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Abstract

We study closed choice principles for different spaces. Given information about what
does not constitute a solution, closed choice determines a solution. We show that
with closed choice one can characterize several models of hypercomputation in a
uniform framework using Weihrauch reducibility. The classes of functions which are
reducible to closed choice of the singleton space, of the natural numbers, of Cantor
space and of Baire space correspond to the class of computable functions, of func-
tions computable with finitely many mind changes, of weakly computable functions
and of effectively Borel measurable functions, respectively. We also prove that all
these classes correspond to classes of non-deterministically computable functions
with the respective spaces as advice spaces. The class of limit computable functions
can be characterized with parallelized choice on natural numbers. On top of these
results we provide further insights into algebraic properties of closed choice. In par-
ticular, we prove that closed choice on Euclidean space can be considered as “locally
compact choice” and it is obtained as product of closed choice on the natural num-
bers and on Cantor space. We also prove a Quotient Theorem for compact choice
which shows that single-valued functions can be “divided” by compact choice in a
certain sense. Another result is the Independent Choice Theorem, which provides
a uniform proof that many choice principles are closed under composition. Finally,
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we also study the related class of low computable functions, which contains the
class of weakly computable functions as well as the class of functions computable
with finitely many mind changes. As one main result we prove a uniform version
of the Low Basis Theorem that states that closed choice on Cantor space (and the
Euclidean space) is low computable. We close with some related observations on the
Turing jump operation and its initial topology.

Key words: Computable analysis, Borel complexity, Weihrauch reducibility.

1 Introduction

The basic task to be studied in the present paper is the following:
Given information about what does not constitute a solution, find a solution.

The difficulty of this task depends strongly on the structure of the set of po-
tential solutions. In general, each represented space (X, d) induces a topology,
where a set U C X is open, if its characteristic function

lifxeU
xv:X —S,x—
0 otherwise

is continuous with respect to the representation ¢ and a standard representa-
tion ds of Sierpinski space S = {0, 1} (which is equipped with the topology
{0,{1},{0,1}}). Such a standard representation of S can be defined by

Is(p) =1:<= (In) p(n) =0
for all p € NV, Intuitively, the open sets are those for which membership can

be continuously confirmed. Each represented space then comes naturally with
a representation 0° of the open sets, defined by

°(p)=U:<= [0 = d&)(p) = xu

for all p € NN, Here [§ — dg| denotes the canonical function space repre-
sentation (see [36]) of 0 and ds (which is the exponential in the category of
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represented spaces). The representation 0° in turn induces a representation
X of the closed sets by X (p) = X \ 6°(p). The restriction to closed sets as
solution sets arises from the fact that they are exactly those sets for which
one can continuously confirm membership in the complement.

We give some intuitive descriptions of equivalent versions of this very general
representation for concrete spaces that we will consider.

e N = {0,1,2,...}, the set of natural numbers: the standard representation
is defined by dn(p) := p(0) and an equivalent way of defining ¥ is by
YN(p) = {n € N : n+1 & range(p)}. That is vN(p) = A, if p is an
enumeration of all points that are not in A.

e {0,1}" the Cantor space: the standard representation can be obtained by
restricting the identity on Baire space to Cantor space dyo 1y = idyn| (g 13v.

In this case one can think that @DEOJ}N (p) = A if p is a (potentially empty)
enumeration of words w; € {0,1}* such that A = {0, 1}V \ U2, w;{0, 1}
That is p is a (potentially empty) enumeration of words w; such that the
corresponding balls exhaust the exterior of A.

e NV the Baire space: this case can be handled analogously to Cantor space,
except that the representation dyv is just the identity.

e R, the Euclidean real number line (and R" in general): for convenience we
assume that we use some standard numbering : N — Q. Then the Cauchy
representation p :C NN¥ — R can be defined by p(p) := lim,,_, p(n), where
the domain dom(p) contains only rapidly converging sequences, i.e. p with
Ip(i) — p(j)] < 277 for all i > j. Thus, a real number z is represented by a
rapidly converging sequence of rational numbers. The representation ¥® can
then be considered as follows: a name p of a set A is a sequence ({a;, b;))en
such that A = R\ U2, (@, b;). That is, intuitively, p is a list of rational
intervals that exhaust the complement of A.

e I[:=[0,1], the real unit interval (and I" in general): this can be treated by

restricting the case of R™.

For most spaces, closed choice is not computable. Thus, our interest lies on
classifying the degree of incomputability, that is the Weihrauch degree of closed
choice, depending on the underlying space. Some of the arising Weihrauch
degrees are associated with certain models of type-2 hypercomputation, giving
an independent justification for our interest in closed choice. Additionally, as
already demonstrated in [6], several important mathematical theorems share
a Weihrauch degree with an appropriate version of closed choice.

In recursion theory, a question closely related to our notion of closed choice
has been studied. Given a II{-class of Cantor space (which is a co-c.e. closed
set in our terminology), what can we say about its elements? It is known that a
co-c.e. closed set may contain no computable points, but always contains a low
point [16]. We present a stronger result, which takes the form that closed choice



for Cantor space is computable, if we replace the standard representation of
the elements with another one, which just renders the low points computable.
On the side, we present a few results on the initial topology of the Turing
jump operator (called II-topology by Joseph Miller, see [21]).

2  Weihrauch Reducibility

This section serves to give a brief introduction into represented spaces, re-
alizers, Weihrauch reducibility and several associated operations. The basic
reference for this section is [36]. While the study of (variants of) Weihrauch-
reducibility has commenced over a decade ago ([31], [34], [35], [15]), the rele-
vant sources for this section are [7], [6] and [28].

A significant ingredient of the theory of represented spaces is Baire space
NN, ie. the set of natural number sequences, equipped with the topology
derived from the metric dyn which is defined by dyn(u, u) = 0 and dyn (u, v) =
2-min{nlunFvn} for o £ v. A useful property of Baire space to be exploited
frequently is the existence of an effective and bijective pairing function { , ) :
NY x NN — NN, In the following we will denote partial functions using the
symbol C as prefix and multi-valued function using the double function arrow
=. The term “function” or “map” might refer to any of those but often we
will indicate totality or single-valuedness, if relevant.

Definition 2.1 (Representation) A representation ¢ of a set X is a surjec-
tive single-valued (potentially partial) function 6 :C NY — X. A represented
space (X,0) is a set X together with a representation § of it.

Using represented spaces we can define the concept of a realizer. We denote
the composition of two (multi-valued) functions f and g either by f o g or by

fg.

Definition 2.2 (Realizer) Let f :C (X,0x) = (Y,dy) be a multi-valued
function between represented spaces. A realizer of f is a single-valued function
F :C NN — NV gsatisfying dy o F(p) € f o dx(p) for all p € dom(fdx). We use
the notation F'F f for expressing that I is a realizer of f.

As realizers are single-valued by definition, the statement that some function F
is a realizer always implies its single-valuedness. Realizers allow us to transfer
the notions of computability and continuity and other notions available for
Baire space to any represented space; a function between represented spaces
will be called computable, if it has a computable realizer, etc. Now we have



gathered the necessary provision to define Weihrauch reducibility (<y):

Definition 2.3 (Weihrauch reducibility) Let f:C X =Y andg:C U =
V' be multi-valued functions between represented spaces. Define f <y g, if

there are computable single-valued functions K, H :C NN — NN satisfying
Ko (id,GoH)F fforall G+ g.

We note that the relations <y and F implicitly refer to the underlying rep-
resentations, which we will only mention explicitly if necessary. The relation
<w is reflexive and transitive, thus it induces a partial order on the set of
its equivalence classes (which we refer to as Weihrauch degrees). This par-
tial order will be denoted by <y, as well. In this sense, <y is a distributive
bounded lattice (for details see [28] and [7]). We use =w to denote equiv-
alence regarding <y, <w for strict reducibility and |w for incomparability.
There is a slightly stronger version of Weihrauch reducibility where the condi-
tion K o (id,Go H) - f is replaced by K o Go H & f. This strong Weihrauch
reducibility is denoted by f <¢w g.

We mention that the symbol < is also used to denote Wadge reducibility,
which is in some sense a counterpart of Weihrauch reducibility for sets and
has been studied since the early 1970s, see [32,33,29]. The double usage of <
should not lead to confusion since Wadge reducibility is defined for sets and
Weihrauch reducibility for functions. We mention that some further informa-
tion on the history of Weihrauch reducibility is given in [7] and not repeated
here.

We proceed to define a couple of useful operations. While all definitions are
given in terms of functions between represented spaces, they transfer directly
to the according Weihrauch degrees.

The first operation is the coproduct, which plays the role of the supremum
in the Weihrauch lattice. By XY := ({0} x X) U ({1} x Y) we denote
the disjoint sum of two sets X and Y and if these spaces are represented
spaces, then we assume that X [[Y is equipped with the canonical coproduct
representation (see [28] for details).

Definition 2.4 (Coproduct) Let f :C X = Y and g :C W == Z be
two multi-valued functions on represented spaces. Then we define f][g :C

XOW =Y Zby (f119)(0,u) := {0} x f(u) and (f 1T g)(1,u) := {1} xg(u).

One obtains that H F (f I g) holds for exactly those H satisfying H(0w) =
F(w) and H(1w) = G(w) for some realizers F' I f and G F ¢ (that can depend
on w). We assume that the product X x Y of represented spaces (X, dx) and
(Y, dy) is represented with the canonical product representation [dx,dy] (see



[36] for details).

Definition 2.5 (Products) Let f :C X = Y and g :C W = Z be two
multi-valued functions on represented spaces. Then we define f x g :C X x
W =Y xZby (f xg)(z,w) = f(z) X g(w).

One obtains that H F (f x g) holds for exactly those H satisfying H ((u,v)) =
(F(u),G(v)) for some realizers F' f and G F ¢ (that might depend on u,v).

We say that a multi-valued map f on represented spaces is pointed, if it con-
tains at least one computable point in its domain and we say that it is idem-
potent, if f x f =w f. In some cases the product and the coproduct are closely
related. If f x g is pointed and f]]g is idempotent, then f[]g=w f X g, since

fHg<w/f xg<w(fllg) x (fIlg) <w(f119), (1)

where pointedness of f x g is only required for the first reduction and idempo-
tency of f]] g only for the last one. It is useful to consider a countable product
of a multi-valued function with itself, which has been introduced in [7].

Definition 2.6 (Parallelization) Let f:C X =Y be a multi-valued func-
tion on represented spaces. We define the parallelization f :C XN = YN by

f(@i)ien == X f().

We obtain that H b f holds for exactly those H satisfying H((u, ug,...)) =
(F1(uy), Fy(ug), . ..) for some realizers F; - f for ¢ € N (that might depend
on u;). We use the notation (zi,z,,...) for the canonical countable pairing
on Baire space. In [28] a finite type of parallelization was introduced. For any
represented space (X, d) we denote by X* = (J22({i} x X?) the set of all finite
sequences over X and we assume that X* is denoted by its canonical standard
representation §*. For f:C X =Y, we use f! to denote the i—fold product of
f with itself; and understand f° to be Weihrauch-equivalent to idy.

Definition 2.7 (Finite parallelization) Let f :C X = Y be a multi-
valued function on represented spaces. We define the finite parallelization
[FC X 5 Y* by f* =112, f* with f*(i,z) := fi(z) for all (i,z) € X*.

Both types of parallelization for{n closure operators for the Weihrauch lattice,
which means f <w f and f =wf, and f <w g implies f <w § and analogously
for finite parallelization (see [28,26] and [7] for details). It is easy to see that
for pointed multi-valued functions idempotency is equivalent to f=w f*. It
is interesting to mention that some variant of the (continuous) Weihrauch
degrees has recently be proved to be undecidable (see [20]).



