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Abstract

In the the present contribution, we prove an Omitting Types Theorem (OTT) for an arbitrary fragment of hybrid-
dynamic first-order logic with rigid symbols (i.e. symbols with fixed interpretations across worlds) closed under
negation and retrieve. The logical framework can be regarded as a parameter and it is instantiated by some well-known
hybrid and/or dynamic logics from the literature. We develop a forcing technique and then we study a forcing property
based on local satisfiability, which lead to a refined proof of the OTT. For uncountable signatures, the result requires
compactness, while for countable signatures, compactness is not necessary. We apply the OTT to obtain upwards and
downwards Lowenheim-Skolem theorems for our logic, as well as a completeness theorem for its constructor-based
variant. The main result of this paper can easily be recast in the institutional model theory framework, giving it a
higher level of generality.
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1. Introduction

Kripke semantics and hybrid-dynamic logics. Modal logics are formalisms for describing and reasoning about multi-
graphs. These structures appear naturally in many areas of research. For example, in knowledge representation
formalisms, role assertions describe relationships between individuals/objects grouped into classes determined by
concepts. Linguistic information can be represented by multi-graphs. Other mathematical entities that can be viewed
as multi-graphs are transition systems, derivation trees, semantic networks, etc. Therefore, it is useful to think of a
Kripke structure in the following way:

¢ a frame consisting of a set of nodes together with a family of (typed) edge sets, and

e a mapping from the set of nodes to a class of local models that gives meaning to the nodes.

However, modal logics have no mechanisms for referring to the individual nodes in such structures, which is necessary
when they are used as representation formalisms. Hybrid logics increase the expressive power of ordinary modal
logics by adding an additional sort of symbols called nominals such that each nominal is true relative to exactly one
point. The history of hybrid logics goes back to Arthur Prior’s work [43]. Further developments can be found in
works such as [, 2, 13,9]. The research on hybrid logics received an additional boost due to the recent interest in
the logical foundations of the reconfiguration paradigm. Dynamic logics provide a powerful language for describing
programs and reason about their correctness. Logics of programs have the roots in the work in the late 1960s of
computer scientists interested in assigning meaning to programming languages and finding a rigorous standard for
proofs about the programs. There is a significant body of research on this topic; [41/] and [36] are two prominent
examples among many others. In the present contribution, we consider a logical system endowed with features from
both hybrid and dynamic logics, which is built on top of many-sorted first-order logic with equality. Despite its
complexity, it displays a certain simplicity due to its modular construction, which is a reminiscent of the hybridization
of institutions from [39].

Email addresses: daniel@imi.kyushu-u.ac.jp (Daniel Giind), guillebadia89@gmail.com (Guillermo Badia),
T.Kowalski@latrobe.edu.au (Tomasz Kowalski)

Preprint submitted to Annals of Pure and Applied Logic March 17, 2022


http://arxiv.org/abs/2203.08720v1

Applications of hybrid-dynamic logics. The application domain of the work reported in this contribution refers to a
broad range of reconfigurable systems whose states or configurations can be presented explicitly, based on some kind
of context-independent data types, and for which we distinguish the computations performed at the local/configuration
level from the dynamic evolution of the configurations. This suggests a two-layered approach to the design and
analysis of reconfigurable systems, involving:

e alocal view, which amounts to describing the structural properties of configurations, and

e a global view, which corresponds to a specialized language for specifying and reasoning about the way system
configurations evolve.

Since configurations can be represented by local models and the dynamic evolution of configurations can be depicted
by the accessibility relations of the Kripke structures, hybrid-dynamic logics and their fragments are acknowledged
as suitable for describing and reasoning about systems with reconfigurable features. In addition, it is well-known
(see e.g., [[7]) that hybrid logics specialize to temporal logics [35], description logics [3] and feature logics [45].
Therefore, the area of applications of the present work is rather large and it involves knowledge representation, compu-
tational linguistics, artificial intelligence, biomedical informatics, semantic networks and ontologies. We recommend
[7] for more information on this topic.

Omitting Types Theorem (OTT). In this paper we focus on obtaining an OTT for hybrid-dynamic first-order logic with
rigid symbols and sufficiently expressive fragments. Observe that an OTT for the full logic would not necessarily have
given us the property for its fragments. For this reason, we work within an arbitrary fragment of hybrid-dynamic first-
order logic with rigid symbols, which can be viewed as a parameter. Thus the generality of our proofs is an important
feature, since the parameter is instantiated by many concrete hybrid and/or dynamic logical systems which appear
in the literature. We provide a version of OTT for countable languages without any restrictions and a version for
uncountable languages provided that the fragment in question is compact. We show that compactness is necessary at
least for one fragment of the underlying logic. This situation is similar to that described in a theorem by Lindstrom for
first-order logic with only relational symbols [38]. The OTT for countable first-order languages is a result originally
from [21]]. The extension of the OTT to uncountable languages is from [[10]. One of the best known applications
of the OTT is a simple proof of the completeness of w-logic (a more complex proof without using the OTT can be
found in [40]). In the present contribution, we develop this idea further to provide one important application of OTT
to computer science, which is described briefly in the following paragraph.

Formal methods practitioners are often interested in properties that are true of a restricted class of models whose
elements are reachable by some constructor operations [6, 31, 22]. For this reason, several algebraic specification
languages incorporate features to express reachability and to deal with constructors like, for instance, Larch [34],
CASL [4] or CITP [33,29]. This situation is similar to the one in classical model theory, where the models of w-
logic are reachable by the constructors zero and successor. In the present contribution, the completeness of w-logic
is generalized by replacing the signature of arithmetics with an arbitrary vocabulary for which we distinguish a set of
constructor operators. Then we apply OTT to obtained completeness of the logical system resulted from restricting
the semantics of the underlying fragment of hybrid-dynamic first-order logic with rigid symbols to constructor-based
Kripke structures.

Institutions. Our approach is rooted in institutional model theory [20], which provides a unifying setting for studying
logical systems using category theory. The concept of institution formalizes the intuitive notion of logic, including
syntax, semantics and the satisfaction relation between them. The theory of institutions is one major approach in uni-
versal logic which promotes the development of logical properties at the most general level of abstraction. However,
to make the study available to a broader audience, the authors decided to present the results in a framework given by
a concrete logical system, that is, hybrid-dynamic first-order logic with rigid symbols. It should be obvious, at least
for the experts in institutions, that the main result, OTT, can be easily cast in a more general framework such as the
one provided by the definition of stratified institution [[18], similarly to the work reported in [27]. Therefore, the area
of applications of our results covers a much broader range of hybrid-dynamic logics than the one mentioned in the
present contribution.



Forcing. OTT is proved by applying a forcing technique, a method of constructing models based on consistency
results. Forcing was invented by Paul Cohen [L1, [12] in set theory to prove the independence of the continuum
hypothesis from the other axioms of Zermelo-Fraenkel set theory. Robinson [44] developed an analogous forcing
method in model theory. In institutional model theory, forcing was introduced in [32] to prove a Gédel Completeness
Theorem. It was developed further for stratified institutions [27] to prove the completeness of a large class of hybrid
logics. The present contribution extends the forcing introduced in [27] to cover logics with both hybrid and dynamic
features and studies a forcing property based on local satisfiability to deliver an Omitting Types Theorem.

Structure of the paper. The article is arranged as follows: §2]reviews the framework of many-sorted first-order logic
in the institutional setting. §3]introduces all the necessary preliminaries about hybrid dynamic first-order logic with
rigid symbols, which expands the base system introduced in §21 §4] presents some necessary technical notions for the
arguments that follow later, such as that of a reachable model and a language fragment. §3] develops the basics of
the forcing technique in our present context. §6l presents a semantic forcing property that is instrumental in proving
the main result of the paper. §/lcontains the proof of the main result, an Omitting Types Theorem for both countable
and uncountable signatures. §8l gives an application of the main result by establishing a completeness theorem for
the constructor-based variant of the logic. §9 establishes Léwenheim-Skolem theorems (upwards and downwards) as
consequences of the OTT. 10 shows that for a certain fragment of the logic in question compactness is a necessary
condition for the OTT for uncountable signatures to hold.

2. Many-sorted first-order logic (FOL)
In this section, we recall the definition of first-order logic as presented in institutional model theory [20].

Signatures. Signatures are of the form (S, F, P), where S is a set of sorts, F' = {Fars}@ar.ses-xs 15 a (S* X S -indexed)
set of operation symbols, and P = {Pg}ares+ 1S a (S *-indexed) set of relation symbols. If ar = & then an element of
Far_s is called a constant symbol. Generally, ar ranges over arities, which are understood here as strings of sorts; in
other words an arity gives the number of arguments together with their sorts. We overload the notation and let F and
P also denote | )es+xs Faros and Wares+ Par, respectively. Therefore, we may write o € Far,5 or (07: ar — s) € F;
both have the same meaning, which is: o is an operation symbol of type ar — s. Throughout this paper, we let Z, ¥’
and X; to range over first-order signatures of the form (S, F, P), (S’, F’, P’) and (S, F, P;), respectively.

Signature morphisms. A number of usual tricks, such as adding constants, but also, importantly, quantification, are
viewed as expansions of the signature, so moving between signatures is common. To make such transitions smooth,
anotion of a signature morphism is introduced. A signature morphism ¢: £ — ¥’ is a triple y = (x*', x°”, x") of maps:

st. — . * 1 _ 1. *
@ X" 8 = 87 (0) X7 = Waros Farss = Flugan o |8 € S7.5 € Shand (€ ¥ = et Par = Pluy |ar e S7):
When there is no danger of confusion, we may let y denote either of y*', yof_, ., x'i.

FOL

Fact 1. First-order signature morphisms form a category Sig" - - under the componentwise composition as functions.

Models. Given a signature X, a X-model is a triple

A= ({le}ses s {Qlo- }(ar,s)ES*xS,o-eFaH\ s {mn}ares*,nePa,)

interpreting each sort s as a non-empty set U, each operation symbol o € Fg_, as a function %, : Wy, — A (Where
Ay, stands for Ay, x ... x U, if ar = s1...5s,), and each relation symbol 7 € Py as a relation A, C A,,. Morphisms
between models are the usual X-homomorphisms, i.e., S -sorted functions that preserve the structure.

Fact 2. For any signature X, the Z-homomorphisms form a category Mod™"(Z) under the obvious composition as
many-sorted functions.

For any signature morphism y: X — X', the reduct functor _[, : Mod(X’) — Mod(X) is defined as follows:



1. The reduct A’ [, of a X’-model A’ is a defined by (A’ [, ), = 91)’(00 for each sort s € S, operation symbol x € F
or relation symbol x € P. Note that, unlike the single-sorted case, the reduct functor modifies the universes of
models. For the universe of A’ [, is {QI)’((S)}Ses, which means that the sorts outside the image of S are discarded.
Otherwise, the notion of reduct is standard.

2. The reduct i’ [, of a homomorphism 4’ is defined by (k' [ ,)s = h/

L (5) forall sorts s € §.

Fact 3. Mod™" becomes a functor Sigh®" — Cat’?, with Mod™()(n)) = K| v for each signature morphism
X: X — ¥ and each ¥’-homomorphism /’.

Sentences. We assume a countably infinite set of variable names {v; | i < w}. A variable for a signature X is a triple
(vi, 5, 2), where v; is a variable name, and s is a sort in X. Given a signature X, the S -sorted set of X-terms is denoted
by Ts. The set SenfOL(Z) of sentences over X is given by the following grammar:

yi=t=t|nt,....t,) | =y | Vvl |IX -y

where (a) t =t is anequation with #,# € Ty yand s € S, (b) n(ty,...,t,) is arelational atom with w € Py, .t € T
and s; € S, (c) I'is a finite set of Z-sentences, (d) X is a finite set of variables for X, (e) ' is a X[X]-sentence, where
2[X] = (S, F[X], P), and F[X] is the set of function symbols obtained by adding the variables in X as constants to F.

Sentence translations. Quantification comes with some subtle issues related to the translation of quantified sentences
along signature morphisms that require a closer look. The translation of a variable (v;, s, Z) along a signature morphism
x: 2 — X is (v, x(s),%"). Therefore, any signature morphism y: £ — X’ can be extended canonically to a function
x: SenfOH(Z) — Sen™(3) that translates sentences symbolwise.

SIX] — 2]

r——Y
X

Notice that y(AX - y) = X" - ¥’ (y), where X’ = {{v;, x(5),Z) | (vi, 5, %) € X} and y’: Z[X] — X'[X’] is the extension
of y that maps each variable (v;, s,X) € X to (v;, x(s5),X’) € X’ and such that the diagram of signature morphisms
above is commutative.

FOL

Fact 4. Sen™O" is a functor Sigh°" — Set.

For the sake of simplicity, we will identify a variable only by its name and sort provided that there is no danger of
confusion. Using this convention, each inclusion ¢: £ < X’ is canonically extended to an inclusion of sentences
t: SenfOL(Z) < Sen™L(2"), which corresponds to the approach of classical model theory.

Satisfaction relation. Satisfaction is the usual first-order satisfaction and it is defined using the natural interpretations
of ground terms # as elements 2; in models A. For example, A = #; = 1, iff A, = UA,,.

Non-void signatures. A first-order signature X is called non-void if all sorts in X are inhabited by terms, thatis T ; # 0
for all sorts s in X. If X is a non-void signature then the set of X-terms 75, can be regarded as a first-order model which
interprets (a) any function symbol (o: ar — s) € F as a function Ts,: Ts ar — Tx defined by Ts (f) = o(¢) for all
t € Ts 41, and (b) any relation symbol as the empty set.

