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DETERMINATION OF EQUILIBRIUM PARAMETERS OF THE MARLE MODEL FOR
POLYATOMIC GASES

BYUNG-HOON HWANG

ABSTRACT. The BGK model is a relaxation-time approximation of the celebrated Boltzmann equation, and the Marle
model is a direct extension of the BGK model in a relativistic framework. In this paper, we introduce the Marle model
for polyatomic gases based on the Jiittner distribution devised in [Ann. Phys., 377, (2017), 414-445], and show the
existence of a unique set of equilibrium parameters of the Jiittner distribution.

1. INTRODUCTION

1.1. Relativistic extended thermodynamics of polyatomic molecules. Recently, in 2017, a relativistic extended
thermodynamics (RET) of rarefied polyatomic gases was discussed in [I0], where the relativistic Maxwellian, also called
the Jiittner distribution, was derived for polyatomic gases for the first time. To be precise, let f = f(z®, p®, T) be
the momentum distribution function of relativistic particles on the phase space point (2%, p?) with the internal energy
Z > 0 due to the rotation and vibrations of particles, where z® = (ct,r) € R x R3 is the space-time coordinate, and
p? = (/(mc)? + |p|,p) € RT x R3 is the four-momentum. Here ¢ is the speed of light, m is the rest mass of a particle,
and Greek indices run from 0 to 3. Throughout this paper, the metric tensor g,g and its inverse g*? are given by
Jap = g°? = diag(1, 1, -1, 1)
and we use the raising and lowering indices as

JauP" =Pa;  9'Pu =",
which implies p, = (p°, —p). Then it follows from the Einstein summation convention that

Py = pud" =p"¢" = > _p'q’
For f = f(t,z,p,T), macroscopic descriptions are given by the particle-particle flux V# and energy-momentum tensor
TH [10]:
p v dp
VH =me ”f¢ dI = p'p” f (me® + 1) ¢>(I)dz—0 (1.1) vt
R3 mc Jgs

where ¢(Z) > 0 is the state den51ty so that (b( )dI represents the number of the internal states of a molecule having
the internal energy between Z and Z + dZ. The form of ¢(Z) may be determined differently depending on the physical
context, but it should be able to recover the state density for classical particles in the non-relativistic limit:

lim ¢(Z) =1°  with azf_2,

c—00 2

where I denotes the variable representing the internal energy for classical particles and f* > 0 is the internal degrees
of freedom due to the internal motion of molecules (see [I0, Sec 4.1] for details). For monatomic gases, 0 = —1. In
this paper, we choose ¢(Z) of the form

¢(1) =17 (0 > 1),
which is employed in [IT] to propose another type of relativistic BGK model for polyatomic gases. The entropy

four-vector h* is given by
e d
n_ _ch/ / p*fIn fO(T)dT =,
R3 J0 p

where kp denotes the Boltzmann constant. Finally, we introduce the Juttner distribution for polyatomic gases:

fi = S50 0%9) = e a2t = [ [ o
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which maximizes the entropy h := h®U, (for details, see [I0, Sec.4]). Here the equilibrium parameters n,U" =
(V2 +|U2,U), and v := ,?}3‘2; are unknown functions of ¢ and x representing the equilibrium density, four-velocity,
and the ratio between the rest energy of a particle and the product of the Boltzmann constant and equilibrium
temperature T' respectively.

1.2. Marle model for polyatomic gases. The BGK model [2] is a relaxation-time approximation of the celebrated
Boltzmann equation, which has been widely used in physics and engineering for practical purposes. For monatomic
molecules, a direct extension of the BGK model in the relativistic framework was first proposed by Marle [8 9] based
on the Eckart frame [4]. In this paper, we present the direct application of RET [I0] to the Marle model [8] [9], which
reads

cm

0, - Vyf =———F—
tf+p f 7_(1 + mzcz)po

where p := cp/p® is the normalized momentum and 7 denotes the relaxation time in the rest frame. In the Eckart
frame [], the particle-particle flux V¢ of (L) can be expressed by the observable quantities as V' = mn U} where

mny denotes the number density and U ¢ = (\/c* +|Ug[?,Uy) the Eckart four-velocity defined by

” (/RB/()mfsb(I)dIdp)Q—g</RB/0°°pif¢<I)dI;%)2,

< - dp
fe /R 3 /O VD) ar S

respectively. Since U ;L has a constant length, i.e. U J’f Upp = 2, the number density ns can be written with respect to

(fe = 1) =Q(f) (1.2) PMarle

(1.3) eckart

I
=
Il

Uy as
1 e u dp
ny=- Usup" f$(T) dT —5. (1.4) n]
¢ Jrs Jo p
Note that the head term (1 + =£;)~! on the right-hand side of ([[2) is considered for consistency with the particle-

particle flux V" in the application of the Eckart frame (see [2.2)).