3 Closed Choice

Now we define the general version of closed choice for a represented space.

Definition 3.1 (Closed Choice) Let (X, d) be a represented space. Then
the closed choice operation of this space is defined by

Cx CA (X)X, A A

with dom(Cx) :={A € A_(X) : A # 0}.

Here we assume that A4_(X) is the set of closed subsets of X equipped with
the negative information representation X as defined in the introduction.
The computable points in A_(X) are called co-c.e. closed sets. Intuitively, Cx
takes as input a non-empty closed set in negative description (i.e. by some
form of enumeration of its complement) and it produces an arbitrary point of
this set as output. Hence, if we write A — A, then we mean that the multi-
valued map Cx maps the input A (as a point in A_(X)) to the set A as a
subset of X, namely the set of possible function values.

Closed choice for particular spaces can characterize certain classes of functions
or degrees of mathematical theorems. In [14] it was proved that Cy iy is
equivalent to the Hahn-Banach Theorem and to Weak Koénig’s Lemma and in
6] it was shown that Cy is equivalent to the Baire Category Theorem, Banach’s
Inverse Mapping Theorem and several other theorems from functional analysis.
The following example shows that also many other classes that have been
considered can be characterized as classes of closed choice for certain spaces.

Example 3.2 We obtain Cyoy =w Cs =w id, Cfo,13 =w LLPO and, more gen-
erally, Cio1,...ny =w MLPO,, ;.

Here MLPO,, and LLPO = MLPO, are taken from [34]. For n > 1 we consider
MLPO,, :C NY¥ = N as a multi-valued map with

dom(MLPO,) := {(p1, ..., pn) : Fi =1,....n) p; = 0}

and

MLPO,, (p1, ..., pn) := {i : p; = 0}.

Since LLPO is not idempotent (see [7]), it follows that closed choice is not nec-
essarily idempotent. However, it is a straightforward observation that closed



choice is always pointed, since X is always a co-c.e. closed subset of itself.

Lemma 3.3 (Pointedness) If X is a non-empty represented space, then Cx
1S pointed.

We get the following first result.

Proposition 3.4 (Products) Let X andY be non-empty represented spaces.
We obtain CX ]_[ Cy <w CX X Cy <w CXXy.

Proof. As mentioned in the introduction, coproducts are reducible to prod-
ucts for all pointed functions. It is easy to prove that the Cartesian product
P:A(X)xA (Y)—> A (X xY),(A,B) — A x B is computable and we
obtain CX X Cy:CXXyOP. Hence CX X Cy SWCXXY- O

We will see in Corollary 5.7 that the inverse of the first reduction does not
hold in general. Also the second reduction cannot be reversed in general, as the
following result shows. We denote by 7 := nnn... € N¥ the constant sequence
with value n.

Proposition 3.5 (Products of choice for finite spaces) Let A and B be
finite sets, each with at least two elements and equipped with the discrete rep-
resentation and topology. Then C4 X Cg <w Caxp-

Proof. We assume that A = {0,...,n} and B = {0, ..., k} with n,k > 1 and
we assume that A is represented by 04(n0) := n with dom(d4) = A x {0}.
Moreover, we assume 1*(p) = {i : i+1 & range(p)} with range(p) C {0, ...,n+
1}. This representation is computably equivalent to the generic definition of
14 given above. Analogous assumptions are made for the representations 6z
and ¥? and §,4, 5 and ¥**B. We have C4 x Cg <w Caxp by Proposition 3.4.

Let us now assume that C4,5 <w C4 X Cp holds. Then there are computable
functions H, K such that F' = H(id, GK) is a realizer of C4, g for any realizer
G of C4 x Cp. Now we consider 0 = 000... which represents ¢4*?(0) = A x B.
Then (L, R) := [¢*,P]K(0) is a pair of finite sets[1] For all m and for all
p € dom(2*B) we have 2*B(p) = 2*B(0™p). Moreover, by continuity of
K and since A x B is finite, there is m € N such that for all p € dom(¢4*5),
we obtain that (L', R') = [¢*,¢P]K(0™p) implies L' C L and R C R. By
continuity of H and since A X B is equipped with the discrete representation,
this m can be taken such that H(0™p, ¢) is identical to H(0,q) for any fixed
name ¢ of an element of L' x R'. Finally, since there are only finitely many

1 'We are thankful to one of the referees for providing a version of this paragraph
that clarified and corrected the earlier version of it.



such g, this m can be selected as satisfying this property for all those ¢q. Hence,
for such m we obtain F(0™p) = H (0, GK(0™p)). Since ¥**F is computably
equivalent to the representation 1, given by ©,,(0™p) := ¥»2*B(p), we can
assume without loss of generality that there are computable functions H, K
such that F' = HGK is a realizer of C4.p for any realizer G of C4 x Cp.

Let M; G M;_1 & ... G My now be a strictly decreasing sequence of non-empty
subsets M; C A x B. Due to continuity of K there is a monotone sequence of
words wy C w; E ... C w; such that ¢2*B(p,) = M; for p; == w;0 and such
that the sets (L;, R;) := [¢?4, 8] K (p;) are component wise monotone as well.
That is 0 #4 L; CL; 1 C...CLyand 0 # R; C R;—; C ... C Ry. The cardi-
nality of Ax B is (n+1)(k+1) and hence the longest strictly decreasing chain
(M;) of non-empty sets is one with length j+1 = (n+1)(k+1). The longest
decreasing chain (L;, R;) with the property that for each ¢ < j the left compo-
nent or the right component is strictly decreasing, i.e. L; ; L;or Ry ;Cé R;,
has length n + &k + 1. For n,k > 1 we have that n+ k+1 < (n+ 1)(k+ 1).
Hence, there has to be at least one i < j such that (L;, R;) = (L1, Ri11). By
assumption there is some element x € M;\ M;,;. For each element y € L; X R;
there is a realizer G, of C4 x Cp with y = [04,05]|G, K (pi11) and by assump-
tion z = [04,05|HG,K(pi+1) € M;41 and hence z # z. By continuity of
K there is an extension w of w; such that ¥2*5(p) = {x} for p := w0 and
[wA, P K (p) C (L;, R;) (where the inclusion is meant component wise). Hence
any realizer G of C4 x Cp selects an element y = [04,95]GK (p) € L; X R; and
thus [04, 05| HGK (p) # x in contrast to the fact that HGK is supposed to be
a realizer of C4. 5. Contradiction! O

Alternatively, one could prove this result by considering the level of the re-
spective operations, a concept that has been introduced by Hertling [15]. For
one, one can prove directly MLPO,.; x MLPO.1 <w LPO™™* which implies
that n + k is an upper bound on the level of MLPO,,;; x MLPOg,;. On the
other hand, LPO™FDE+D=1 can he reduced to any realizer of MLPO ;4 1)(x+1)
(see Theorem 5.2.2 in [35]), which implies that the level of MLPO ;4 1y(x41) is at
least (n+1)(k+1)— 1. Since Hertling proved that the level is preserved down-
wards by Weihrauch reducibility, the desired result follows also from these
observations. We do not work out the details here. For the simplest case of
the set {0, 1} we get the following conclusion.

Corollary 3.6 Cyo1} x Cyo,1y <w Cyo,13x40,1} -

We will see, however, that for many infinite spaces we get a nicer behavior of
products. This is partially due to the following result.

Proposition 3.7 (Surjections) Let A and B be represented spaces and let
s:C A — B be a computable surjection with a co-c.e. closed domain dom(s).



Then CB Sw CA.

Proof. If s :C A — B is computable and dom(s) is co-c.e. closed in A, then
S:A(B) = A_(A),M — s'(M) is computable too and if s is surjective,
then we obtain Cg = s0Cy 08, i.e. Cp<w Cy4. O

As a consequence of this observation and Proposition 3.4 we obtain the fol-
lowing sufficient criterion for idempotency of choice.

Corollary 3.8 (Idempotency) Let A be a represented space. If there is a
computable surjection s : A — A2, then C4 x Cy=w Caxa=w C4x and, in
particular, Cy is idempotent and hence also Cy =w Cy.

Since the spaces N, {0, 1}, N¥ and Nx {0, 1} admit computable and bijective
pairing functions, we get the following conclusion.

Corollary 3.9 The choice principles Cy, Cyo 1y, Cyv and Cyyqo1yv are idem-
potent.

We close this section with the following example that shows that in some
cases choice commutes with parallelization and finite parallelization and in
other cases it does not.

Example 3.10 We obtain C/{o\,1} =w LLPO =w Cyo1yn, but G\I =w lim <y Cyn
and Clil =W CN =W CN*, but C?O,l} =W LLPO* <w CN =W C{O,l}* .

4 Choice on Computable Metric Spaces

In this section we want to study choice on certain large classes of computable
metric spaces. We recall that a computable metric space (X, d, o) is a separable
metric space (X, d) together with a numbering o : N — X of a countable dense
subset with respect to which the metric is computable. By a computable Polish
space we mean a computable metric space that is also complete. Usually, we
will assume that computable metric spaces are represented by their Cauchy
representations dx (see [36]). We use two different representation x_ and s to
represent the set (X)) of compact subsets of a computable metric space X
(see [9] for details). Roughly speaking, a x_—name of a compact set K C X is
a list of all finite covers of K by rational open balls, whereas a k—name comes
with the additional requirement that all open balls in the cover actually have
non-empty intersection with K. That is, x_ provides negative information on
the set K (each cover allows to exclude points) and « provides full information

10



(each ball in the cover meets the set). By K_(X) and K(X) we denote the
set of compact subsets represented by x_ and k, respectively. The compact
sets that are computable with respect to k_ and k are called co-c.e. compact
and computably compact, respectively. We mention that a computable metric
space is computably compact in itself if and only if it is co-c.e. compact in
itself.

Computable Polish spaces X admit total computable and admissible repre-
sentations § : NN — X (see, for instance, Corollary 4.4.12 in [2]) and com-
putably compact computable metric spaces X admit computable representa-
tions ¢ : {0,1} — X as we will prove next. Two representations 4, dy of
the same set are said to be (computably) reducible to each other, in symbols
d; < 0, if there exists a computable function F :C NY — NY such that
01 = 3 o F. Moreover, 0; and 0 are said to be (computably) equivalent, in
symbols §; = 09, if 67 < d5 and 9, < d; hold. We recall that a representation of
a computable metric space is called computably admissible if it is computably
equivalent to the Cauchy representation of the space.

Proposition 4.1 Let X be a computably compact computable metric space.
Then there is a surjective computable map o : {0, 1} — X that is also com-
putably admissible.

Proof. Let (X, d, a) be a computably compact computable metric space. We
use a version dx :C {0,1} — X of the Cauchy representation, defined as
follows

Sx (01™101™*10..) = lim a(n,)

1—00

where dom(dx) contains only those sequences of the given type which, addi-
tionally, converge rapidly, i.e. such that d(a(n;),a(n;)) < 277 for all i > j.
It is known that there exists a computably proper and computably admissi-
ble representation § :C {0,1}Y — X that is a restriction of dx, see Corol-
lary 4.6 in [37]. Such a map is, in particular, computable and surjective and
the fact that it is computably proper implies that 6~*(K) is co-c.e. com-
pact for any co-c.e. compact K C X. If X itself is co-c.e. compact, then
A :=dom(d) = §~!(X) is also co-c.e. compact. We claim that there is a total
computable map ¢ : {0, 1} — {0, 1} such that A C range(:) C dom(dx). A
machine computing ¢ works as follows: given an input p € {0, 1} the machine
checks in steps longer and longer prefixes w of p for the property

w{0, 1} C {0,131\ A. (2)

Since A is co-c.e. closed, this property is c.e. in w. As long as the property
cannot be verified, the machine simultaneously checks whether the input is of
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the form p = 01"*101™*+10... and whether the property d(a(n;), a(n;)) < 277
is satisfied for all 4 > j such that 01™710 is completely included in w. If the
latter property is positively verified, then the output is extended such that it
matches p up to the corresponding 01%+10. If, at any time, property (2) is
positively verified, then it is clear that p ¢ A and the processing of the input
is stopped and the output is extended just by infinitely many repetitions of
the last block 110 (if no block has been written at this stage, then an arbi-
trary block 01" is repeated infinitely often as output). If the input p is not
of the form p = 01™*T101"10...; then the test for property (2) will eventu-
ally be positive. It is clear that altogether this machine computes a function
{0, 1} — {0, 1} such that A C range(:) C dom(dy). This guarantees that
¢ 1= dx ot is computable, total and surjective. Since dom(J) = A C range(¢)
it follows that § = ¢ o +™1. Since ¢ is computable, also 1™ is computable (see
Corollary 6.7) and hence it follows that ¢ is computably admissible. a

Hence we obtain the following corollary. The first statement is a consequence
of Proposition 3.7 and the second statement a consequence of the previous
Proposition 4.1.

