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Abstract

We study the problem of feedback stabilization of a family of nonlinear stochastic systems with switching mechanism modeled
by a Markov chain. We introduce a novel notion of stability under switching, which guarantees a given probability that the
trajectories of the system hit some target set in finite time and remaining thereinafter. Our main contribution is to prove
that if the expectation of the time between two consecutive switching (dwell time) is “sufficiently large” then the system is
stable under switching with guaranteed probability. We illustrate this methodology by constructing measurement feedback

controllers for a wide class of stochastic nonlinear systems.
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1 Introduction

Robust control is an efficient design tool when the sys-
tem can be characterized as a nominal model plus un-
certainty with known bounds ([1]). These bounds rep-
resent a worst—case situation in which the controller is
designed. Another case is the one in which the system
switches within a finite number of models due to the pres-
ence of noise or uncertainty ([7]). The control law, known
as switching control, consists of a family of controllers
which stabilize each model and a supervision logic which
selects at each switching time the controller to be em-
ployed in the control loop. The number of switching is
assumed infinite since otherwise the stabilization prob-
lem would be trivial. It is known that a not suitable
timing of the controllers may lead to a closed—loop sys-
tem state diverging to infinity. For linear systems, it is
also known that if the time bewteen each switching, usu-
ally known as dwell-time, is not less than some constant
number, stability of the closed—loop system is guaran-
teed ([7]). Recently, a time—varying or state-dependent
dwell-time has been introduced to design a switching
controller for some classes of iISS ([8]) and ISS ([9]) non-
linear systems. The supervision logic selects from time
to time the controller which stabilizes the system as long
as the dwell-time is larger than some amount of time,
which depends on the initial value of the state when the
switching occurs.

A more complex situation is the one in which the switch-
ing mechanism is modeled as a Markov chain or even in
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which a noise, modeled as a Wiener process, affects each
system of a given family. This is a very realistic situation
when abrupt changes in the parameter structure occur
due to component failures or repairs, environmental dis-
turbances or changes in the system interconnections. A
first contribution is given for a family of delayed linear
systems in [10], where the technical conditions for achiev-
ing exponential stability in the mean square are formu-
lated. The analysis is led through a Lyapunov-based ap-
proach, in which a Lyapunov function Vj; is available for
each system i € I, and the effect of the Markovian chain
is taken into account by adding a “weighted average” of
the Lyapunov functions V;, j € I, in the infinitesimal
generator L acting on V;, the weights depending on the
transition probabilities of the Markov chain.

In this paper, we want to extend the results of [10] in
several directions. First of all, we consider a family of
nonlinear systems, each consisting of a nominal system
plus nonlinear stochastic term in which the noise is mod-
eled as a Wiener process. As in [10] the switching mech-
anism is modeled as a Markov chain. We assume that a
Lyapunov function V; and measurement feedback con-
troller C; are available for each system i of the family
and the controller C; stabilizes the system ¢ in probabil-
ity with guaranteed region of attraction and target set in
the sense of [1]. Given numbers o, 3; € [0,1) and a pair
of compact sets T; C R;, containing the origin, the tra-
jectories of the closed—loop system with initial condition
in the region of attraction R; remain inside some larger
compact set, eventually enter any given neighbourhood
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of the target set T; in finite time and remain thereinafter,
all with probability at least (1 — a;)(1 — ;). The num-
bers a; and (; can be considered as risk margins: the first
one quantifies the risk of leaving the region of attraction
rather than getting close to the target, while the second
one gives a risk margin for remaining close to the target.

We also assume that for each level set D; of V; there ex-
ists a level set D; 11 of V; 11 contained in D;. This nesting
property was already used for the control of hybrid sys-
tems in [11]. The key idea is that the system trajectory
dwells a sufficiently large amount of time in D; before
the next switching occurs so that in the meanwhile it has
approached the set D;;1. If the sequence of sets {D;}
is definitely contained or “close” to the target, then the
system trajectory approaches the target set. We propose
a switching strategy which consists of selecting at each
switching time i the controller C;. To this aim, we in-
troduce a notion of stabilization of the switching system
(stabilization under switching with guaranteed probabil-
ity: definition 2), which ensures a given probability of
the system trajectories hitting D; 11 conditionally to the
event Z; of dwelling in D;. Our main contribution is to
prove that if the conditional expectation to the event =;
of the dwell-time is “sufficiently large” then the switch-
ing system is stabilizable under switching with guaran-
teed probability (theorem 3). As an application of our
design tool, we consider a family of nonlinear stochastic
systems and show in detail how to construct a switch-
ing controller using theorem 3. Moreover, our result is
weaker even under the same assumptions of [10], since
stability in probability is implied by mean square stabil-
ity.

2 Notations

We give some notations extensively used throughout the
paper.

e if ||v|| denotes the 2-norm of any given vector v,
by ||A]| we denote the induced 2—norm of any given
matrix A; by ||[v||a we denote the A—norm of v, i.e.

lvlla = VT Av; let col (vq,...,v,) be the column
vector with i—th entry equal to v;. Moreover, A.;n (A)
and Apaz(A) denote the minimal and, respectively,
maximal eigenvalues of a given square symmetric
matrix A.

o by SP™ (resp. SN™) we denote the set of n X n pos-
itive (resp. negative) definite symmetric matrices; by
SSP"™ we denote the set of n x n positive semidefi-
nite symmetric matrices; IR denotes the set of posi-
tive real numbers and IRZ the set of nonnegative real
numbers;

e for any vector—valued function 7 : IR° — IR", we de-
note by n; (or [n];) its i—th component. A continuous
function «a : IR= — IRZ is said to be of class K (or
a € K)if a(0) = 0 and it is increasing. For any smooth
function f : R® — IR, s — f(s), and A : R — IR™,

7+ \(r), we denote by V, f(s) the gradient of f(s),
by V2, f(s) the Hessian of f(s) and V,f|( the gra-
dient of f(s) evaluated for s = A(r).

e for any given set S, we denote by clos(.S) its closure, by
05 its boundary and by int (S) its interior; moreover,
given § > 0 and a set S, by d—neighbourhood of S
we denote the set Ss = {z : infycg ||z —y| < ¢}
Moreover, by R\S denotes the the elements of R which
are not in S.

e Pr{-} denotes the probability measure, E{-} denotes
the expectation and E{ - |-} the conditional expecta-
tion.

