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Abstract

We study uncountable structures similar to the Fraissé limits. The standard
inductive arguments from the Fraissé theory are replaced by forcing, so the struc-
tures we obtain are highly sensitive to the universe of set theory. In particular, the
generic structures we investigate exist only in generic extensions of the universe.
We prove that in most of the interesting cases the uncountable generic structures
are rigid. Moreover, we provide a (consistent) example of an uncountable, dense
set of reals with the group of integers as its automorphism group.
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1 Generic Structures

As one looks at the classical construction of a Fraissé limit, described for instance in
[11] or [13], one might notice that it is much in the spirit of the Baire Theorem. Namely,
we show the existence of a universal homogeneous structure by proving that almost
any, in a suitable sense, countable structure is universal and homogeneous. In fact,
universal homogeneous structures form a residual set in certain Polish space. Having
that in mind, one might try to construct specific instance of a universal homogeneous
structure, mimicking the definition of a Cohen real from the forcing theory. Roughly
speaking, a real number is Cohen over some model if it belongs to each residual set
from that model. So it is very generic, in a sense that for any typical property a real
might have, the Cohen real has this property (of course the same can be said about
random reals, but with different notion of typicality). This is the idea behind this work.
From one side, we want to look at the model theoretic notion of saturation as stem-
ming from the forcing language. From the other, we reach to model theory for tools to
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produce Cohen-like forcing notions (which might often be just different incarnations
of the Cohen forcing).

One may ask if we can do the similar thing, but replacing Baire category by mea-
sure. So is the Fraissé limit a random structure, in addition to being a generic one?
This is of course a very vague question, and it is not even clear what a suitable measure
space should be. This idea was undertaken by Petrov and Vershik for graphs [18], and
extended to other structures by Ackerman, Freer, and Patel [1]. They obtain an elegant
internal characterization of Fraissé classes for which the Fraissé limit is a structure
appearing with probability one in certain probability measure space. This happens
precisely in the case of Fraissé classes in purely relational languages with the Strong
Amalgamation Property. The reader is encouraged to consult [1] for the precise formu-
lation.

We assume the reader is familiar with the basics of forcing theory, and model the-
ory. In the first section we develop the language, and prove, or just state, some general
properties of the forcings we study. The second section is a short review of the basic
notions from the Fraissé theory. In the third section we prove that, unlike ordinary
Fraissé limits, uncountable structures of this kind tend to be rigid. The fourth section
is devoted to the construction of an uncountable real order type, with (Z,+) as the
group of automorphisms. In the last, fifth section, we collect some open questions,
which look relevant for this line of research. Finally, it should be mentioned that this
topic used to be informally discussed from time to time already, as kind of folklore idea
known to the community. However, up to the author’s knowledge, no systematic study
of this idea was ever carried out. The closest to it was perhaps a brief, informal note by
M. Golshani [9].

As an initial example, look at the following poset.

P = {(A,<)| A€ [k]<¥, Ais alinear order},

where x is any cardinal, and the ordering is the reversed inclusion. The following
subsets are dense, for a # € k.

* Do ={(4,S)[a € A},
* Dy g ={(4,<)|3In < wnisbetween o and S},

Therefore, for k = w, the generic filter produces an isomorphic copy of rationals,
and for any « it gives some separable x-dense order type. We say that a linear order is
k-dense, if every open interval has cardinality . It is a general phenomenon that for
k = w this forcing gives the Fraissé limit of the given class. An interesting remark,
made by M. Golshani in [9], is that every infinite subset of w from the ground model is
dense in the obtained structure.

For this section we adopt the convention that boldface letters A, B denote first-
order structures, while the corresponding capital letters A, B denote underlying sets.
In further sections we will denote structures and underlying sets with the same letters,



as common in mathematics.

In the whole paper /C is a class of structures in some countable, relational, first-
order language. By K, we denote the class of structures from C of cardinality less
than . Relational means in particular that we do not allow constants in our language.
We make the following assumptions on K (see the next section for the definitions):

* I has the Joint Embedding Property (JEP),

* I has the Amalgamation Property (AP),

* Cis hereditary, so if A € K,and B C A, then B € I,
* [ has infinitely many isomorphism types,

* s is closed under increasing unions of length < k.

It will prove convenient to introduce a notation paraphrasing the notation for the
Cohen forcing in [14].

Definition 1. Let )\ be an infinite cardinal number, and S be any infinite set. Denote
by Fu(S, K, \) the set
{AeK|Ae[s]h,

ordered by the reversed inclusion.

Proposition 1. IfC satisfies the SAP, and K, has at most countably many isomorphism
types, then Fu(S, KC,w) satisfies c.c.c., and even the Knaster condition, for any set S.