Corollary 4.2 Let X be a computable Polish space. Then Cx <w Cyv. If,
additionally, X is computably compact, then Cx <w Cyg1yn.

We say that ¢« : A — B is a computable embedding, if ¢ is computable and
injective and its partial inverse ™! is computable too. Now we can use the
Embedding Theorem 3.7 from [8] in order to obtain the following proposition.

Proposition 4.3 Let A and B be computable metric spaces and let 1 : A — B
be a computable embedding such that range(t) is co-c.e. closed in B. Then
Ca<wCp.

Proof. From Theorem 3.7 in [8] it follows that for a computable embedding
t: A — B with co-c.e. closed range ((A) the map J: A_(A) - A_(B),M —
(M) is computable. We obtain C4 ="' oCgoJ and hence C4y <y Cp. O

We recall that a metric space is called perfect, if it has no isolated points.
In Proposition 6.2 in [8] it has been proved that any non-empty perfect com-
putable Polish space is rich, i.e. admits a computable embedding ¢ : {0, 1} —
X and in this case range(t) is automatically co-c.e. closed. Hence we obtain
the following corollary.

Corollary 4.4 Let X be a computable Polish space. If X is rich and, in par-
ticular, if X is non-empty and has no isolated points, then Cg v <w Cx.
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Together with Corollary 4.2 we get the following corollary (which has essen-
tially been proved in [14] already).

Corollary 4.5 Let X be a computably compact metric space, which is non-
empty and has no isolated points, then Cg v =w Cx .

Thus, Cgoq13v can be identified with “compact choice” for a very large class of
compact spaces. In particular, we obtain the following corollary.

Corollary 4.6 Cy 1y =w Cjo,1) =w Cpo 1.

We would like to show that Cy X Cy1yn plays a similar role for locally compact
spaces as Cyg 1y does for compact spaces. The following lemma plays a role in
the proof of the next result and it is worth being formulated separately.

Lemma 4.7 Let K be a non-empty computably compact computable metric
space. Then Cr :C A_(K) = K has a total extension Cy; : A_(K) = K with

Proof. Theset {4 € A_(K): A =0} is c.e. open for co-c.e. compact K. Since
K is computably compact, we can assume by Proposition 4.1 without loss of
generality that K is represented by a total representation ¢ : {0, 1} — K.
Hence Cx can be extended to a suitable C% as follows: a realizer F' of Cg is
modified to a map G such that never anything else but zeros and ones are
written on the output tape and as soon as the empty set is detected as input,
the output is just continued with constant zeros. In any other respect, the
map G behaves exactly as F. Due to totality of d, this output of G is in the
domain of §. The modification guarantees that the empty set as input leads
to some infinite output and non-empty sets are treated by G exactly as by
F. The construction shows that C’ is reducible to Cx. The reverse direction
follows since C} is an extension of Cg. O

We note that not every multi-valued operation has a total equivalent extension
(as robust division shows, see [26]).

Classically, a space X is called o—compact or K,—space, if it can be written as
a countable union of compact sets. For many spaces this property is somewhat
weaker than local compactness, this holds in particular for represented Haus-
dorff spaces. The induced topology of every represented space is known to be
hereditarily Lindel6f (see Lemma 2.5 in [1]) and this means that if it is, ad-
ditionally, a Hausdorff space, then local compactness implies c—compactness.
This is the reason why we speak about “locally compact choice” for short. We
say that X is a computable K,—space, if X is a computable metric space, such
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that there exists a computable sequence (K;);eny of non-empty computably
compact sets with X = U2, K.

Proposition 4.8 (Locally compact choice) Let X be a computable K,
space. Then CX <w CN X C{O,I}N-

Proof. We consider the total extensions Cj of choice that exist according to
a uniform version of Lemma 4.7. Using a uniform version of Corollary 4.2, we
obtain

—

F = C/KO X ClKl X C’K2 X ... <w C{O,l}N =W C{OJ}N.

Given a closed set A C X we can compute the sequence (AN K, ) en of co-c.e.
compact sets and hence we can enumerate the set {n € N: AN K, = 0}.
This implies that we can find an n such that A N K,, # () with the help of
Cy. Moreover, F((AN K, )nen) can be obtained with the help of Cyg 3, as
indicated above. Altogether, this shows Cx <w Cyn x Cyg 1yn. a

This result can even be generalized to the case that the K,—space is only co-c.e.
compact in the sense that the sequence (K;);en is only a computable sequence
of co-c.e. compact sets. However, in this case the uniform version of Lemma 4.7
needs some extra attention since the extensions C might not always produce a
value in K (but only some infinite sequence). By Proposition 3.4 we have Cy X
Cio13" <w Cuxqo,1yv- On the other hand, we can apply the previous proposition
to the K,—space N x {0,1}" (with K, := {n} x {0,1}Y) and we get the
inverse reduction. We can also apply the previous proposition to R¥ (with
K, = [-n,n]*).

Corollary 4.9 Cgr =w Cgr =w Cyyqo,1pv =w Cn X Cpopy for all k > 1.

We mention that by the Theorem of Hurewicz (see Theorem 7.10 in [18]) any
Polish space which is not K, admits an embedding + : N — X such that
range(t) is closed. Using relativized topological versions of Propositions 4.3
and 4.8 and Corollary 4.2 we obtain the following dichotomy.

Corollary 4.10 (Dichotomy) If X is a Polish space, then there is an oracle
such that either Cx <w Cg or Cyw =w Cx, relatively to that oracle (i.e. with
continuous reductions).

In other words, topologically the interval between Cgr and Cyn is not inhabited
by choice principles of Polish spaces. It is not too hard to see that for many
computable metric spaces X that are not K,, such as RN, C[0, 1] and ¢, there
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is a computable embedding ¢ : NN — X with a co-c.e. closed image. Hence we
get the following corollary of Proposition 4.3.

Corollary 4.11 Cy =w Cgy =w Cp, =w Cejo17 for all computable real p > 1.

The results mentioned so far in this section are mostly applicable to Polish
spaces. We mention two further examples for non-Polish spaces. Any sequence
(n)nen in X can be seen as a surjection from N onto the range of the sequence.
Hence we obtain the following corollary.

Corollary 4.12 Let X be a represented space and let (z,)nen be a computable
sequence in X with R := {x, : n € N}. Then Cr <w Cy.

This can, in particular, be applied to the rational numbers as a subspace of
Euclidean space.

Corollary 4.13 Cg =w Cy, independently of whether Q is equipped with the
discrete representation and topology or with the Euclidean one.

The irrational numbers are computably homeomorphic to Baire space (with
respect to the Euclidean topology and via their continued fraction represen-
tation) and hence we get the following conclusion.

Corollary 4.14 Cg\g=w Cyn.

5 Compact Choice, Quotients and Join-Irreducibility

The following theorem shows that any single-valued function f that can be
computed from compact choice and another function g can already be com-
puted from ¢ alone. Thus, we can “divide” by compact choice in such a situ-
ation. This result generalizes Corollary 8.8 in [7].

Theorem 5.1 (Quotients) Let X be a represented space and Y be a com-
putable metric space and let g be a multi-valued function on represented spaces.
If f:C X =Y is single-valued and [ <w Cyoqyv X g, then f<wg.

Proof. We use the Cauchy representation dy for Y and canonical projections
7 : NN — NN with 71 (p, q¢) = p and m2(p, q) = ¢. Now let f :C X — Y be such
that f <w Cg1jv X g. Hence there are computable functions H and K such
that K (id, PH) is a realizer of f for any realizer P of Cg 1y X g. Since H and
K are computable, as well as the Cartesian product on compact sets, it follows
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from Theorem 3.3 in [37] that there is a computable function S :C N¥ — NN
with

r-S(pq) = oy K{p} x (v-m H(p) x {q}))

for all p € dom(fdx) and suitable g. We now consider the function 7' :C NN —
NN with T'(p) = S(p, GmaH (p)). Whenever G is a realizer of g, then T is a
realizer of the function F':C X — K_(Y),x — {f(x)}. Hence, F <y g. If the
space Y is a computable metric space, then in : Y — K_(Y),z — {z} has a
computable inverse (see Lemma 6.4 in [5]) and it follows that f = in™' o F.
That implies f <w F'. a

We note that this theorem can be generalized to larger classes of spaces Y.
The only property that is exploited is that the injection in : Y — K_(Y") has
a computable inverse. We obtain some straightforward corollaries.

Corollary 5.2 Let X be a represented space and Y be a computable metric
space. If [ :C X =Y is single-valued and f <w Cyo1yn, then f is computable.

This is just Corollary 8.8 from [7]. Together with Corollary 4.9 we obtain the
following result, which is new.

Corollary 5.3 Let X be a represented space and Y be a computable metric
space. If f:C X — Y is single-valued and f <y Cg, then f <w Cy.

By exploiting the distributivity of the Weihrauch lattice discovered in [28], a
restricted version of Theorem 5.1 could be obtained, using coproducts instead
of products. Combined with the observation that coproducts are the suprema
in the Weihrauch lattice, and the usefulness of the decomposition into products
presented in Corollary 4.9, it seems sensible to explore whether any of our
principles of closed choice can be expressed as a supremum of other degrees.
The negative answer is a consequence of the next result. To formulate it, we
define the concept of join-irreducibility in the Weihrauch lattice.

Definition 5.4 (Join-irreducibility) A multi-valued function f on repre-
sented spaces is called join-irreducible, it f =w [1,,en fn implies the existence
of an nyg € N with f=w f,,.

We note that for finitely many f,,, this is exactly the ordinary lattice theoretic
concept of join-irreducibility. For countably many f,, this concept might be
called o—join-irreducibility (see [29]). However, this is also not quite appro-
priate since the coproduct [[,cy fn is not necessarily the supremum of the
fn. This is correct for continuous reducibility, but not for the computable
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case. We refrain to introduce another name and call the above concept just
join-irreducibility, which is justified since we will basically only apply it in a
situation with finitely many f,.

If f:C X ==Y is a function between represented spaces, with representation
§ of X, then we define f4 for each set A C NN as follows. We let (X4, 6|4)
be the represented space with X4 := §(A) and the restriction 6|4 of § to A.
Then f4 :C X4 = Y is the restriction of f to the represented space (X a,04).
That is, we obtain F'|4 F fa if F'F f. Using this concept, we get the following
sufficient criterion for join-irreducibility.

Lemma 5.5 (Join-irreducibility) Let (X,dx) andY be represented spaces.
Assume that for some multi-valued function f :C X = Y the equivalence
f=w fa holds for each non-empty set A C NN that is clopen in dom(fdx).
Then f is join-irreducible.

