x

where g(x) := ﬁe‘ «, x € R and * denotes convolution, then u = g * m. Using this identity and

-1
applying the pseudodifferential operator (1 - ala)%) to Eq. (1.1), one can rewrite Eq. (1.1) as a
quasi-linear nonlocal evolution equation of hyperbolic type, namely

_ 22\ (2L 2 2
u; + udu + vA’u = —Gx(l -« ax) (u + 5 (0,u) ), (t,x) e R" xR, (1.4)
u(0, x) = up(x).
When the filter parameter @ = 0, Eq. (1.4) becomes the Burgers equation
u, +3udu+vA'u=0, (t,x) e R* xR, (1.5)
u(0, x) = up(x). '

The Burgers equation (1.6) with y = 0 and y = 2 has received an extensive amount of attention
since the studies by Burgers in the 1940s. If y = 0, the equation is perhaps the most basic
example of a PDE evolution leading to shocks. If y = 2, it provides an accessible model for
studying the interaction between nonlinear and dissipative phenomena. Kiselev et al. [20] gave a
complete study for general y € [0, 2] for the periodic case. In particular, for the case y = 1, they
proved the global well-posedness of the equation in the critical Hilbert space H %(T) by using the
method of modulus of continuity. Subsequently, Miao-Wu [23] proved the global well-posedness
of the critical Burgers equation in critical Besov spaces B;/ ’(R) with p € [1, c0) with the help
of Fourier localization technique and the method of modulus of continuity. For more results on
the fractional Burgers equation and dispersive perturbations of Burgers equations, we refer the
readers to see [1,15,21,22,24] and the references therein.

Formally, as @ — 0, the solution of the Camassa-Holm equation (1.4) converges to the solu-
tion of the Burgers equation (1.5). More precisely, Gui-Liu [17] proved that the solutions of the
dissipative Camassa-Holm equation (v > 0,y € (0, 1]) does converge, at least locally, to the one
of the dissipative Burgers equation as the filter parameter « tends to zero in the lower regularity
Sobolev spaces. However, the question about whether the zero-filter limit of solutions of the clas-
sical Camassa-Holm equation is a solution to the inviscid Burgers equation, as mentioned in [17]
(see p.997), is still an open problem.



In this paper, we consider the problem of the zero-filter limit (¢ — 0) of the following
Camassa-Holm equation

— 22\ (2, 2
U, + udu = —6x(1 -« ax) (u + 5 (0u) ), (1.6)
u(0, x) = up(x) € H*(R).
Equivalently,
— 293 22\ 2 a? 22\ 2
u+ 3udu = —a? (1 - o232) () - 0, (1 - *3%) (B, wn
u(0, x) = up(x) € H*(R).

In this paper, we shall address the above open question. Precisely speaking, we shall prove that
the solution of (1.6) converges to the solution of the following inviscid Burgers equation in the
topology of Sobolev spaces

{ut +3udu =0, (t,x) € R* xR, 08

u(0, x) = ug(x) € H°(R).
Our main result is the following:

Theorem 1.1. Let s > % and a € (0, 1). Assume that the initial data uy € H°(R). Let S{(uy) and
S%(uo) be the smooth solutions of (1.6) and (1.8) with the initial data ug respectively. Then there
exists a time T = T(||uollys) > O such that S®(up), S?(uo) € C([0, T1; H*) and
. 04 0 _
lim |7 (o) = 87 (uo)| .., = 0-

Remark 1.1. Compared with the result (v > 0) in the weak topology Sobolev spaces given by
Gui-Liu in [17], our Theorem 1.1 holds for v = 0 (zero dissipative) and seems to be optimal in
the sense of that the convergence space is the solution spaces of both the Camassa-Holm equation
and inviscid Burgers equation. We also would like to emphasize that, Theorem 1.1 holds for any
v > 0.

Remark 1.2. Motivated by the Bona—Smith method [3] (see also [18]), we decompose the differ-
ence of S¥(up) and S%(uy) as follows:

S7 (o) — 87 (ug) = S7 (ug) = S{'(S utto) + S7(S nito) = (S uito) + S(S wito) — S} (uo), (1.9)

where S, denotes the frequency localization operator defined in Lemma 2.3. The key idea is to
show that
IS¢ (o) = S; (S wuto)llzs < ClIAd = S uollps, Ve € [0, 1)

and
IS7(S tto) — S2(S to)lls < Ca23.
For more details see Step 2 and Step 3 in Section 3.

Remark 1.3. We should mention that, by the idea in Remark 1.2, our Theorem 1.1 holds for the
Besov spaces Bj, (R) with s > max{%, 1+ %} and (p,r) € (1,00) X [1,0). In order to elucidate the

main idea, we do not pursue the general case in the current paper and leave it to the interested
readers.