The bound on the number of finite isomorphism types is automatically ensured if /C
is a class of structures in a finite language. When the language is countable, it may or
may not be true. Finite metric spaces can be viewed as structures in countable language
(see the next section), and still there are continuum many pairwise non-isomorphic
(non-isometric) 2-element structures. If we restrict to finite metric spaces with rational
distances, there are clearly only countably many isomorphism types. The relevance of
the SAP is visible in the example discovered by Wiestaw Kubis. Let F be the class of
all finite linear graphs, i.e. connected, acyclic, and with degree of every vertex at most
2. It can be easily checked that F has the AP, but not the SAP. If S is any infinite set,
then Fu(S, F,w) forces that S is a linear graph, and each two points of S are in a finite
distance. Therefore it collapses |.S| to w.

Proposition 2. Let S be any set, and assume K satisfies the SAP. We assume moreover,
that for any 6 < X there are at most \ many structures from IC, with the universe 9.
Then Fn(S, IC, \) is A-closed, and if \“* = ), then Fn(S, K, \) is AT-c.c.

Notice that we don’t count isomorphic types of -structures of cardinality less than
A. We take into account the number of different, not only non-isomorphic, ways the
ordinal § can be endowed with a first-order structure, so that it becomes a member of
IC. In all but one examples, a bound on this number will be guaranteed by the finiteness
of the language.



Proof of Proposition 2. To see that Fn(S, IC, \) is A-closed, notice that for a decreasing
sequence of conditions {p,| o < 6} C Fn(S, K, A), for § < A, a lower bound is given
by the union J{pa.| o < §}.

To check the A*-c.c. consider a family of conditions {A¢] £ < A"}. Using the A-
system Lemma, we can trim the sequence, so that the sets {A¢| & < AT} form a
A-system with the root K € [S]<*. There are at most A\-many structures from K with
the universe K, so we can assume that for all £ # < AT, we have

AgﬂAn:K.

Now we can use the SAP for the diagram

/7
AN

A¢
K

A,
to get a condition stronger from A¢ and A, O

Corollary 1. If IC is a class of structures in a finite language, and CH holds, then
Fn(S, K, wy) is wa-c.c.

For start we describe structures added by Fn(S, I, w).

Proposition 3. Let P = Fn(w, K,w), and G C P be a generic filter. Then |JG is a
structure with the universe w, isomorphic to the Fraissé limit K of the class IC,,.

Proof. In order to ensure that | J G is defined on all w, we must verify density of the
sets
D, ={AeP|ne A}

for n < w, which is straightforward. To see that we obtain the Fraissé limit we must
check that each finite extension of a finite substructure is realized. For this purpose, set

Eé;f ={A|i:B < Aisanembedding = Jg:B < A gisanembedding, and i

where B, B’ € K, f : B — B’ is an embedding, and ¢ : B < w is any 1 — 1 function.
We also make a technical assumption that both B and B’ are disjoint from w. One
could directly apply the AP to show that the sets Elgf are dense, however it may be
easier to make use of a simple trick, due to W. Kubis.
Fix a structure A € P, and assume that 4, BB, B’, f are as above. If 7 : B — A is not
an embedding, then A € EfB’f , and we are done. So suppose that 7 is an embedding.
Since A C w, we may extend A to a structure €2, isomorphic to K, with the universe w.
Then, since this structure is injective, there exists g : B’ — €, such thati = g o f. If
we define A’ = AU ¢g[B'] C Q, then A’ € E]E’f.
The universality can either be proved using a similar technology, or we can apply the
general fact that in case of relational languages, universality follows from injectivity.
O

=gof},



Note that we used only countably many dense subsets of [P, so the Proposition
works under Rasiowa-Sikorski Lemma, without requiring G being "generic" in the
sense of the forcing theory.

2 Review of the Fraissé theory

For the reader’s convenience we recall basic notions from the Fraissé theory. More de-
tailed introduction can be found in [11], or in [13] in more abstract, category-theoretic
setting.

Definition 2. For a class of structures K we will say that

* IC has the Joint Embedding Property (JEP), if for each a,b € K there exists
¢ € IC such that there exist embeddings a — ¢, and b — c.

a

AN
/

b

c

* IC has the Amalgamation Property (AP), if for each pair of embeddings f : a —
b, g : a < ¢, there exists d € K, together with a pair of embeddings f' : b — d,
g :c—d, suchthat f'o f =g’ og.

* I is hereditary if for any b € K and any embedding a — b, a € K.

Notice, that if K has a weakly initial object, namely a structure which embeds
into any element of K, then the JEP follows from the AP. This assumption is typically
satisfied, however there are classes with the AP but not the JEP — for instance the class
of all finite fields.

Definition 3. A class K is a Fraissé class if is satisfies all properties listed above, and
has at most countably many models, up to isomorphism.

For checking the Amalgamation Property, we can assume that both initial arrows
are identity inclusions. The latter ones however, not always are inclusions, since struc-
tures may be "glued together". From time to time we are going to use variants of the
AP, which ensures that they aren’t.