Proof. Assume f <y [I,cn fn- Then there exists a computable function N :C
NY — N with fa-1(m) <w f and dom(N') = dom(fdx). There has to be an
no € N, so that N~1(ng) # 0, and due to continuity of N, this set is closed and
open in dom(fdx). Thus, by the assumption, we have f <w far-1(ng) <w fno-
The other direction is trivial. O

If we take away finitely many small open rational balls from N, {0, 1}N, NN
or R, respectively, such that the remainder is non-empty, then the remainder
is still large enough to simulate closed choice of the entire space within this
subspace. This is why closed choice for all these spaces satisfies the above
criterion for join-irreducibility.

Corollary 5.6 Cy, Cyg 1y, Cyv and Cg are join-irreducible.

Another consequence is that the coproduct (i.e. the supremum) of Cy and
Cyo1yv is strictly below the product.

Corollary 5.7 Cy]] C{OJ}N <w Cy X C{OJ}N .

This corollary also shows that the coproduct of two idempotent functions is
not necessarily idempotent (see Equation (1)).

Corollary 5.8 Cy[]Cygqn is not idempotent.
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6 Unique Choice and Inversion

In this section we briefly discuss a variant of choice, which we call unique
choice. This is choice restricted to the special case of singletons. We only for-
mulate unique choice for Hausdorff spaces in order to guarantee that singletons
are closed.

Definition 6.1 (Unique Closed Choice) Let (X, ) be a represented Haus-
dorff space. We consider the injection iny : X < A_(X),z — {z}. The partial
inverse UCyx :C A_(X) — X of this injection is called unique closed choice
operation of the space X.

Since unique choice UCy is a restriction of choice Cy, it is clear that UCy <y Cx
holds. In some cases we can say more. In case of N it turns out that unique
choice is not easier than full choice. The proof idea is very similar to the proof
idea of Proposition 3.3 in [6], where Cy is reduced to finite choice. We only
describe it informally here.

Proposition 6.2 UCy=w Cy.

Proof. It is clear that UCy <w Cy. We prove Cy <w UCy by an intuitive de-
scription of a suitable algorithm. Given an enumeration ng, ny, ... of the com-
plement of a set A C N, we choose ¢ = 0 as starting candidate for a potential
element in A and we choose j = 0 as starting position to keep track of where
we have to change our mind. In steps ¢ = 0, 1, ... we inspect the enumeration
n; in order to find the candidate ¢ and simultaneously we start to generate
as output a negative description of {j} by enumerating all numbers k > j.
Whenever some ¢ with ¢ = n; is found, we choose as new candidate ¢ the
minimal element ¢ = min(N\ {nq, ..., n;}). Whenever that happens, we choose
j = max{i,m + 1} as new position, where m is the largest number that has
been produced on the output and now we start to produce as output a neg-
ative description of {j} by enumerating all numbers m + 1, ..., 7 — 1 (if there
are any) and then all numbers k£ > j, while we continue to inspect the se-
quence n;y1,Nii2, ... to find the new candidate c. If we continue like this, then
eventually we will find a candidate ¢ that is actually in A and hence not in
the enumeration of the n;. The output will then be a negative description of
{j} for some number j that is larger than or equal to the last position in the
enumeration where we had to change our candidate. That is, the number j
together with the original enumeration ng, nq, ... allows to identify the candi-
date c. The number j can be obtained from the output with the help of unique
choice UCy. O
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In case of Baire space we formulate the following conjecture.

Conjecture 6.3 UCyn =w Cy.

On the other hand, unique choice UCyw is also not too simple. One can easily
see that lim <y UCy~ holds for the limit map

lim :C NN — NV, (po, P1, P2y ---) — lim p;
1— 00

and with the methods of the next section it also follows that the cone below
UCy is closed under composition. Hence, UCyy cannot be located on any finite
level of the Borel hierarchy. This can also be deduced from the fact that there
are co-c.e. closed singletons {p} C NN such that p is hyperarithmetical, but
not arithmetical (see Propositions 1.8.62 and 1.8.70 in [23]). We obtain the
following corollary as a direct consequence of Corollaries 5.2 and 5.3 and the
previous proposition and the observation that UCy <y UCg holds.

Corollary 6.4 UC1yn =w Cjoy =w id and UCg =w Cy.

We will use the inversion and the graph map as follows

o Invyxy :CC(X, )><Y—>X(fy)»—>f L(y), where
dom(Invxy) := {(f,y) : f injective and y € dom(f~*)}

e graphyy : C(X,Y) = A_(X xY), f = graph(f), where
graph(f) := {(z,y) € X x Y': f(z) = y}.

For computable metric spaces X and Y the map graphy, is known to be
computable (see [5]). It turns out that the map Invyy is reducible to unique
choice of X.

Theorem 6.5 (Inversion operator) Let X and Y be computable metric
spaces. Then Invyy <w UCx.

Proof. In [5] we have established the formula

M y) = inx' osec(graphy v (f), y),

where sec : A_(X xY) xY = X, (A,y) = A, :={r € X : (z,y) € A} is the
computable section map (see [5]). Altogether, this shows Invyy <winy' =
UCx. O

As a corollary we get that in particular any specific inverse of a computable
map is reducible to unique choice. We can generalize this non-uniform result
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even to the case of non-injective maps and ordinary choice. We note that the
inverse f~! :C Y = X,y — f{y} exists as a multi-valued map for any
single-valued f: X — Y.

Theorem 6.6 (Inversion) Let X and Y be computable metric spaces. If
f X =Y is computable, then f~'<w Cx and if f is also injective, then
f1<wUCx.

Proof. If f : X — Y is computable, then F': A (V) = A_(X), A — f71(A)
is computable too and we obtain

7 y) = Cx o Foiny(y),

ie. f7! < Cx and if f is also injective, then we obtain f~'(y) = iny' o F o
il’ly(y), ie. f_l <w UCx. O

We mention that a multi-valued function f on represented spaces is called
weakly computable, if f<w Cyo1yv and f is called computable with finitely
many mind changes if it can be computed on a Turing machine that revises its
output at most finitely many times for each particular input. In Theorem 7.11
we will show that the latter is equivalent to f <w Cy. We get the following
result as a corollary of Theorem 6.6 and Corollary 6.4.

Corollary 6.7 (Compact inversion) Let X and Y be computable metric
spaces and let X be computably compact. If f : X — Y is computable, then
=1 is weakly computable, if f is also injective, then f~' is even computable.

The second part of the statement was known as such (see, for instance, [5]).
The following corollary is also a consequence of Theorem 6.6 and Corollary 6.4.

Corollary 6.8 (Locally compact inversion) Let X be a computable K,—
space and let' Y be a computable metric space. If f : X — Y is computable, then
1 <w Cgr and if f is also injective then f~' <w Cy, hence f~! is computable
with finitely many mind changes.

These results are not necessarily optimal. For instance, it is known that the
inverse of an injective computable map f : R — R is even computable. How-
ever, for this result one has to exploit additional properties of R, such as
connectedness properties (see [5]). We give some example that shows that the
inversion results do not hold true for arbitrary represented spaces. By R. we
denote the set of real numbers equipped with the left cut representation p,
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which represents a real number x by an enumeration of all rational numbers
q < x (see [36]).

Example 6.9 Let R denote the real number represented with the Cauchy rep-
resentation and let R. denote the real number denoted with the left cut rep-
resentation. The identity f : R — R, x +— x is computable and its inverse
f71 i R. — R is known to be equivalent to lim (see Proposition 3.7 in [6] and
Exercise 8.2.12 in [36]). In particular, f~' is not reducible to Cg.

7 Choice on Baire Space and Non-Deterministic Computability

In this section we will compare the power of choice for certain spaces with
models of hypercomputation that have been considered. This approach to
classify models of hypercomputation in terms of Weihrauch reducibility has
been started in [27]. Here, the relevant models of hypercomputation are non-
deterministically computable functions and functions computable with revis-
ing computations in the sense of Martin Ziegler [38,39]. The latter ones are also
known as functions computable with finitely many mind-changes, for instance
in learning theory [11,12].

In [38] Martin Ziegler has introduced a concept of non-deterministically com-
putable functions. We generalize this concept to advice spaces that are subsets
of Baire space and we prove that this concept can be characterized by choice for
the advice space. This characterization yields some interesting consequences.

Definition 7.1 (Non-deterministic computability) Let (X,0x), (Y,dy)
be represented spaces and let A C NN, A function f:C X =2 Y is said to be
non-deterministically computable with advice space A, if there exist two com-
putable functions Fy, Fy :C N¥ — NN such that (dom(fdx) x A) C dom(F})
and for each p € dom(fdx) the following hold:

(1) (3r € A) 0sFo(p,r) =0,
(2) (Vr € A)(0sFo(p,7) = 0 = dy Fi(p,7) € fox(p)).

Here A C NY is considered as subspace of Baire space. Intuitively, the set A
serves as a set of possible advices that can give extra support to the compu-
tation. Any computation can be successful or it can fail, which is indicated by
the output of Fy (where “1” means the advice is recognized to fail after finite
time and “0” means the advice is successful in the long run). That is Fy can
be considered as a realizer of a function f, :C NN — S. The set

A, ={reA:6F(p,r)=0t={reA: folp,r) =0}
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is the set of successful advices for input p € dom(fdy). Intuitively, F is a
method to recognize unsuccessful advices and Fj is a method to determine
the output of the computation for successful advices. The two conditions then
express intuitively that for each fixed admissible input the following hold:

(1) There exists a successful advice for this input.
(2) Each successful advice produces a correct output.

Functions that are non-deterministically computable in the sense of [38] are
non-deterministically computable with full Baire space NV as advice spac.
Now we can prove the following equivalence.

Theorem 7.2 (Non-deterministic computability) Let X and Y be rep-
resented spaces, A C NN and let f :C X = Y be a multi-valued function.
Then the following are equivalent:

(1) .fSW CA7
(2) f is non-deterministically computable with advice space A.

Proof. We consider the represented spaces (X, dx) and (Y, dy ). Let f be non-
deterministically computable with advice space A. Then there are computable
functions Fj, F5 according to Definition 7.1. By type conversion and since
(dom(fox) x A) C dom(F3) we can transfer F, into a computable function

h:CNY = C(A,S),p+— (r — dsFs{p,r)).

Hence, for each p € dom(fdx) the function h(p) = xa\4, is a characteristic
function of the closed set A, € A_(A) of successful advices. Here h can also
be considered as computable function of type h :C NN — A_(A),p+— A,. By
condition (1) of Definition 7.1 we obtain that A, # () for any p € dom(fdx) and
by condition (2) we obtain dy Fi(p, Cah(p)) C fox(p). Let H be a computable
realizer of h. Then Fi(id, GH) is a realizer of f for any realizer G of C4 and
hence f <w Cy4.

On the other hand, let f <w C4. Then any realizer G of C4 computes some
realizer F' of f, i.e. there are computable functions H, K such that for all re-
alizers G of Cy4 there is some realizer F' of f such that F(p) = K(p, GH(p))
for all p € dom(fdx). Now we describe maps Fj, Fy :C NY — NN that satisfy
the conditions of Definition 7.1 for f. For each p € dom(fdx) the function
H computes a non-empty set A, = Y2 H(p) and by evaluation there exists a
computable function F, such that dsF5(p,r) = xa\a,(r) for all p € dom(féx)
and r € A. That means to choose A, as the set of successful advices. We can

2 The advice space is not made explicit in [38], but we conclude implicitly that the
advice space NV is meant.
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also choose F} := K and verify the conditions (1) and (2) of Definition 7.1.
Firstly, it is clear that A, # 0 for all p € dom(fdox) and hence Fy satisfies
condition (1). Secondly, for each r € A, there is a realizer G of C4 such that
GH(p) = r and hence we obtain Fi(p,r) = K(p,GH(p)) = F(p) for a real-
izer I of f. This implies dy Fi(p,r) € fox(p) and hence condition (2) holds as
well. Altogether f is non-deterministically computable with advice space A. O

The main benefit of this characterization of closed choice is that using it we can
easily prove the following theorem that shows that the advice for compositions
can be determined a priori and independently. We note that due to the fact
that Baire space admits a computable and bijective pairing function, we can
always consider A x B as subspace of Baire space for any two subspaces A, B
of Baire space.

