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Abstract

This paper investigates linear systems with polynomial dependence on time-invariant
uncertainties constrained in the simplex via homogeneous parameter-dependent quadratic
Lyapunov functions (HPD-QLFs). It is shown that a sufficient condition for estab-
lishing whether the system is either stable or unstable can be obtained by solving a
generalized eigenvalue problem. Moreover, this condition is also necessary by using a
sufficiently large degree of the HPD-QLF.
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1 Introduction

Various methods have been proposed for stability of linear systems with time-invariant un-
certainty constrained in a polytope. Generally, these methods exploit parameter-dependent
Lyapunov functions and LMIs, see e.g. [1] which considers Lyapunov functions with linear
dependence, [2] which proposes Lyapunov functions with polynomial dependence, [3] which
introduces the class of HPD-QLFs, [4] which proposes a general framework for LMI relax-
ations, [5] where homogeneous solutions are characterized, [6] which addresses the case of
semi-algebraic sets, and [7, 8] where matrix-dilation approaches are considered.

Some of these methods provide necessary and sufficient conditions for robust stability.
However, the necessity is achieved for an unknown degree of the polynomials used. This
implies that, if the system is unstable, no conclusion can be reached. This paper addresses
this problem via HPD-QLFs for in the case of polynomial dependence on the uncertainty. It is
shown that a sufficient condition for establishing either stability or instability can be obtained
by solving a generalized eigenvalue problem, and that this condition is also necessary by using
a sufficiently large degree of the HPD-QLF. The idea behind this condition is to exploit the
LMI relaxation introduced in [3] via the square matricial representation (SMR)! in order to
characterize the instability via the presence of suitable vectors in certain eigenspaces.
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!The SMR allows one to establish if a polynomial is a sum of squares (SOS) of polynomials via an LMI,
see e.g. [9, 10, 11, 12] and references therein.



Before proceeding, it is worth explaining that the proposed approach differs from [13]
which investigates robust H, performance via eigenvalue problems, from [14] which exploits
D/G-scaling in the case of rational dependence on the uncertainty, from [15] which derives
a recursive algorithm based on the linear fractional representation, and from [16, 17| which
propose a branch-and-bound method in the case of linear dependence on the uncertainty.

2 Preliminaries

Notation: R, C: real and complex numbers; Ro: R\ {0}; I,,: n x n identity matrix; A > 0:
symmetric positive definite matrix; A® B: Kronecker’s product; A’, tr(A), det(A): transpose,
trace and determinant of A; vec(A): vector with the columns of A stacked below each other;
spc(A) ={ e C: det()J A) = 0}; span(vy, ..., vk) = {a1v1 +. . . Fagvg, a1,...,a, € R},
sq(p) = (pl, e ,pq) with p € R?;, CT, DT: contmuous—tlme and discrete-time; st subject
to.

Let us consider the uncertain system

(CT case) (1) = A(p)a(t)
{(DT case) o(t+1)=Ap)a(t) PET (1)

where ¢ € R is the time, x(t) € R" is the state, p € R? is the uncertain parameter, and
P is the simplex, i.e. P = {p e R?: ¢ pi=1, p;>0}. The function A : R? — R™*"
is a matriz form of degree my, i.e. a matrix whose entries are forms (i.e. homogeneous
polynomials) of degree m 4. Let us define

A={A(p) eR": peP}. (2)
In the sequel we will say that:
- (CT case) A(p) is stable if and only if Re(\) < 0 for all A € spc(A(p));
- (DT case) A(p) is stable if and only if |\| < 1 for all A € spc(A(p));
- A is stable if and only if A(p) is stable for all p € P;
- A (resp., A(p)) is unstable if is not stable.
In order to introduce the proposed result, let us define

(CT case) d=my (3)
(DT case) d=2myu

and let p!™ be a vector containing all monomials of degree m in p. Let us introduce

S={5=9":A (p{m}, S) does not contain
monomials pi' ... p¢ with at least one i; odd} (4)
U={U=U": A4 U)=0 vp}



where the notation A(:,-) means
A(b,B)=0b®1I,) Bbel,) (5)

for any suitable b, B, and let S(/3),U(«) be linear parameterizations of S,U. Define the
functions