Definition 4. A class KC has the Strong Amalgamation Property (SAP) if for any struc-
tures a,b,c € KC and embeddings f : a — b, g : a < ¢, there exists d € K, together
with embeddings ' : b — d, ¢ : ¢ < d, satisfying f' o f = ¢’ o g, and moreover
rgf'Nrgg’ =rg(f o f)

The Strong Amalgamation Property essentially means that given any structure A €
IC, and two extensions By 2 A, By O A, such that By N B; = A, we can find bigger
C € K, containing By U By (often C' = By U By). A close relative of the SAP is the
Splitting Property. We will say that two embeddings f : A — Bandg: A — C are
isomorphic, if there exists an isomorphism & : B < C, such that h o f = g. The SP is
just the SAP for pairs of isomorphic extensions.

Definition 5. A class KC has the Splitting Property (SP) if for any structures a,b,c € K
and isomorphic embeddings f : a — b, g : a < ¢, there exists d € K, together
with embeddings ' : b — d, ¢’ : ¢ < d, satisfying f' o f = ¢’ o g, and moreover
rgf'Nrgg’ =rg(f o f)

For an infinite structure A, we denote by Age A the class of finite substructures
of A. We will say that A is locally finite if each finite subset of A is contained in a
finite substructure. This will be the case for example when we are working with purely
relational language.

Definition 6. A countable structure A is

* KC-universal, if for every structure a € K, there exists an embedding a — A.

* injective, if for any pair of embeddings f : a — A, g : a — b, where
a,b € Age A, there exists an embedding F : b — A, such that F o g = f.

aL>A

A~
\1F
9 \

b
* homogeneous, if any isomorphism between finite substructures of A extends to
an automorphism of A.

Theorem 1 (Fraissé, [7]). If K is a Fraissé class, then there exists a unique up to
isomorphism countable, homogeneous structure K with Age K = K.

The Strong Amalgamation Property for a Fraissé class IC, with the Fraissé limit K,
corresponds to a certain property of K.

Definition 7. The structure K has no algebraicity if for each finite substructure F C K,
and for each f € K\ F, f has infinite orbit under the action of the pointwise stabilizer
of Fin Aut K.

Theorem 2 (Thm. 7.1.8, [11]). Let K be a Fraissé class with the Fraissé limit K. The
following are equivalent.

1. IC has the SAP.
2. K has no algebraicity.



2.1 Examples

Let us review some examples. Typically the only non-trivial condition from the defini-
tion of a Fraissé class is the AP, so we will briefly describe why it holds for each of the
subsequent classes. Verification of other conditions is easy.

2.1.1 Linear Orders
Proposition 4. The class of all finite linear orders has the SAP.

Proof. Take a pair of finite linear orders (Ko, <o), (K1, <1), such that <, and <;
agreeon L = KN K;. We want to find an ordering <, on Ky U K; extending both
<o and <;. This requirement determines < on all pairs, except for ones of the form
{zg, 21}, where z; € K; \ L, fori = 0,1. We put x; <g x¢ if there is y € L, such
that 1 <1 y <o xo, and xy <o x1 otherwise. It is routine to check that this defines a
linear order on Ky U K. O

It is easy to see that the corresponding Fraissé limit is a countable, dense linear
order without endpoints. These conditions are satisfied by the ordering of the rationals
(Q, <), and since the Fraissé limit is unique, it follows that it is isomorphic to (Q, <).
We have proved the old theorem of Cantor:

Corollary 2 (Cantor, [5]). Any countable, dense linear order without endpoints is iso-
morphic to (Q, <).

2.1.2 Graphs

In the case of (undirected) graphs, verification of the SAP is straightforward: we just
take the set-theoretic union and add no edges. What is the Fraissé limit? Clearly, it is a
countably infinite graph R, which satisfies the following axiom:

For each pair of disjoint, finite subsets A, B C R, there exists a point
xz € R\ (AU B), connected with every point in A, and with no point in B.

An easy argument by induction shows that this property implies injectivity, so by
Lemma 1 it determines R uniquely, up to isomorphism.

Let K,,, n > 3, denote the complete graph on n vertices. We will say that a graph
is K, -free, if it has no induced subgraph isomorphic to K,,. The class of all K, -free
graphs is a Fraissé class. Let R, be the corresponding countable, homogeneous graph.
A deep result by Lachlan and Woodrow shows that they essentially exhaust examples
of Fraissé classes of finite graphs. For a graph GG, we denote by G¢ its complement —
the graph obtained by replacing every edge with non-edge, and the other way around.

Theorem 3 (Lachlan-Woodrow, [15]). Let U be a countably infinite, homogeneous
graph. Then one of the graphs U and U° is isomorphic to either R, R, forn > 3, or
a disjoint union of complete graphs of the same size.



2.1.3 Boolean Algebras

The class of all finite Boolean algebras is a Fraissé class. The AP follows from the
existence of free products with amalgamation in the category of Boolean algebras,
which is described in [12] Ch. 11. The corresponding homogeneous algebra is the
countable, atomless Boolean algebra.

2.1.4 Partial Orders

The class of all finite partial orders is a Fraissé class with the resulting homogeneous
structure known as the random partial order.

Proposition 5. The class of all partial orders has the SAP.

Proof. Fix some partial order (P, <) and consider two its extensions (P, <) C (Py, <,
), (P1, <1), with P = Py N IP;. We define a relation <* on Py U P; by the conditions

190 <*'11 <= dpePuxy<gp <y 21,

21 <*zp <= TpePa <1p <.