1.3. Main result. In relativistic BGK-type models, the equilibrium parameters n, U* and v of the Jittner distribution
are determined in a way that the equation satisfies the conservation laws of V#* and T"”. In this process, v is often
defined through a nonlinear relation due to the relativistic nature. Therefore, in order to study the equations rigorously,
it is necessary to show that v can be uniquely determined by the distribution f, see [T} Bl [6] [7] for similar problems. We
also refer to [3} [12] for the hydrodynamic limit of the relativistic Boltzmann equation regarding the range of v. The aim
of this paper is to prove that the equilibrium parameters of fg in the polyatomic Marle model (2] can be uniquely
determined in a way that (L2) satisfies the fundamental properties of the Boltzmann equation, the conservation laws
and H-theorem. Our main result is as follows.

(main) Theorem 1.1. Let f be non-negative and not trivially zero so that Vj“ exists. Assume that the state density is chosen

as ¢(I) =Z° with o > —1. Then there exists a unique set of equilibrium parameters n,U* and v of fr satisfying the
following identities:

/ / QD) dldp =0, / / " (me* + 1)Q(f)$(Z) dZdp = 0. (1.5) cancellatio
R3 JO R3 JO
Indeed, n =ny, U" = U}‘, and 7y is determined by the nonlinear relation:

N 1+— 7)dT—. 1.6

M(y)  ny Jps Jo f( +mc2) ¢(D) 0 ( )W\

where

i3 — - —(1+m102)%p0 i ! @
M(~) /R/O e (1+m62) HI) LG

Remark 1.1. Due to (LH), the distribution function f verifying (L2) satisfies the conservation laws of V;‘ and TJ’f” :

OuVf = m/R/O {0uf +p-Vaufto(Z)dZ dp =0,

m

1 (o)
WTf" = / / PO+ Vaf} (me® +1T) ¢(T) dZ dp =0,
’ R3 JO
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where 0, := 0/0z*. Furthermore, (E) implies

/RB /Ooo Q(f)lnfE¢(I)dzdp:1n /R/ Q(f)o(T) dZdp — ﬂ / / “(mc® + I)Q(f)o(T) dZdp
=0,

which gives

/ / Q) In Fo(T) dTdp = / / T QUM f — In f2)6(D) dZdp
R3 JO R3 JO - -
= [ e pns w1+ 55) e@ars

Cm/Rg/ fE 1—— (f‘i)(l—k%)ilwI)dI%.

(I—z)lnz <0 forallx>0,

Using the following inequality:
one can obtain the H-theorem:

Ot = —kB/R /Oo{at +p- Vo fIn fo(T)dZdp > 0.
3 Jo

Remark 1.2. In this paper, the state density is chosen as ¢(I) =TI° (o > —1), which is used in the proof of Theorem
[ see Z1). Howewver, to obtain (21), other types of state densities also seem available if the following conditions
are satisﬁed: (1) ¢(Z) does not grow exponentially, (2) Zdp(Z) =0 when T =0, and (3) ¢(I) +Z¢' (T) is governed by
1+ YO(Z) up to constant multiplication.

mc2

2. PROOF OF THEOREM [L1]

The proof is divided into two steps. We first show how the equilibrium parameters are determined by using the
identities (LI) as constraints. And then we prove that « can be uniquely determined through the nonlinear relation

@C.8).
e Choice of n, U*,~: By definition of Q(f), (L3) is written as

L (0t ) emarsy = /R/O (14 ) o arsy. @) 1
and
r3 Jo R3
To simplify the integral of fg, we introduce the Lorentz transformatlon A:
c U’ —c Ut —_e 12 13
Ao | U - <U0—1>7Uﬁé; "~ )5
T @ -DEE 1+ - D @ -
—U3 U° — 1)%1'@3 (U° — 1)[{U[|]; L+ (U0 - 1)(“]')22

which transforms U* = (y/c¢? + |U|?,U) into the local rest frame (c,0,0,0). Applying the change of variables P* :=
Ap#, the left-hand side of (ZT]) reduces to

/R3/0°°fE(1+%)1¢<I>d an /R/

R3

I I -1 d

)P (1 + i)71¢(I) dI£

where we used the fact that the volume element p—%f and the Lorentz inner product U*p,, are invariant under the action
of A. On the other hand, we observe that

(me)? = ", = (Ap")(Apu) = (P°) — [P, and hence P° = /(mc)? + PP (2.3) 770
Thus one can rewrite P to p, and (IZ]) becomes