Theorem 7.3 (Independent Choice) Let A, B C NY and let f and g be
multi-valued functions on represented spaces. If f <w Cq and g <w Cg, then
Jog<wCaxp.

Proof. We consider represented spaces (X, dx), (Y,dy) and (Z,d). Let now
f:CY = Z and g :C X = Y be non-deterministically computable with ad-
vice spaces A and B, respectively. Due to Theorem 7.2 it suffices to show that
f o g is non-deterministically computable with advice space A x B. Intuitively,
we can choose an advice (r,s) € A x B and use advice r for f and advice s
for g. More precisely, let f and g be non-deterministically computable using
computable functions Fi, Fy and G4, Gy according to Definition 7.1, respec-
tively. We define H; and H, that witness non-deterministic computability of
f o g with advice space A x B. We can define a computable H; by

H1<p, <T7 8>> = F1<G1<p7 S>7T>

and there exists a computable Hy such that

1 if 0sGa(p,s) =1
IsF5(G1(p, s),r) otherwise

IsHy(p, (r,5)) =

for all p € dom(fgdx) and all (r,s) € A x B. Such a computable H, exists,
since dsGa(p, s) = 0 implies that dyGi(p,s) € g(dx(p)) C dom(f). Now we
verify that Hy, and H, satisfy conditions (1) and (2) of Definition 7.1 for fog.
To this end, let p € dom(fgdx).

By condition (1) for g there is an s € B such that dsGa(p, s) = 0 and hence by
condition (2) for g we obtain dy G (p, s) € dom(f). Hence by condition (1) for
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f thereis an r € A such that dsF5(G1(p, s), ) = 0 and thus dsHa(p, (1, s)) = 0,
which shows that condition (1) also holds for fg.

Now let (r,s) € A x B be such that dsHs(p, (r,s)) = 0. Then dsG2(p, s) =0
and dsF»(G1(p,s),r) = 0. Hence by conditions (2) for g and f we obtain
dyGi(p,s) € gox(p) and hence §7F1(G1(p,s),r) € fgdx(p), which proves
condition (2) for fg. O

We recall that we call a multi-valued function h on represented spaces closed
under composition if the principal ideal of h is closed under composition, i.e.
if f<wh and g <w h implies f o g<wh (for f and g of appropriate type). It
is worth pointing out that closure under composition entails idempotency.

Proposition 7.4 FEvery multi-valued function f on represented spaces that is
closed under composition is also idempotent.

Proof. Let f :C X == Y be a multi-valued function on represented spaces.
Then we have fx f = (f xidy)o(idx x f) and f xidy <w f and idx x f <w f.
That is, if f is closed under composition, then f x f <w f. a

We get the following consequence of Theorem 7.3, which is a strengthening of
Corollary 3.8 for A C NN,

Corollary 7.5 (Closure under composition) Let A C NN be a subspace
of Baire space. If there is a computable surjection s : A — A?, then Cyxa <w Ca
and hence C4 is closed under composition and idempotent.

In particular, we can apply this result in the following cases.

Corollary 7.6 The choice functions Cy, Cgo 1y, Can, Cyxgopn and hence Cg
are closed under composition and idempotent.

For most of these functions this was known. However, the proofs in [14] and
[7] for the case Cyg 1y are considerably more difficult whereas the Independent
Choice Theorem 7.3 has a simple proof and covers many cases simultaneously.
The results for Cyyqo1yv and Cg seem to be new and are of independent in-
terest. Closure of non-deterministically computable functions for advice space
NN was observed in [38].

Now we want to prove that the class of (single-valued) functions below choice
for Baire space Cyv is essentially the class of effectively Borel measurable
functions. It is known that there is no complete Borel measurable function,
since any particular function has to be ngmeasurable in the Borel hierarchy
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for some countable ordinal ¢ (see 1G.15 in [22]). Nevertheless, we will see
that choice of Baire space Cyn is complete for Borel measurable functions in
a certain sense. We will say that a function f : X — Y on computable Polish
spaces X and Y is effectively Borel measurable, if its graph is an effective
3i-set (see Theorem 3E.5 in [22]). Here a subset A C X of a computable
Polish space X is called effective X1-set, if there exists a co-c.e. closed set
B C X x N¥ such that x € A <= (Jp € NV)(z,p) € B. We will use once
again Theorem 7.2 for the proof.

Theorem 7.7 (Choice of Baire space) Let X andY be computable Polish
spaces and let f: X —Y be a function. Then the following are equivalent:

(1) fSW CNN7
(2) f is effectively Borel measurable.

Proof. By Theorem 7.2 it suffices to show that f is non-deterministically com-
putable with advice space NV if and only if it is effectively Borel measurable.
Since X and Y are Polish, we can assume that we have total computably ad-
missible representations dx and dy for X and Y, respectively (see, for instance,
Corollary 4.4.12 in [2]).

If f is non-deterministically computable with advice space NV, then there
are computable functions F}, F, according to Definition 7.1. We obtain for all
(z,y) e X XY

f(z) =y
< (Ap,r) € NY)(6x(p) = z,0sFp(p,r) = 0 and Sy Fy(p,7) = y).

Since all involved functions in the matrix of the formula are computable and
total, it follows that the matrix constitutes a co-c.e. closed subset of X xY x NN
in the parameters (z,y, (p,7)). Hence f is effectively Borel measurable.

Let now f be an effectively Borel measurable function. Then graph(f) is a
3{-set in the effective Borel hierarchy and there exists a co-c.e. closed set
AC X xY x NN such that

flx)=y < (3Fr e NV)(z,y,r) € A

We devise a non-deterministic computation for f, by defining suitable com-
putable functions Fi, F5, according to Definition 7.1. Firstly, there exists a
computable function Fy with dsFo(p, (q,7)) = xac(dx(p),dy(q),r) and we de-
fine Fi(p,(q,r)) := q. Then Fj is computable too and we obtain

(3r € NY) 0sFy(p, (g, 7)) = 0 <= (3r e NV)(dx(p), 0y (q),7) € A
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< fox(p) = dv(q)

and if this condition holds, then we have dy Fi(p, (¢,7)) = dy(q) = fox(p).
Altogether, this shows that F}, F; satisfy the conditions of Definition 7.1. O

We note that Cyw itself is not Borel measurable, which is not a contradiction,
since it is not a single-valued function defined on a Polish space. In contrast,
the domain of Cyn corresponds to the set of ill-founded trees (i.e. trees with
at least one infinite branch), which is known to be X]-complete (see Theo-
rem 27.1 in [18]). We mention that the relativized version of the above proof
leads to the following corollary.

Corollary 7.8 Let X and Y be Polish spaces represented by their Cauchy
representations and let f : X — Y be a function. Then the following are
equivalent:

(1) f<w Cyv with respect to some oracle,
(2) f is Borel measurable.

Here, reducibility “with respect to some oracle” is equivalent to using the
continuous version of Weihrauch reducibility. Now we will consider another
model of hypercomputation, namely finitely revising computation as consid-
ered in [39] and as known as computation with finitely many mind changes
in learning theory [11]. A Turing machine that computes with finitely many
mind changes or that is finitely revising can erase its output tape at any stage
during its computation and start writing anew, however, this can be done only
finitely often, ensuring that the output is well-defined. In [39], the power of
finite revising was characterized in terms of an operator mapping one repre-
sentation into another. We will define this concept here using the discrete limit
lima :C NN — NN (pg, py, ...) = lim, o p; where the A stands for the discrete
topology on N and the limit on the right-hand side is taken with respect to
this topology. That is a sequence (p;);eny converges with respect to A if and
only if it is eventually constant. Now we use the discrete limit to define a

discrete version of the jump of a representation (as equivalently considered in
[39]).

Definition 7.9 (Discrete jump) Let (X,§) be a represented space. Then
we define the discrete jump of § by 62 := § o lima.

It is easy to see that the following result holds (cf. Lemma 3.7 in [39]).

Proposition 7.10 (Computability with finitely many mind changes)
Let (X, dx) and (Y, dy) be represented spaces and let f:C X =Y be a multi-
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valued function. Then the following are equivalent:

(1) f is (dx,dy)—computable with finitely many mind changes,
(2) f is (0x,02)—computable,
(3) f is (0%,02)—computable.

With this proposition we can produce the following characterization of the
discrete limit and the power of computations with finitely many mind changes
in terms of closed choice, showing that finite revision allows exactly to perform
closed choice in N.

Theorem 7.11 (Choice on natural numbers) Let f be a multi-valued func-
tion on represented spaces. Then the following are equivalent:

(1) .fSW CN;
(2) f SW limA,
(3) f is computable with finitely many mind changes.

Proof. It is easy to see that Cy is computable with finitely many mind changes.
Starting with n = 0, the machine outputs a oy name for n and searches for n
in the input at the same time. If the search is successful, the output is erased,
n is increased by 1, and the machine starts again. A valid input never causes
the machine to erase its output tape infinitely often, and an output can only
avoid erasion, if it is a valid result for Cy. Moreover, being computable with
finitely many mind changes is preserved downwards by Weihrauch reducibility
(see Lemma 4.4 in [6]) and hence f <y Cy implies that f is computable with
finitely many mind changes. Hence (1) implies (3).

Now we assume that f is of type f :C X == Y for represented spaces
(X,0x) and (Y, dy). If f is computable with finitely many mind changes, then
f has a computable (dx,d2)-realizer F' by Proposition 7.10, which means
dy olima F(p) € fox(p) for all p € dom(dx). Hence f <y lima and (3) im-
plies (2).

In order to prove that (2) implies (1) it suffices to shows lima <y Cy. we de-
scribe a machine computing a function G in the following: The input for G is a
sequence (p,)neny With p, € NN, Now we start to test simultaneously p, = p,;
for each n, 7 € N. If a contradiction is found, we print n on the output tape. If
Cy is applied to the output of G, the answer is an index ng, so that the initial
sequence is constant after ng. The remaining task is to output the ngth entry
of the sequence. O

We get the following corollary that shows that the discrete limit is equivalent
to choice on natural numbers.
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Corollary 7.12 limpa =w Cy.

We close by mentioning that the class of operations characterized by choice
on Cantor space is also of independent interest. These functions have been
called weakly computable in [7] and basically the equivalence of (1) and (3)
below is the definition. With Theorem 7.2 we get a characterization of weakly
computable functions as non-deterministically computable ones with advice
space {0, 1}

Corollary 7.13 (Choice on Cantor space) Let f be a multi-valued func-
tion on represented spaces. Then the following are equivalent:

(1) fSW C{O,l}N7
(2) f is non-deterministically computable with advice space {0, 1},
(3) f is weakly computable.

A surprising omission in our list of classes of computable functions character-
ized by closed choice of some space is the class of limit computable functions.
In light of Corollary 7.5 it seems that choice for most natural spaces will cor-
respond to classes of functions that are closed under composition, whereas the
class of limit computable functions is not closed under composition (see for
instance [3]). Thus, the following conjecture is plausible.

Conjecture 7.14 There is no represented space (X,0) such that Cx =w lim.

At least for Polish spaces (X, ) this conjecture follows topologically from
Corollary 4.10. The closest we can get to a characterization of limit computable
functions by a choice principle of a Polish space is expressed in the following
result.

Corollary 7.15 (Parallelized choice on natural numbers) Let f be a
multi-valued function on represented spaces. Then the following are equiva-
lent:

(2) f is limit computable.