Verification of transitivity is straightforward, and so is to check that
Ve,y (z <'yAy <z = x=y).

Therefore <* is a partial ordering of Py U P;. O

2.1.5 Groups

Somewhat more involved Fraissé class is the class of finite groups. The amalgamation
can be proved using so-called permutation products [16]. Resulting group is known as
the Hall’s universal locally finite group, and was first described by Philip Hall in 1959
[10].

Things are simpler in the case of abelian groups. In this case we can see the AP via
reduced products — for two finite abelian groups By, By with By N B; = A let

E = By x B1/{(a,—a)| a € A)

If we identify By and B; with their natural copies inside F, then E witnesses the
AP for inclusions A C Bg and A C B;.

Proposition 6. The group A = @ Q/Z is the Fraissé limit of the class of all finite
i<w

abelian groups.

Proof. First, see that since each finite abelian group is a direct sum of finite cyclic
groups, it can be embedded into A. Moreover, each finitely generated subgroup of A is
finite. Why is that? The only way for a finitely generated abelian group to be infinite,
is to have an element of an infinite order, but A has no elements of infinite order. This
shows that Age A is exactly the class of finite abelian groups. The group A is divisible,



so it is injective as a Z-module. It is tempting to conclude that since Z-modules are
just abelian groups, the proof is completed. However, the standard definition of an in-
jective module refers to all group homomorphisms, while our definition of an injective
structure takes into account only 1-1 homomorphisms.

Fix a group monomorphism f : A < A, and a finite group B > A. We want to
extend f to f : B — A, keeping it 1-1. We can proceed by induction on the number
of generators of B, so we can assume that B is generated by the set A U {b}, for
some b € B. Let f be an extension of f obtained from the fact that A is injective
in the algebraic sense. If f is 1-1, we are done, so suppose that for some expression
a+b+#0, f(a+b) = 0. By replacing b with a + b, we can assume that f(b) = 0.
Now notice, that groups (b) and A have trivial intersection in B. Indeed, otherwise for
some integer k, and a € A, we would have k - b = a. Now applying f both sides, we
obtain f(a) = f(a) = 0, and so a = 0. We may send b to some non-zero element of
A, by a homomorphism g : B < A, which is zero on A. From the remarks above it is
clear that f + g : B < A is the monomorphism we were looking for. o

2.1.6 Metric Spaces

So far we have been looking only at structures in finite languages. We will call a metric
space (X, d) rational, if all distances between the points of X are rational numbers.
The class of all rational metric spaces is a class of models of a first order theory, in
the language consisting of countably many binary relations dg, for all rationals ¢ > 0,
where relation d,(x,y) is interpreted as distance between x and y is at least g. The
resulting homogeneous space (U, d) is known as the rational Urysohn space, and its
completion U, as the Urysohn space. The space U is uniquely characterized by the
following conditions.

+ U contains an isometric copy of any finite metric space.

* Each isometry between between finite subspaces of U extends to a full isometry
of U into itself.

Proposition 7. The class of all finite, rational metric spaces has the SAP.

Proof. Using induction, we can reduce our task to amalgamating two one-point exten-
sions. Fix a finite, rational metric space (X, d), and two extensions (X1, d1), (X2, d2),
where X; = X U {z;}, fori = 1,2, and metrics d;, dy agree with the metric d on X.
We want to set the rational distance g between x; and z2, so that the triangle inequality
will hold. This reduces to ensuring that

VeeX dl('rv'rl) +d2(I7I2) Z q,

VaeeXd(z,x1)+q > do(x,22),

and
VaeXdo(x,z2)+q > di(z,z1).

This in turn is just

dist(z1, X\{z1})+dist(x2, X\{z2}) > ¢ > |dist(z1, X \{z1})—dist(z2, X\{z2})|.



Clearly we can find ¢ > 0 with this property. (]

It makes sense to consider metric spaces with distances restricted to other countable
sets. Given any countable subset D C [0, 00), let M p be the class of finite metric
spaces with distances in D. While M p will always satisfy the SP, it turns out that the
AP for M p is equivalent to some rather technical condition of D, described in [6].

3 Results about rigidity

The generic structure added by Fn(w, K,w) is homogeneous, so it can be of some
surprise, that forcing on uncountable set gives rise to a rigid structure, at least the
typical cases. This is obviously not true if, for example, IC is the class of all finite
sets, but it seems to be true in all sufficiently nontrivial cases. This is proved in the
first subsection. In the second subsection, we study linear orders added by forcing
with countable support, and show that they are not only rigid, but also remain so in
any generic extension via a c.c.c. forcing. Note that this is in contrast with the "finite-
support-generic" linear orders since, as proved by Baumgartner [4], under CH we can
add a nontrivial automorphism to any w;-dense separable linear order, using a c.c.c.
partial order. Recall that a linear order is w1 -dense, if every open interval has cardinality
wi.