Notations. For each first-order signature X, we denote by L the X-sentence V(. Obviously, L is not satisfiable and
x (1) = L for all signature morphisms y: £ — X’. Let T and I" be two theories over X.

o AT if A pforall p € T, where A is any first-order X-structure.
e T ET if for all first-order structures A over X, we have A = T implies A = T.

e THTiIfT T andT E T. In this case, we say that T and I" are semantically equivalent.
4



3. Hybrid-dynamic first-order logic with rigid symbols (HDFOLR)

In this section, we present hybrid-dynamic first-order logic with rigid symbols, which is an extension of hybrid
first-order logic with rigid symbols [27] with features of dynamic logics. Some preliminary attempts to the presenta-
tion of this logic framework can be found in [28].

Signatures. The signatures are of the form A = (X", X" C ¥), where

1. 2" = (S", F", P") is a single-sorted first-order signature such that S" = {any} is a singleton, F" is a set of
constants called nominals, and P" is a set of binary relation symbols called modalities,

2. X = (S, F, P) is a many-sorted first-order signature such that S is a set of sorts, F' is a (S* X S)-indexed set of
function symbols, and P is a S *-indexed set of relation symbols, and

3. ZF = (ST, F*, PY) is a many-sorted first-order subsignature of rigid symbols.

Throughout this paper, we let A and A; range over HDFOLR signatures of the form (Z",X¥ C X) and X7, X7 C X)),
respectively.

Signature morphisms. A signature morphism y: A — A; consists of a pair of first-order signature morphisms
x": X" — XM and y: £ — X such that y(XF) € X7.

HDFOLR

Fact 5. HDFOLR signature morphisms form a category Sig under the component-wise composition as first-

order signature morphisms.
Kripke structures. For every signature A, the class of Kripke structures over A consists of pairs (W, M), where

1. W is a first-order structure over X", called a frame, with the universe |W/| consisting of a non-empty set of
possible worlds, and

2. M:|W| - [Mod™L(3)|is a mapping from the universe of W to the class of first-order Z-structures such that the
following sharing condition holds: M,,, [sr = M,,, [ s- for all possible worlds wy, w, € |[W].
Iy ..
Kripke homomorphisms. A morphism h: (W, M) — (W', M") is also a pair (W l W, {M, — M,;(W)}wam) consisting
of first-order homomorphisms such that A, s = h,,, s for all possible worlds w;, w, € |W| and all rigid sorts s € S*.

Fact 6. For any signature A, the A-homomorphisms form a category Mod"PFOLR(A) under the component-wise com-
position as first-order homomorphisms.

Every signature morphism y: A — A’ induces appropriate reductions of models, as follows: every A’-model (W', M")
is reduced to a A-model (W', M") | , that interprets every symbol x in A as (W', M"),(x. When y is an inclusion, we
usually denote (W', M") |, by (W', M’) | o — in this case, the model reduct simply forgets the interpretation of those
symbols in A’ that do not belong to A.

Fact 7. Mod"P O becomes a functor Sig"°fOR — Cat??, with Mod"PFOR(y)(W, M) = (W, M) |, for each signa-
ture morphism y: A — A’ and each Kripke structure (W, M) over A’.

Actions. As in dynamic logic, HDFOLR supports structured actions obtained from atoms using sequential composi-
tion, union, and iteration. The set A" of actions over X" is defined in an inductive fashion, according to the grammar:

ax=A|agalavala®

where A € P" is a binary relation on nominals. Given a natural number m > 0, we denote by a™ the composition as- - -sa
(where the action a occurs m times). Actions are interpreted in Kripke structures as accessibility relations between
possible worlds. This is done by extending the interpretation of binary modalities (from P"): W0, = W, § W,
(diagrammatic composition of relations), Wy, uq, = Wo, UW,, (union), and W, = (W,)* (reflexive & transitive closure).
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Hybrid terms. For any signature A, we make the following notational conventions:
1. §¢€:= ST U{any} the extended set of rigid sorts, where any is the sort of nominals,
2. S := 8\ ST the subset of flexible sorts,
3. Ff:= F\ FT the subset of flexible function symbols, where F \ F* = {Fars \ Fi_ Jar.s)es xS »
4. Pf:= P\ PT the subset of flexible relation symbols, where P \ P* = {Py \ PZ Yares
The rigidification of £ with respect to F" is the signature @% = (@S, @F, @P), where
1. @S ={@;s|ke F"and s €S},
2. @F = {@;0: @ ar — @ s | ke F"and (0: ar — s) € F},[land
3. @P:={@;n: @,ar| ke F"and (: ar) € P}.

It should be noted that @; is used polymorphically. Here it is a device from metalanguage that creates new symbols
out of existing ones. Later on @; will also be used as a sentence-building operator. The context always decides which
of these uses are intended. Since the rigid symbols have the same interpretation across the worlds, we define @ x := x
for all nominals k € F" and all symbols x in XF. The set of rigid A-terms is Tex, while the set of open A-terms is Tx.

The set of hybrid A-terms is T, where X = (S,F,P),S =S U@SE, F=FU@Ff and P = PU @P*.
Remark 8. The set of hybrid terms include both open and rigid terms, that is, 7s C T5 and Tex C T5.

The interpretation of the hybrid terms into Kripke structures is defined as follows: for any A-model (W, M), and any
possible world w € |W]|,

B

2. My @, 00 = My o)(M,,), where (@0 : @rar — @ s) € @Ff,te TE,@kar and w' = W,.

1. My o) = (M) (M), where (o: ar — s) € F,and t € Ti

ar’

Sentences. The simplest sentences defined over a signature A, usually referred to as atomic, are given by:
pi=k | ti=t|

where (a) k,k’ € F" are nominals, (b) #; € T5  are hybrid terms, s € Sisa hybrid sort, (c) 7 € ﬁar, ar € (E)*
and ¢ € T5,. We refer to these sentences, in order, as nominal sentences, hybrid equations and hybrid relations,

respectively. The set Sen"PFOLR(A) of full sentences over A are given by the following grammar:

yi=p | @y |~y | VI | lz-y | 3X-y" | {a)y

where (a) p is a nominal sentence or a hybrid equation or a hybrid relation, (b) k € F" is a nominal, (¢c) a € A" is an
action, (d) I' is a finite set of sentences over A, (e) z is a nominal variable for A, (f) ¥’ is a sentence over the signature
Al[z] obtained by adding z as a new constant to F", (g) X is a set of variables for A of sorts from the extended set S ¢ of
rigid sorts, and (h) y” is a a sentence over the signature A[X] obtained by adding the variables in X as new constants
to F" and F*. Other than the first kind of sentences (atoms), we refer to the sentence-building operators, in order, as
retrieve, negation, disjunction, store, existential quantification and possibility, respectively. Notice that possibility is
parameterized by actions.

Sentence translations. Every signature morphism y: A — A’ induces translations of sentences, as follows: each
A-sentence v is translated to a A’-sentence y(y) by replacing (in an inductive manner) the symbols in A with symbols
from A’ according to y.

Fact 9. SentPFOLR is a functor SigHPFOLR — Set.

L@ (s51...5,) = @ 51 ... @y s, for all arities sj ... sy.
Moty oty = Mgy - M, for all tuples of hybrid terms (¢, ..., 1)

6



Local satisfaction relation. Given a A-model (W, M) and a world w € |W/|, we define the satisfaction of A-sentences
at w by structural induction as follows:

1. For atomic sentences:

o (W, M) EY kift W, = w for all nominals k;
o (WM)E"t =it M, =M,,, forall hybrid equations #; = f,;
o (W.M)E" n(r) iff M,,;, € M,,  for all hybrid relations (#).
2. For full sentences:
o (W, M) E" @ yiff (W,M)E" vy, where w’ = W;
o (W.M) E" —~yift (W, M) ¥ y;
o (W,M)E" VvI'ifft (W,M) " vy for somey €T}
o WM)E" lz-yift (W, M) E" vy,
where (W%, M) is the unique A[z]-expansion of (W, M) that interprets the variable z as W;E
o (WM)E"3IAX yift (W, M) " v for some expansion (W', M") of (W, M) to the signature A[X]; 3
o (W, M) E" (a)y iff (W, M) " vy for some w’ € |W/| such that (w, w’) € W,.

The following satisfaction condition can be proved by induction on the structure of A-sentences. The proof is essen-
tially identical to those developed for several other variants of hybrid logic presented in the literature (see, e.g. [17]).

Proposition 10 (Local satisfaction condition for signature morphisms). For every signature morphism y: A — A/,
N'-model (W', M"), possible world w' € |W'|, and A-sentence y, we have (W', M"Y E x(y) iff (W', M) |, E* v.H

Non-void signatures. A signature A = (X",XF C %) is called non-void if both £" and X are non-void first-order
signatures. Notice that for any non-void signature, the set of nominals is not empty, that is, F" # 0, and the set of
hybrid terms of any sort is not empty, that is, Ti,s # (@ forall sorts s € S.

Lemma 11. If A = (E",XF C ) is non-void then there exists an initial model of terms (W*, M®) defined as follows:
(1) WA = F", and (2) M2 : F" — |Mod™C-(2)], where for all k € F", M,f is a first-order structure such that

(a) My, = Tes.e,sforall sorts s €S,

(b) Mﬁa: Tes @,ar = Tex, e,s is defined by M]ﬁ(r(t) = (@ o)(¢) for all function symbols (o: ar — s) € F and all
tuples of hybrid terms t € Tes, @,ar, and

(c) M,ﬁ” is the empty set for all relation symbols (r: ar) € P.

The proof of Lemma[ITlis based on the unique interpretation of terms into models, and it is straightforward. We
leave it as an exercise for the reader.

Notations. Take a signature A, a Kripke structure (W, M) € IMod"PFOLR(A)|, a sentence @€ Sen"PFOLR(A), and two
theories T,T" C SenHDFOLR(A).

e We say that (W, M) (globally) satisfies ¢, in symbols, (W, M) | ¢, if (W, M) " ¢ for all w € |W|.
e We say that (W, M) satisfies I, in symbols, (W, M) = T, if (W, M) £y forall y € T.

3 An expansion of (W, M) to A[X] is a Kripke structure (W’, M”) over A[X] that interprets all symbols in A in the same way as (W, M).
4By the definition of reducts, (W’, M”) and (W', M") [ ¢ have the same possible worlds.



o We say that T (globally) satisfies I', in symbols, T = T,
if (V,N) = T implies (V, N) = T for all (V, N) € [Mod™PFOLR(A)).

e We say that T is semantically equivalent to I, in symbols, T BT, if T ETand ' = T.

Lemma 12. Let A be a signature.

1. For all sentences ¢ over A, all nominal variables z for A, all (W, M) € IMOdHDFOLR(A)I and all w € |W),
W, M) EY Vz- @ @ iff (W M) EVz- @ ¢ iff (W,M) E ¢.

2. For all sentences ¢ and y over A, all nominal variables 7 for A, and all nominals k in A, we have
eBVYz- @, oH @\Vz- @, whilep = yH (Vz: @, p) = ¥ does not hold, in general.

3. For all theories T over A, all sentences ¢ andy over A and all nominals k in A,
TE@ =y iff TU{@rp} F @y.

4. For all theories T over A, all sentences ¢ over A and all nominals k in A,
TE@-piff TU{@p} L.

5. For all theories T over A, all nominal variables x and z for A and all sentences  over Alx],
T U {y} is satisfiable over Alx] iff T U {dx-Vz- @, Y} is satisfiable over A. §

The proof of this lemma is straightforward and we leave it as an exercise for the interested reader. Informally, the key
is that in the sentence Vz- @, ¢ the quantifier Yz binds the free variable z in @,, so Yz- @, ¢ means ‘¢ holds at all
worlds w’.

By using ‘storing and retrieving’ intuition it is easy to define complex properties. For example, temporal until
operator U — with the following semantics: U(gp, ) is true at a state w if there is a future state w’ where ¢ holds, such
that  holds in all states between w and w’ — can be defined as follows:

Up, ) = lx-Oly- (¢ A @O0y = ¢))

The idea is to name the current state x using |, and then by ¢, we identify a successor state, which we call y, where ¢
holds. Using @, the point of evaluation is changed to x, and then at all successors of x connected to y, ¥ holds.

4. Logical concepts

In this section, we recall some concepts necessary to prove our results.

4.1. Substitutions

Let A be a signature, C; and C; two sets of new constants for A of sorts in S €, the extended set of rigid sorts.
A substitution 6 : C; — C, over A is a mapping from C; to |(WAC], MAIC1)| | the carrier sets of the initial Kripke
structure (WAIC21 MAICTY gver A[C5] defined in LemmalITl

Proposition 13 (Local satisfaction condition for substitutions [26]). A substitution 6 : C; — C, over A uniquely
determines:

1. a sentence function 6: SenHDFOLR(A[Cl]) — SenHDFOLR(A[Cz]), which preserves A and maps each constant
c € Cy to a rigid term 6(c) over A[C;], and

5Notice that the semantics of ¢ | v is different from the standard one, where ¢ |=  is interpreted locally, that is, (V, N) " ¢ implies (V,N) " y
for all Kripke structures (V, N) and all possible worlds w in V.

SIf we take into consideration the third component of a variable, the correct statement is 7" U {1/} is satisfiable over A[x] iff T U{Jx-Vz- @ «(y)}
is satisfiable over A, where ¢: A[x] — A[x, z].



2. a reduct functor| 4: MOdHDFOLR(A[Cz]) - MOdHDFOLR(A[Cl]), which preserves the interpretation of A and
interprets each ¢ € Cy as 6(c),

such that the following local satisfaction condition holds:

(W, M) E" 6(y) iff (W, M) [ E" v

for all A[C]-sentences vy, all Kripke structures (W, M) over A[C,] and all possible worlds w € |W|.