3 Stability in probability with guaranteed re-
gion of attraction and target set

In this section we want to review some previous results
on the stabilization for the following class of stochastic
systems

dx(t) = (Az(t) + Bu(t))dt + H(z(t))dw
dy(t) = Cx(t)dt + K(z(t))dw (1)

where x(t), u(t) and y(t) take values in IR™, IR™ and,
respectively, IRP and w(t) is a Wiener process with values
in IR’ defined on a given probability space. We consider
a family of controllers C(k), k € N,

u(t) =n(F(k)o(t))
do(t) = (Z(k)o(t) + Bu(t))dt + G(k)dy(t) 2)

where 1 : IR™ — IR™ is a locally Lipschitz function,
F(k), G(k) and Z(k) are matrices with suitable dimen-
sions and the number k parametrizes the desired region
of attraction and target set for the closed—loop system
(1)—(2). Thus, the parameters of controller (2) depend
on the characteristics of the target set and the region
of attraction. Denote by z(t,tg,20) = col(z(t,to,x0),
o(t,to, 09)) the trajectory of the closed—loop system (1)—
(2) at time ¢t > to stemming from zg = col(xg, 0g). With
some abuse of notation, wherever there is no ambigu-
ity, we will use z(t) instead of z(t, to, z9). For any closed
set B C IR*™ and open set S C IR*™ we denote by
Tr\s the exit time of z(¢) from the set R\S and define
Tr\s(t) = min{7rr\g,t}. The following definition of sta-
bilizability in probability for (1) has been given in [1].

Definition 1 Let o, 8 € [0,1) and R, T C IR®" be com-
pact sets containing the origin. The system (1) is said to
be (R, T, o, B)—stabilizable in probability (or (R, T, «, 5)—
SP) if there exist a sequence of control laws {C(k)}, a se-
quence of compact sets {Q(k) C IR*™, k € IN} and open
sets {S(k) C IR®", k € IN} such that

(i) there exists k* € IN such that Q(k) D RD> T 2 S(k)
forallk > k*;



(i) for each § >0

lim inf inf P{z(t) € clos(Ts) Vt > t
lkn—l>lolol z0€ cllgs(s(k)) {Z( ) ¢ OS( 6) o 0}
>1-p (3)

(i) for each § > 0
liminf inf
k—oo ZoeR\S(k)
2(t + T2\ s(k)) € clos(Ts) Vi 2 0, Tram\s(k) < 00}

> (1 —a)(1-p) (4)

P{z(t) € Q(k) Vt > to,

The set R gives the guaranteed region of attraction of the
closed—loop system X oC'(k), while T represents its target
set. Property (ii) is a local property with respect to 7"
for each d—neighbourhood Ty of T', the probability that
the trajectories z(t) of the closed—loop system ¥ o C'(k),
starting from clos(S(k)), stay forever in clos(Ts) is at
least 1 — 8 for sufficiently large k. Property (iii) is a
property in the large with respect to R: the trajectories of
Y oC(k) starting inside R remain inside Q(k), eventually
enter any given d—neighbourhood Ty of the target set T
in finite time and remain thereinafter with probability
at least (1 — «)(1 — 3) for sufficiently large k.

The numbers a and (8 are given risk margins: the first
one quantifies the risk of leaving the compact set Q(k)
with initial condition in €2 rather than getting close to
the target, while the second one gives a risk margin for
remaining close to the target.

A technical condition for ensuring stabilization in prob-
ability with some target set 7' and region of attraction
R for (1) is given by the following theorem ([1]): if there
exists a C'! proper and positive definite function V such
that along the trajectories of the closed—loop system re-
sulting from (12), V is definite negative on Q(k)\S(k),
where Q(k) = {z € R?*" : V(2) < k} and {S(k)} is a se-
quence of open sets, containing the origin and contained
in some level set of V', such that S(k) C T for k large,
then any trajectory starting from R C (k) stays for-
ever in Q(k), eventually enters any given neighbourhood
of T in finite time and remains thereinafter. For each (at
least) C? function V : IR*® — IR be LV/(2) its infinites-
imal generator along the trajectories of (1)—(2) ([5]).

Theorem 1 The system (1) is (R, T, «, 3)-SP if there
exist compact sets R, T C IR*", containing the origin, a
sequence of controllers {C(k), k € IN}, a sequence of (at
least) C2, positive definite and proper V : IR*™ — IRZ,
continuous positive definite Q : IR*" — IRZ, open sets
{S(k), k € IN} of R* and k* € IN such that for all
k> k*

(iv) k) D RDT 2 S(k), where

Qk)={z€ R*™:V(z) <k}

(v) LV (z) < =Q(z) for all z € Q(k)\S(k);

sup  V(z)
1% z
(vi) ~ sSup (2) < «a and - €o5(k) <
2€ER\S(k) k lnszlRZ"\CIOS(Tg) V(Z)
8, Vo >0

In this case we also say that (1) is (R, T, o, 3)-SP with
Lyapunov function V(z) and stability margin Q(z).

The following fact, which will be used extensively in the
next sections, follows from the proof of theorem 1 ([1]).

Lemma 1 Under assumptions of theorem 1 for any
Markov time to of the trajectories z(t) of (1)—(2)

lim inf P{z(7r\s) (1)) € k).t > to; 2(to) € R\S(k)}
> (1 — a)Pr{z(ty) € R\S(k)} (5)

The conditions of theorem 1 can be met by first guaran-
teeing the existence of a state—feedback controller and
then replacing the state with its estimate provided by an
observer (see [1]). The following result stands as a “cer-
tainty equivalence principle” for nonlinear systems (1).