31 Fn(w, K, w)

We prove that the uncountable partial order and the uncountable undirected graph
added by the forcing Fn(wi, K, w) are rigid. Proofs for linear orders, directed graphs,
tournaments or finite rational metric spaces are all easy modifications of either of these.

Theorem 4. Let F be the class of (undirected) graphs, and S be an uncountable set.
Then the generic graph added by Fu(S, F,w) is rigid.

Proof. Assume thatp I ") : (S, E(S)) — (S, E(S)) is a non-identity isomorphism”.
It is easy to check that for every infinite set /* C S from the ground model, and
every two different s,¢ € .S, there exists a vertex e € F, with {s,e} € E(S), and
{t,e} ¢ E(S). There are clearly uncountably many pairwise disjoint, infinite subsets
of S in the ground model, so 2 must be non-identity on each of them. Therefore there
exists an uncountable set {ps| s € S’ C S} of conditions stronger than p, with

ps Ik h(s) =3 #s.

Without loss of generality we can assume that {ps|s € S’} form a A-system with a
root R, disjoint with S’, and the graph structures of all p, agree on the root.

Fix two different s,¢ € S’. We can amalgamate p,, and p; over R in such a way,
that {s,t} € FE(S), and {5,t} ¢ FE(S), obtaining some stronger condition ¢ €
Fn(S, F,w). But then ¢ forces, that / is not a graph homomorphism. O

Theorem 5. Let F be the class of partial orders, and S be an uncountable set. Then
the generic partial order added by Fn(S, F,w) is rigid.

10



Proof. Assume that p IF "k : (S, <) — (S, <) is a non-identity isomorphism”. It is
easy to check that for every infinite set £ C .S from the ground model, Fn(S, F,w) I+
7 E is strongly dense”. Strongly dense means that for every s < ¢ € S, there exists
e € FE, such that s < e < t, and for every s,t € S incomparable, there exists
e; € B,1 =0,1,2,3,4, with 9 > s, e incomparable with ¢, e; < s,%; e < s,
incomparable with ¢; e3 > s, ¢, and e4 incomparable with both s and ¢. Long story
short, each type with parameters (not necessarily from F) is realized in E. There are
clearly uncountably many pairwise disjoint, infinite subsets of S in the ground model,
and h must be non-identity on each of them. Therefore there exists an uncountable set
{ps| s € S’ C S} of conditions stronger than p, and

ps |k h(s) =5 # s.

Without loss of generality we can assume that {ps|s € S’} form a A-system with a
root R, disjoint with S’, and the order structures of all p, agree on the root. Suppose
also, that for each s € S’, 3 > s (the other cases are handled similarily). Since S’ is
uncountable, we can further thin it out, so that all embeddings of the form R C RU{s}
are pairwise isomorphic, and similarly for 5. Recall that two extensions of a given
structure R are isomorphic if there is an isomorphism between them, which is identity
on RR.

Fix two different s,¢t € S’. There exists an extension R C R U {s,t,5,¢}, with
{s <t <t <3} We can amalgamate

ps U{t <t}

and
pr U{s <3}
over
RU{s<t<t<3s},
_ to obtain some condition ¢ € Fn(S,F,w). Butthen ¢ I s < ¢, and ¢ IF h(s) >
h(t), exhibiting a contradiction. O

It is worth to remark that an uncountable linear order obtained this way satis-
fies some strong variant of rigidity. Following [2] and [3], we say that an uncount-
able separable linear order (L, <) is k-entangled, for some k € N, if for every tuple
t € {T,F}*, and any family {(a5,...,a5_,)| € < w1} of pairwise disjoint k-tuples
from L, one can find £ # 1 < wy, such thatfori =0,...,k—1 af <a]ifft(i) =T.
This in particular implies that no two uncountable, disjoint subsets of L are isomorphic.
The property of being k-entangled for all natural k is featured for example by an un-
countable set of Cohen reals, added over some model. Martin’s Axiom with negation
of CH implies that no uncountable set of reals is k-entangled for all k [2].

32 Fn(we, LO,w)

We prove, assuming CH, that forcing with countable supports on a set of bigger cardi-
nality gives rise to a rigid linear order, for which we cannot add an automorphism using

11



a c.c.c. forcing. While this result holds under CH, the c.c.c.-absolute rigidity is clearly
preserved by any c.c.c. forcing. In effect, the existence of a rigid wo-dense linear order
is consistent with any possible value of 2%, and for example M A + 2¥ = k, for any
k = k<. Also, we can’t replace wo with wy in results of this section. Under CH there
exists a unique w1 -saturated linear order of cardinality w; and as such, it is surely not
rigid. But Fn(wy, LO,w;) forces that the generic order is wq-saturated of cardinality
w1, for the same reasons that Fn(w, LO,w) forces the generic order to be w-saturated
(i.e. dense, without endpoints).

Theorem 6. Let P = Fn(ws, LO,w1), where LO denotes the class of all linear or-
ders. Let (w2, <) be a generic order added by P over a countable, transitive model V,
satisfying CH. Denote by V[<] the corresponding generic extension. Let Q € V[<]
be any forcing notion, such that V<] = "Qis c.c.c.”", and H be a Q-generic filter in
VI<]. Then the linear order (w2, <) is rigid in V[<|[H].