4.2. Fragments
By restricting the signatures and/or the sentences of HDFOLR, one can obtain well-known hybrid logics studied
in the literature.

Definition 14 (Fragment). A fragment £ of HDFOLR is obtained by restricting the syntax of HDFOLR, that is, Sig*
is a subcategory of Sig"PFOR and Sen’: Sigt — Set is a subfunctor of Sen"PFOLR: GigHPFOLR _, St such that

1. for any signature A € |Sig%|, any set C of new nominals and any set D of new rigid constants, we have A <>
A[D, C] € Sig%,

2. for any substitution 6: (C;, D1) — {C2, D) over a signature A € |Sig£| and any sentence y € SenL(A[Cl, Dq]),
we have 6(y) € Sen£(A[C», D,]), and

3. L is closed under subsentence relation, that is,

o if (a; 3 o)y € Sent(A) then (a;)y € Sen‘(A) and (a,)y € Sent(A),

e if (a; U ay)y € Sen’(A) then (a;)y € Sen‘(A) and (a,)y € Sent(A),

e if (a*)y € Senf(A) then (a")y € Sen‘(A) for some n € w,

e if (a)y € Sen’(A) then y € Sen‘(A),

e if =y € Sen%(A) then y € Sen‘(A),

e if VI € Sen‘(A) then y € Sen’(A) forall y €T,

o if @,y € Sent(A) then y € Sent(A),

e if |7-y € Sent(A) then y € Sen%(A[z]), and

e if 3X -y € Sen%(A) then y € Sen‘(A[X]).
According to Definition[I4] a fragment £ of HDFOLR has the same models as HDFOLR. By the closure under the
subsentence relation, the sentences of L are constructed from some atomic sentences by applying Boolean connec-

tives, possibility over action relations, retrieve, store or existential quantifiers, if these sentence building operators are
available in L. It does not imply that L is closed under any of these operators.

Example 15 (Hybrid First-Order Logic with Rigid symbols (HFOLR) [27]). This is the hybrid variant of HDFOLR
obtained by discarding structured actions and allowing possibility over binary modalities. According to [27], HFOLR
is compact.

Example 16 (Hybrid-Dynamic Propositional Logic (HDPL)). This is the dynamic variant of the most common
form of multi-modal hybrid logic (e.g. [1]]). HDPL is obtained from HDFOLR by restricting the signatures A =
(X", ZF ¢ %) such that the set of sorts in X is empty, and the set of sentences is given by the following grammar:

yi=p |l k| @y | =y| VI [ {a)y

where (a) p is a propositional symbol, (b) k € F" is a nominal, (¢c) a € A" is an action, and (d) T is a finite set of
sentences over A. Notice that if ¥ = (S, F, P) and S = 0 then P contains only propositional symbols. HPL is the
fragment of HDPL obtained by discarding structured actions.
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Example 17 (Rigid First-Order Hybrid Logic (RFOHL) [8]). This logic is obtained from HFOLR by restricting the
signatures A = (X", £F C X) such that (a) X" has only one binary modality, (b) X is single-sorted, (c) there are no rigid
function symbols except variables (regarded here as special constants), and (d) there are no rigid relation symbols.

All examples of logics given above are fragments of HDFOLR. In the following, we give an example of logic which
is obtained from HDFOLR by some syntactic restrictions and it is not a fragment according to Definition T4l

Example 18 (Hybrid First-Order Logic with user-defined Sharing (HFOLS)). This logic has the same signatures
and Kripke structure as HFOLR. The sentences are obtained from atoms constructed with open terms only, that is, if
A = (Z",XF C %), all (ground) equations over A are of the form #; = f,, where 1,1, € Ty, and all (ground) relation
over A are of the form n(¢), where (7 : ar) € P and t € Ts . Variants of HFOLS have been used in works such as
(39,119,17].

HFOLS is not a fragment of HDFOLR in the sense of Definition [I4] as it is not closed under substitutions. Retrieve
is applied only to sentences and not to function or relation symbols. However, according to [27], that is no loss of
expressivity as HFOLS has the same expressive power as HFOLR.

Lemma 19. For each signature A and each sentence y € Sen"FO-R(A) there exists a sentence y' € Sent™OS(A) such
that (W, M) EY vy iff (W, M) E" ' for all Kripke structures (W, M) over A and all possible worlds in W.

Proof. By using [27, Lemma 2.20] which shows that for any atomic sentence in HFOLR there exists a sentence in
HFOLS which is satisfied by the same class of Kripke structures. O

The forcing technique and the Omitting Types Theorem are not applicable to HFOLS even if it has the same
expressivity power as HFOLR. This is due to the absence of a proper support for the substitutions described in
Section 41} By Lemmal[I9] the results can be borrowed from HFOLR to HFOLS. Tt is worth noting that HFOLS
can be extended with features of dynamic logics such that the dynamic variant of HFOLS matches the expressivity of
HDFOLR by the same arguments used in the proof of Lemmal[I9].

4.3. Reachable models

In this section, we give a category-based description of the models which consist of elements that are denota-
tions of terms. The concept of reachable model appeared in institutional model-theory in [42], and it has been used
successfully in several abstract developments such as proof-theoretic results [32, 31, 24] as well as model-theoretic
results 22,123,130, 125, 26, 13].

Definition 20. A Kripke structure (W, M) over a signature A = (X", XF C X) is reachable if for each set of new nom-
inals C, each set of new rigid constants D, and any expansion (W', M") of (W, M) to A[C], there exists a substitution
6: (C,D) — (0,0) over A such that (W, M) [ = (W', M").

Proposition 21 (Reachable Kripke structures [26]). A Kripke structure is reachable iff
1. its set of states consists of denotations of nominals, and
2. its carrier sets for the rigid sorts consist of denotations of rigid terms.

By Proposition 211 a model (W, M) is reachable iff the unique homomorphism from the initial Kripke structure
h: (WA, MY — (W, M) is surjective, that is, h: WA - Wis surjective and h,,: MVAV — My is surjective for all
possible worlds w € [WA.

4.4. Basic sentences

In this section, we recall an important property of certain simple sentences of hybrid logics, which play the role
analogous to atomic sentences of first-order logic.
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Definition 22 (Basic set of sentences [14]). A set of sentences B over a signature A = (X", X" C ) is basic if there
exists a Kripke structure (W8, M?) such that

(W, M) | B iff there exists a homomorphism /4 : (WB, MB) — (W, M)

for all Kripke structures (W, M). We say that (W2, M?) is a basic model of B. If in addition the homomorphism / is
unique then the set B is called epi-basic.

According to [14, [16], in first-order logic, any set of atomic sentences is basic. One important property of basic
sentences is the preservation of their satisfaction along homomorphisms: given a set of basic sentences B and a
homomorphism h: M — N, if M | B then N = B. In hybrid logics, this property does not hold, in general. The
following example is from [27].

Example 23. Consider the following HPL signature A = (X", Prop) such that F" = {k}, P" = {1: any any} and
Prop = {p}. Let h: (W, M) — (W’, M’) be the inclusion homomorphism defined by:

1. |W| = {k}, W, = {(k, k)}, p is true in M}, and

2. |W' = {k,w}), W = {(k,k)}, pis true in M}, p is not true in M.

Example 23] points out a significant difference between ordinary logics and hybrid (or, more generally, modal)
logics. Note that (W, M) EMPL &k, (W, M) EHPL () and (W, M) EHPL p. Since (W, M) " k, (W', M") " (A)k and
(W', M") £ p we have (W', M") EMPE k, (W', M) #HPL (A)k and (W', M”) #HPL p. Thus, homomorphisms do not
preserve satisfaction of atomic sentences. Hence, atomic sentences are not basic in HPL (the same example works for

any modal logic). Note however that local satisfaction (satisfiaction at a world) is preserved, and in hybrid logic the
retrieve operator (@) lifts local satisfaction to global. This motivates the next definition.

Definition 24 (Locally basic set of sentences [27]). A set of sentences I' over a signature A is locally (epi-)basic if
@I :={@;y| ke F"andy €T’} is (epi-)basic.

Notice that @I' is semantically equivalent to @ @I". We denote by SengDFOLR(A) the set of all extended atomic
sentences.

1. nominals k € F",

2. nominal relations (A)k, where A € P" is a binary modality and k € F",
3. hybrid equations t; = t;, where 1,1, € T5, and

4. hybrid relations 7(f), where 1 € Py, t € (T5)ar and ar € (S)".

We denote by SengDFOLR(A) the set of all sentences obtained from an extended atomic sentence by applying
retrieve (@) at most once.

Proposition 25 (Locally basic set of sentences [[26,127]). Given a signature A, every set of sentences B C SengDFOLR(A)

is locally basic. Moreover; if A is non-void, then B is locally epi-basic and its basic model (W8, M®) is reachable.

Definition 26 (Rigidification). For any signature A = (Z", X7 C %), the rigidification function at; _: Ty — Tes,
where k € F", is recursively defined by:

. ato(n) = (@ro)(atyt)  if (o: ar — s) € F¥,
KT = oater) if (0: ar — 5) € F* U @F*.
Its extension aty, _: SenHFO"R(A) - SenHFOLR(A) is recursively defined by:
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at k' = @k
k k o aty -y = -aky

at (Y(K') = @ (D)(K') e at vI:=vayl

at (1 =n) =@kt =akn) . al, @y = aty y

(@n)(atyt) ifme Pf
n(aty 1) ifre Pru@pf

at n(t) = { e alydX -y :=3dX-alky

Any sentence semantically equivalent to a sentence in the image of aty is called a rigid sentence.

The proof of the following lemma is straightforward and we leave it as an exercise for the readers.

Lemma 27. Any sentence @y is semantically equivalent to at,y. Hence, @y vy is rigid.

5. Forcing

Forcing is a method of constructing models satisfying some properties forced by some conditions. In this section,
we generalize the forcing relation for hybrid logics defined in [27] to hybrid-dynamic first-order logic with rigid
symbols. It is worth mentioning that the present developments can be cast in the framework of stratified institutions
following the ideas presented in [27].

Framework 1. The results in this paper will be developed in a fragment £ of HDFOLR that is semantically closed
under negation and retrieve. [1 We make the following notational conventions:

o We let Sen§ to denote the subfunctor of Sent which maps each signature A to the set of extended atomic

sentences of £ over the signature A. This means that Senf(A) = Sen"PFOLR(A) N SenOHDFOLR(A) for all
signatures A.

o We let Senlf to denote the subfunctor of Sent which maps each signature A to the set of basic sentences of £
over the signature A. This means that Senf(A) = SentPFOLR(A) N SengDFOLR(A) for all signatures A.

Since £ is the logic in which we develop our results, we drop the superscript £ from the notations Sen”, SenOL and
Senf if there is no danger of confusion.

Examples of fragments can be found in Section 4.2
Definition 28 (Forcing property). Given a signature A, a forcing property over A is a triple P = (P, <, f) such that:

1. (P, <) is a partially ordered set with a least element 0.

The elements of p are traditionally called conditions.
2. f: P — P(Sen,(A)) is a function,
3. if p < g then f(p) C f(g), and
4. if f(p) E @,y then @,y € f(g) for some g > p,
where p € P, g € P,k € F" and y € Seny(A).
As for ordinary first-order logics, a forcing property generates a forcing relation on the set of all sentences.

Definition 29 (Forcing relation). Let P = (P, <, f) be a forcing property over A.
The family of relations IF= {IF¥}epn, where IFKC P x Sen(A), is inductively defined as follows:

7 L is semantically closed under negation whenever for all £-sentences 7y there exists another £-sentence ¢ such that we have: (W, M) " ¢ iff
(W, M) =" vy for all Kripke structures (W, M) and all possible worlds w € |W|. When there is no danger of confusion, we denote ¢ by —vy. Similarly,
one can define the semantic closer of £ under any sentence building operator.
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1. Fory extended atomic: p IF* yif @,y € f(p).

2. For{a; s m)k”: pIFK (a1 s ax)k” if p IF¥ (a;)k and p IF*¥ (ay)k” for some k’ € F".

3. For {a; U a)k”: p IF* {a; U ax)k” if p IF* (ap)k” or p IFX (a)k”.

For (ak” : p IF* (a*Yk” if p IF* (a™")k” for some n € N.

For {ayy withy ¢ F": p IF* (ayy if p IF¥ (a)k’ and p IFX" y for some nominal kX’ € F".
For —~y: p Ik —y if there is no ¢ > p such that g IF* .

For VI: p % vIif p IF* y for some y € T.

For @ y: pIFk @ yif p IFK y.

Y x*® N A

For lz-y: pIFF Lz -y if p IFK y(z « k).

10. For AX -y: p IF* AX -y if p IF* 6(y) for some substitution 8: X — O over A.

The forcing relation defined in the present contribution consists of the forcing relation defined in [27] plus the
items 2] of Definition[29 The notation p I-¥ v is read p forces y at k.

Remark 30. Notice that Definition29] does not rely on the fact that £ is closed under disjunction or quantifiers. For
example, the last item from Definition 29 should be interpreted as follows: if 3X -y is a sentence in £ and p IF* 6(y)
for some substitution 6 : X — () over A then p IF* X -y.

In regard to the satisfaction relation, one may consider a global forcing relation: p I- y iff p IF¥ y for all nominals k.
This remark establishes a connection between the results in the present contribution and the results in [32] and [23],
where there exists only a global forcing relation.