/R/ tre)’ (1+%)_1¢(I)dl%_/RS/OOOf(lJr%)_lqb(I)dI%
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which gives the relation (L6l). Next, to find n and U*, we apply the change of variables P* := Ap/ again to (Z2)).
Then, in a similar way, the left-hand side reduces to

/R/ P [l dI—— "7

M (7) Jr:
o dp
- A! pe=me (I mz )P’ o1y a7 22,
M (7) /Rs /0 v o
Since p® = /(mc)? + |p|?, it follows from the oddness that

/R/ pe—iie (142208 (1) dI—: (/R3/ )°¢(I)dzdp,o,o,0)

(7),0,0,0),

+%)U“m¢( )dI@

R?

/ APy e (1422 P (7) dT s

which gives

DA " e A (14558 (1 dz@ Z_ AT (M(7),0,0,0
M('Y) /]R?’/O pe ¢( ) p M(’y) ( ('7)) , U, )

== A71(,0,0,0) (24) @

1
= —nU".
c

In the last line, we used the fact that the Lorentz transformation A : U* — (c,0,0,0) is invertible and thus A=! :
(¢,0,0,0) — U*. On the other hand, the right-hand side of (I?ZI) can be expressed by ([[3) as

/RS/ P fo(I)dI— = —"fU”

Therefore, going back to (2.2) with ([24), we conclude that n = n; and U* = U}

e Unique determination of v: To prove this part, we will show the existence of a one-to-one correspondence between
both sides of (L6). For this, it suffices to show that (1) M/M is strictly monotone in v € (0, 00), and (2) the ranges
of both sides are the same.

(1) Strict monotonicity: Using the change of variables -2~ — p and the spherical coordinates, one finds

M(”y) = 47(mc)? / / r e*(Hﬁ)’Ym(l + %) _1¢)(I) dZdr =: 4w(mc)* M, (v)

V1412
and
M(y) = 4m(me) / / ~(H 2 VIR (T dTdr =: 4 (me) Ma(y).
Also, it is straightforward that
4 NE(9)} = —dn(me) / / (5B W (T) dTdr = —4n(me)? Ma()
and
%{M(’y)} = —4xr(mc) / / 214 r2e” V\/T(l + %)d)(l) dZdr =: —4m(mc)> M3 (7).
From these observations, we have
d {1\7(7)} _ M()M() - M()M'(7) _ 1 Mi(y)Ms(y) — {Ma(7)}? (2.5) W
dy | M(7) M2() me {Ms(y)}?
where
My (y)Ms(y) = {Ma(7)}?

_ z Vi e L oo e 5 —(14+-Z ) ITZ z
:/ / We (1+mc2)’y 1+ ﬁ¢(f)dfdr/o ‘/0 ,],,2 1+'f‘26 (1-"_711::2)’y 1+ ¢(I) (1—’-@) dIdT

(// r2e~ (Lo Ve o1 )dIdr)2.
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Therefore, since the integrands above are linearly independent, by Holder’s inequality we conclude that M /M is strictly

increasing in v € (0, 00).
(2) Ranges: It follows from (4] and the change of variables P? := Ap” that
~1
-1 dp ng fO ( mc? ) ¢(I) dz%

1—|—— I)dl— =
o WA e ey s W

—1
B Jes Jo~ fa (1 + mzc2) ¢(T)dT L
- Jas [ fad(Z) dT dP

1J}Refo mf/\( +mc2) &(T)dT dP

N Jus Jo© Fag(T)dT dP

me
where fp := f(z% A"1P?) and we used (Z3) in the last line. Since the above is strictly less than —— it only remains
). For this, we employ the integration by parts with respect to r to see

to show that Range(M/M) = (0, =

// (e )"quﬁ(m)dldr //{1+r2+\/1+_r2

s
1 mc2

2
" }e—(”ﬁ)"*mil o(T) dZdr

v _ Ly azar,

7‘2 z
> _/ / e (155
Yo Jo V1472 1+ ;5

which combined with (Z3)) gives
M M
ﬂgl, and hence M%O as v — 0.
M(y) = mc M(7)
On the other hand, it follows from the Holder 1nequahty that
—~ +—Z Ny 1+72
M(y) 1 Io fo A=e T )T %Qﬂz) dZdr
+%)vm¢(z) dZdr