P(sq(p), B) = A (p'™, 5(8)) (6)

and

(CT case) Q(sq(p),3) = —-B'C —CB 7)
(DT case) Q(sa(p), ) = (L1, 1) C — B'CB

for B = A(sq(p)) and C = P(sq(p), ). Let R(8) be a SMR matrix of the matrix form
Q(sqa(p), B), i.e. a symmetric function satisfying

A (p"™ P R(B)) = Q(sa(p), B)- (8)

The following theorem is given in [3, 18, 12] and investigates robust stability of (1) via a
HPD-QLF of degree m, i.e. via a Lyapunov function of the form 2/ P(p, B)z.

Theorem 1 [18] The set A is stable if and only if there exist m such that the following
LMIs hold for some «, 3:
{ S(B) >0 (9)

R(B) + U(a) > 0.

3 Stability and Instability Condition

Let us define

T(B) =A(K, 14 ® S(B)) (10)
where K is the matrix satisfying
p® - @ppt™ = Kptmtd (11)
N—_———
d times

(see also (18) for a key property of T'(f)) and define

5(8)>0
n* =supn st. R( )+ U(a) —nT(B) >0 (12)
i tr(S(8)) = 1.
Let us define
V =R(f")+U(a") (13)
where o, 5* are optimal values of «, 5 in (12), and let ¢y, ..., ¢, be the eigenvectors of the
non-positive eigenvalues of V', i.e.
ce, =1
{ Ve, = N for some \; € R, A\; < 0. (14)



Theorem 2 The set A is stable if and only if there exists m such that n* > 0. Moreover,
A is unstable if and only if there exist m and (u,y) € R x Ry such that A(E(u)) is unstable
and

ut™ Y @y € span{cy,... ¢} (15)

where £ : RE — P is the function

1

E(u) = (Zuf) squ). (16)

Proof. Let us consider the stability statement, and let us observe that K in (11) is a full
column rank (see e.g. [3]), which directly implies from (10) that

T(B)>0 < S(B)>0. (17)

Therefore, the stability statement follows from (17) and Theorem 1. Indeed, observe that
the constraint tr(S(f)) = 1 is not restrictive since S(5), R(8), U(a and T(B) are linear
functions, and it is introduced in order to normalized the solution of (12).

Let us consider the instability statement. The sufficiency is obvious because, if A(&(u)) is
unstable and £(u) € P, then A is unstable for definition. Hence, let us consider the necessity
and let us assume that A is unstable. From the stability statement, we have n* < 0. Observe
that

A (p™ 3, T(8)) = (ZP?) P(sa(p), ) (18)

and let us suppose for contradiction that, for all m, (15) does not hold.
Let us consider firstly the CT case. This supposition implies that Re(\) < —0.5n* for all
A € spc(A(p)) for all p € P. In fact, from (6)—(8), (18) and Lemma 3 in [3], the first two

constraints in (12) imply
P(p) >0
Vp e P. 19

Lot a0 ™ 1)

Consequently, there exists € > 0 such that A(p) + 0.5(n* 4+ ¢)I is stable for all p € P. Let us
replace A(p) with A(p) + 0.5(n* 4+ )I in our original problem. It follows that the new set A
is stable, and the new solution of (12), which we refer to as n*, satisfies n* = —e. But since
e > 0 this implies that (9) is not satisfied for any m, hence contradicting Theorem 1.

Let us consider now the DT case. The supposition that (15) does not hold for any m
implies that |A\| < /T —n* for all A € spc(A(p)) for all p € P. Starting from this fact, one
can construct another problem leading to a contradiction and hence proving the statement.
The construction of this problem is completely similar to the one in the CT case, and it is
omitted for conciseness. U

Theorem 2 requires to solve (12), which is a generalized eigenvalue problem and hence
a quasi-convex optimization problem. The pairs (u,y) in R x RY} satisfying (15) can be
found with the technique in [19, 12| which amounts to finding the roots of a polynomial
obtained via pivoting. The vectors c,..., ¢, can be obtained once (12) has been solved,
being eigenvectors of V.