This follows from Cy = lim (see Example 3.10) and the fact that lim is com-
plete for limit computable functions, see for instance [3].
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8 A Uniform Low Basis Theorem

The choice of Cantor space Cyo v is known to be even not non-uniformly
computable, since there is a co-c.e. closed set A C {0, 1} that has no com-
putable points (this can be seen, for instance, using the Kleene tree [19] or
Proposition V.5.25 in [24]). However, by the Low Basis Theorem of Jockusch
and Soare (see Theorem 2.1 in [16] or Proposition V.5.27 in [24]) any co-c.e.
closed set A C {0,1}" has a low point, that is for computable w, the set

w{_o’l}N (w) always contains a low point. As shown in [6], this carries over to all
problems below Cg: For every computable instance, there is a solution that
is low. We will demonstrate that this result even holds uniformly, after some
necessary definitions have been introduced.

Definition 8.1 (Turing jump operator) Let (U,),en be a standard enu-
meration of the c.e. open subsets of Baire space NY. Define the jump operator
J : NN — NN by:
lifpeU,
J(p)(n) =

0 otherwise

Contrary to its behavior on Turing degrees, as a function on Baire space, the
jump is injective. It even admits a computable inverse J~!. In [4], for any
representation ¢ of some set X, a representation [0 is defined by ([ 0)(p) =
8(J71(p)). Together with the operator ’ studied in [39], where a representation
" is defined by ¢'(p) = d6(lim p), [ forms a Galois connection, as shown in [4].
We define the low representation 6" := ([ 0)’ for any represented space (X 0)
and if f :C X = Y is a multi-valued map on represented spaces (X, dx)
and (Y, dy), then f is called low computable, if f is (dx,dy )—computable. In
particular, we will be interested in the low representation 5{V0’1}N = idgo 1y 0
J~1 o lim of Cantor space and the low representation of Baire space oy =
J~1 olim, which we also denote by £.

Lemma 8.2 (Low points) A sequence p € NY is low if and only if it has a
computable L-name.

Proof. By definition, a sequence p € NV is called low, if its Turing jump is
Turing reducible to the halting problem, which is equivalent to J(p) being in
the class AY of the arithmetical hierarchy (see Proposition IV.1.16 in [24]).
By Shoenfield’s Limit Lemma (see Proposition IV.1.17 in [24]), J(p) € AY if
any only if there exists a computable sequence ¢ = {(qo, q1,...) € NY such that
J(p) = lim; 00 ¢; = lim(q), i.e. if and only if p = £(q). O
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Analogously, p € {0, 1} is low if and only if it has a computable 5?0’1}aname.
Now we can formulate and prove our uniform low basis theorem, which states
that, given an enumeration of the complement of a non-empty compact subset
A of {0,1}, we can compute a sequence converging to the jump of a point
p € A.

Theorem 8.3 (Uniform Low Basis Theorem) Cy 1y is low computable.

Proof. We describe a machine M that given a @Dio’l}aname of a compact
set A C {0, 1} produces a sequence (p,,)men converging to a [ id g 13v-name
of some element of A. The input of M is a list enumerating basic open sets
exhausting {0, 1} \ A. The complement of the union of the first m of these
subsets shall be denoted A™. Likewise, for each n € N, we let U;”* be the union
of the first m basic open subsets exhausting U,,. Here, for simplicity, (U, )nen
is supposed to be a standard enumeration of the c.e. open subsets of Cantor
space {0,1} and the aforementioned results on the jump and integral are
used analogously for Cantor space.

The computation of each p,, can be considered independently, and proceeds
as follows. For each n € N, the machine M performs the following testd?] in
the given order:

(1) Does A™ C U™ hold? If the answer is YES, the nth bit of p,, is 1.
(2) Let K be the set of indexes i < n, so that the ith bit of p,, is 0. Test

A™ CUMU U U™ If the answer is YES, the nth bit of p,, is 1.
i€eK
(3) Otherwise, the nth bit of p,, is 0.

All operations are performed on a finite set of basic open sets, either obtained
from the input, or computable by definition. Therefore, each test is decidable.
We will first prove that the p,, converge as m goes to infinity. This is equivalent
to showing that each bit of the p,, changes only finitely many times.

The first test is monotone in m, as we have A™*! C A™ and U™ C U™
Thus, if for some m the nth bit of p,, was set to 1 due to the first test, the
nth bit of all p,, for m’ > m is 1, too.

Now consider the second test, and assume that all bits ¢« with ¢ < n remain
unchanged. Then, again by the same argument, once the second test yields
YES for some m, it will do so for all larger m’ as well. The only way for the
second test to change the corresponding bit from 1 to 0 is if some smaller bit
has been set from 0 to 1 previously.

3 Of course the first test could be subsumed by the second one; however, since their
interpretation is different, we prefer to mention the first test separately.
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An inductive argument concludes the proof of convergence: The first bit can
change at most once, from 0 to 1. All other bits n can change at most once for
each given configuration of the lower bits. If only finitely many changes of the
bits smaller than n are possible, then there will be only finitely many changes
of the nth bit.

It remains to show that the p,, actually converge to a correct output w.
Basically, the first test ensures that the limit sequence w specifies a point
r € A, while the second test ensures that w is a valid [idy v-name, i.e.
w € dom(J™1), in the first instance.

To elaborate this, assume A C U, for some n € N. Then for every [idgn-
name w with J~!(w) € A obviously w(n) = 1 has to be true. On the other
hand, for z ¢ A, there is some neighborhood U of A with x ¢ U. It is possible
to choose U as c.e. open (for instance by choosing the complement of some
sufficiently small clopen basic neighborhood of x), thus, there is an n € N
with A C U, but = ¢ U,,. Thus, having w(n) = 1 for each n € N with A C U,
for a ([ id)-name w is both necessary and sufficient to ensure J~'(w) € A.

In the next step, we have to show that A C U, already guarantees the existence
of an m € N with A™ C U". The other direction is trivial. As A C U, is
equivalent to A°U U, = {0,1}", the basic open sets exhausting A° and U,
are an open cover of {0, 1}V. Since {0, 1} is compact, there has to be a finite
subcover. Thus, there is some m € N, so that the first m basic open sets in the
1_-name of A together with the first m basic open sets listed for U, already
cover {0, 1}, that is fulfills A™ C U™, which concludes this part of the proof.

Now we have to show that the second test ensures that the limit sequence w
is in the domain of [idyn. This amounts to proving

( ﬂ Uz)\( U Uj)#w-
ieNw(i)=1 JEN,w(j)#1

We note that this difference is automatically a singleton, if non-empty, since
any two distinct points can be separated by two c.e. open sets. We will use
the abbreviations X := {i € N | w(i) = 1 due to the first test}, ¥V := {i €
N | w(i) = 1 due to the second test} and Z := {1 € N | w(i) = 0}, and
Uf := {0, 1} \ U;. With this, we have to show:

(Q UZ-> . ( n Uj) " (QZU;) 40,
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Taking into consideration our results on the first test, this simplifies to:
AN O U | n[ U] #0.
jeY keZ

Assume that already AN < N ,g) = () would hold. By the finite intersection

keZ
property in compact spaces, this implies the existence of a (smallest) ky € N

with A N N U,g) = (). Rearranging the expression yields A C Uy, U
keZ,k<ko

U  Ug, so the second test would have been triggered for kg, so ko ¢ Z
ke Z,k<ko
follows. This contradicts the assumption, so we have AN < N U,§> # ().
keZ

Now we choose some © € AN < N U,‘;). Assume = ¢ () U;. There has to
keZ

jey

be some jo € Y with ¢ U;,. Now jo € Y implies A C U;, U U U,
k€ Z,k<jo

According to the choice of x, we have x € A, but x ¢ |J  Ug. This implies

kEZ k<jo
x € Uj,, contradicting the assumption. Thus, we have:

AN (ﬂ U,g) =AN (ﬂ Uj> N (ﬂ U,g).

As the set on the left is non-empty, so is the set on the right. With that
we know that our Limit-machine always produces a valid output, that is the
jump of some element. We have already established that any valid output is
necessarily correct, and thereby the proof is complete. a

As a corollary of this uniform result we get the known version of the Low Basis
Theorem.

Corollary 8.4 (Low Basis Theorem of Jockusch and Soare) Any non-
empty co-c.e. closed set A C {0,1}N contains a low point.

The property that computable instances always admit low solutions is pre-
served under Weihrauch reducibility, as pointed out in [6]. We will now show
that this property also holds uniformly. This observation invites the question
where £ = J~'olim is placed in the Weihrauch lattice. We will start the answer
with an obvious corollary to Theorem 8.3, which will then be extended.

Corollary 8.5 C{OJ}N SSW £.
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Now we will lift this observation from compact to locally compact choice. This
involves again the same idea as the proof of Proposition 4.8, albeit in a new
disguise as the following lemma:

Lemma 8.6 Let 3 be a representation of Cantor space {0,1}N, and let dy
be the standard representation of N. If the multi-valued function Cyo iy :C

A_({0,1}N) = {0, 1} is (w{_o’l}N,ﬁ)fcomputable, then the multi-valued func-
tion Crexqonpr <C A-(N x {0, 11Y) = N x {0, 1} ds (O (5 x B)2)-

computable.

Proof. We describe a machine solving the latter task. Given a ¢§]X{0’1}N-name

of a closed set A C N x {0,1}" it produces a sequence (p,,)men. Again we
use A™ to denote the complement of the union of the first m basic open sets
listed in the input.

As ({n} x {0,1}")y N A™ = (7 is decidable and we have A™ # (), we can
compute n,, = min{n € N | ({n} x {0,1}}) N A™ # 0}. Using these values,
the output sequence shall be of the form p,, = (65" (), @n,,). Note that n,,
will be eventually constant as m goes to infinity, hence the same is true for
the p,,.

The values ¢,,, are computed as follows. A machine computing Cyoqyn :C

(A_({o, 1}N),¢£0’1}N) = ({0, 1}, B) is simulated on input denoting
pry({nm} x {0,13Y) N A) for k steps, as long as ({n,,} x {0,1}) N A% £ (
for k € N. If a k is reached with ({n,,} x {0, 1}) N A* = (), the sequence q,,,
will be continued by Os.

If ny, has reached its final value for my, then g, will be a f-name for some
w with n,,, x w € A; this is sufficient to ensure that the overall output of the
described computation is a (oy x 3)®-name of n,,, X w € A. O

As a consequence we obtain that £ is strictly above locally compact choice.

Theorem 8.7 Cy, 013w <sw £ and £ Lw Cyyqoayv-

Proof. To show the reduction, we make use of Theorem 8.3 together with
Lemma 8.6 and the observation that V2 = B for any representation 3. To
see £ Lw Cyxo,13v, observe that £ is single-valued. Therefore, the assumption
of the contrary together with Corollary 5.3 would imply £ <y Cy. By tran-
sitivity and Corollary 8.5 we get Cyo 13w <w Cy. As shown in [6], the latter is
wrong, providing the sought contradiction. a
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As J~! is computable, the upper bound £ = J~! o lim <y lim is obtained
directly. As lim maps some computable inputs to non-low outputs, we even
have £ <y lim. With this, we have determined precisely the place of J~!olim
in the diagram provided in Figure 1.

A question regarding the Weihrauch degree of £ that is left open by the results
presented so far is its behavior under products. Remarkable consequences of
the following answers are that the low real numbers do not form a field, and
that the integral does not commute with products.

Theorem 8.8 £ <w £ x £.