Lemma 31. Let P = (P, <, f) be a forcing property as in Definition[28 We have:
1. pIFF ==y iff for each q > p there is r > q such that r IF* .
2. Ifg> pand p V- y then g |- y.
3. If p IF* vy then p IF* =—y.
4. We cannot have both p V¥ y and p IF* —y.
Proof. Notice that the statements[IlandBlare well-defined as £ is semantically closed under negation.

1. p IFK ==y iff for each ¢ > p we have g W¥* -y iff
for each ¢ > p there is r > ¢ such that r [ y.

2. By induction on the structure of sentences:
[ For y extended atomic ] The conclusion follows easily from f(p) C f(q).

[ For (a;sandk” 1 p IFX (a; s ax)k” iff p IF* (a;)k’ and p IFX (ap)k” for some k' € F". By the induction
hypothesis, g IF* (a;)k’ and ¢ IF¥ (a,)k”’. Hence, ¢ IF* (a; 3 ap)k”’.

[ For (@ Ua)k” 1 p IFE (@ U a)k” iff p Ik (@)K or p Ik (a)k”. By the induction hypothesis, g I (a; )K"
or g IF¥ {ax)k”’. Hence, g IF* (a; U ap)k”.

[ For {a*)k”" 1 p IFF (a*)k” iff there exists n € N such that p IF* o"(k”"). By the induction hypothesis, g IF*
(a™k’”". Hence, q IF* (a*)k”.
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[ For (ayy withy ¢ F"] p IF* (a)y iff p IF* (a)k’ and p IF*¥ y. By the induction hypothesis, g IF* (a)k’ and
g IF¥ . Hence, g IF* (a)y.

[ For @,y ] We have p IFX @, y iff p IF¥ y. By induction hypothesis, g IF¥ y. Hence, ¢ IF* @ .

[ For —y ] We have p IF* —y. This means r ¥* y for all » > p. In particular, r }* v for all r > g. Hence,
q -k —y.

[ For vI'] p IF¥ y for some y € I. By induction hypothesis, ¢ IF* y which implies g IF* VT

[ For lz-y ] Wehave p IFX | z-yiff p IF¥ y(z < k). By the induction hypothesis, g IF* y(z « k), which implies
gk lz-y.

[ For 3X -y ] Since p IF¥ 3X -y then p IF* 6(y) for some substitution §: X — @ over A. By the induction
hypothesis, g IF* 6(y). Hence, g IF* 3X - y.

3. It follows from[dand 2
4. By the reflexivity of (P, <). 0
Lemma [3T]is a generalization of [27, Lemma 4.4] from hybrid logics to hybrid dynamic logics. In the present

contribution, since the proof of the second statement is by induction, we need to consider possibility over structured
actions.

Definition 32 (Generic set [27]). Let P = (P, <, f) be a forcing property over a signature A.
A subset G C P is generic if it has the following properties:

l.reGifr<pandpe€G;
2. there exists r € G such that » > p and r > g, for all p,q € G;
3. there exists r € G such that r [F* y or r [F* —~y, for all A-sentences @ y.

We write G IF¥ y whenever p IF* y for some p € G. (]

Note that G in Definition 32]is well-defined, as £ is semantically closed under negation. The following lemma
ensures the existence of generic sets. The result is based on the assumption that signatures consist of a countable
number of symbols.

Lemma 33 (Existence of generic sets [27]). Let P = (P, <, f) be a forcing property over a signature A. If Sen(A) is
countable then every p belongs to a generic set.

For the semantic forcing property defined in the next section it is possible to construct generic sets even if the
underlying signature consists of an uncountable number of symbols. Notice that the definition of forcing relation and
the definition of generic set are based on syntactic compounds. The following definition gives the semantics/meaning
to these concepts.

Definition 34 (Generic model [27]). Let P = (P, <, f) be a forcing property over a signature A.
e (W, M) is a model for a generic set G € P when (W, M) @,y iff G Ik v, for all A-sentences @ y.

o (W, M) is a model for p € P if there is a generic set G C P such that p € G and (W, M) is a model for G.

The models (W, M) from Definition 34] are called, traditionally, generic models. The following result ensures the
existence of generic models.

Theorem 35 (Generic Model Theorem). Let P = (P, <, f) be a forcing property over A. Then each generic set G of P
has a generic Kripke structure (W, M). If in addition A is non-void, (W, M) is reachable.

14



Proof. Let G be a generic set. We define T = {@; y € Sen(A) | G IF* y} and B = T N Sen,(A). By Proposition23] B

is basic, and there exists a basic model (W2, M?) for B that is reachable
for all A-sentences @ y.

[ For y extended atomic ] Assume that (W2, MB) | @, y.

1 B and {@,, y} are basic
2 there exists an arrow (W7, M@ — (WB MP5)
3 BEG@uy
4 there exists By C B finite such that By F @,y
5 By ={@, v1,..., @,y,} for some y; € Seny(A) and some k; € F"
6 foralli € {1,...,n}, there exists p; € G such that p; IF% y;
7 there exists p € G such that p > p; foralli e {1,...,n}
8 By f(p
9 q F* y or q IF* —y for some g € G
10 suppose towards a contradiction that g [F* =y
10.1 r>pandr>qforsomereG
102 rlFk -y
103 By C f(n)
10.4  there exists s > r such that @,y € f(s)
10.5 slEEy
10.6 s IHE =y
10.7 contradiction
11 q -y
12 Gy

. We show that (WZ, MP) £ @,y iff G IF* y,

by Proposition 23]

since {@y y} is basic and (W5, MB) £ @y
since both B and {@, y} are basic

since HDFOLR;, is compact

by the definition of B

by the definition of B

since G is generic

since By C Seny(A)

since G is generic

since G is generic

by Lemma[BI] @), since r > g and ¢ IF* —y
since By C f(p)and r > p

since By E @y, we have f(r) E @y

by Definition

by Lemma[31] @)

by Lemma[31] @)

by[Qland 10

since g € G

IfG IHF v then by the definition of B, we have @,y € B, which implies B @, y; hence, (WB, M®) E @, Y.

[ For {a; 3 a)k” 1 Assume that (WB, M®) £ @; (a; 3 ax)k”.

1 (WE, Wi e ngsaz) by definition

2 (W5, w) e Wfl and (w, W,ff,) € Wf; for some w € |W5| since aj § ay is the composition of the relations a; and a

3 w = WE for some nominal k' € F" since (W3, MB) is reachable

4 (W, Wg) e Wfl and (WE, W) e sz by[2land 3

5 G IF* (a))k" and G I (az)k” by the induction hypothesis

6  plFf(a;)k for some p € G and by Definition 32]
q IF¥ (ay)k” for some qgeG

7 rzpandr>qforsomereG since G is generic

8  rlFF(a)k and r IF¥ (ax)k” by Lemma[3T1@) applied toBland[]
rIE* Cay 5 ap)k” by Definition Z9]

10 G IF¥ (ay 5 ap)k” by Definition[32]

Assume that G IF* (a; 3 ap)k”’.

1 plIFa; sap)k” for some p € G

2 plIF(ak and p IF¥ (a)k” for some k' € F" by Definition 29]

3 (W8, MP) £ @ (ap)k’ and (WP, M®) £ @y (ap)k” by the induction hypothesis
4 (WB, MP) E @ (a; 5 ax)k” by the semantics of a; § ap

[ For {a; U az)k” ] The following are equivalent:
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1 G IFF (a; U ap)k”

2 p IF* {a; U a;)k” for some p € G by Definition 29]

3 plEECapk” or pIFF (ap)k” by Definition 29}

4 GIFa)k” or G IF* (ap)k” by Definition 29]

5 (WB, MB) £ @ (a))k” or (WB, MB) E @ {(a,)k” by the induction hypothesis
6 (WB, MB) £ @ {a; U ap)k” by the semantics of a; U az

[ For (a*)k” ] The following are equivalent:
(WP, MP) E @ (a")k”

1

2 (WB, M?) £ @ (a®)k” for some n € N by the semantics of a*

3 G IF* (a"yk” for some n € N by the induction hypothesis
4 G IF* (a")k” by Definition 29]

[ For {ayy withy ¢ F" ] The following are equivalent:
1 (W5, MP) £ @ {a)y
2 (WB, MB) "1 y for some w; € |WB| such that (W5, w,) € WB by the definition of =

3 (WB, M) E @ (a)k; and (WE, MP) E @, y by Proposition 2] since (WZ, M®) is reachable
for some k; € F" such that W,fl =w

4 GIF*(a)k; and G IF* y for some k; € F" by the induction hypothesis

5 G IF¥ (a)yy since G is generic

[ For =y ] The following are equivalent:
1 (WL MY E @~y

2 (WB, M®) - @, 0% by the semantics of negation
3 G Kk y by the induction hypothesis
4  phHryforallpeG by the definition of IF

5 p IF¥ —y for some p € G since G is generic

6 G ”—k -y

[ For vI'' ] The following are equivalent:
W2, M*)E @, vT

1

2 (WB MB)E @,y forsomey €T by the semantics of disjunction
3 G IF* y forsome y € T by the induction hypothesis

4  GIFkvr by the definition of I-

[FordX-y] Letw = W,f . The following are equivalent:
1 (WEMPE @ AX-y
2 (W, M") & y for some expansion (W', M") of (W8, M®) to A[X] by the definition of
3 (WB, MB) =" 6(y) for some substitution §: X — @ over A such that  since (W5, M?) is reachable
(WE,MP) 4= (W', M)
4 G IF* 8(y) for some substitution 8: X — 0 over A by the induction hypothesis
5 GIFF3AX-y by the definition of I-

[ For |z-y ] This case is straightforward since @ |z -y is semantically equivalent to @ y(z < k).
[ For @4 vy ] This case is straightforward since @; @, y is semantically equivalent to @;. . O

Theorem[33]is a generalization of Generic Model Theorem for hybrid logics from [27]. The new cases from the
present contribution correspond to structured actions, which include second, third and fourth cases.
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6. Semantic forcing property

We study a semantic forcing property, which will be used to prove the Omitting Types Theorem for a fragment £
of HDFOLR semantically closed under negation and retrieve.

Framework 2. In this section, we arbitrarily fix
1. asignature A = (X", XF C X) of £,
2. aclass K of Kripke structures over the signature A, and

3. a sorted set C = {C,}sese of new rigid constants for A such that card(C;) = a for all sorts s € S€, where
S¢ =87 U {any} is the extended set of rigid sorts and any is the sort of nominals.

We let @ denote the power of A.
If the set of sorts in X is empty then C consists only of nominals.

Definition 36. The semantic forcing property P = (P, <, f) over the signature A[C] relative to the class of Kripke
structures K is defined as follows:

1. P={p c Sen(A[C)) | card(p) < @ and (W, M) [ p for some (W, M) € [Mod(A[C])| s.t. (W, M) [ € K},
2. < is the inclusion relation, and
3. f(p) = pn Sen,(A[C)) forall p € P.

Lemma 37. P = (P, <, f) described in Definition[36is a forcing property.

Proof. All conditions enumerated in Definition 28 obviously hold except the last one. Assume that f(p) E @7y,
where p € P and @,y € Sen,(A). Since f(p) C p, we have p E @;y. By Definition 36, (W, M) E p for some
(W, M) € |Mod(A[C])| such that (W, M) [ o € K. Since (W,M) = pand p E @y, (W,M) E p U {@;vy}. Hence,
q=pU{@,ylePandp<g O

Proposition 38. P = (P, <, f) described in Definition[38 has the following properties:
Pl) If pe Pand @i (a; sa2)k” € p then p U {@y (a))k’, @} {ap)k”} € P for some nominal k' € Capy.
P2) If p e Pand @ {ayy € p withry ¢ F" U Cany then p U{@; (a)k’, @ y} € P for some nominal k' € Capy.
P3) Ifpe Pand @, VI € p then p U {@;y} € P for somey €T.

P4) If p € Pand @ 3X -y € p then there exists an injective mapping f: X — C such that pU{@y x(y)} € P, where
X: AIC, X] — A[C] is the unique extension of f to a signature morphism which preserves A[C].

Proof. Let p € P be a condition. By the definition of P, we have that p € Sen(A[C’]) for some C’ C C with
card(Cy) < aforall s € €.

P1) Assume that @ (a; 3 a2)k” € p. Since card(Cany) = @ and card(C%,,) < a, there exists k¥’ € Cany \ Copy. We

any any*
show that p U {@; {(a))k', @ (ax)k”’} € P:
1 (W, M) E p for some model (W, M) over A[C] with (W, M) [, € K by the definition of P
2 W, M) =W,M)[arci1 E P by the satisfaction condition
3 (Wi, w) € Wy, and (w, W;,,) € W, for some w € [W'| since (W, M’) | @ {aj 3 a)k”
4 W', M) E @ (ap)k’ and (W', M') E @ (ax)k”, where (W, M’) is the

unique expansion of (W’, M’) to A[C’, k'] interpreting k" as w
5 (V,N) E pU{@;(a))k’, @ (ay)k”}, where (V,N) is any expansion of by the satisfaction condition, since
(W, M") to A[C] W”, M) £ pU{@{a)k', @ {a)k”'}

6 » U {@k <('ll>k,, @k’ <a2>k”} cP since (V,N) E PU{@k <ﬂl>k” @p <02>k'/}
17 and (V,N)[o = (W', M")[ 5 € K
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Assume that @ {a)y € p with y ¢ F" U Cany. Since card(Cany) = a and card(Cjy,
k" € Cany \ C;my. We show that p U {@; (a)k’, @ y} € P:
(W, M) E p for some model (W, M) over A[C] with (W, M) [, € K
W', M") = (W, M) ach E P
(W,,w) e W, and (W', M’") " y for some w € |W’|
W', M) E @;{(a)k’ and (W', M) = @y, where (W', M) is the
unique expansion of (W', M") to A[C, k'] interpreting k" as w
(V,N) E pU{@;(a)k’, @y y}, where (V,N) is any expansion of
(W”,M") to A[C]
pU{@, (), @y} e P

) < a, there exists

by the definition of P
by the satisfaction condition
since (W, M) E @ (a)y

by semantics

by the satisfaction condition, since
W”,M") E p U@ (a)k, @ v}

since (V,N)[a=(W M )[peK

Assume that @, Vv T' € p. There exists a Kripke structure (W, M) over A[C] such that (W, M) = p and (W, M) |
A € K. Since (W,M) £ @; VT, we have (W,M) E @y for some y € I'. Since (W,M) E p, (W,M) E @,y
and (W, M) [ A € K, we obtain p U {@; y} € P.