In order to clarify the construction of (12), let us consider a simple situation with n = 2,
q=2 ms=1and m = 1in the CT case. Let us select pi™ = (p;, py)’ and pim+dt =
(p?, p1p2,p3)’. A parametrization S(3) for the set S in (4) and the matrix K in (11) are

hence
Br B2 0 —p 1 00
_| *x B B O 1010
S(ﬂ) o * * 54 B5 ’ K= 010
*  x  * [ 0 01

Then, the matrix 7'(3) is directly given by (10). Lastly, the matrices R(f) and U(«) can be
computed as described in [3, 12] and are omitted for conciseness.

Remark 1. The proposed condition provides a solution for the decidability problem of
establishing whether A(p) is either stable or unstable. Indeed, for any chosen degree m of
the HPD-QLF, Theorem 2 allows one to establish either stability (if * > 0) or instability (if
(15) holds). Moreover, the theorem guarantees that, for a finite m, one of these conditions
is satisfied.

4 Examples

Here we present some illustrative examples. The computational time of the proposed condi-
tion for all these examples (and of [17] for the examples in Section 4.1) is in the range 1-3
seconds.

4.1 Linear Dependence

Consider in the DT case the example of Figure 3 in [17], where n = 3, ¢ = 3 and m4 = 1.
With m = 1 Theorem 2 proves that A is unstable, in particular we obtain

£(u) = (0.0821,0.1425,0.7754)
spe(A(E(w))) = {—1.0002,0.1863 4 0.54534} .

Some details are: 3 € R?%; o € R¥7; 4 is found from (15) with the technique in [19, 12] by
finding the roots of a cubic polynomial.

Still in the DT case, consider the example of Figure 5 in [17], where n = 3, ¢ = 4 and
my = 1. With m = 0 Theorem 2 proves that A is unstable, in particular

¢(u) = (0.3172,0.6828,0.0000,0.0000)
spe(A(E(u))) = {0.0910,—0.6655, —1.0560} .

Some details are: 3 € R5; o € R?®; 4 is found from (15) with the technique in [19, 12] by

finding the roots of a quartic polynomial.

4.2 Nonlinear Dependence

Here the aim is to show that the proposed approach works well also in the case where
the portion of the simplex yielding an unstable system is extremely small, in particular a



point. Consider in the CT case the problem of establishing whether M (6) is stable for all
0 e {9€R2Z 91+¢92 < 1, 92 20},Where

M(0) = Mo+ M; >0 (0; - 6;)
vec(My) = (=1.1,0,0,-1.2,1.2,1.2, -4.6, =5.5, =5.5)’
vec(M;) = (—1.7,0.3,0,0,—1.5,0.5,0.5,0.2, —1.3)’
vec(Ms) = (—1.5,0,0.3,0,—1.8,0.2,—0.6,0, —1.4)’
0 = (V2/5,7/9).

It can be verified that M (#) is stable for all admissible 8 except § = 6*. This problem can
be addressed with the proposed approach. Indeed, let us define

A(p) = Mos(p)? + M; 2, (pi = 075(p))”
p1 =01, pp="0y p3=1—01 =0, s(p)=>_1_ pi-

We have n = 3, ¢ = 3 and my = 2. Theorem 2 proves that A is unstable with m = 0, in
particular we obtain

¢(u) = (0.2828,0.3491,0.3681)'
spe(A(E(w))) = {—1.1000,0.0000, —4.3000} .

Some details are: § € R’ a € R®; v is found from (15) with the technique in [19, 12] by
finding the roots of a quadratic polynomial.

For completeness, we slightly modify M (6) in order to consider a stable system, in par-
ticular we redefine My as My — 107315. We find that n* > 0, which implies from Theorem 2
that A is stable.

5 Conclusion

We have proposed a condition via HPD-QLFs for establishing stability and instability of
linear systems with polynomial dependence on uncertainties constrained in the simplex.
This condition is necessary and sufficient.

Acknowledgement

The author would like to thank the Associate Editor and the Reviewers for their comments,
and the authors of [16, 17] for providing the code of their method.