2 Preliminaries

Notation Throughout this paper, we will denote by C any positive constant independent of the
parameter «, which may change from line to line. Given a Banach space X, we denote its norm
by || - |lx. For I c R, we denote by C(/; X) the set of continuous functions on / with values in X.
Sometimes we will denote L”(0, T; X) by L7 X. For all f € &', the Fourier transform f is defined
by

1) = fe_ixff(x)dx for any & € R.
R
For s € R, we denote the operator J* := (1 — 8%)2 which is defined by

TfE) = (1 + P ().

For s € R, the nonhomogeneous Sobolev space is defined by

117 = I fII5 = fR(l + IEP)YIf(€)Pde.

Next, we introduce some known results for later proof.

Lemma 2.1 ( [2]). For s > 0, H*(R) N L*(R) is an algebra. Moreover, we have for any u,v €
HR) N L*(R)

||MV||HS(R) < C(”””HS(R)HVHL“(R) + ||V||HS(R)||M||L°°(R))-
In particular, for s > 1 due to the fact H*(R) < L*(R), then we have
||MV||H>'(R) < C||M||HS(R)||V||HS(R)-

Lemma 2.2 ([19]). Let s > 0 and f, g € Lip N H*(R) and g € L™ N H*"'(R). Then we have

ILJ°, F1gllzz < CAUOfNeollglas—r + L NaslIgllz)-

Lemma 2.3 ([2]). Let the inhomogeneous low-frequency cut-off operator S ,, is defined by S ,u :=
2. Agu. Forany u € H'(R) with s > %, we have

-1<g<n-1

lim ||Sn1/l - u”H“(R) =0.
n—+0o

3 Proof of Theorem 1.1

We divide the proof of Theorem 1.1 into three steps.
Step 1: Uniform bound w.r.s a € (0, 1) of S (1) in H*.
For fixed @ > 0, by the classical local well-posedness result, we known that there exists a
T, = T(|luollgs, @) > 0 such that the Camassa-Holm has a unique solution S¢(u) € C([0, T, ]; H®).
We shall prove that 3 7 = T (||uol|ps) > 0 such that T < T, and there exists C > 0 independent
of a such that

IS wolllzsms < €, VYa € [0, 1). (3.10)
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Moreover, if uy € H” for some y > s, then there exists C, > 0 independent of « such that
ISF @o)llzserr < Ca lluollg - (3.11)

We just prove (3.10) since (3.11) is similar. To simplify notation, we set u = S (u). Applying the
operator J°uJ® to (1.4) and integrating the resulting over R, we obtain

1
Ediﬂullés = fGXMIJ“'ude — f[]“',u]ﬁxu - JPudx (3.12)
t R R
-2 f (1 - a?0*) "I (uu,) - Judx (3.13)
R
az
-5 f 0,(1 — ) ' I (0.u)* - Joudx. (3.14)
R

To bound (3.12), by the classical commutator estimation (see Lemma 2.2), it is easy to obtain
13.12)] < C(”axu”L‘””u”%qs +I[J°, u]axullLZIIMIIm) < Cll0.ull el

To bound (3.13), notice that
fR (1 - a?d*) " T (uuy)J udx = fR (1 - a?3*) " o, J*u) - J*udx (3.15)
+ fR (1 = a2 "[J¥, uldu - Judx, (3.16)
and letting v = (1 — a?0%)~'J*u, then
(3.15) = fR u(l — a?8%)0,v - vdx

1 1
= —Ef(?xu-vzdx+f&xu(azaiv)'vdx—Efaxu'(aaxv)zdx
R

R R
2 202 412 2
< CllAal (M + le? 321, + llad,vl7. )

2
< Clidxullllullys,

where we have used (1.3) and the convolution inequality. Also,
(3.16) = f[Js,u]axu -vdx < (|15, uldull 2Vl < ClOull sl luls
R

which implies that
1(3.13)] < Clldullpllul .

To bound (3.14), notice that

(1’2
(3.14) = — f J @) - 9, Jvdx
2 Jr

< @)l g1 10,V 2

2
< Clioxullllullys-



Combining the above yields that

d
allsf(uo)ll?p < ClIB.S; (o)l lIS7 (o)l < CIIST (uto)lI7-

Thus, by continuity arguments there exists a time 7 = T(||ug|lzs) > O such that (3.10) holds

uniformly w.r.s @ € (0, 1).
Step 2: Estimations of [|S?(u) — S¥(S ,uo)||z= and [|S(ug) — SY(S o)l -
Denoting
v(t) = ST (up) — S7(S,up) and  V]—o = (Id = S ,))uo,

we infer that v satisfies
0,V + S7 (19)0,v = —=vO,S7 (S wup) + B(V, ST (up) + S7 (S 11t0)),

where )
B : (fa g) = ax (1 - 028)26)_1 (fg + %axfaxg) .