Theorem 2 Let R, T C IR*™ be compact sets con-
taining the origin. Assume the existence of continuous
Psf7st7Pm7Qm :IN — SPTL; Rsf :IN — SPm7
R,, :IN — SP?, C! function § : IR — (0,1], C° locally
Lipschitz n : R™ — IR™, a,8 € [0,1), a sequence of
open sets {S(k) C R*, k € N} and k* € IN such that
forallk > k*

e (state feedback) for all x € Qg ¢(k) = {v € R" :
HUH%:Sf(k) <k}

(k)
o. (k) (6)

o (AT Pyy (k) + Pug (k) Alz = | BT Py (a3
+Te{H" (2) Py (k) H(2)} < o]

e (output injection ) R,, (k) > K(z)KT(x) for all
T e st(k),

P (k)A + AT Py (k) + Py (k) H (z)H" (2) P, ()
—C" R, (k)C + Pes(k)BR_} (k) B" Py (k)

< —Qm(k) (7)
and
Jim (s) = 0o, VE,1(s) < Vith(s), Vs > 0 (8)

with ¢ (s) = [ 6(0)dd;



e (coupling ) for allz € Qg¢(k) and e € IR™
In(F(k)(x —e)) — F(k)z|

+ 2 [H] (@) P (k) Hy ()

2
Rsy (k)

K] (@) Ry, (R)C P (0)CT Ry (k) K ()|
— (1/2)l12l3, 6 — 5Nell3, ) [IFR)el,

+(1/2)llel3, )] <0 (9)

with F(k) = =R} (k) BT Pyg (k) and H;(x) and K; ()
be the j—th column of H(x) and K (x), respectively;
e (risk margin) with Q(k) = {z € R*" : V(2) < k}

S(k) C T C Rc Qk) (10)
and for all § > 0 with V(z) = ||J:||§Dsf(,€) + Y(||z —
U”?Dm(k)) and

sup  V(z)
sup V(Z) S a, - zEBS(k}) S ﬂ (11)
z€R\S(k) k 1an€R2n\Clos(Té) V(Z)

Under the above assumptions, (1) is (R, T, o, §)—SP with
Lyapunov function V(z) and stability margin Q(z) =
203, ) + lell?,, 0 lel?, )

4 Problem formulation and main results

A switching system can be seen as a finite family of
systems each one selected through a switching or time—
varying mechanism. In this paper we consider the fol-
lowing class of switching systems

dx(t) = (Ar(t)l‘(t) + Br(t)u(t))dt + Hr(t) (x(t))dw
dy(t) = Crpyz(t)dt + K@) (x(t))dw (12)

where z(t) and u(t) take values in IR™ and respectively
IR™, y(t) takes values in IRP, w(t) is a Wiener process
with values in IR® and r(t) is a Markov chain taking val-
uesin J = {1,..., N}. We denote by t;,;,,, the Markov
(or switching) time at which r(¢) switches from j; to
Ji+1 and define as dwell time the difference between two
consecutive switching times. For simplicity, we denote
tijiea DY tj,,, and set tg := 0. Moreover, the transition
probabilities of the Markov chain are

Pr{r(t 4+ A) = jipalr(t) = g1} = Vi, A 51 # Jiga,
Pr{r(t+A) =jiql|r(t) =i} =1+ Aelse  (13)
where Vi = — Zjl+17éjl ﬂlejH»l .

For each value of 7(t) = j we assume that there exist
aj, B3; € [0,1) and two compact sets R;,T; C IR*™ such

that (12) is (R;, T}, ¢y, 5;)-SP. In particular, we assume
that the hypotheses of theorem 1 are met with a sequence
of controllers {C;(k), k € IN}

u(t) =n;(Fj(k)o(t))
do(t) = (Z;(k)a(t) + Bju(t))di + G(k)dy(t) (14)

where n; : IR™ — IR™ is a locally Lipschitz function. We
assume that the Markov chain switches an infinite num-
ber of times, otherwise the stabilization problem of (12)
is trivial because from the last switching of r(¢) from j; to
Jit1 the system (12) would be (Rj,_, T, 15 @y, By )~
SP. In this paper we study under which conditions a se-
quence of dwell-time switching controllers {C(k), k €
N}

u(t) = nr(t)(Fr(t) (k)a(t))
do(t) = (Z@)(k)o(t) + Brayu(t))dt + Gy (k)dy(t) (15)

guarantees some stability properties of the closed-loop
system. To this aim, we introduce a novel stability no-
tion for which, given a decreasing family of sets {D; C
IR* : i € IN} approaching the target, the system (12)—
(15) is “stable under switching” if with an a priori given
probability it happens that its trajectory z(t) dwells a
sufficiently large amount of time in D;, before the next
switching occurs, and approaches the set D; 1. The fact
that the trajectory goes through a decreasing sequence
of sets {D; C IR*™ : i € IN} was already used as a con-
dition for the stability analysis of deterministic hybrid
systems in [11]. Tt is quite natural to require such “nest-
ing property” of the sets {D; C IR*" : i € IN}, because
if the trajectory of (12)—(15) is required to be stable and
to approach the target in some reasonable sense then at
each switching time this trajectory must belong to a de-
creasing sequence of sets which approach the target.

Definition 2 Given compact sets R,T C IR*" and o €
[0,1), the system (12) is said to be (R, T, o)—stabilizable
under switching (or (R, T, 0)-SS) if there exist a decreas-
ing sequence of compact sets Dy (k), ..., Dy-y1(k) € IR*"
and k* € IN for which Dj-41(k) C T and R C D1(k)
for all k > k* and a sequence of feedback control laws
{C(k), k €N} of the form (15) such that for all k > k*

Pr{=(k)} > (1 - /Pr{=(0) € R\T} (16)
where E(k) is the following event

E(k) = {z(tR2m\1 (1)) € Di(k),t 2 T2\ (t5,),
Z(TR271\T(tjl+l)) S Dl+1(k’), Z(O) S R\T,l = 1, ey l*}

In this case we also say that (12) is (R, T, 0)-SS with
switching controllers {C(k), k € IN}.

Note that the trajectories are stopped when z(t) € T
since we consider of interest only the event for which the
trajectory z(t) may dwell outside the target.



5 Switching dwell-time controllers

A first result to be established is, given a C? Lyapunov
function V; : IR?" — IRZ for the “frozen” system (12),
what is the expression of LVj;. It turns out that, if V; a
Lyapunov function for (1) when r(¢) = 4, it has the same
expression as if there were no switching plus a “weighted
average” term of the functions Vj, j € J, weighted by
the transition probabilities of the Markov chain.