Proof. By a result of Spector (see [30] or Proposition V.2.26 in [24]) there
are sequences a,b € {0,1}Y, so that both a and b are low, but (a,b) is not
low. Since a and b are low, J(a) and J(b) are Turing reducible to the halt-
ing problem, there are computable sequences (ag, ay,...) and (by, by, ...) with
lim; 00 a; = J(a) and lim; . b; = J(b). Then ({ag,ay,...), (bo, by, ...)) is com-
putable, and we have (J~!olim x.J~! o lim)({ag, ay, ...), (by, by, ...)) = (a,b).
Thus, (J'olim) x (J~!'olim) can map a computable input to an output that
is not low. a

In other words, this means that £ is not idempotent. However, it has a dif-
ferent property. We call a function 7' :C NN = NY a jump operator, if for
all computable functions F' :C NY — N there exists a computable function
G :C NN — NN such that F'oT =T o G. This notion has been introduced in
[10] (for single-valued functions) and using this terminology the following has
been proved in [4].

Lemma 8.9 The limit lim and the inverse of the Turing jump J~1 are jump
operators and hence £ is also a jump operator.

Now we can formulate our main characterization of low computability.

Theorem 8.10 (Low computability) Let f be a multi-valued function on
represented spaces. Then the following are equivalent:

(1) fSSW 27
(2) f is low computable.

Proof. We consider the represented spaces (X, 0x) and (Y,dy). If f :C X =Y
is low computable, then there is a computable realizer F' such that dy o F((p) €
fox(p) for all p € dom(fdx). Since oy o F = dy o £ o F, this means that
Lo Fis a (0x,dy)-realizer of f and hence f < w £. If, on the other hand,
f <sw £, then there are computable functions H, K such that FF = HELK
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is a (0x,0y)-realizer of f. By Lemma 8.9 there is a computable function L
such that H€ = £L and hence F' = £LK and LK is a (0x, dy )-realizer of f. O

Next we want to show that certain choice principles are cylinders. We recall
that a multi-valued map f on represented spaces is called a cylinder, if id x
f <sw f. For cylinders f we have g <qw f <= ¢g<w f (see [7]). It has already
been proved in [7] that Cy, v is a cylinder, here we present another proof that
can be directly transferred to Cyy o 13w

Proposition 8.11 Cyy1yv and Cyy o1y are cylinders.

Proof. There is a computable embedding

v NN {0, 1}N,p s 01PO+1g P+

and using this embedding we get idys(p) = ¢7' o Cygqyv 0 inggyyn © ¢(p) and
hence idyn <qw Cyo,13v. The proofs of Propositions 3.4 and 3.7 even show strong
Weihrauch reducibility. Hence, using a computable surjective pairing function
7:{0, 13 — {0, 1} x {0, 1}" one obtains

idpn X C{o,l}N <sw C{o,l}N X C{o,l}N <sw C{o,l}Nx{o,l}N <sw C{o,l}N-

Hence Cyg 1yv is a cylinder. The fact that Cy,(o13n is a cylinder can be proved
analogously. O

Together with Propositions 4.8 and 8.11, Corollary 4.9 and Theorems 8.7 and
8.10 we obtain the following corollary.

Corollary 8.12 If X is a computable K,—space, then Cx is low computable.
This applies, in particular, to Cy, Cyg13v and Cg. We also obtain the following

generalization of the non-uniform Low Basis Theorem of Jockusch and Soare.
The case Cg was already treated as Theorem 4.7 in [6].

Corollary 8.13 (Low Basis Theorem) If X is a computable K,—space, then
any non-empty co-c.e. closed set A C X contains a low point.
Together with Corollary 7.13 and Theorem 7.11 we obtain that the class of

low computable functions contains several others.

Corollary 8.14 Any multi-valued function f on represented spaces that is
computable with finitely many mind changes or weakly computable is also low
computable.
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We mention that one gets consequences as the following.

Corollary 8.15 The Brouwer Fixed Point Theorem BFT is low computable.

Here, BFT : C([0, 1], [0, 1]*) == [0, 1]™ is the multi-valued map with BFT(f) :=
{z € [0,1]" : f(x) = z}. In [6] it was already proved that any computable
function f : [0,1]" — [0, 1]" has a low fixed point and that the Brouwer Fixed
Point Theorem is weakly computable. The above property is a uniform version
of the former fact. The benefit of having uniform results is highlighted by the
following result.

An interesting property of the class of low computable functions is that if they
are composed with limit computable functions from the left, then one obtains
a limit computable function again. This is in contrast to the fact that the limit
computable functions themselves are not closed under composition.

Proposition 8.16 (Composition) Let f :C X = Y and g :.CY = Z be
multi-valued functions on represented spaces. If f is low computable and g
1s limit computable, then g o f is limit computable. If f and g are both low
computable, then g o f is low computable.

Proof. We use the represented spaces (X, dx), (Y, dy) and (Z, 7). We exploit
the fact that integral and derivative of representations form a Galois connec-
tion (see [4]). That g is limit computable means that it is (dy, 07, )—computable,
which is equivalent to g being ([ dy, dz)—computable and that f is low com-
putable means that it is (dx, dy-)—computable, which is equivalent to f being
([ dx, | 8y )—computable. It follows that g o f is ([ dx, dz)—computable, which
is equivalent to go f being limit computable. Analogously, if f and ¢ are both
low computable, then it follows that go f is ([ dx, [ dz)-computable, which is
equivalent to g o f being low computable. O

It can easily be seen that the composition g o f of a limit computable f even
with a g that is computable with finitely many mind changes is not necessarily
limit computable. The class of low computable functions is the largest known
class with the stability property expressed in Proposition 8.16.

We note that £ cannot be closed under composition by Theorem 8.8 and

Proposition 7.4. Hence strict Weihrauch reducibility cannot be replaced by
ordinary Weihrauch reducibility in Theorem 8.10.
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9 The Jump Topology

Connecting to the results of Section 7, it seems reasonable to inquire whether
other interesting Weihrauch degrees can be characterized by restrictions of the
limit operation lim of Baire space NY. Since all such restrictions are single-
valued, neither Cy, 13w nor Cg can be equivalent to such an operation, as their
Weihrauch degrees do not contain any single-valued functions by Corollar-
ies 5.2 and 5.3. In the remainder of this section, we will study the limit op-
erator lim; with respect to the initial topology of the jump J. Like lima we
will consider this operation as an operation with respect to Baire space (with
the identity as standard representation).

Initially, we suspected that lim; might be equivalent to £ = J~!olim, but this
is only true topologically, as we will show in Theorem 9.10. Computationally,
the contrary result is given below (see Theorem 9.6). It turned out that the
initial topology of the jump is identical to the II-topology studied by Miller
21, Chapter IV].

Theorem 9.1 The initial topology of J is generated by the co-c.e. closed sets
(that is identical to the I1-topology).

Proof. As every basic set of the form wN" for some finite w is co-c.e. closed,
every set that is open in the ordinary Baire topology is also open in the II-
topology. Now consider the preimage:

J—1<wNN>:( N Ul-)m< N U;>.
i<|w|,w(i)=1 j<|w|,w(5)=0

In the II-topology, this is an intersection of finitely many open sets, and
therefore open. As the Baire topology is generated by sets of the form wNY,
this shows that the jump J is continuous with the II-topology on its domain
and the Baire topology on its codomain. This is equivalent to the inclusion of
the initial topology of J in the II-topology.

For the other inclusion, fix some co-c.e. closed set Uy. We have

Ut = |J J ' (wONY),

weNn?

so U; is open in the initial topology of the jump. This concludes the proof. O

A sequence (p,)nen in NV converges to p € NV regarding the IT-topology, if
(J(pn))nen converges to J(p) in Baire space. The limit value p cannot be left
out here: There is a sequence (py)nen, S0 that (J(p,))nen converges in Baire
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space, but not to some element of the range of .J, as the range of J is not
closed in Baire space. The above description of the convergence relation of the
[T-topology implies

lim; = J 'olimoJN = €0 JV,

with JN<p07p1,p2, > = <J(p0), J(p1)7 J(pg), >

In order to understand the computability aspects of lim;, we would like to
know which points are limits of computable sequences with respect to the
[TI-topology. We introduce a name for these points.

Definition 9.2 A point p € NV is called limit computable in the jump, if there
is a computable sequence (p,)nen in NY such that lim,, o J(p,) = J(p).

Here the limit is understood with respect to the ordinary Baire topology and
by continuity of J~! we automatically obtain lim,_, p, = p. Some necessary
properties of points p that are limit computable in the jump are clear. For
one, they are limit computable and secondly they are in the closure of the set
of computable points with respect to the II-topology. These points are called
unavoidable following Kalantari and Welch (see [17] and [21]).

Another observation is that all limit computable 1-generics are limit com-
putable in the jump. We recall that a point p € NV is called 1-generic, if
for all n € N there exists a finite word w T p such that either wNY C U,
or wNNN U, = 0 (see [23]). Here (U, )nen denotes the computable standard
enumeration of all c.e. open subsets of Baire space that was used to define the
Turing jump J. The definition directly implies the following observation.

Lemma 9.3 The Turing jump operator J : NN — NN 45 continuous in p € NN
if and only if p is 1—generic.

Using this lemma, we obtain the following sufficient condition for limit com-
putability in the jump.

Proposition 9.4 Ifp is 1-generic and limit computable, then p is limit com-
putable in the jump.

Proof. If p is limit computable, then there is a computable sequence (p,)nen
that converges to p. If p is 1-generic, then (J(p,))nen also converges to J(p)
according to Lemma 9.3. This means that p is limit computable in the jump. O
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It is known that there is a 1-generic and limit computable p € NV (see The-
orem 1.8.52 in [23]). Moreover, a 1-generic cannot be computable (see for in-
stance Proposition XI.2.3 in [25]). Hence, it follows that lim; maps some com-
putable input to a non-computable output and hence it is not non-uniformly
computable.

It will follow from Proposition 9.11 below that points which are non-computable
and limit computable in the jump are not necessarily 1-generic. However, they
seem to share a lot of properties with the class of limit computable 1-generics.
As one such property we prove that points which are limit computable in the
jump do not bound diagonally non-computable functions. A total function
f: N — Nis called diagonally non-computable if f(i) # ¢;(i) for all i € N
(that means either ¢;(i) does not exist or otherwise the two values are not
equal). Here ¢ denotes some standard Goédel numbering of the partial com-
putable functions g :C N — N. Diagonally non-computable functions are, in
particular, not computable. As we will show below, our following proposition
is related to the known result that 1-generics do not bound diagonally non-
computable functions (due to Demuth and Kucera, see Corollary 9 in [13]).
The proof is inspired by Nies (see Exercise 4.1.6 in [23]).

Proposition 9.5 Let f be diagonally non-computable and let p be limit com-
putable in the jump. Then f L p.

Proof. Let f be diagonally non-computable and let p be limit computable in
the jump. Let us assume that f <t p. Then there is a computable function
F :C NY — NN such that F(p) = f and there is a computable sequence
(Pn)nen Which converges to p in the II-topology. Since F' is computable, there
is a Turing machine M that computes F'. Let us denote by Fj(r)(n) the n—th
symbol written by this machine M upon input r, irrespectively of whether
r € dom(F'). Then the set

U:={reN':(3ieN) (Fy(r)(i) = ¢;(i) and i € dom(;))}

is c.e. open and since f = F(p) is diagonally non-computable, it follows that
p & U. Since (p,)nen converges to p in the II-topology and the complement
of U is open in the II-topology by Theorem 9.1, it follows that p, ¢ U for all
n > m with some fixed m € N. Since f = F(p) is total and (p,)nen converges
to p, there must be an n > m for each i € N such that Fy/(p,)(i) exists. Since
(Pn)nen is computable, we can even find such an n effectively, i.e. there is a
computable function s : N — N such that Fi(ps))(i) exists and s(i) > m
for all 7 € N. Since pyu) & U, we obtain Fi(psg))(i) # ¢i(i). But that means
that g(i) := Fu(ps@)) (i) defines a total computable function g : N — N that
is diagonally non-computable, which is a contradiction! a
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From this result we can directly conclude that choice on Cantor space Cyg 13w
is not reducible to lim;. A function f is called two-valued diagonally non-
computable if it is diagonally non-computable and range(f) C {0, 1}. It is
known that the set of all such functions is co-c.e. closed in Cantor space
{0,1}N (see Fact 1.8.31 in [23]).