Assume that @, 3X -y € p. Since card(C?) < « and card(C;) = « for all sorts s € S¢, by the finiteness of X,
there exists an injective mapping f: X — C\C’. Let C” := C' U f(X). Let y’: A[C’, X] — A[C”] be the unique
extension of f to a signature morphism which preserves A[C’]. Let y: A[C, X] — A[C] be the unique extension
of f to a signature morphism which preserves A[C]. Let ¢: A[C”] — A[C] and ¢': A[C’, X] — A[C, X] be
inclusions. Since y and y’ agree on X and they preserve the rest of the symbols, we have y’ st = ¢’ § x.

AlC,X]————— — — > A[C, X]
c - 7 | C |
e X / P%
- A Y
A[C,] ? A[C"] f A[C] 1aiey A[C]

We show that p U {@; x(y)} € P:
(W, M) E p for some Kripke structure (W, M) over the
signature A[C] such that (W, M) [, € K
W', M) = (W, M) ach E P
(V',N") E" v for some expansion (V’,N") of (W', M’) to
the signature A[C’, X], where w = W, = V|

by the definition of P

by the satisfaction condition
since @y AX -y € pand (W', M’) E p

let (V”, N”) be the unique y’-expansion of (V’, N")
let (V, N) be any expansion of (V”,N") to A[C]
VN Ty le =(V.N) I Iy = (V' N") [ = (V',N')
VNI, E"y

V,N) E" x(y)
(V.N) E @ x(y)
V.N)EDPp

(VN)[a €K

pU{@x(y)leP

(V”,N") exists, as x’ is a bijection

from@land 3l since ¢’ sy = x’ 5¢

by the local satisfaction condition,
since (V,N) [ [v =(V,N)E" y

by the local satisfaction condition

sincew =V, =V [yl )=V

by the satisfaction condition,

since (V,N)[arcry = W, M) E p

since (V,N) [ajcry = W/, M’y and (W', M") [ € K
from QHTTI

O

Proposition[3§] sets the basis for the following important result concerning semantic forcing properties, which says
that all sentences of a given condition are forced eventually by some condition greater or equal than the initial one.
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Theorem 39 (Semantic Forcing Theorem). Let P = (P, <, f) be the semantic forcing property described in Defini-
tion[36l For all A[C]-sentences @y and conditions p € P we have:

q IFX y for some q > p iff pU (@, y} € P.

Proof. We proceed by induction on the structure of vy.

[ For y extended atomic 1 Assume that there is ¢ > p such that g IF* y. We show that p U {@; y} € P:
1 @,yeq by Definition 29]
2 puU{@,vy}<gq since g > p

3 (W, M) [= g for some Kripke structure (W, M) over  since g € P
the signature A[C] such that (W, M) [, € K

4 pu{@,yleP since (W, M) E pU {@y}and (W,M) |5 € K
Assume that p U {@; y} € P. Let ¢ = p U {@; y}. By Definition 29 g IF* .

[ For {a; U az)k”” ] The following are equivalent:

1 q IF¥ {a; U ay)k” for some g > p

2 g lIFF (k" or g IFF ap)k” by Definition

3 pU{@;(a)k”"} e Por pu{@;(ay)k”} € P by the induction hypothesis
4

(W, M) E pU{@;{a;)k"} or (W,M) £ pU {@(a,)k"’} for some by Definition[36]
Kripke structure (W, M) over A[C] such that (W, M) [, € K

5 (W, M) E pU{@;(a; U ay)k”} for some Kripke structure (W, M) by the semantics of a; U ap
over A[C] such that (W, M) [, € K

6 pU{@; {0y Ua)k”’} e P since (W, M) £ pU{@;{a; Uax)k”} and (W,M) 5 € K

[ For {a; 3 a)k” 1 Assume that g IF* (a; 3 a)k” for some g > p. We show that p U {(a; 3 ap)k”’} € P:

1 q IF* (a; )k’ and q I (a)k” for some k' € F" U Cany by Definition[29]

2 quU{@;(a)k'} € P by the induction hypothesis, since g < ¢

3 qU{@ (a)k'} IFK (ap)k” by LemmaBI] @), since ¢ IF* (a2)k” and g < q U {@; (a;)k’}
4 U@ apk’} U{@p (a)k”} € P by the induction hypothesis, since p U {{a;)k’} < q U {{a;)k’}
5 pU{@i{asa)k’teP by the definition of P

Assume that p U {@; (a; 3 a)k”} € P. We show that g IF* (a; 3 ay)k” for some g > p:

pU{@(a; s a)k”, @, (aj)k’, @ (a)k”"} € P for some k € Cany by Proposition B8] (PT)
let r:= pU{@as s ax)k”, @ {a)k’, @ (az)k”}
3 s IF* ¢ap)k’ for some s > r by the induction hypothesis,
since r U{@(a))k’} =re P
4 q I {ap)k” for some g > s by the induction hypothesis,
since s U{@p (a)k"’} =se€ P
5 q IF* (ap)k’ by Lemma[3T] @), since s IF* (a;)k’ and ¢ > s
6 qlF {arsak” from@land[3]

[ For (a*)k” ] The following are equivalent:

1 q IF* {a*)k” for some g > p

2 q IF* (a™yk” for some ¢ > p and n € N by Definition 29

3 pU{@;(a"k"} € P for some n € N by the induction hypothesis

4 pU{@;{a*)k"} e P by the semantics of a* and the definition of P
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[ For {ayy withry ¢ F" U Cany ] Assume that g IF¥ (a)y for some g > p. We show that p U {@; (a)y} € P:

1 g IF* {a)k’ and ¢ IF¥ y for some nominal ¥’ from ¢ IF* (a)y, by Definition 23]

2 quU{@pyleP from ¢ < g and ¢ IF¥ y, by the induction hypothesis
3 @;{(a)k € q from ¢ IF¥ (a)k’, by Definition 29]

4 (W, M) E q U {@;{a)k’, @} y} for some Kripke structure since ¢ U {@y y} € P and @ (a)k’ € ¢

(W, M) over A[C] such that (W, M) [, € K

5 (W,M) E q U {@;a)y} for some Kripke structure (W, M) since {@; (YK, @y v} E @ {a)y
over A[C] such that (W, M) [, € K

qU{@;{a)yt € P by Definition[36]
puUi{@ila)yy}eP since p C ¢

~N

Assume that p U {@; (a)y} € P. We show that g = (ayy for some g > p:
(pu{@; (a)yyHu{ @ (a)k’, @ v} € P for some nominal &’ € F"UCapy by Proposition 8] (P2))

1

2 q [ v for some g > p U {@; (a)y, @, (a)k’} by the induction hypothesis
3 q - (a)k’ since @ (a)k’ € f(q)

4 q I (a)y by[Bland 2

[ For =y ] By the induction hypothesis, for each ¢ € P we have

(S1) rIFK y for some r > ¢ iff g U {@, v} € P, which is equivalent to
(S2) r Wk y forall r > q iff qU {@; y} ¢ P, which is equivalent to
(S3) gIFk —yiff U {@ v} ¢ P.

Assume that g IF* —y for some ¢ > p. We show that p U {@; -y} € P:

1 quU{@,y} ¢ P by statement[S3]
2 (W, M) E q for some Kripke structure (W, M) over A[C] such that by Definition[38] since g € P
W, M)[peK
3 W, M) i @,y since qU {@ry} ¢ P
4 W,M) E @~y by the semantics of =
5 quU{@,~y}leP since (W, M) £ q U {@; =y} and (W, M) [ € K
6 puU{@-yleP since p U {@; —y) € q U {@; )

Assume that p U {@; —y} € P. We show that g IF* —y for some g > p:
L letg=puU{@,—y}

2 qu{@ vy} ¢ P since @ -y € ¢

3 q IFF -y by statement[S3]

[ For vI'] Assume that there exists ¢ > p such that g IF* VI". We show that p U {@; VI} e P:

q |F* y for some y e T by Definition 29]
2 pU{@,yleP by the induction hypothesis

3 (W,M) = p U {@;v} for some Kripke structure by Definition 36]
(W, M) over A[C] such that (W, M) [, € K

4 (W, M) E pu{@,; Vv T} for some Kripke structure by the semantics of V
(W, M) over A[C] such that (W, M) [, € K

5 pu{@, vIteP by Definition 36]

Assume that p U {@; V T’} € P. We show that g IF* VI for some g > p:
1 (pu{@, vIHUu{@,y} e Pforsomey el by Proposition [38] (P3)
2 q IF* y for some g > p U {@; VT} by the induction hypothesis
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3 g IF* VI for some g > p by Definition 29]

[ For 3X -y ] Assume that ¢ IF* 3X -y for some g > p. We show that p U {@; IX -y} € P:

1 q IF* 8(y) for some substitution 8 : X — 0 by Definition 9]
2 pU{@,0(y)eP by the induction hypothesis

3 (W, M) E pU{@,6(y)} for some Kripke structure (W, M) over A[C] such by Definition 36
that (W, M) [, € K

4 W,M)E pu{@;3X-y}and (W,M) [, e K by semantics
pu{@,IX.-y}eP by Definition[36]

9}

We assume that p U {@; X -y} € P. We show that g IF* 3X -y for some g > p:

1 (pul@ IX-yHU{@ x(y)} e P by Proposition 38| (P4)

for some signature morphism y: A[C, X] — A[C] which preserves A[C]
2 gl x(y) for some g > p U {@,3X -y} by the induction hypothesis
3 gl AX-y for some g > p by Definition 2]

[ For |z-y ] This case is straightforward, as @, |z -y is semantically equivalent to @ y(z « k).

[ For @y vy ] This case is straightforward, as @; @, vy is semantically equivalent to @ vy. O

The following result is a corollary of Theorem It shows that each generic set of a given semantic forcing
property has a reachable model that satisfies all its conditions.

Corollary 40. Let P = (P, <, f) be the semantic forcing property described in Definition[36]
Then for each generic set G we have:

C1) G |-y for all conditions p € G, sentencesy € p and nominals k € F" U Capy.
C2) There exists a generic structure (WC, M©) for G which is reachable and satisfies each condition p € G.

Proof.

Cl1) Suppose towards a contradiction that G ¥* y for some p € G, y € p and nominal k € F" U Capy. Then:

1 q V¥ —~y for some g € G since G is generic

2 r>pandr>qforsomereG since G is generic

3 ver sincey € pand r > p

4 ru{@,yjeP since r £ @y

5 s IFk y for some s > r by Theorem 39

6 sIFE =y by LemmaBIl @) since s > ¢ and g IF* —y
7 contradiction by LemmaBI]@) since s IF y and s IF* —y

It follows that G IF* y for all p € G, y € p and nominals k.

C2) By Theorem there exists a generic model (WY, M©) for G which is reachable. Let p € G, y € p and
w € |WOY|. Since (W®, M) is reachable, w is the denotation of some nominal k € F" U Cany. By the first part
of the proof, G IF* y. Since (W¢, M©) is a model for G, (W°, M®) E @, y. Hence, (W®, M®) E¥ v. As w was
arbitrary, we have (WS, M%) £ y. 0

7. Omitting Types Theorem

Let A = (Z", X" C X") be a countable signature. Let C = {C,}cs- be a finite set of new constants of extended rigid
sorts. We say that a Kripke structure (W, M) over A realizes a set I" of sentences over A[C] iff there exists an expansion
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(V,N) of (W, M) to A[C] such that (V,N) = I'. We say that (W, M) omits I if (W, M) does not realize . We say that
a satisfiable set T of sentences over A locally realizes I' if there exists a finite set p of sentences over A[C] such that
T U p is satisfiable, and T U p [= T. In the following we generalize these definitions to signatures of any power.

Definition 41 (Omitting Types semantically). Assume a signature A = (X", X" C ¥"), and let « be the power of A.
Let X = {X;}sese be a sorted set of variables for A such that card(X;) < w for all sorts s € S €.

e A Kripke structure (W, M) over A realizes a type I' C Sen(A[X]) if there exists an expansion (V, N) of (W, M) to
A[X] such that (V,N) ET.

e A Kripke structure (W, M) over A omits a set I of A[X]-sentences if (W, M) does not realize I'.
Classically, I' from Definition Elis called a type with free variables X.

Definition 42 (Omitting Types syntactically). Let A be a signature, and let o be the power of A. Let X = {X}ese
be a sorted set of variables for A such that X; is finite for all sorts s € S€. A theory T C Sen(A) a-realizes a type
I' C Sen(A[X])) if there exist

e asorted set C = {C,}sese of new constants for A with card(Cy) < a forall s € S©,
e a substitution § : X — C, and
e a set of sentences p over A[C] with card(p) < «,
such that 7 U p is satisfiable and T U p |= 8(I'). We say that T a-omits I" if T does not a-realize .