Lemma 2 Let
dz = a,)(2)dt + by (2)dw (17)

where z(t) takes values in IR*"™, w(t) is a Wiener process
with values in IR®, r(t) is a Markov chain taking values
inJ and a; - R*™ — IR?>™ and b; : R?>™ — IR*™** locally
Lipschitz functions. If Vi(z) is for each i € J a smooth
function, then

LVi(z(t)) = lim %[E{Vr(t-i-A)(Z(t + A))[z(t);r(t) = i}

Proof. We follow the lines of [10]. We have by definition
Of ’Yij

E{Vi 4 (2(t + 8))[2(8); r(t) = i}
N
=D Pr{r(t+A4) = jlz(t);r(t) = }V;(2(1))

j=1
FEVrara)(2(t + A))[=(0);r() = 7}

—E{Vit10)(2(1)[2();r(t) =
N

=" Ay Vi(2(t)) + Vi(2(t)
Jj=1

FE{V ra) (2(E+ A))[2(8);r(E) = i}
—E{Vi(10) (2(1))|2(2); (1) = i}

)
}

(19)

Moreover, by (4.88) of [6] with f (s, z) := V;(z) and s = 0,
forall ¢ >0

E{Vy(t4-0)(2(6))|2(); r(t) = i}

]

0

+%mb;f(zw))v;v;—(z(@)@-(z(e))}] de} (20)

V:Vi(2(6))ai(2(6))

2= Vi(z(0)bi(2(1))} (18)

From (20) with & = ¢t + A and , respectively, £ = ¢,
dividing by A and passing to the limit for A — 0 we
obtain (18) from (19). =

Using the previous lemma we can prove one of the main
results of this paper. If the level sets of the Lyapunov
function V; of each “frozen” i-th system (12)—(15) sat-
isfy a suitable “nesting property” and the expectation
of the dwell time is sufficiently large, conditionally to
the trajectories of (12)—(15) ensuing from the level set of
V; and dwelling therein till the next switching, then the
system (12)—(15) is stable under switching in the sense
of definition 2 with a guaranteed probability depending
on the risk margins of each frozen system (12)—(15).

Theorem 3 For j € J let R;,T; C IR*" be compact
sets, T = Uévlej, R = Ué-vlej and aj,3; € [0,1)
such that (12), with r(t) = j, is (R;,Tj,a;,0;)-
SP with Lyapunov function V;(z), stability margin
Q;(z) = v;(Vj(2)) + Zf\il viVi(z) for some v; € K,
smooth over (0,00), and controllers {C;(k), k € IN}
and let S(k) = Ué-vzlSj(k), where the sets Sj(k) are
given by the definition of (R;,T;, o ,B;)-SP. Assume
the ezistence of k* € IN, I* € IN and continuous
@jljf{»l’ajjl : IN — IR" such that for all k > k* and
Le L

e (level nesting) with Q;, (k) := {z € R*" : V;,(2) <
k} and for all ji, jix1 € J

Qjir (k) N8, (k) D Q5 (554 (K)) (21)

and there exists I* € IN such that for all j1,...,5 € J

S(k) € (). (k) €T (22)

where ‘I)jl (k) = P11 0 Piags ©Pi1ja (k)7 (I)jo (k) =k
and @;;(k) = k;

¢ (minimum expected dwell time) there exists ¢;, €
[0,1) such that for all ji_1,j1 € J

E{rrzn\s() (tj) — TR2e\s(k) (85,1 ) | A, (B) }
2 Ijl(¢jl—1(k)) - eszjz((I)jz(k)) (23)

where I;,(s) = fjj (o (1/vj, (r))dr for s > a; (k) and
Qj,(aj,(k)) C Sj,(k), and the events Aj, are defined as

follows

Aj, (k) = {2(TRem\s (k) (1)) € Qj, (P, (K))
t > Trem\ (k) (t5,) }

Aj, (k) = {2(TRem\ 51 (1)) € 2, (K)
t>0,2(0) € Qj,(k)/S(k)}

Under the above assumptions, (12) is (R,T,1 —
I (1 — €,)(1 — a;,))-SS with switching controllers
{Cr(t)(k)7 k Gﬂ\]}



Remark. Theorem 3 states that if the expectation of the
dwell-time is “sufficiently large” and the sets {Q;, (k)}
satisfy a “nesting property” then the switching system
is stable under switching with guaranteed probability.
This condition generalizes to a stochastic framework the
results for deterministic switching systems, for which the
dwell time must be long enough to let the system tra-
jectory to go through a decreasing sequence of sets ([7],
[8], [9], [11])). The expectation (23) has to be computed
conditionally to the event Aj, (k). Although this may be
difficult to do, it comes directly from the definition of
stability under switching itself, for which only the event
Aj, (k) is significant during each dwell time ¢, , —t;, and
it happens with a given probability.

Remark. From (23) it is clear that €; can be interpreted

as the risk that the trajectory does not enter Q;, (®;, (k))
starting from Q;, (®;, ,(k)): the longer is the expected

dwell time E{7(t;,) — T(tjl_l)’Ajl_l(k)} to be awaited
the smaller is the risk €;.

Proof. Throughout the proof we omit the argument k,
denote Tpn\ g(t) simply by 7(t) and let j € J. Assume
that k* € IN is chosen in such a way that

Rj - Qj,Sj - Tj (24)
for all k > k*. Let j € J. Since (12) is (R;, T}, o5, 35)—

SP with Lyapunov function Vj(z), stability margin
Qi(z) = v;(Vi(2)) + leil v;1Vj(2) and controllers
{C;}, by lemma 2, then along the trajectories of (12)
with controllers {C}}

LV; < —v;(Vj(2)), Yz € Q5\5; (25)

where LV is defined as in (18) for (12) with controller
{Cr(t)}

Moreover, let W;(z,t) = I;(V;(2)) + t. By the Ito rule
and (25), since V2,I;(s) <0 for all s € (aj,,00) then

01;
LWj(z) < 8—;\s:xzj(z)LVj(Z) +1<0, (26)

for all z € Q;\S;. Along the trajectories of (12) with
controller {C}, } and from (26) with j = j;

Lle <0, Vze le \Sj1 (27)
Define the following event

Zjo = Njo N{2(7(t5,)) € 5, (0)150) } (28)
Note that by lemma 1

Pri{Aj} > (1 - a;,)Pr{z(0) € ;,\5} (29)

By Dynkin’s formula and (27)
E{W;, (z(7(1)))[Aj,} < E{W;, (2(0))|Aj,}, ¥E > 0(30)
By definition of W}, and (30)

E{L;, (V, ((r(0))) Ao } < B{L;, (V}, (2(0)))[Aj }
—E{7()|Ajo}, V=20 (31)

Note that I (s) is strictly increasing for all s > a,
and then E{I;, (V;,(2(0))|A;,} < I, (k) since Pr{z(0)
Q;,\S|4;,} = 1. By Cebysev and (31)