We will use a simple Lemma assuring that we can amalgamate linear orders in a
suitable way.

Lemma 1. Let (L1, <1), (L2, <2) be any linear orders, R = L1 N Lo,
and (R, <1) = (R, <3). There exists a linear order < on L1 U Lo, extending both <,
and <5 and satisfying

VlléLl\R VZQGLQ\R li<ly < dre Rl <11 <9 ls.

Proof. We take the above formula as the definition.
(]

Lemma 2. Let P = Fn(wq, C,w1), P IF ”Q is a c.c.c. forcing notion", and assume
that .
PxQIF h : ws — ws is a bijection.

Then for every p € P exists p. < p with the property that (p., Q) - h[pe] = pe

Proof. Let {F, },<. be a partition of w into infinite sets, such that

Vn < w n < min F,,. We define a sequence of conditions p,, € [P by induction, starting
with pg = p. Enumerate py = {r,| n € Fy}. Suppose p,, is defined. Since n € F}, for
some k < n, also r, is defined. We may take a sequence of P-names with the property

pn IF " {dF 1 }e<o is a maximal antichain deciding h(r,,)".

Since P is o-closed, we can find p/, < p,, deciding all the names ¢* 1 fork < w.
Therefore the set A = {8 < wa| &k <w (p,,¢k,1) IF h(r,) = B} is at most
countable. Let p,41 = p!), U A (with relations defined arbitrarily), and enumerate
Prnt1 = {rk| k € Fry1}. The inductive step is completed.

Take p. = U,, ., Pn- We will show that for any ¢, with p. |- ¢ € Q, and any o € pe,
(pe; ¢) IF h(a) € pe. Indeed, in this situation there is some n < w such that o € p,,.
Therefore we can find £ < w with « = rg, k € F,. In the k-th inductive step we
ensure that (pyy1,q) I- h(ry) € prr1. It follows that (p., §) IF h(rk) € pe. O

Proof of Theorem 6. Work in V. Let < be a P-name for <. Suppose that P |- "Q is c.c.c.”
and P+ QI "R : (w, <) — (wa, <) is a non-identity isomorphism".
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Step 0 It can be easily verified, that if h was identity ona @nse set, then it would be
identity everywhere. Therefore there exist IP x Q-names d¢, 1, such that

P+ QI 39<d1, Yo € (3o, 01) h(x) # .

Fix (p, §) € P+ Q deciding & and 81, i.e. (p,q) I+ Vi € {0,1} &; = d;, for some
0; € wo. Without loss of generality, we can assume that ¢ is the greatest element of Q,
so that

(p,Q) IF 6o<61, Vo € (89, 61) h(z) # .

Step1 For o € wy \ {dg, 61} we fix a condition p,, = (Pa, <o) < p, with
00 <o 0 <gq O1.
Take a sequence of names satisfying
Pa IF"{G"} <. is a maximal antichain deciding h(a)".

Since P is o-closed, we can assume that p,, decides all the names ¢7, so the set F'(a) =
{B < wa| < w (pa,q?) IF h(a) = B} is countable. Note, that since p, < p,
a ¢ .F(a). Finally, we can assume that F'(a) C p,, and, due to Lemma 2, that
(Pas Q) IF hlpa] = pa-

Step 2 Using A-Lemma for countable sets, we can find I C ws of cardinality wo,
with the following conditions satisfied

s VaelVBelf#a = p,Npg =R, for some fixed countable R C wy,
eVaelIVBel <. Rx R=<s] RxR,

* extensions R C R U {a}, for a € I, are pairwise isomorphic,

e Vo €1 (pa,Q) IF B[R] = R.

All these conditions, perhaps excluding the last one, are direct consequences of CH. To
justify the last claim, notice that P % Q is we-c.c. and so the set

A={B<uw|3p,4) eP+QIr € R (p,g) IF h(r) = B}
has cardinality at most w;. We choose to {p,| @ € I} only conditions with (p,, \

R)NA=0.Taker € R. (pa, Q) IF h(r) € po NAC R.

Step 3 Take «, 8 € I, a # 3. Using the fact that the extensions R C R U {a} and
R C RU {p} are isomorphic, we can extend <,=<g on R to (RU {«, 8}, <a,g) in
such a way that there is no element from R between « and 3. We can of course decide
that oo < g 3. We now apply Lemma 1 to the pair of isomorphic extensions

13



Do U {/8}

/

RU{a, B}

T

pg U {a}

where the vertical arrow maps /3 to .

Extend <, g to po U pg, ensuring that
e dreRa<as7r <apb;

* Vv €pa \ (RU{a}) V€ ps\ (RU{B})
Y<apgn &= IrcRy<apr<apin

Take some condition 7 < p,, g and ¢ deciding the values of h(a) and (f3). Then
(r,q) F h(a) = h(a), h(B) = h(B). Since there is no element from R between

a and B, and R is h invariant, there is also no element from R between h(c) and

h(B). But since h(a) € py \ {a}, and h(B) € pg \ {8}, h(B) <a,s h(c). Therefore
(r,q) IF h(e) > h(B), giving rise to a contradiction. This finishes the proof.