Notice that the power of any signature is at least w. If @ = w, we say that T locally omits I instead of T @-omits I'.
Definitiond2]is similar to the definition of locally omitting types for first-order logic without equality from [37]. Our
results are applicable to fragments £ without equality. We give a couple of equivalent descriptions of the omitting
types property which can be found in the literature.

Lemma 43.

L1) Assume that L is semantically closed under equality. B Then T a-realizes T as described in Definition U2l iff
there exist (a) a sorted set C = {Cy}ese of new constants for A[X] with card(Cs) < a forall s € S¢, and (b) a
set of sentences p over A[C, X] with card(p) < a, such that T U p is satisfiable and T U p = T.

L2) Assume that L is semantically closed under equality, conjunction and quantifiers. Then T locally realizes T iff
there exists a finite set of A[X]-sentences p such that T U p is satisfiable and T U p = T.

L3) Assume that L is compact and semantically closed under equality, conjunction and quantifiers. Then T «-
realizes I iff there exists a set of A[X]-sentences p with card(p) < a such that T U p is satisfiable and TU p = T.

Proof. The backward implication is straightforward for all cases. Therefore, we will focus on the forward implication.

A[C, X] - p?
R F D L > A[C] e p
\A/ _________________________ -

Let 6: X — C be a substitution with card(C,) < «a for all s € §¢, and let p be a set of sentences over A[C] with
card(p) < a such that T Up is satisfiable and T Up = 6(I'). Without loss of generality, we assume that XNC = (). Since
in all three cases £ is semantically closed under equality, there exists a set of sentences p? over A[C, X] semantically
equivalent with {x = 0(x) | x € X}E‘]. Since T U p is satisfiable, T U p U p? is satisfiable too. Now we consider three

8 £ is semantically closed under equality whenever (a) for any nominal k there exists an £-sentence ¢ such that (W, M) E" ¢ iff w = W; for all
Kripke structures (W, M) and all possible worlds w € |W|, and (b) for any open terms #1, 1, € Ty there exists an L-sentence ¢ such that (W, M) E" ¢
iff My,;, = M,,;, for all Kripke structures (W, M) and all possible worlds w € |[W|.

9Here = is a shorthand from the metalanguage. In particular, for nominals x = 6(x) means that @, 6(x) for all x € Xany.
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cases.

L1) As p U p?is a set of sentences over A[C, X]), we show that T U p U p? | T:

1 let (W, M) € IMod(A[C, X])| such that (W, M) = T U p U p’

2 (W, M) T arer To = (W, M) [ apxy since (W, M) k= p?

3 W, M) s ETUP by the satisfaction condition, since (W, M) = T U p
4 (W, M) s E 6T since T U p | 6(T") and (W, M) [aic) ET U p

5 W, M) T ax) = W, M) T e ET by the satisfaction condition for substitutions

6 (W,M) =T by the satisfaction condition

7 TUpUpP'ET since (W, M) was arbitrarily chosen

L2) If @ = w, we show T U {¢} = T for a single sentence ¢ over A[X]:

1 the sets C, p and p? are finite since their cardinals are strictly less than w

2 there exists a A[X]-sentence ¢ semantically equivalent with  since £ is semantically closed under conjunction and
AC-Vz-@. A(pU pﬁ) quantifiers

3 T U {¢} is satisfiable over A[X] since T U p U p? is satisfiable over A[C, X]
TU{p}lET since TUpUp’ T

L3) If £ is compact, we show that T U p’ = T for a set p” of sentences over A[X] with card(p’) < a:
1 for each y € I there exists p* C p U p? finite such that T U p” E y by compactness, since TU pU p? | y forally e T
2 let C7 be all constants from C which occur in p” forall y e I’

3 there exists a set p” of A[X]-sentences semantically equivalent with  since £ is semantically closed under conjunction,
(ACY -Vz- @, Ap? |y €T} retrieve and quantifiers

4 T U p’ is satisfiable over A[C] since T U p U p? is satisfiable over A[C, X]

5 Tup ET sinceTUpY Eyforallyel

6 card(®P,(puUp’)) <a since card(p) < @ and card(p?) < a

7 card({p” |yeT)h < a since {p¥ |y €T} C Po(p U p)

8 card(p’) < a by its definition, p’ is in one-to-one

correspondence with {p” | y € T’}

The following result is needed for proving the Omitting Types Theorem.

Lemma 44. Assume that T a-omits T as described in Definitiond2] Then for any substitution 8 : X — C over A such
that card(Cy) < a for all s € S¢, and any set of A[C]-sentences p such that card(p) < a and T U p is satisfiable, there
exists y € I' such that T U p U {@, —6(y)} is satisfiable, where 7 is a nominal variable for A[C].

Proof. Let C = {Cy}sese be a set of new constants for A with card(C;) < a forall s € S€. Let6 : X — Cbe a
substitution over A. Let p be a set of A[C]-sentences such that card(p) < @ and T U p satisfiable. Since T a-omits T,
we have T U p £ 6(I'). There exists a Kripke structure (W, M) over A[C] such that (W, M) = T U p and (W, M) [~ 6(T').
It follows that (W, M) E" —6(y) for some possible world w € |W| and some sentence y € I'. Let z be a new nominal for
A[C], and let (W*™", M) be the unique expansion of (W, M) to A[z, C] which interprets z as w. Since (W, M) E" —6(y),
we get (W™, M) = @, -6(y). Hence, T U p U {@, —6(y)} is satisfiable. O

Definition 45 (Omitting Types Property). We say that £ has a-Omitting Types Property (o-OTP), where « is an
infinite cardinal, whenever

o for all signatures A of power at most a,
e all satisfiable theories T € Sen(A), and
e all families of types {I'" C Sen(A[X']) | i < «,

where X’ = {X{}cge is a set of variables for A with card(X’) < w for all s € S¢,

23



such that T a-omits T for all i < «, there exists a Kripke structure over A which satisfies T and omits I forall i < a.
If for all signatures A € |Sig”| and all cardinals a equal or greater than the power of A, £ has a-OTP then £ has OTP.

All the ingredients for proving Omitting Types Theorem are in place.

Theorem 46 (Extended Omitting Types Theorem). Let a be an infinite cardinal. Assume that L is semantically closed
under retrieve and negation, and if @ > w assume that L is compact. Then L has a-OTP.

Proof. Assume that T a-omits I as described in Definition 2] Let C = {C,}cs< be a sorted set of new constants for
A such that card(C;) = a forall s € S©. Let P = (P, <, f) be the semantic forcing property described in Definition 36]
with K = [Mod(A, T)|. The proof is performed in four steps.

S1)

1
2
3
4

AN W

S2)

A WP~

A[Xi]( A[C, X'

/ v / v
A A[C’]C A[C] ] A[C]

A[C]

We show that for any condition p € P, any index i < a, and any substitution 8 : X © — @ over A[C], there exist a
sentence y € I'" and a nominal ¢ € C such that p U {@_. -0(y)} € P:

let C? be the set of all constants from C which occur in p

there exists ¢ € Cany \ (0(Xiy,) U Chyy) since card(6(Xty,)) < w, card(Chy,) < e and card(Cany) = @
let C’ == 6(X") U C? U {c}

let @ : X' — C’ be the substitution over A defined by

0(x) = 0'(x) forall x € X'

T U pU{@,—0(y)} is satisfiable for some y € I' by Lemma4] since T e-omits I

pul@.—6(y)}e P since @, =0(y) = @, —¢ (y), we have
(W,M) =T U pU{@,—0(y)} for some (W, M) € [Mod(A[C])|

The cardinality of the set S’ of all substitutions 6 : X' — 0 over A[C] is equal or less than a. It follows that the
cardinality of S := (J;., S' is equal or less than . Let {#/ : X' — 0 € S| j < @} be an enumeration of S. Let
{@, ¢) € Sen(A[C]) | j < a} be an enumeration of the A[C]-sentences with retrieve as the top operator. We
define an increasing chain of conditions pyp < p; < ... by induction on ordinals:

[j=01 po:=0.

[j=j+1]1Ifp;IF5 —p; thenlet g := p;else let ¢ > p; be a condition such that ¢ IF* ;. By the first part of
the proof, there exist y € I/ and ¢ € C such that g U {@, —~6/(y)} € P. Let pj11 = qU{@, —~0/(y)}.

[ B < @ limit ordinal 1 pg = J 5 p;- Since card(p;) < a for all j < 8 and < @, we have card(pg) < a. Since
pj € Pforall j < g, the set T U p; is satisfiable for all j < 5. By compactnes@, (Ujg py) UT is satisfiable
too. Hence, pg € P.

Theset G = {g € P| g < pj+1 for some j < a} is generic. Let k € F" U Cany and ¢ € T. Suppose towards a
contradiction that ¢ IF* —y for some ¢ € G then:

quU{@ Yy} eP since € T and q U T is satisfiable
r IFK g for some r > ¢ by Theorem[39]

rIFE =y since ¢ IF* —y and r > ¢
contradiction by Lemma[31] @) fromRland 3]

Since G is generic, g IF* y for some g € G.

101f there exists a limit ordinal B < a then « is not countable, so we assume L is compact.
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S3) By Theorem[33] there exists a generic Kripke structure (W, M) for G that is reachable. Let (V, N) := (W, M) [ a.
We show that (V,N) E T:

1 letwe|Wlandy €T

2 Wi = w for some k € F" U Cany since (W, M) is reachable

3 GIFy by the second part of the proof

4 W,M) E @y since (W, M) is generic for G

5 W, M) E" ¢ by the semantics of @, since Wy = w

6 W,M)ET since w € |W| and ¢ € T were arbitrarily chosen

7 (VVN)ET by the satisfaction condition, since (W, M) [ 5 = (V,N)

S4) We show that (V, N) omits I' forall i < e
1 let (V/, N) be an arbitrary expansion of (V, N) to A[X']

2 there exists an expansion (W', M’) of (W, M) to A[C, X'] such that by interpreting X’ as (V’, N’) interprets X'
W, M) [A[X‘] =(V',N)

3 there exists 6/ : X' — 0 € S such that (W, M) [, = (W', M") since (W, M) is reachable
there exist ¢ € C and y € I'" such that @, —6/(y) € pj. by the construction of the chain py < p; < ...
5 W, M) E pjn by Corollary @0 since pj,; € G and (W, M) is
generic for G
6 (W, M) £ =0/(y), where w = W, since @, —6/(y) € pjsi
W, M) E" =y by the local satisfaction condition for 6/
8 (V',N") EY =y by the local satisfaction condition, since
(W', M) ] ppxip = (V. N')
9 (V,N) T since y € I'
10 (V,N) omits I'! since (V’/, N’) is an arbitrary expansion of (V, N)
We conclude that (V, N) is a Kripke structure over A which satisfies 7 and omits I forall i < a. O

Any fragment £ of HDFOLR free of the Kleene operator is compact. If, in addition, £ is semantically closed
under negation and retrieve, £ is an instance of Theorem[d@l In particular, any fragment presented in Examples[13—
[I8| can be an instance of £ from Theorem46 Omitting Types Theorem is obtained from Theorem 6] by restricting
the signatures A to countable ones. By Lemma43] (L2)), Omitting Types Theorem is a corollary of Extended Omitting
Types Theorem.

Notice that the forcing technique developed in the present contribution is not applicable to HFOLS as this logic
lacks support for the substitutions described in Section .1l However, by Lemma [T9 OTP can be borrowed from
HFOLR to HFOLS.

Theorem 47. HFOLS has a-OTP for all infinite cardinals «.
Proof. Recall that for all HFOLS signatures A, we have:
o Sen"fOS(A)  SenFOR(A), and

HFOLR

e by Lemma[I9] for every sentence y € Sen (A) there exists a sentence ¥ € Sen™OS(A) which is satisfied

by the same class of Kripke structures as y.

Assume that 7 a-omits I as described in Definition @2l By the remarks above, T a-omits IV in HFOLR for all i < a.
By Theorem46] there exists a Kripke structure (W, M) over A, which satisfies 7 and omits I" for all i < a. O

It is worth noting that in general the Omitting Types Property cannot be borrowed from a given logic to its
restrictions. If 7 omits I' in a restriction then 7 might not omit I’ in the full underlying logic. This is the reason for
developing Theorem[d8lin an arbitrary fragment £ of HDFOLR.

25



8. Constructor-based completeness

Constructor-based completeness is a modern approach to the well-known w-completeness, which has applica-
tions in formal methods. We make the result independent of the arithmetic signature by working over an arbitrary
vocabulary where we distinguish a set of constructors which determines a class of Kripke structures reachable by
constructors. Throughout this section we assume that the fragment £ is semantically closed under equality, negation,
retrieve, disjunction and quantifiers. An example of such fragment £ is HDFOLR or HDPL.

8.1. Semantic restrictions

Given a theory T over a vocabulary A, not all Kripke structures are of interest. In many cases, formal methods
practitioners are interested in the properties of a class Kripke structures that are reachable by a set of constructor
operators. Let A = (£", X C X) be a signature and ¢ C XT a subset of constructor operators. The constructors create
a partition of the set of rigid sorts S*. A constrained sort is a rigid sort s € S* that has a constructor, that is, there
exists a constructor o: w — s in X°. A rigid sort that is not constrained it is called loose. We denote by S © the set of
all constrained sorts, and by S? the set of all loose sorts. Let ¥ = {Y,},cs1 be a set of loose variables such that Y is
countably infinite for all s € S'. A constructor-based Kripke structure is a Kripke structure (W, M) such that

e for all possible worlds w € |W| there exists a nominal £ € F" such that w = W, and

o for all rigid sorts s € S¥, all possible worlds w € W], and all elements m € M,, ; there exist an expansion (W, N)
of (W, M) to A[Y], and a rigid term ¢ € T@sc(Y) such that m = N,,,;.