Pr{z(7(t;,)) ¢ Qj, (051551 }
= Pr{l;, (Vj,(2(7)) > L, (¢j152) 1Mo }
< /15, (95,35, (k) — E{7(5,)|Aj, }] (32)

It follows from (32) and (29) that

E{r(t;,)Ajo} > 1, (k) — €5, L, (@5155)
= Pr{=Z;} > (1 —€,)(1 —a;,))Pr{z(0) € Q;,} (33)

Let h € [1,1* — 1]. Define the following event

Ejl :Ajz N {Z(T(tjl+1) € le+1 ((I)jz+1)} (34)

for [ =1,...,l*. We prove by induction that
E{T(tjz) - T(t.jl—l)‘A.jl—l}
2 Ijz(q)qu) - Elejl((bjl)L le [Lh + 1]

=Pr{E;, }>1_(1—-¢,)1—-0aj)-
Pr{z(0) € Q,,\S} (35)

Assume that (35) holds true for all integers | € [1,h].
Note that by lemma 1

Pr{A;,} = (1 — oy, )Pr{z(7(t),) € Q;,(®;,)}  (36)
Taking into account that
Pr{Ejh—l} < PI‘{Z(T(tjh) € Qj1 ((I)jh)}

and that by the level nesting assumption (21) Q;, (®;,)

C $j,,,, reasoning as above in (33) we obtain for each

€1 € [O, 1)

E{T(tjh+1> - T(tjh)|Ajh} 2 Ijh+1 (q)jh) - Ejh+1Ijh(¢jh)]
= Pr{Ejh} > (1 - Ejh+1)(1 - ajh,+1)Pr{Ejh71} (37)
From (37) and the induction step we get (35).

Using (22) and (24) and defining Dy = U;VZIQJ-, D, =
Q, (P4, ,)),l=2,...,1* + 1, this proves that (12) with



controller {Cyy, k € IN}is (R, T,1 —TII_ (1 — ) (1 —
ay))-SS. =

As an application of theorem 3we want to study the case
of switching linear systems. For j € J let R;,T; C IR*™
be compact sets and o, §; € [0,1) and assume that

dx(t) = (Aryz(t) + Bryu(t))dt + Hy o (t)dw
dy(t) = Cr(t)x(t)dt + Kr(t)l‘(t)d (38)

with r(t) = j, is (R;, T}, o, 3;)-SP with quadratic Lya-
punov functions V;(z) = (1/2)“2’”%3] where Pj is sym-
metric and positive definite, quadratic stability margins
Q;(z) == v;Vj(2) + Zl 171Vi(z) for some v; > 0, and
linear controller C; (independent of k). This assump-
tion is quite natural for the class of systems (38) ac-
cording to the results of [1]. It is also reasonable to as-
sume that S;(k) are independent of k and equal to int
(Q,(c;)) for some ¢; > 0. Set k > max; ¢;. By definition,
() = {z € B2 £ (1/2)[2], < k} and

Qs (k) N, (k) D {z € B>« |2
< kmin{A ) Amaz (P )} (39)

If the functions ¢;,j,,, :IN — IR" are defined so that

maw(

Sojle—l(k) - k'yl mln{)‘maz( JH—I) )‘;um:(sz)}

with; € (0, 1) then 2, (k)& (k) D (‘p]'zjzﬂ (k)),
i.e. (21). For j; € J define

(I)jz(k) = Phgigr O Phags © Phrge (k)

_kH’L 1’Y’L mln{)‘maa:( JL+1>7)‘7_nax( JL)} (40)
and ®g(k) = k. It is always possible to choose
I* € N, ¥ € IN and v,...,7+ € (0,1) such that
le(q)jl*(k>) CT:= N:lij Sj(k:) - Q](k) and
S(k) := UL, S;(k) C Qj, (95, (k)) for all ji,..., 5 € J
and for all k > k*, which proves (22). Next, de-
fine I;(s) :== [ /o 1/1/J s)ds = (1/v;)log(2s/c;), with

5> 03/2 For each ji € Jandgj, €
direct calculations

[0,1), we obtain by

IJL((I)JL 1(]{:)) 67lljl(q).jl (k)>

(1/1/71){ 1Og(2¢)71 1( )/lef1) — € 1Og<2q>jl(k)/cjz)}
Thus, by applying theorem 3, we conclude that (38) is

(R, T,1—TI\_, (1 —¢;,)(1—aj,))-SS with switching con-
trollers Cy.(;) (independent of k) if

E{T(tjz) - T(tjl—l) Ajl—l(k)}

2 (1/ij){ log(2®jl—1 (k)/cjl—l) — € log(QCle(k)/cjl)}

(41)

6 Applications

In this section we use the methodology introduced in the
previous sections to design a switching controller for the
following class of systems

dl‘j:$j+1dt, j: 1,...,77,7 1,
dr, = udt + hyq)(z)dw
y=x (42)

where z = col(z1,...,z,), x; € R, u € IR is the control,
y € IR is the measurement, w € IR is a Wiener process
andr € J:=1,..., N a Markov chain. Moreover, we as-
sume that h,.(x) is for each r a locally Lipschitz function,
vanishing at the origin. In [1] a measurement feedback
controller (14) has been designed using control satura-
tions and a logarithmic Lyapunov function for the state
estimation error system. Control saturations avoid the
“peaking” of some state variables, while a logarithmic
Lyapunov function for the state estimation error system
allows to enlarge the region of attraction of the closed—
loop system. On the other hand, following the results of
[3], one can choose other Lyapunov functions than log-
arithmic ones to enlarge the region of attraction. This
determines through a suitable “coupling condition” the
choice of the function 7;(-) in (14). Our main result is to
prove that in the presence of a Markov chain the choice
of the Lyapunov function for the state estimation error
system cannot be logarithmic, due to the “weighted av-
erage” in (18) of the Lyapunov functions of each frozen
system, weighted by the transition probabilities of the
Markov chain. Thus, it is necessary to design the Lya-
punov function of the state estimation error system in
order to compensate for the effect of the weighted aver-
age term in (14) and at the same time to enlarge the re-
gion of attraction of the closed—loop system: as a result
we obtain a Lyapunov function Vj,, () = (1+|le||?)'/"—1
where r > 4(n — 1) + 1 and, according to the “coupling
condition”, a function 7;(s) which is linear over the re-
gion of attraction and goes as s'/" outside.