The following argument, suggested by S. Shelah, shows that it is possible to have a
separable rigid linear order, whose rigidity is c.c.c.-absolute. By Theorem 24 from [2],
MA(wy) is consistent with the existence of a rigid set of reals of cardinality w;.

Theorem 7. Assume MA(w1), and let A C R be a rigid linear order of cardinality wy.
Then A remains rigid in any generic extension by a c.c.c. forcing.

Proof. Without loss of generality we may assume that A = (w1, <). Let S be any c.c.c.
forcing, and suppose towards contradiction that

SIF”f: (w1, <) < (w1, <) is a non-identity isomorphism."

For all v < wy, let A, C S be some maximal antichain deciding f (7). By Martin’s

Axiom there is a filter H C S intersecting all of the sets A,. Therefore f [H] is well
defined, and is a non-trivial automorphism of (w1, <), contrary to the fact that A was
rigid. o

O

4 Linear orders with few automorphisms

T. Ohkuma proved in [17] that there exist 2¢ pairwise non-isomorphic groups (G, +) <
(R, +), with the property that Aut (G, <) ~ (G, +), meaning that G has no order-
automorphisms other that translations. These groups all have cardinality ¢, however the
authors of [8] have shown that consistently there are uncountable groups of cardinality
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less than ¢ with this property. These are examples of separable, uncountable linear
orders, with few, but more than one, automorphisms. We are going to provide one
more construction in this spirit.

Theorem 8. It is consistent that there exists an w1-dense real order type (A, <) with
a non-identity automorphism ¢, such that Aut (A, <) = {¢*| k € Z}. Moreover, ¢
satisfies ¢p(x) > x forall x € A.

Let <,.q denote the usual order on w;. The promised modification of Fn(wy, LO, w)
is the poset P consisting of triples p = (p, <,, ¢,,) satisfying

1. <, is a linear ordering of p € [w1]<¥,

2. ¢, is an increasing bijection between two subsets of p,

3. Yz € domp z <, ¢p(x),

4. Va € domp ¢(x) <,rqg © + w, with respect to the ordinal addition on w1,
5.Vrergp ot () <ord T + w, with respect to the ordinal addition on w .

We denote by (w1, <) the ordering added by P, and by ¢ the corresponding au-
tomorphism. Before proceeding with the main proof we will see that it is possible to
amalgamate finite linear orders together with partial automorphisms in a desired way.
It will be convenient to denote by Part (L, <) the set of finite, partial automorphisms
of a linear order (L, <).

Lemma 3. Let (L1,<1), (La,<3)and (R, <gr) = (L1, <1)N (L2, <2) be finite linear
orders. Fix partial automorphisms ¢1 € Part (L1,<;), ¢2 € Part(Lq, <2). We
assume that (L1, ¢1) and (La, ¢2) are isomorphic extensions of R, i.e. there exists an
isomorphism h : (L1, <1) — (L2, <o) that makes the diagram commutative.

(L1, <1) — 2 (L1, <1)

/

(R7 SR) h h

\ 2

(La, <g) ——— (L2, <2)

Take a,b € L1\ R lying in different orbits of ¢1. There exists a linear order <. on
Ly U Ly extending <y and <, and such that ¢1 U ¢o € Part (L1 U Lo, <.), and
moreover a <. h(a), and h(b) <. b.

Proof. We can assume that R C L; C Q, and the usual ordering of (Q, <) extends
<1. We look for an increasing function f : (La, <3) — (Q, <) such that f [ R = idg,
f[LQ \ R] n (Ll \R) = @, and

foh(a) > a,
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foh(b) <b.

Indeed, having f as above we will define
T <.y <= z< f(y),

forx € Ly andy € Lo.

It can be seen that the only reason why we can’t take f = h~! is the disjointness
requirement. So we should expect that f will be just a slight distortion of h~!. We
must also ensure that ¢; U ¢ will be order-preserving.

Let {z1,...,2z,} be a <;-increasing enumeration of L;. For k = 1,...,n choose
an open interval [, around zj in such a way that all intervals obtained this way are
pairwise disjoint, and for | # k = 1,...,nif 2; = ¢ (), then g1 [1;] = I, where
@1 : (Q, <) — (Q, <) is an extension of ¢;.

For each k we choose f(h(xy)) € I \{x}, sothat 7' (foh(xy)) = fohooi*(xy), for
m € Z, whenever this expression makes sense. We also ensure inequalities f o h(a) >
a and f o h(b) < b. O

Proposition 8. P satisfies the Knaster condition.

Proof. Let {po = (Pa» <o, Pa)| @ < w1} C P. We choose a A-system {p,| a € S},
with some additional properties:

sVaeSVeSa#p = Pa<a)N(ps <p)=(R,<g), for some fixed
ordering <pg of R,

* ¢alR] C R,
* ¢;'[R] C R.