Notice that
fR T (B(v, S%(ug) + SY(S wup))) - J*vdx
= % fR T (?0,(1 = a?02)™ (V. 0,[8 (o) + S7(S o)1) - J* vdx
+2 fR (1 = a*0%) ™ T (0,8%(S wuo)v) - J'vdx
+2 fR (1 —a?3*) ' T [(v + SU(S uuo)) V)] - J¥vdx.

To bound (3.17) and (3.18), we easily obtain

BT +13.18)] < C (IS7 @ollizs + 1S7 (S ntto)llzs) Vllzzs + ClOLST (S o) s IVl gzt |1Vl

Similar argument as (3.13), we have
1B 19 < C(IVllas + 1187 (S wtao)ll) V17 < C (IS wodllzzs + 1187 (S wito)l ) V117
Following the same procedure as that in Step 1, we deduce from (3.20)-(3.21) that

1d
— IVl = f 0,S% (up)| J*v|*dx — f [J%, S%(u0)10,v - JSvdx
2dt R R

- f T (vO,S2(S uitg)) - J*vdx

R
+ f T (B(v, S (ug) + SU(S yup))) - J*vdx
R

< C (11087 o)l + ST (wto)llzs + 17 (S o) lars) 1V11 7
+ ClI0:S; (S nteo) s VL1 1V -

(3.17)
(3.18)

(3.19)

(3.20)

(3.21)

(3.22)



Using (3.10) and (3.11), the above (3.22) reduces to

d
&IIVHHS < Clvllgs + C2"||V|| 51 (3.23)

To close (3.23), we have to estimate ||v||gs-1.

2dp H :fRaxS?(uo)lﬁ_lvlzdx—f[Js‘l,Si'(uo)]axv'JHvdx

R

—~ f TN VOS2 (S wuo)) - T vdx
R

+ f TN BV, 8% () + S¥(S i) - I vdx
R
< C (10,8 (uo)llz= + IST uo)llzs + 1ISE(S nteo)lezs) V117

st
Applying Gronwall’s inequality yields that for ¢ € [0, T']
IVl -1 < CllAd = S uolls-1 < C27I(Id = S )uoll s (3.24)
Inserting (3.24) into (3.23) and applying Gronwall’s inequality, we obtain that for 7 € [0, T']
IS (o) = S (S wuto)lls < ClIAd = S uollys, Ve € [0, 1).
Step 3: Estimation of ||S*(S ,ug) — SY(S ,uo)||gs-

We can find that S¥(S ,u) satisfies the following equation

1
atS?(SnuO) + SS;Z(SnuO)axS?(SnMO) = _§a2ax(1 - aZa)Zc)—l [axS?(SnuO)]2
— a2 (1 — a*0*) T [S¥(S huo)]*.

Denoting
w(t) = 87 (S o) = S)(Su1tp) and  Wli-o = 0,

we infer that w satisfies

O:w + 3S%(S ,u0)0,w = —3wd,S%(S hup) — 1,
W|l=0 = O,

where we denote
- 1
I:=a’,(1 - a’5?) 1 [aﬁ (IS7(S o)) + 3 [0:S7(S o) |-

Taking the similar argument with (3.22), we have

1
—i||w||§15,1 = f 0,S(S wuo)|l ¥ wlrdx — f (751, SY(S up)10.w - T 'wdx (3.25)
2dt R R
-3 f I (WO, S%(S o)) - T wdx (3.26)
R
-~ f J - P wda. (3.27)
R



Obviously,

(3.25) +1(3.26) < CIS?(S wtto)llzs + IS (S waao)l sz )W
327D < ClI||gzs-1[[ W]l -1
< Ca?|IS7 (S ntto) w1 =117 (S tto)l s+2 Wl s

< Ca®2%"||W||gs-r .

Gathering the above estimates, we deduce that
!

W)l < C f IW|| g dT + Ca?2%",
0

which along with Gronwall’s inequality implies
W)l < Ca®2".

Then, we get for 7 € [0, T']

1 1 3
WOl < IWEOIL, L IWO,., < Ca2i”,

Due to (1.9) and using Step 1-Step 3, we have for ¢t € [0, T']

IS¥ (o) — S? (1)l 15
< [IS% (1) — ST(S ntto)|lzrs + 1IST(S wttg) — SY(S wuto)llzzs + ISY(S wto) — SV (uo)l s
< C||(Id = S ) uo|lps + C27"a.

Using Lemma 2.3 to the above inequality enables us to complete the proof of Theorem 1.1.

Acknowledgments

J. Liis supported by the National Natural Science Foundation of China (11801090 and 12161004)
and Jiangxi Provincial Natural Science Foundation (20212BAB211004). Y. Yu is supported by
the National Natural Science Foundation of China (12101011). W. Zhu is supported by the Na-
tional Natural Science Foundation of China (12201118) and Guangdong Basic and Applied Basic
Research Foundation (2021A1515111018).