To find a switching measurement feedback controller for
(42) we adopt a certainty equivalence principle: first, we
design a switching state feedback controller, then we re-
place the state in this controller with a suitable estimate
given by an observer.

6.1 Backstepping design

The following result can be proved as in [2], theorem 5.1.
Let 7 = col(z1,...,Zpn—1), * = col(m,x,) and Ay and
By be matrices such that (42) rewrites as

dm = (Aom + Bou)dt
dr, = udt + hy)(z)dw (43)

Theorem 4 Let j,i € J andT; C R; C IR™ be compact
sets, {S;(k) C R", k € IN} a sequence of open sets such



that Sj(k) C Tj for k large, with S(k) = UL, S;(k), and

€ [0,1). Therefore, there exist I*,k* € IN, continuous
A,a; : IN — IR*, positive definite V; : IR" — IRZ,
7 € J, and a family of linear state feedback controllers
{Cj(k), k €N}, j € J, such that, if for all j;, ji41 € J
and k > k*

E{Trm\s(k) (L) = TRos (k) (8| Ay (R) ) > A(K) - (44)
with Aj, (k) and Trn\ sk (t) defined as in theorem 3 with
z =z, then for all k > k* (42) is (UYL, R;,UN. T, 1
I, (1—av;))-SS with state feedback switching controllers
{C(k)7 k EW} = {Cr(t)(k)v k EZZV}

Proof. Let the linear controllers Cj(k‘) u o= —A?(k:)
Rsfj (k)PSfJ(k)(xn+BTP7r) j=1,.
uous Py, Sfj,)\ :IN — RT and P € SPn~Dx(n=1)
designed as in section V.A of [2]for each frozen sys-

tem (43) in such a way that limg_,o Sfj( )k =0,
limy o0 Aj(k) = 0 and

, N, with contin-

AP+ PAy— PByBIP+1=0 (45)

Moreover, according to section V.A of [2] we have a
quadratic Lyapunov function Vis;(2) = (1/2)||=]|% +
A3 (k)Psgj(k)(zyn + Bj Pm)? and a quadratic stability
margin Quy; () = (1/2) 72 + (2 + BY Pr)2Qs (k)
for some continuous Qsr; : IN — IRT such that
@sfj(k:) > 2/X;(k). We claim that it is possible to se-
lect @Sfj :IN — IR™ and k* € IN in such a way to
have Quy;(2) = vsf;Vigs(2) + S0, i Vagi(z) for some
vgrj > 0 and for all £ > k*. Indeed, using the fact that
> vji = 0 for each j and that limy_,o Aj(k) = 0 we get

(xn + BgPW)QQSfj]

+Z%z e (46)

Qari(2) = (1/2)[lI7lI* +

> (1/Amaz (P))Vsy; (2

Thus, let vsf; = 1/Amaz(P) and @Sfj( ) > max{2/\;(k),

(Vs 5 +753) A3 () Pagj (k) + 30,45 7jiX? (k) Pagi(k) }, which
proves our claim. Moreover, we have Qr,(k) = {x :

(1/2)||$||2psfj(k) < k} where

Pygi(k) =
P+ )\?(k)ﬁsfj(k)PBOBOTP —)\2(k)PSfJ(k;)PBO
—\2(k)Pyy; (k)BT P N2(k) P,z (k)

Thus, to prove the assumptions of theorem 3 we can pro-
ceed exactly as at the end of section 5 for linear systems
withe; =0, 5 € J. o

6.2 H filtering

In this section, we design an observer for estimating the
state and replace the state in the controller {C(k), k €
IN} = {Cr4)(k), k € IN} of theorem 4 to obtain a

measurement feedback controller. Rewrite (43) as

dr = (Az + Bu)dt 4 hyq(x)dw

dy = Cuxdt (47)
where
T
01 0 0 0 8 (1)
0 0 1 0 0 0 0
A=l o le=] o=,
0O 0 0 0 1 : )
0 0
0 0 0 0 0 1 0

In theorem 4 we have shown how to satisfy the assump-
tions of theorem 3 using state feedback. In this section
we want to show how to satisfy the assumptions of the-
orem 3 using measurement feedback. The main result is
the following, which is the corresponding result of theo-
rem 4 for measurement feedback.

Theorem 5 Letj,i € J andT; C R; C IR*™ be compact
sets, {S;(k) C IR*™,k € IN} a sequence of open sets such
that Sj(k) C Tj for large k, with S(k) = U, S;(k), and
€ [0,1). Therefore, there existsl*, k* EﬂV continuous
A,a; : IN — IRY, positive definite V; : IR*" — IR=,
j € J, and a family of measurement feedback controllers
{Cj(k), k €N}, j € J, such that, if for all j;, 5141 € J
and k > k*
E{T(tjz+1) - T(tjl) Ajl(k)} > A(k) (48)
with Aj, (k) and TRpe\ sk (t) defined as in theorem 3 with
z = (z,0), then for allk > k* (42)is (U, Ry, UN | T}, 1—

I, (1 — ;) -SS with measurement feedback switching
controllers {C(k), k € IN} = {Cyy(k), k €IN}.

Proof. We prove that the assumptions of theorem 3 are
met. In particular, taking also into account the results
of theorems 2 and 3, this happens if for some k* € IV
and forall j=1,...,N and k > k*:

e there exist Pp,j(k) € SP", Ry;(k) > 0, continuous
positive definite ¢; : IR= — IR= and C' functions 4; :
R= — (0,1],j =1,..., N, such that Vs§;(s) < §;(s)
for all s > 0 and

" [Prnj(k)Aj + A] Poyj(k)
+h3(2) Py (k) B; B] Prj(k) — R, (k)CT C;
+Pyyj(k)Bj R}, (k) B] Pgj(k)le



N
+ > vitbilllell i) /il i) < —as(llel puce)

i=1

(49)
for all z € ngj( ) = {o e B : (123,
with 1;(s) = [; d;(s)ds and Pys;(k) is defined as in
theorem 4

e there exist a continuous locally Lipschitz function 7; :
IR™ — IR™ such that

Sup |« +i(llell, )]
(z,0)ER; éfj(k) J P, (k)
- < a (50)
and

In; (= Fj (k) (@ =€) + Fj(k)all,,, )
[Edl

Qsysj(k)
) B2 @) B Py (), < 85l )

I1E (el

1
2 o + 501 = 73 ) (51)

for all z € Qgf;(k) and e € IR", with Fj(k) =
—R}(K)BT Pugy (k) and Qups(k) = vallel2, ) +
N
Zi:l ”YJ@'HzH??i(k)'
e there exist ¢;; :IN — IR such that for all j;, ji11 € J

sz+1 (k) n sz (k) ) sz (‘pjlsz (k)) (52)
and there exists [* € IN such that for all j1,...,75 € J
S(k) € Q;, (P, (K) €T (53)

where Q;(k) = {z € R* : ||a|}, ) +vi(llz -
"HQij(k) < k}and ®;(k) = Pjajs OPirgs (k)
(I)o(k) =k and goﬂ(k) =k.