Theorem 9.6 We obtain Cg v Lw lim .

Proof. Let us assume to the contrary that Cyo;yn < lim;. Then there are
computable functions H, K such that H(p,lim; K(p)) € Cyo1nvtp_(p) for all p
in the domain of the right-hand side. It is known and easy to see that the set

A= {f € {0,1}": f is two-valued diagonally non-computable}

is a co-c.e. closed set. Hence, there is a computable p such that A = ¥_(p)
and we obtain that f := H(p,lim; K(p)) is diagonally non-computable. Hence
K (p) is computable and ¢ := lim; K (p) is limit computable in the jump. More-
over, f <t q, which contradicts Proposition 9.5. O

Next we prove that lim; is low computable.

Theorem 9.7 We obtain lim; < w £.

Proof. We use the computable standard enumeration (U, ),ey of c.e. open
subsets U, C NY that was used to define the Turing jump operator .J. By
U™ we denote the union of the first m basic clopen balls in the union that
constitutes U,. We define a function F' : NN — NN by F(pg, p1,p2,...) =

(9, q1, G2, -..) With

1if pp € Urin
q(k,m) (n) = )
0 otherwise

Since the property pr € U] is decidable in the input sequence and the pa-
rameters k,n,m, it follows that [’ is computable. We claim that lim; =
£ o F. Let (pr)ren and p be such that limg_, J(px) = J(p). Then also
limg oo pr = p. Let (¢;)ien be the corresponding output of F. Let us as-
sume that J(p)(n) = 1 for some n € N, i.e. p € U,. Then p € U} for all
sufficiently large m and hence p, € U" for all sufficiently large &k, m. This
implies that g,k (n) = 1 for sufficiently large (m, k). Let us now assume that
J(p)(n) = 0, i.e. p & U,. Since the complement of U, is co-c.e. closed and
hence open in the II-topology, this implies that py ¢ U, for all sufficiently
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large k. In particular, p, € U;" for all m and all sufficiently large k. This im-
plies that g, ky(n) = 0 for all sufficiently large (m, k). Altogether, this means
£o F{po,p1,p2,...) = J tolim{qo, q1,qo,...) = p, as desired. By Theorem 9.6
the reduction is strict. O

As a corollary we obtain the following.

Corollary 9.8 All p € NN which are limit computable in the jump are also
low.

This is another property that points which are limit computable in the jump
share with limit computable 1-generics (see Proposition XI1.2.3.2 in [25]). An-
other straightforward observation is the following.

Corollary 9.9 We obtain lima <w lim; <y lim.

Since the corresponding topologies are included in each other in the converse
order, each limit operation in this sequence is just a restriction of the next
one. This implies the positive part of the reduction chain. The first reduction
is strict, since lima is non-uniformly computable and lim; is not (as observed
after Proposition 9.4). The second reduction is strict since Cyg 1y is reducible
to lim, but not to lim; (by Theorem 9.6).

In light of Theorem 9.7 it might be surprising that topologically lim; turns
out to be equivalent to £.

Theorem 9.10 We obtain lim; =gw £ with respect to some oracle.

Proof. By Theorem 9.7 it is clear that lim; <,w £. We need to show the
reverse reduction with respect to some oracle.

Let (U;)ien be the standard enumeration of c.e. open sets used to define the
jump operator J. Given a finite word w = wy...w, € N* we use the sets

NN\ U; otherwise

Awi =

)

forall¢ =0, ...,n. Moreover, we set A,, := N;—, Ay ;. Now we define inductively
a function f : N* — NN by f(e) := 0 for the empty word ¢ and for w :=
Wo... w41 We select f(w) € A, if A, # 0 and f(w) := f(wp...w,) otherwise.
By the Axiom of Choice such a function f exists and we use it as an oracle in
the following. Given a sequence p = (pg, p1, P2, ...) € dom(£) we let

F(p) := {qos q1, @2, ---) with ¢; := f(ps[1]),
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where p;[j] = pi(0)...p;(j) denotes the prefix of p; of length j + 1. It is clear
that F' is computable in the oracle f.

We claim that lim; F\(p) = £(p) for all p € dom(L). Given a sequence p =
(po, p1, P2, ---) € dom(L) it follows that the sequence (p;);en converges to JL(p)
in the usual Baire topology. We consider (g;);en With ¢; = f(p;[i]) as above.
Let n € N. Then there is an ¢ > n such that

pj(m) =1 < £(p) € Un,

for all j > ¢ and m < n. In this situation A, # 0 since £(p) € Ay, and
hence q; € Ay, for all j > 4 by definition of f. In particular,

¢ €U, < £ eU,

for all j > ¢. This means that (g;);en converges to £(p) in the II-topology and
hence lim; F(p) = £(p). O

As a last result on limit computability in the limit we prove that this class of
points is closed under total computable functions.

Proposition 9.11 Let p,q € NY be such that F(p) = q for some total com-
putable function F : NN — NN If p is limit computable in the jump, then q is
limit computable in the jump too.

Proof. Let I : NY¥ — NN be some total computable function such that
F(p) = q. Hence JF is limit computable and hence there exists a computable
G :C N¥ — N¥ such that JF = GJ by Lemma 8.9. If p is limit computable in
the jump, then there is a computable sequence (py,)nen such that (J(pn,))nen
converges to J(p). Since G is continuous, we obtain that (G'J(pn))nen con-
verges to GJ(p), which implies that (JF(p,))nen converges to JF(p). Since F
is computable, it follows that (F(p,))nen is computable and this means that
q = F(p) is limit computable in the jump. O

From this result it follows that p which are non-computable and limit com-
putable in the jump are not necessarily 1-generic. For instance, for each limit
computable 1-generic p we have that <6, p) is limit computable in the jump
and non-computable, but it is not 1-generic, since no finite prefix proves that
it does belong to the co-c.e. closed set {(0,¢) : ¢ € NN}. So far, we have no
example of a point that is limit-computable in the jump and not below a 1—
generic with respect to truth-table reducibility. It would be useful to clarify
the relation between 1-generics and points that are limit computable in the
jump somewhat further.
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The II-topology shows further interesting behavior. If p is computable in Baire
space, then it is isolated regarding the IT-topology, that is the singletons {p}
with computable p are clopen. We characterize the singletons {p} that are
clopen in the II-topology.

Lemma 9.12 Let p € NY. Then {p} is clopen in the Il-topology if and only
if {p} is co-c.e. closed in Baire space.

Proof. Since the II-topology includes the ordinary Baire topology, it is clear
that all singletons {p} are closed in the II-topology. If {p} is co-c.e. closed in
Baire space, then {p} is also open in the II-topology (since this topology is
generated by the co-c.e. closed sets). Let now {p} be open in the TI-topology.
Then there is a finite prefix w C J(p) such that {p} = J~1(wNY). Similarly
to the proof of Theorem 9.1 we obtain

{p}:J_l(wNN):( N Ui)ﬁ( N U;).
)=1

i<|lw|,w(i J<|w|,w(j)=0

However, in this case the open sets U; with w(i) = 1 can be replaced by clopen
balls, since {p} is a singleton. Altogether, this implies that {p} can be writ-
ten as a finite intersection of co-c.e. closed sets and hence it is co-c.e. closed. O

It is easy to see that there are co-c.e. closed singletons {p} with non-computable
p € NN, Co-c.e. closed singletons {p} can even be such that p is not arithmeti-
cal (see Propositions 1.8.62 and 1.8.70 in [23]). Lemma 9.12 implies that the
set of computable points is open in the [I-topology, although not effectively so.
In general, a set O is c.e. open in the II-topology, if and only if it is effectively
F, in Baire space, in turn, a set A is co-c.e. closed in the II-topology, if and
only if it is effectively Gy in Baire space. In particular, the Martin-Lof random
points form a c.e. open set (and a proper subset of the open set of avoidable
points). While the IT-topology makes everything easier when considering sets,
it makes everything more complicated when considering points: a point is Tur-
ing reducible to the n—th jump of the empty set in Baire space if and only if
it has a name in the [I-space that is Turing reducible to the n + 1-st jump of
the empty set. This contrary behavior of points and sets is based on the fact
that points are mapped forwards and sets are mapped backwards.

We close by mentioning another property of the Turing jump J. The Galois
connection between the Turing jump J and the limit lim cannot be extended
to the continuous category. That is, we get the following counterexample,
which shows that the inverse J~! is not a “topological jump operator” (see
Lemma 8.9).

Proposition 9.13 There exists a total continuous function F : NY — NN
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such that there is no continuous function G :C NY — NN with FJ~! = J~1G.

Proof. Let ¢,d € N be such that ¢ is computable and {d} is not co-c.e.
closed. Then according to Lemma 9.12 {c} is clopen and {d} is not clopen
in the II-topology. Since by Theorem 9.1 the II-topology is just the initial
topology of the jump J, which is injective, it follows that {.J(c)} is clopen and
{J(d)} is not clopen in range(J) with respect to the ordinary Baire topology.
Now we define a continuous map F : NN — NN by

F(p) :=c+|d—p|

for all p € NV, where all arithmetic operations are meant pointwise. It is clear
that F is continuous with F~!'{c} = {d}. Let us now assume that some map
G :C N¥ — NN has the property FJ~!' = J71G. In particular dom(G) =
range(J) in this situation. Then we obtain

G HI(} = (TG Hep = (FT ) Heh = {J(d)}.

That is, although the set {J(c)} is clopen in range(.J) = dom(J '), its preim-
age under G is not clopen in dom(G) = range(J) and hence G cannot be
continuous. a

10 Conclusions

We summarize some of the results that we have obtained in tables and figures.
Figure 1 extends the results provided in [6, Figure 6]. Here O denotes the
Weihrauch degree of the nowhere defined functions and one obtains as 0*
the degree of all pointed computable multi-valued functions on represented
spaces. The table below gives a list of some classes of multi-valued functions on
represented spaces that can be characterized by choice for certain spaces. The
given topological counterparts are at least correct for computable Polish spaces
and in some cases they have only been proved for single-valued functions.

The notion “weakly computable with finitely many mind changes” has not
been used before and is an ad hoc creation just for the purposes of this table.
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Baire Choice

CNN = C]RN = CZQ = CC[O,l] = CR\Q

-

Y

limolimo... o lim

effectively Borel measurable \

/

Y
Countable Choice
E; =lim=J= L/P\O

Y

low representation
e = J*l olim - -
v

Locally Compact Choice
C]R = C{O,l}N X CN

Compact Choice
C{O,l}N = C{O,l} = C[O,l] = C[O,l]N

\

limit computable

...... > limy=J"1 o limoJN

Binary Choice
C{O,l} e

\
C{o} =UCg 13n € 0™ (pointed)
\
J71
\
Cyp € 0 (nowhere defined)

computable

weakly computable

/

o )

Discrete Choice
Cy = Cgp = UCy = UCg =lima

computable with ﬁnitely/

many mind changes

Fig. 1. Closed choice in the Weihrauch lattice
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Choice  Class of functions (topologically)

Cioy computable (continuous)
Cn computable with finitely many mind changes (piecewise continuous)
Cio,yw weakly computable (upper semi-continuous compact-valued selectors)
Ciixfo,1yn  weakly computable with finitely many mind changes
Cx limit computable (X9-measurable)
Cyn effectively Borel measurable (Borel measurable)
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