References

[1] V. J.S. Leite and P. L. D. Peres. An improved LMI condition for robust D-stability of
uncertain polytopic systems. IEEE Trans. on Automatic Control, 48(3):500-504, 2003.

[2] P.-A. Bliman. A convex approach to robust stability for linear systems with uncertain
scalar parameters. SIAM Journal on Control and Optimization, 42(6):2016-2042, 2004.

6



[3]

[7]

[11]

[12]

[13]

[14]

[15]

[16]

G. Chesi, A. Garulli, A. Tesi, and A. Vicino. Polynomially parameter-dependent Lya-
punov functions for robust stability of polytopic systems: an LMI approach. [IEEE
Trans. on Automatic Control, 50(3):365-370, 2005.

C. W. Scherer. LMI relaxations in robust control. European Journal of Control, 12(1):3—
29, 2006.

R. C. L. F. Oliveira and P. L. D. Peres. Parameter-dependent LMIs in robust analysis:
Characterization of homogeneous polynomially parameter-dependent solutions via LMI
relaxations. IEEE Trans. on Automatic Control, 52(7):1334-1340, 2007.

J. Lavaei and A. G. Aghdam. Robust stability of LTI systems over semi-algebraic
sets using sum-of-squares matrix polynomials. IFEE Trans. on Automatic Control,
53(1):417-423, 2008.

Y. Oishi. An asymptotically exact approach to robust semidefinite programming prob-
lems with function variables. IEEE Trans. on Automatic Control, Special Issue on
Positive Polynomials in Control, 54(5):1000-1006, 2009.

D. Peaucelle and M. Sato. LMI tests for positive definite polynomials: Slack variable
approach. IEEE Trans. on Automatic Control, 54(4):886-891, 2009.

G. Chesi, A. Tesi, A. Vicino, and R. Genesio. On convexification of some minimum
distance problems. In Furopean Control Conf., Karlsruhe, Germany, 1999.

G. Chesi, A. Garulli, A. Tesi, and A. Vicino. Solving quadratic distance problems: an
LMI-based approach. IEEE Trans. on Automatic Control, 48(2):200-212, 2003.

G. Chesi. On the gap between positive polynomials and SOS of polynomials. IEEE
Trans. on Automatic Control, 52(6):1066-1072, 2007.

G. Chesi, A. Garulli, A. Tesi, and A. Vicino. Homogeneous Polynomial Forms for
Robustness Analysis of Uncertain Systems. Springer, 2009.

G. Chesi. Establishing tightness in robust H-infinity analysis via homogeneous
parameter-dependent Lyapunov functions. Automatica, 43(11):1992-1995, 2007.

Y. Ebihara, Y. Onishi, and T. Hagiwara. Robust performance analysis of uncertain LTI
systems: Dual LMI approach and verifications for exactness. IEEE Trans. on Automatic
Control, Special Issue on Positive Polynomials in Control, 54(5):938-951, 2009.

I. Masubuchi and C. W. Scherer. A recursive algorithm of exactness verification of
relaxations for robust sdps. Systems and Control Letters, 58(8):592-601, 2009.

E. N. Goncalves, R. M. Palhares, R. H. C. Takahashi, and R. C. Mesquita. New
approach to robust d-stability analysis of linear time-invariant systems with polytope-
bounded uncertainty. IEEE Trans. on Automatic Control, 51(10):1709-1714, 2006.



[17] E. N. Goncalves, R. M. Palhares, R. H. C. Takahashi, and R. C. Mesquita. New strategy
for robust stability analysis of discrete-time uncertain systems. Systems and Control
Letters, 56(7):516-524, 2007.

[18] G. Chesi. On the non-conservatism of a novel LMI relaxation for robust analysis of
polytopic systems. Automatica, 44(11):2973-2976, 2008.

[19] G. Chesi, A. Garulli, A. Tesi, and A. Vicino. Characterizing the solution set of polyno-
mial systems in terms of homogeneous forms: an LMI approach. Int. Journal of Robust
and Nonlinear Control, 13(13):1239-1257, 2003.