For ensuring the last two properties we use 4. and 5. from the definition of P. To
obtain an uncountable set of pairwise comparable conditions, we now only have to trim
{pa| @ € S}, so that ¢, | R does not depend on «, and this is clearly possible. O

Lemma 4. For every oy € wi, the orbit of oy under ¢ is cofinal and coinitial in
(w1, <)

Proof. It is easy to see that the required family of dense sets is

Es={p=(p,<p,0p) €P|{a0,8} Cp, Ik >0 <, dh(ag), &, " (o) <p B},

for B € ws.

In order to check that Ej is dense, fix some condition p = (p, <p, ¢,) € P and
B < wi. We can assume that {c, 5} C p. In order to extend p so that it belongs to Eg,
we embed (p, <,) into the set of algebraic numbers A. Now we can extend ¢, to an
increasing function ¢ : A — A, such that for some rational ¢ > 0Va € A ¢(a) > a+e.
It is clear that the orbit of cg under ¢ is both cofinal and coinitial in A. Finally we just

cut out a suitable finite fragment of ¢, and extend p accordingly. O
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Lemma 5. For each isomorphism h : (w1, <) — (w1, <), and for every uncountable
set I C wy, there exist « € F and k € Z, such that h(a) = ¢* ().

Proof. Fix a sequence of names for elements of F', {z,| o < w1}. Let
plF i (wi, <) = (w1, <) is an isomorphism.

For every @ < wy we fix a condition po, = (Pa; <a, o) < D, so that p, IF 2, =

Zo, h(x4) = Tq, for some ordinals x,,, Ty € wi. We can also assume that for each «,
Zo 7 Tq, for otherwise we just take k = 0.
We choose an uncountable A-system {p,| o € S}, and make it as uniform as possible:

sVaeSVeSa#p = (Pa<a)N(ps, <p) = (R,<g), for some fixed
ordering <p of R,

* ¢a[R] C R,

* ¢, '[R] C R,

* extensions (R, <p) C (RU {4}, <) are pairwise isomorphic,
* extensions (R, <p) C (RU{T4}, <) are pairwise isomorphic,
* extensions (R, <g) C (pa, <n) are pairwise isomorphic,

» The way ¢,, acts on p,, is independent from the choice of o € S. More precisely,
Va € S V3 € S the following diagram commutes

Pa
DPa > Do

L, b

pg — Pp

where h is the unique isomorphism between (pq, <o) and (pg. <g).

In particular, the unique isomorphism ~ maps z,, to 23, and T, to Tg. Fix o € S. We
claim that z,, and Z,, are in the same orbit of ¢,. For otherwise, we fix 5 € S\ {a},
and apply Lemma 3 for ¢ = z,, and b = T,. This way we obtain a condition

q= (pa Upg, Sqa ¢a U (bﬁ) < Pas P,
satisfying x, <4 g, and Tg <, Z. But then
qIF o<z, h(zg)<h(z,),
. .k
contrary to the choice of p. In conclusion p,, b Jrez h(Zs) = P (Ta)- O

Now we are in position to prove Theorem 6.
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Proof. Since (w1, <) is separable, we can replace it by an isomorphic copy A C R, A
being w;-dense. Then ¢ : A — A is an increasing bijection, strictly above the diagonal
(ie. Vo © < ¢(x)). Let h : A — A be any increasing bijection. Both h and ¢ extend
uniquely to the whole real line, so we can assume that ¢, h : R — R are continuous,
increasing bijections.

For k € Z, put F, = {x € R| h(z) = ¢*(x)}. By continuity, sets F}, are closed,
and by Lemma 5, | J,,, F; is dense. Fix some k € Z for which the set F, is nonempty.
We aim to prove that Fj, = R. If not, there exists z € F}, and 0 > 0 satisfying at least
one of conditions

(x,z+0)NFr =0,

and
(x —d,2) N Fy, = 0.

Let us assume the first case, the other being similar. Since the union of the sets F;
is dense, we can find a decreasing sequence {z, }» <, converging to z, and integers
k., for which h(z,) = ¢*»(x,).

Suppose that for infinitely many n, the inequality k,, > k holds. By replacing
{Zn}n<w With a subsequence, we may assume that this is the case for all n < w. Then

G () 2 L wn) — (@) > ¢ () = h(a),

which contradicts lim ¢*=(z,,) = h(x).
n—r oo
If for infinitely many n the inequality k,, < k holds, we proceed in analogous manner.

The only way out is that k,, = k for all but finitely many n, but this in turn contradicts
(xz,z + &) N Fy, = (). Therefore F}, = R, and the theorem is proved. O

5 Problems

Question 1. Are there some natural conditions for a class F, ensuring that Fu (S, F,w)
is, up to completion, the same as the Cohen forcing?

Question 2. The automorphism group of an w1-dense real order type can be very big
or trivial. Are some intermediate options possible? By Theorem 5 it can be isomorphic
to (Z,+). Can it be isomorphic, for example, to (Q, +)?
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