Example 48. Let A be the signature defined as follows:
e X" = (F", P") such that F" consists of all natural numbers, and P" has one element A.
e X =(S,F,P),S ={Elt, List}, F = {empty :— List,cons : Elt List — List,delete : List — List} and P = (.
e ST =S8 and F* = {empty :— List,cons : Elt List — List}.
o The set of constructors F© is F*.

This means that List is constrained while Elf is loose.
We define a theory T over A, which deletes n elements from a list in each possible world n:

e (@, (n+1|n=>20U{-@,m|n+mj,
o {VN . (@y delete)(empty) = empty,VL- (@ delete)(L) = L}, and
o (VE, L-(@,, delete)cons(E,L) = (@, delete)(L) | n > 0}.

A constructor-based Kripke structure which satisfies T has the set of possible worlds isomorphic with w. Let (W, M)
be the constructor-based Kripke structure such that (a) |W| = w and W, is <, the natural order on w, and (b) for all
possible worlds n € w, the first-order-structure M,, interprets Elf as an arbitrary set, and List as the set of lists with
elements from M, g;;, while the function M, geiere: My Liss = M, 1ise deletes the first n elements from the list given as
argument. Obviously, (W, M) satisfies T

By enhancing the syntax with a subset of rigid constructor operators and by restricting the semantics to constructor-
based Kripke structures, we obtain a new logic £ from L. Note that restricting the semantics also changes the relation
k=, applied to theories: T = ¢ now means that all restricted models of T are models of ¢, so there may be non-restricted
models of T which are not models of ¢.

8.2. Entailment systems
Given a system of proof rules for £ which is sound and complete, the goal is to add some new proof rules such
that the resulting proof system is sound and complete for £°.

Definition 49 (Entailment relation). An entailment relation for L is a family of binary relations between sets of
sentences indexed by signatures += {ra}zcgigz) With the following properties:
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The entailment relation is sound (complete) if +Cl= (ECF). Examples of sound and complete entailment relations

®, C O,

Monotonici !
( ty) q)z F q)l

O, + (725} for all [0S [0

Union
( ) q)l F @2

for HFOLR and HPL can be found in [27].

Definition 50 (Constructor-based entailment relation). Let + be an entailment relation for £. The entailment rela-

()
(Transitivity)

. D,
Translation) ——————
( )X(q)l) F x(®2)

1 - Dy D, + Dy
O + Dy

(O}
Fx O where y: A — A’

tion ¢ for L€ is the least entailment relation closed under the following proof rules:

(RO)

D +° @y, p(ky) for all ky, kr € F"
O ¢ Vx-p(x)

OFop
}_C

> (RT)

(R2)

@ < @, VY, y(p) forall k € F" and t € Tsc(Y)

O < Vy-i(y)

where Y, is the set of variables occurring in ¢

According to [[15], the entailment relation I is well defined. We say that a theory T in L is semantically closed under
(R1)if T | @y, ¢(ky) for all ki, k, € F" implies T = Vx-@(x). Similarly, we define the closure under (R2), that is,
TE @ VY, -y(r) forall k € F" and t € Tex(Y) implies T E Yy -¥(y). It is not difficult to check that +€ is sound for
L€ provided that +- is sound for .£. Completeness is much more difficult to establish in general, but it can be done with
the help of the OTP.

Theorem 51 (Constructor-based completeness). The entailment relation +-° is complete for L if v is complete for L
and L has OTP.

Proof. Let A = (X", X" C X) be a signature and T a theory over A in £. Let X C XF be a set of constructors, and Y a
set of loose variables. We perform the proof in two steps.

(S1) We show that if T is satisfiable in £ and semantically closed under (R1) and (R2) then T is satisfiable in £L°.
LetI" := {-@; x | k € F"} be a type in one nominal variable x, and let I'" := {VY;-—t = y | t € Tx(Y)} be
a type in one constrained variable y. Any Kripke structure over A which omits I'" and I'" is reachable by the
constructors in X€. Firstly, we show that T locally omits I":

let p(x) be a A[x]-sentence such that 7' U {p(x)} is satisfiable

2 T U{3dx-Vz- @, p(x)} is satisfiable by semantics since T U {p(x)} is satisfiable

3 TEVx-—=Vz- @, p(x) since (W, M) = T U {¥z- @, p(x)} for some Kripke
structure (W, M) over A[x]

4 T £ @, —Vz- @, p(ky) for some nominals k;, k, € F" since T is semantically closed under (R1)

5 T U{@, Vz- @, p(ky)} is satisfiable by semantics of negation and retrieve

6 TU{@ Vz- @, p(x)} U{@, x} is satisfiable by the semantics of nominals

7 T U {p(x)} U {@y, x} is satisfiable by Lemma[2]

8 T locally omits I since p(x) was arbitrarily chosen

Secondly, we show that T locally omits I'":

let p(y) be a A[y]-sentence such that 7 U {p(y)} is satisfiable

2 T U{dy-VYz- @, p(y)} is satisfiable by Lemmal[l2]

3 TEVy - =Vz- @, p(y) since (W, M) = T U {¥z- @, p(y)} for some Kripke
structure (W, M) over A[y]

4 T ¥ @, VY,--Vz- @, p(t) for some k € F" and t € Tazc(Y) since T is semantically closed under (R2)

5 Tt @, =Vz- @, p(t) over A[Y;] by semantics of quantifiers

6 T u{@,Vz- @,p(t)} is satisfiable over A[Y,] by semantics of negation and retrieve

7 T U {p(?)} is satisfiable over A[Y;] by Lemmal[I2]
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8 T U{p(y)} U{3Y, -t = y} is satisfiable since (W, M) E T U {p(¢)} for some Kripke structure (W, M)
over A[Y;]

9 T locally omits I'™™ since p(y) was arbitrarily chosen

By Theorem[4€] there exists a Kripke structure (W, M) which satisfies T and omits I'™ and I'*. By the definition
of I and I'*, (W, M) is a constructor-based Kripke structure.

(S2) Next we assume 7 is consistent in L and show that T is satisfiable in L. Let 77 := {¢ € Sen(A) | T +° ¢}. We
have that T is consistent in L€ iff T’ is consistent in £:

For the forward implication, suppose towards a contradiction that 7’ is not consistent in £, thatis, T’ + L;
By (RO), T’ +¢ L; by (Union) , T +¢ T’; by (Transitivity), T +¢ L, which is a contradiction with the
consistency of 7 in L.

For the backward implication, suppose towards a contradiction that 7 +¢ L; we have L € T, and by
(Monotonicity), T' + L, which is a contradiction with the consistency of 77 in L.

Assume that T is consistent in L. It follows that 7" is consistent in L. By the completeness of + in L, T’ is
satisfiable in £. By the completeness of + in £, T’ is semantically closed under (R1) and (R2). By the first part
of the proof, T’ is satisfiable in £°. Since T C T’, T is satisfiable in L.

O

9. Omitting types and Lowenheim-Skolem Theorems

Downwards and Upwards Lowenheim-Skolem Theorems are consequences of the Omitting Types Theorem.
Throughout this section we assume that the fragment £ is semantically closed under equality, retrieve, negation, dis-
junction, possibility over binary modalities, and quantifiers. An example of such fragment £ is HDFOLR or HDPL,
in which case £ has w-OTP. For cardinals greater than w, we need to drop the Kleene operator * in order to have
compactness and be able to apply our OTP (we will show in the next section that compactness is necessary at least for
certain strong fragments of £). Some of the arguments in this and the next section are modelled after the technique
used by Lindstrom [38] for first-order logic without equality.

Theorem 52 (Downwards Lowenheim-Skolem Theorem). Assume that L has a-OTP. Let T be a satisfiable theory
over a signature A of power at most «. Then T has a Kripke structure (W, M) such that card(W) < a and card(M,, ;) <
a for all rigid sorts s € S*.

Proof. Let C = {C,}ese be a sorted set of new constants for A such that card(Cy) = « for all sorts s € S€. Let
[P:={c#x|ceCs}bea typ in one variable x of sort s € S €. We show that 7 a-omits I'*:

let p be a set of sentences over A[C, x] such that card(p) < @ and T U p is satisfiable

1
2 p € A[C’, x] for some C” C C such that card(C}) < « since card(p) < a
3 there exists ¢ € C, \ C;, since card(C;) = @ and card(C}) < a
4 T U p U {x = c} is satisfiable since T U p is satisfiable and ¢ does not occur in T U p
5 T a-omits I'* since p was arbitrarily chosen
Since L has a-OTP, there exists a Kripke structure (W, M) over A[C] which satisfies T and omits I'* for all
seSE. O

Theorem 53 (Upwards Lowenheim-Skolem Theorem). Assume that L has a-OTP, where « is a regular cardinal. Let
T be a satisfiable theory over a signature A of power at most a. For each model (W, M) of T there exists another
model (V,N) of T such that card((V, N),) > a for all sorts s € S .

In fact, if A’ is obtained from A by adding a rigid binary relation < on each sort s € S¢ interpreted by (W, M)
as infinite then there exists an expansion (V',N’) of (V,N) to A’ such that {(W, M), (W, M)<) is a linear ordering of

HNotice that for nominals, ¢ # x means - @, x. Compare Lemma3]for a similar use.
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cofinality « for all sorts s € S©.

Proof. Let Q C S¢ be the set of all sorts interpreted by (W, M) as infinite. Let C = {C,}scq be a set of new rigid
constants such that C; = {¢; | i < a} for all s € Q. Let T’ be the theory over A’[C] obtained from T by adding:

{< is alinear order on s without the greatest element} U {c; < c¢; | i < j < a} for each sort s € Q

The definition of 7"’ relies on the semantic closure of £ under the relevant sentence building operators. For example,
for nominals, ¢; < ¢; means @, { < )c;. There exists an expansion (W’, M") of (W, M) to the signature A’[C] such that
(W', M") = T'. For each sort s € Q we define the following type in one variable x of sort s:

I={cg<x|li<a}

We show that T’ @-omits I'*:
1 let p € Sen(A’[C, x]) with card(p) < a such that 7" U p is satisfiable
2 (V,N) E T’ U p for some Kripke structure (V, N) over A’[C, x] since T’ U p is satisfiable
3 p C Sen(A'[CP, x]) for some B < @, where C* is obtained from C by  since a is regular
restricting the constants of sort s to Cf ={c;eC,li<p}

4 (VA,NP) E T U p, where (VA,NP) := (V,N) | ycp.q since (V,N)ET'Upand T C T’
5 there exists w > max{(V, N),, (V, N)Cﬁ} since {(V, N);, (V, N)<) is a linear order without the
greatest element
6 w > (V,N),, foralli <p since w > (V, N)¢; and (V. N)¢; 2 (V,N); foralli < 8
7 (V',N’) E T’ U p, where (V’, N’) is the unique expansion of (VA,N®)  since (VA,NF) = T U p and w is greater than the
to the signature A’[C, x] such that (V',N"),, = w forall i > interpretation of cg in (V, N)
8 (V,N)W¥Eci<xforalli>pf since (V, N)y <wandw = (V/,N'),, forall i >3
9 T’ a-omits I from[Zland[8] since p was arbitrarily chosen

By Theorem [46] there exists a model (V’, N’) which satisfies 7’ and omits I'® for all s € Q. It follows that
((V',N")s, (V', N")<) is a linear ordering of coﬁnalit a for all sorts s € Q. Let (V, N) := (V’, N’) | o, and notice that
(V,N) satisfies T and its carrier sets corresponding to the sorts in Q have cardinalities greater than or equal to . [

10. Omitting types and compactness

In this section, we show that at least at some occasions, compactness is a necessary condition for proving the
Omitting Types Theorem for uncountable signatures. We work within a fragment £ with the following properties:

P1) L is semantically closed under (a) possibility applied to nominal sentences, (b) retrieve, (c) negation, (d) dis-
junction, and (e) quantifiers.

P2) Signatures have only one rigid sort and all function symbols (except variables) are flexible.
Notice that £ is semantically closed under possibility, as ()¢ H Ax - (D)x A @ .

10.1. Global substitutions

We begin by defining a notion of substitution which we then use to derive compactness for infinite models from
a-OTP using a technique originally developed by Lindstrom for first-order logic with only relational symbols [38].
Consider a signature A = (X", X" C X) with only one rigid sort and no rigid function symbols, that is, S" = {s1},
ST =S8 ={s2} and F* = 0. We define another signature A, = (Z7,%% C X.) as follows:

1. X7 consists of only one sort, let us say, so, and X consists of two sorts s; and s,.

12To be more precise, we can select a strictly increasing subsequence (ci; + ij < @) which is unbounded. This sequence is order-isomorphic with
an ordinal y, and since « is regular we have y = «. In particular card(Cy) > « for each s € Q.
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2. X, is obtained from X" by adding the following sets of flexible symbols:

@ {or:s185...50 > 8 | c:5...5 > 50 € F}and
S— S—
m—times m—times

(b) {my:s182...8 | m:8...50 €P}.
—— S——

m—times m—times

The signature A, provides a local environment for encoding the Kripke structures over A. The following set of
sentences over A, ensures that the interpretation of the rigid relation symbols in A is ‘locally rigid’ in A,.