1/2

M(y) " me fo fo r2e”
ez )V i 6(Z) dZdr

fO fO 1+T2 =5
ez VIR L)p(Z) dZdr

> 1
- me Joo I VT2 (e

> (14 x) — 2z for all x > 0, we obtain

Since F
— + L V1472
M) 1 (b fo e U RV (1 4 L) o(T) dTdr
W) > e\ i ( 12”“*”(1 + 752)0(Z) dZdr
2 o fo 1+r2 ) " IH(T) dZdr V2 (2.6) 1+11
me [ Sy T e O mcz)”””(hL Z)$(T) dZdr
1
— (I —=1I)=.
(-
For I, we use the identity
1 r?
=V1+r2—
e N
to obtain
fO fO 1+ 2 %)’Y 1+T2(1+ 2 (b(I) dZdr
I=1- T .
(Hﬁ)wlw(u L )o(T) dZdr

fo fo VI+r2e

Applying the integration by parts with respect to r, we get
b VIR G (T) azdr

I=1-— 3 fO foo 2 B
v fo fo V1+rle ( mer )1V T2( )¢(I) dZdr
3

>1—-—.
v
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For I1, since we have set ¢(Z) =Z° (o > —1), applying the integration by parts with respect to Z gives
9 N fo e e~ ()R (VT dzdr

me? (o 1202 (1 )7m(1+m02)¢(I)dIdr
e~ (52 VIR (7Y azdr

_ 2(0+1) fo fO 1+T2 (2.7) phi lower

Vo VT RN (1 4 L )o(T) didr

< 2(0 + 1)'
v
Going back to ([2.6]) with estimates of I and 1, we conclude that
—~ 1 —~
M 1 2 1)\ 2 M 1
ﬂ2—<1—§—w> , and hence ﬂ—>—as vy — 00.
M(y) — mc Y 0l (v)  me

This completes the proof.

REFERENCES

BCNS12|[1] A. Bellouquid, J. Calvo, J. Nieto and J. Soler, On the relativistic BGK-Boltzmann model: asymptotics and hydrodynamics, J. Stat.
Phys., 149, (2012), 284-316.
(2] P. L. Bhatnagar, E. P. Gross and M. L. Krook, A model for collision processes in gases. I. Small amplitude processes in charged and
neutral one-component systems, Phys. Rev., 94, (1954), 511-525.
[3] J. Calvo, On the hyperbolicity and causality of the relativistic Euler system under the kinetic equation of state, Commun. Pure Appl.
Anal., 12, (2013), 1341-1347.
Eckart40|[4] C. Eckart, The thermodynamics of irreversible processes. III. Relativistic theory of the simple fluid, Phys. Rev., 58, (1940), 919.
Hwang22|[5] B.-H. Hwang, Global existence of bounded solutions to the relativistic BGK model, Nonlinear Anal. Real World Appl., 63, (2022),
103409.
|HLY23|[6] B.-H. Hwang, M.-S. Lee and S.-B. Yun, Relativistic BGK model for gas mixtures, preprint, larXiv:2306.05349.
[7] B.-H. Hwang, T. Ruggeri and S.-B. Yun, On a relativistic BGK model for polyatomic gases near equilibrium, SIAM J. Math. Anal.,
54, (2022), 2906-2947.
[8] C. Marle, Modele cinétique pour I’établissement des lois de la conduction de la chaleur et de la viscosité en théorie de la relativité, C.
R. Acad. Sci. Paris, 260, (1965), 6539-6541.
Marle69|[9] C. Marle, Sur I’établissement des equations de I’hydrodynamique des fluides relativistes dissipatifs. II. Méthodes de résolution approchée
de lequation de Boltzmann relativiste, Ann. Inst. Henri Poincaré 10, (1969), 127-194.
PR17 [10] S. Pennisi and T. Ruggeri, Relativistic extended thermodynamics of rarefied polyatomic gas, Ann. Phys., 377, (2017), 414-445.
PR18 [11] S. Pennisi and T. Ruggeri, A new BGK model for relativistic kinetic theory of monatomic and polyatomic gases, J. Phys. Conf. Ser.,
1035, (2018), 012005.
8S11 [12] J. Speck and R. M. Strain, Hilbert expansion from the Boltzmann equation to relativistic fluids, Commun. Math. Phys., 304, (2011),
229-280.

(Byung-Hoon Hwang)

DEPARTMENT OF MATHEMATICS EDUCATION

SANGMYUNG UNIVERSITY, 20 HONGJIMUN 2-GIL, JONGNO-GU, SEOUL 03016, REPUBLIC OF KOREA
Email address: bhhwang@smu.ac.kr


http://arxiv.org/abs/2306.05349

	1. Introduction
	1.1. Relativistic extended thermodynamics of polyatomic molecules
	1.2. Marle model for polyatomic gases
	1.3. Main result

	2. Proof of theorem 1.1
	References