Conflict of interest

The authors declare that they have no conflict of interest.

Data Availability

Data sharing is not applicable to this article as no new data were created or analyzed in this study.



References

[1] N. Alibaud, J. Droniou, J. Vovelle, Occurrence and non-appearance of shocks in fractal
Burgers equations, J. Hyperbolic Differ. Equ., 4(3), 479-499 (2007).

[2] H. Bahouri, J. Y. Chemin, R. Danchin, Fourier Analysis and Nonlinear Partial Differential
Equations, Grundlehren der Mathematischen Wissenschaften, Springer, Heidelberg, 2011.

[3] J.L. Bona, R. Smith, The initial-value problem for the Korteweg—de Vries equation, Philos.
Trans. R. Soc. Lond. Ser. A 278 (1975), 555-601.

[4] R. Camassa, D. Holm, An integrable shallow water equation with peaked solitons, Phys.
Rev. Lett., 71 (1993), 1661-1664.

[5] A. Constantin, Existence of permanent and breaking waves for a shallow water equation: a
geometric approach, Ann. Inst. Fourier, 50 (2000), 321-362.

[6] A.Constantin, The Hamiltonian structure of the Camassa-Holm equation, Exposition. Math.,
15 (1997), 53-85.

[7] A. Constantin, On the scattering problem for the Camassa-Holm equation, R. Soc. Lond.
Proc. Ser. A Math. Phys. Eng. Sci., 457 (2001), 953-970.

[8] A. Constantin, The trajectories of particles in Stokes waves, Invent. Math., 166 (2006), 523-
535.

[9] A. Constantin, J. Escher, Global existence and blow-up for a shallow water equation, Ann.
Scuola Norm. Sup. Pisa Cl. Sci. (4), 26 (1998), 303-328.

[10] A. Constantin, J. Escher, Well-posedness, global existence, and blowup phenomena for a
periodic quasi-linear hyperbolic equation, Comm. Pure Appl. Math., 51 (1998), 475-504.

[11] A. Constantin, J. Escher, Wave breaking for nonlinear nonlocal shallow water equations,
Acta Math., 181 (1998), 229-243.

[12] A. Constantin, J. Escher, Particle trajectories in solitary water waves, Bull. Amer. Math.
Soc., 44 (2007), 423-431.

[13] A. Constantin, J. Escher, Analyticity of periodic traveling free surface water waves with
vorticity, Ann. Math., 173 (2011), 559-568.

[14] A. Constantin, W. A. Strauss, Stability of peakons, Comm. Pure Appl. Math., 53 (2000),
603-610.

[15] H.Dong, D. Du, D. Li, Finite time singularities and global well-posedness for fractal Burgers
equation, Indiana Univ. Math. J., 58 (2009).

[16] A. Fokas, B. Fuchssteiner, Symplectic structures, their Backlund transformation and heredi-
tary symmetries, Phys. D, 4 (1981/82), 47-66.

[17] G. Gui, Y. Liu, Global well-posedness and blow-up of solutions for the Camassa-Holm equa-
tions with fractional dissipation, Mathematische Zeitschrift, 281 (2015), 993-1020.

[18] Z.Guo, J. Li, Z. Yin, Local well-posedness of the incompressible Euler equations in Bio’ , and
the inviscid limit of the Navier-Stokes equations, J. Funct. Anal., 276 (2019), 2821-2830.

[19] T. Kato, G. Ponce, Commutator estimates and the Euler and Navier-Stokes equations,
Comm. Pure Appl. Math. 41 (1988), 891-907.



[20] A. Kiselev, F. Nazarov, R. Shterenberg, Blow up and regularity for fractal Burgers equation,
Dyn. Partial Differ. Equ., 5(2008), 211-240 .

[21] G. Karch, C. Miao, X. Xu, On convergence of solutions of fractal Burgers equation to
wardrare faction waves, SIAM J. Math. Anal., 39 (2007), 1536-1549.

[22] F. Linares, D. Pilod, J.-C. Saut, Dispersive perturbations of Burgers and hyperbolic equations
I: local theory, SIAM J. Math. Anal., 46 (2014), 1505-1537.

[23] C. Miao, G. Wu, Global well-posedness of the critical Burgers equation in critical Besov
spaces, J. Differ. Equ., 247 (2009), 1673-1693.

[24] L. Molinet, D. Pilodb, S. Vento, On well-posedness for some dispersive perturbations of
Burgers’equation, Ann. I. H. Poincaré-AN, 35 (2018), 1719-1756.

[25] Z. Xin, P. Zhang, On the weak solutions to a shallow water equation, Commun. Pure Appl.
Math. 53 (2000), 1411-1433.

10



	1 Introduction
	2 Preliminaries
	3 Proof of Theorem 1.1
	References