Pitji1° "

We will use similar arguments to those of [1] for choosing
n; and J; in such a way to satisfy (49)—(51). However,
in the presence of a Markov chain we have in (49) the

additional term 32,7, vjiti([e]| p,..0)) /3 (llell 1) for
which the choices of 7; and §; pointed out in [1] are
not satisfactory any more. Thus, we have to prove that
there exists some other choice of these functions satisfy-
ing (49)-(51). For,let r > 4(n — 1) + 1 and

1—r

(I+s)=
C(k)r

(14s)7 —1

dj(s) = RO

» Yils) = (54)

where ¢ : IRt — IR is some C" function (to be specified
later) such that klinolo ¢(k) = co. Note that, since r > 1,

1—1r

((k)r?

V8i(s) = (1+s) "

<0<6(s), Vs >0 (55)

Moreover,

Vi(s)/di(s)
Thus, (49) is solvable for some P,,;(k) € SP™ with
q;(s) = *(k)s if

Prj(k)A + AT Poj(k) + B3 (2) Poyj (k) BBT Py (k)

71'( )CT'C + Pyg(k)BR_;; (k) B Py (k)
+7'Z'YJZ mz

=r[l+s—(1+s) = ]<rs,Vs>0 (56)

—C (k) Prnji (k)
(57)

is solvable for some P, ;(k) € SP™. To construct such
P.j(k) € SP", define

P () = < [Prnjln—1,n—1(k) [ij]n—l,n(k)>

" [ij]"’"fl(k) [Pm]]nn(k)
; Prjlis(k vji(k _
Pﬁ;(k)—C vﬁ](kg ) T(szg)()k)>,1§2§n2

Where [Pm]]lz(k) = [ij]zl(k) and ’Uz(k) = rOW([ij]i,i+l(k)a
0,...,0). Moreover, define

QW (k) = 2[Pryjlnn—1. (k) + wjn (P

@ o[ 2Pmgliici(k) +wi(PY) €5(PD)
Qs 1) = &:(PL) Q)
t=2,....,n—1
W [ —Li(k) + i (PL) (k) €R(PL) (k)
Q””(k)_< £ (PO(k) 0@ )

where L; : R™ — IRT is a C° function and wji(ani;)
and sz‘(P,SZ) are linear functions of the entries of Pfrg
By direct calculations

Qi (k) = PLJ(R)A+1) + (A+ TP} (k)
—L;(k)CTC (59)

We claim that for each [Pp,;]nn (k) > 0 such that

||xH2stj(k)

s 2 [Ponglan (k)R] (@) = 15 (@) BT P (k) B(60)

for all & € Qqy;(k), there exist C” functions L} : R —
* and PSJ) : Rt — SP" such that Qg,ll;(k;) € SN™
for all C° functions L;(k) > L} (k). Indeed,

e pick [Ppjlnn-1 < 0 such that Qi::j) < 0 and

[Prjln—1,n—1 > 0 such that Py(nrzfl) e SpP2.



o Pick [Prj]n—1,n—2(k) < 0such that Qfg{l)(k) € SN?
and [Pr,jln—2,0-2(k) > 0 such that P\~ (k) € SP°.

o At step 4, fix [Ppnjln—in-1-i(k) < 0 such that
QU (k) € SN and [Pujln-1-in-1-i(k) > 0
such that P71~ l)( k) € SP™2,

mj

e Finally, fix [Py, ]11(k) > 0 such that Pr(nlj)(k:) e spr

and L (k) > 0 such that ng(k‘) € SN" for all C°
functlons Lj(k) > L; (k).

Define

Ponj (k) = Poj (C(K)) = Z(C(K)) PLD (K) Z(C(k)),
Z(((k)) = diag{C*" D (k), P2 (k). 1}

In what follows, for sake of simplicity we will omit
the argument k£ when there is no ambiguity. We claim
that there exists a C° function ¢}, : R — IRT
such that P,,;, defined as in (61), solves (49) with
Rpj € (0,1/[L;¢*"=1]) for all C° functions ¢ > ¢};.

Indeed, substituting in (49), left and right—-multiplying

(61)

by Z71(¢(k)) and dividing both members by ¢?(k), we
obtain
PL)(A+ U (Q) + (A+ Un(0)"PY)
R LCTc;
% +Up(Q) < -PY) (62)

where Ujq,Ujs : Rt — IR™™ are C° functions such

that lim U;;(¢) = 0,7 = 1,2. Choose ¢}, : Rt — R*
(—o© J

such that limg . (j; (k) = oo and

PLJUn Q) + UR OB + Upa(€) < P (63)

for all C° functions ¢ > ¢¥;. By (59) and (63), it follows

that (62) (and, thus, (49)) is indeed true.
Next, we satisfy (50). Since for e € R™, r > 4(n—1)+1
and for all C(k)y>1

e 2/r 1/2 P(l) k
(el gt~ D) < e s )
¢(k) P (C(R)) C172(k)

then there exists a C° function (¥, : Rt — IRT such

that for all C° functions ¢ > o

o1 2
klggog H$|P3fj(k)

1
o (L [z = off% =0

¢(k)

for each (x,0) € Qs5,(k) x IR™, which proves (50).