F = {VxlaXZ,)’l,n~7ym‘ﬂ+(xl7y1,~-~,y:n) < 7T+(-x2’y17"'7ym) | TSN € Pr}
——

m—times
Let z be a distinguished nominal variable for A,. We define a substitution (1)*: A --» (A,[z],T), that is,
1. a sentence function (_)*: Sen(A) — Sen(A,[z],I') and
2. areduct functor (L))" : Mod(A,[z],T") —» Mod(A),

such that the following global satisfaction condition holds:
(WZ(_W, M) I: ,y+ lﬂ‘ (WZ(_W, M)— I: ,y
for all Kripke structures (W, M) € [Mod(A,,T’)|, all possible worlds w € |W| and all sentences y € Sen(A).

Mapping on models. Notice that a model in [Mod(A,,T)| can be regarded as a collection of Kripke structures over
the signature A. Once z is assigned to a node, the functor (_)~ extracts the Kripke structure corresponding to the
node denoted by z. Concretely, the functor ()™ : Mod(A,[z],T’) — Mod(A) maps each Kripke structure (W*~", M) €
IMod(A.[z],D)| to (W,;, M) € [Mod(A)|, where
L W, =M, s.[
2. the mapping M,, : M,,;, = IMod(2)| is defined as follows:
e Forallve M, , the carrier set (M,,)y,s, s My 5,.

e Forallve M, ;, andall o : s55...50 — s2 € F, the function (M), : M5 X - XM, — M, is
~—

m—times m—times

defined by (M), (a1, ..., am) = My, (v,ay,...,ay) forallay,...,a, € M, ,.

e Forallv € M, and all m : s,...50 € P, the relation (M), € M5, XX M,,, is defined by
———
m—times m—times

(My_\;)v,ﬂ' = {(ah- '-7am) | (V»al»'- .,Clm) € Mw,m}-

Since (W, M) E T, the Kripke structure (W, M,)) interprets all rigid symbols in P* uniformly across the worlds, which
means it is well-defined.

Fact 54. The functor ()™ : Mod(A,[z],I')) — Mod(A) can be extended to (1)": Mod(A,[z, X],I') — Mod(A[X]),
where X = {X;}sese is a set of variables for A, such that the interpretation of all variables in X is preserved, that is,
(W= M), = (W=, M) forall x € X.

B3Notice that M,, € [Mod(Z,)| and M,, | sn is well-defined since =" C X,
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Mapping on sentences. We define a mapping on sentences (_)*: Sen(A[X]) — Sen(A,[z, X]) in three steps, where
X = {X;}sese 1s any set of variables for A.

S1) We define a mapping from the rigid terms over A[X] to the rigid terms over A, [z, X] by structural induction:
e x" := x, where x is any variable of rigid sort from X , and
o (@ro)tl,....tn)" = (@,0,)(@,k,t],...,1), where k € F"U Xy, and ¢; are rigid terms over A, [z, X].
Notice that (1)* is well-defined on rigid terms, as the set of rigid function symbols is empty.

Lemma 55. For all Kripke structures (W, M) € |Mod(A.[X],D)|, all possible worlds w € |W|, and all rigid
terms t over A[X],
(W=, M) = (W5, M), . (H

Proof. By structural induction on terms:

[ x € {X,}sesr 1 Obviously, (W, M), = (W,,, M,))..

[@ro(t,....tw) ] Letv = (W*™, M)@,r = Mk, and we have:
(W™ M), s, \@, Kttty = Mo, (v, (WEW, M)fT’ ..., (W™, M);). By the induction hypothesis,
My o, (v, (W2 M)y, (W2, M) ) = (M)w o (Wo, M)y ooy (W, MU, =
Wy, M) @ o)t t)

Since F* = 0, the cases considered above cover all possibilities. o

S2) We define the mapping (-)* on rigid sentences of the form @; ¢ € Sen(A[X]) such that every rigid sentence
will be mapped to a rigid sentence (@ ¢)* € Sen(A,[z, X]), which means that

(Wz<—w’ M) ': (@k90)+ lﬂ‘ (WZ<—W’ M) ':W (@k ‘p)+

for all Kripke structures (W, M) € |[Mod(A.[X],T)| and all possible worlds w € |W|. We proceed by structural

induction.
* (@ VD) = Voo (@ )"
e (Qk) =@, (k=k) * (@) = ~(@p)"
o (@ (DK)" = @, Ak,K) o (@ AX ) :=3AX (@ )"
o (@t =) =(atyt))" = @k )" o (@ @p )t = (@p @)

° (@kﬂ(ll,.. .,tm))+ = (@zﬂ'+)(@z k, (atk l1)+,.. .,(atk lm)+) ° (@k lxwp)Jr — (@k‘,o(x — k))+

Lemma 56 (Rigid satisfaction condition). For all sentences ¢ € Sen(A[X]), all nominals k € F" U Xany, all
Kripke structures (W, M) € IMod(A.[X], )| and all possible worlds w € |W|,

(W, M) | (@)™ iff (W*™", M)” E @ o @)

Proof. Letv := M, . We proceed by induction on the structure of ¢:

[K e FPUXany ] WP, M) E (@ k)" iff (WY, M) E @, (k = k) iff (W™, M) Y k = k' iff M\, =
My o iff (M) = (M) ifF (W, M) E @K

[ (DK T (W2, M) E (@ (DK™ iff (W2, M) E @, A(k, k) iff (W2, M) B Ak, k') iff (My, My) € My, 2
iff (W=, M2) E @ (DK

[t=0] W, M) E (@t =n)" it (W*",M) E (aty 11)" = (aty )" iff
(W2, M)(atk wy = (W2, M)(atk - iff (W;,M;)atktl = (W;, Mv:,)atk I iff (W;, M;)@ktl = (W;, My;)@ktz
Wy, M) E @ (1) = 1).
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[7(t,....te) ] (W2, M) E (@ n(ty, ... . tx)" iff (W2, M) E @, (@, (aly )", ..., (@l 1,,)") iff
(V, (WZHW7 M)(atk f)te e (WZHW; M)(atk t,,,)*) € MWJH. 1ﬁ ((W‘;’ M;;)atk [RERRE) (W1;7 M‘;)atk t,,,) € (M:v)v,n 1ﬁ
((Wy:7 My;)@kh LR (W‘;’ M;V)@ktm) € (M;v)@kﬂ 1ﬁ (W‘;’ M;V) I: @k ﬂ(tl’ ERRE ] tm)

[~ ] (W2, M) | (@ =)™ iff (W2, M) E ~(@ )" ift (W2, M) E" (@ )" iff
(W=, M) Y (@ @)™ iff (W2, M) | (@ )" iff (W, M) B @ piiff (W, M) E @ —.

[VO] (W, M) E (@ VO)"iff (W™, M) | Vyea (@ ) iff (W2, M) E" Vyea (@1 )" iff (W™, M) "
(@; p)* for some ¢ € @ iff (W, M) E @; ¢ for some ¢ € @ iff (W, M) E @; Vyeo ¢

[3X-¢] Let (V,N):= (W, M,). Since ()~ preserves the interpretation of variables, we have:
(a) for any expansion (W', M") of (W, M) to A.[X, X'], (W*™", M’)~ is an expansion of (V, N) to A[X, X'],

(b) for any expansion (V',N’) of (V,N) to A[X, X’], there exists an expansion (W', M’) of (W, M) to
A, [X, X’] such that (W*" M’")~ = (V',N’).

(V/’ N') A[X’ X'] .............. (') ......... > A+[Z,X, X'] (W'z<—w’ M’)
(V,N) A[X, X7] oo A > A, [z, X] (WEv, M)
A e AN > AL[z]

Based on the remark above, the following are equivalent:

1 (W=, M) E (@ AX" - )"

2 (W M) E X - (@) p)* by the definition of (_)*

3 (W' M") E (@ ¢)* for some expansion (W', M") of (W, M) to A,[X, X'] since (@ )™ is rigid

4 (V',N’) = @, ¢ for some expansion (V’',N") of (V,N) to A[X, X] by the induction hypothesis
5 (V,N)E @ 3IX - ¢ since @y o™ is rigid

[ @ ¢ ] This case is straightforward, since @; @, ¢ H @ ¢.
[ lx-¢ ] This case is straightforward, since @ |x-¢ H @; ¢[x < k.
O

S3) The function (-)*: Sen(A[X]) — Sen(A.[z, X]) is defined by ¢* = ¥x- (@4 ¢)* for all ¢ € Sen(A[X]), where
X is a distinguished nominal variable for A[X].

Proposition 57 (Global satisfaction condition). For all sentences ¢ € Sen(A[X])), all Kripke structures (W, M) €
[IMod(A[X])|, and all possible worlds w € |W|,

W=, M) E ¢" iff W*™", M)” E ¢. (3)
Proof. Let(V,N) = (W,,M,).
(VX<V, N) A[X, X] oo O > A, [z, %, X] (WZW, MEY)
(V,N) A[X] oo A = ALz, X] (W2, M)
JA ................... A > A [z]

The following are equivalent:
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1 W=, M) E o*
2 (W=, M) EVx- (@, )" by the definition of ()*
(W=, M*") E (@4 ¢)*" for any expansion (W*™¥, M*7") of  since (W*V, M) E Vx- (@ @)*
(W= M) to A,[z,x,X]
4 (VX*",N) E @4 ¢ for any expansion (V*, N) of (V, N) to A[x, X] by Lemmal[536] since (W2, M*V)™ = (VX<Y, N)
(V,N) EVx- @, ¢ by semantics
(V,N)E o by semantics

w

AN W

10.2. Inf-compactness

We say that L is inf-compact if each set of sentences I" has an infinite model whenever each finite subsetI'y C T’
has an infinite model. We say that L is a-inf-compact, where « is an infinite cardinal, if each set of sentences I
of cardinality « has an infinite model whenever each finite subset I'y C I' has an infinite model. We show that
inf-compactness is a consequence of omitting type property.

Theorem 58. If L has a-OTP, where « is a regular cardinal then L is B-inf-compact for all cardinals 8 < a.

Proof. Let A be a signature of power at most @. By induction, it suffices to prove that each sequence @3 = {p; €
Sen(A) | i < B} has an infinite model whenever each subsequence @; := {¢; | i < j} has an infinite model for all
j <B. Let {(W, M%) € Mod(A)| | 0 < i < S8} be a sequence of Kripke structures over A such that

e the carrier sets of (W!, M) are infinite for all indexes j with 0 < j < 3, and
o (W/,M’) E @, for all indexes j with 0 < j < .

By Lowenheim-Skolem properties, we can assume that all carrier sets of (Wi, M) are of cardinality . By renaming
the elements, we assume furthermore that |[W/| = |[W/| and Mimz = M{Mz for all i < j < B and all possible worlds

w € |Wi|. We define the following Kripke structure (W*, M*) over A,

o |[WH ={w; | 0 <i<p}, where {w; | 0 < i< B} isasequence of pairwise distinct possible worlds. The carrier
sets of (W+, M™) for the sorts s; and s, are the carrier sets of (W/, M) for the sorts s; and s,, where 0 < i < B.

e Forall k € F"and all 0 < i < 8, we define M;’k = W,i.

e Forallo: s5...50 = 52 € Fand all 0 < i <, the function M, . : My « XM  x---xXM;  — M  is
———— is

Wi,S1 Wi,$2 Wi,$2 Wi,$2

m—times ) m—times
defined by M, , (a,b1,...,by) = M, ,(b1,...,by) forall (a,b,...,by) € My, X M:;”S2 X oo X M:,‘_,SZ.
m—times
e Foralln:s,...50 € P,wedefine M, :={(a,bi,...,by) | (b1,...,by) € Mfm}.
is 3
m—times

By the definition of (W*, M*), we have
(WH™, M*)™ = (W', M") for all i < B. )

Let A, be the signature obtained from A, by adding a set of new nominals C = {k; | 0 < i < 8} and a new binary
modality <. Let (W*, M*) be the expansion of (W*, M") to A, such that

(a) W,; = w; for all ordinals i with 0 < i < 3, and
(b) (wi,wj) e W2iffi<j.
LetT =T U{Vz- @, (<)z=> golfr(z) | i < B}. We show that (W*, M*) = T
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1 W, M*)ET since (WH,M*)ET

2 let i be an ordinal such that0 < i < S8

3 let w; € [W*| such that (w;, w;) € W2, meaning that (W*)*7"i, M*) F @, ( <)z

4 i<j by the definition of (W*, M*), since (w;, w;) € W2

5 (WHZ M™) (1);_r by Proposition [57]and statement[d] since (W/, M) £ ®@;
6 (W**"i,M*) (D;.' by the satisfaction condition

7 (Wi, M*) | ¢f since ¢; € ®;

8 W, M*)EVz- @ (<)z= ¢ from[3land [7]

9 W M)ET from[Tand[§]

By Theorem [33] there exists a model (V*, N®) of T such that (V*, V?2) is of confinality o. We define v; = V' for
all i < 8. By cofinality, there exists v € Vg such that (v;,v) € V2 for all i < g. It follows that ((V*)*7", N°®) |= oF
forall i < B. Let (V*,N*) = (V*,N®) [ o,. By the satisfaction condition, (V*)*",N*) k ¢! for alli < . By
Proposition[37] (V*)*<", N*)™ | ¢; forall i < S. O

11. Conclusion

In this paper we established an omitting types theorem for first-order hybrid dynamic logic and sufficiently expres-
sive fragments. For countable signatures, the result followed without needing compactness whereas for uncountable
signatures we had to restrict our attention to compact fragments of the logic. It turns out that the latter restriction is
actually necessary for some of these fragments, as compactness is a consequence of OTT for uncountable signatures.
We also provided two applications of the OTT: (1) Léwenheim-Skolem theorems and (2) a completeness theorem for
the constructor-based version of first-order hybrid dynamic logic. In future work we intend to explore other interesting
consequences of OTT in this setting, particularly the Robinson Joint Consistency theorem.
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