1
o) Y (64)
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Now, we prove (51). Let

Fj(k) = Rs_flj(k)row(o, 0,...,0,1)Pss;(k)

n;(s) = col(nj1(s),. ... njm(s)), s =col(s1,...,Sm),

S
nji(8i) = — (65)
jils) (1 4+ max{0, |s;| — max,ea,,, |Fjz|}) 11(

Taking into account (60), condition (51) is satisfied for
all z € Qg (k) and e € IR™ if there exists a C° function
%30 R — IR* such that

el ot Vel 1

r—1 11TlQ. j
sl ||2 e
_”ij_UJ(FJ( - )HQRS“ >0 (66)

for all C? functions ¢ > (¥3, © € Qp;(k) and e € R™. In
order to prove (66), find a covering U3_; M;; of {(z,¢€) €
Qspj(k) x R™}, with

Mj1={(z,e) € Qpj(k) x R" : |lx — e < Vju;
lell < %%, 91 >0
Mjo={(z,e) € Qsp;(k) x R™ : ||z —¢|| > V1;
lell < 952, 90 < 222
Mjz={(z,e) € Quyj(k) x R" : |le]| = U2} (67)

for some ¥ > 0 and ¥j1 > 0 such that n;(—F;(z—e)) =
—Fj(xz —e) for all [z —e| < 9;1.

First of all, it is easy to see that there exists a C° function
5y o R — IRT such that (66) holds for all C° functions

(>C4and(:1c e) € Mj.

Moreover, (66) holds for all (z,e) € M;s for some 9,5 <
192& and for all k£ > 0. Indeed, for all (x,e) € M, , since
¥ > Y2 we have %HxH?QSfj > 0. It follows that for any
such a x by continuity there exists ej, > 0 such that (66)
holds for all ||| < e, and for all C° functions ¢ > Ga-

Since N; = {z € Q5;(k) : ||z|| >

Y51 > 0, one can take 9,2 = min{ %1 ,

11} is compact and
min e, }.
TEN; Ja:}

We are left with proving that there exists a C° function
%5 RT — IR™ such that (66) holds for all (z,e) € M3

and for all C° functions ¢ > (7. Since |e ”2 s >
||€||2)\mm(P,§L1}(k)) we have
el 0 HIFlhs 1
r—1 T 1Tl Q, ’
r¢(1+ || ||2 )= 49y

'mj (€)



Omin(PED) e
~1Fjz —n;(Fj(z — €)%, = T o (P )2
Salo s o

max2{0 z—c)| — max |[Fjx
e maxz{{o ||[[ ]] (<x - e)>| - mx ||[[ i.]];é)r_: ] o

min(P3)) €]
> Ammi];ﬁ}ne S 24[390?&}5: Bl

Rsfj >

([Elix — e))? ]
(1+ ([Fjli(x —e))2)
Omin (PO el " l

5 max ||[Fy];|*||]*

_24

P Amin (Po)lel®) 5 | e
ILF5 il el
ol RLY
(1 + ]2 lel®)
(68)
This implies the existence of a C° function i RY —

IR" such that (66) holds for all (z,e) € M; 3 and for
all C° functions ¢ > (j5- Pick (f3 > max{(jy, (5}
Finally, we conclude that (49)-(51) hold as long
as ( : Rt — IR' is any CU function such that
¢ man:l,.,,,N{C;l, C;Q’ CJ*S}

Finally, (52)—(53) can be proved as in theorem 4, once
we show that for a proper choice of ((k), a;(k) > 0 and
bj(k) € (0,1/2] we have {z € IR*™™ : V;(z) < a;(k)} C
S; (k) and the functions I;(s) := f;j(k)(l/yj(s))ds, with
v;i(s) = a;(k)b;(k)s if |s| > a;j(k) and = b;(k)s* other-
wise, are such that

+ZW '7jl

< ||x||Qm<k> +65(le = oll%, )i (llz — ol o)

+Z¢l(||€||%3m,j(k))7jl

=1

(69)

with 2 = (2,0), V;(2) = lle3,,, +;(lell,,, and for all

z € Q;(k). Indeed, let v5¢; and Q,¢; be as in the proof of
theorem 4. Since ((k) > 1,k > 1 and x € Qy;(k), there
exists m; > 0 such that (1+s)/7—1 < mjs/(1+5) for all
s € [0,1], then for k > Vj(2) > a;(k), lz—oll3, L S L
¢(k) > max{1,m;r} and 2b;(k)k < vyy;

v (V3 (2)) = bi(R)(V3(2))* < 20, (R) Rl
HA+lle = ol @) — 1%} < vapsllall, o

11

o — ol
k))l/r —1)} Pm;(k)
L+ =olp, o

< vsgillzl?, 0 + CR) /)L +llz —olF, )"

lz = ol

+my[(1+ [z = all3,

. 1+ ||‘T - CT”2 (k) VSfJHx' Psyj(k)

+9; (||$—0Hp s (05 (17 =l ) (70)
On the other hand, for k& > Vj(z) > a;(k), ||z —
O‘HP ) 2 1, ¢(k) > max{1, v2kr} and 2b;(k)k < vsy;

we have

v (V5(2)) < b (k)(V())* < 26(
HU/CENIA+ o — o3, 5) " = 117}

< vags (B2l oy + (RJCHRDIA + 1 = o3, )"
2+ RN+ —alP )

. |z — UHpmj(k)
1+ ||z — UH%DM(;C)

+3;(la

B k]2l )

—1] < vagjll2ll?

= stj(k)”tzPsfj(k)

olls,, w)aile =al?, @) (71)

This with (70) proves (69) for k > V;(z) > a;(k). When
0 < Vj(2) < a;(k) then v;(Vi(z)) = b;(k)( ](z)) and
we can prove (69) as above in the case k > V;(2) > a; (k).

According to theorems 2 and 3, (42) is (U, Ry, U, T}, 1—
I, (1 — oy))-SS with switching controller {C(k), k €
IN} = {Cy)(k), k € IN} where C;(k) :
u = —n;[F;(k)o],
do =[(A— P, i(k)C"R,,
~1 T p—1
+P,,; (k)CT R, (k)dy

where F(k) and n;(s) are defined as in (65).0

L(k)C)o + Buldt
(72)

7 Conclusions

We have introduced a notion of stabilization for switch-
ing systems. Peculiar to this definition is the fact to eval-
uate the probability of the trajectory to pass through
a sequence of decreasing sets D;, j = 1,...,, at each
switching and approaching the target. Our main contri-
bution is to prove that if the expectation of the dwell-
time, conditionally to the event that the trajectory goes
from D; to D1, is “sufficiently large” then the switch-
ing system is stable under switching with guaranteed
probability (theorem 3). As an application of our design
tool, we consider a significant class of nonlinear stochas-
tic systems and show in detail how to construct both a
state feedback and a measurement feedback dwell-time
controller. Qur approach is promising for applications to
more general class of nonlinear stochastic systems.
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