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1. Introduction

In Bamieh, Paganini, and Dahleh (2002) a general class of
spatially invariant systems was introduced as a useful model for
many applications. While large-scale finite-dimensional systems
are cumbersome to treat, spatially invariant systems are easier to
analyze mathematically. In Jovanovi¢ and Bamieh (2005) Jovanovi¢
and Bamieh pointed out the shortcomings of previous models
of platoons of vehicles in Levine and Athans (1966) and Melzer
and Kuo (1971a,b), which were due to the lack of exponential
stabilizability or detectability of the infinite platoon model. They
also studied the LQR problem for a class of infinite spatially
invariant string of vehicles and showed that the LQR control
of the infinite model reflected well the behavior of the long-
but-finite vehicular platoons described in Levine and Athans
(1966) and Melzer and Kuo (1971a,b). In view of the attractive
mathematical features of the class of spatially invariant systems
and their applications (see Bamieh et al. (2002)), it is important to
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investigate when spatially invariant systems serve as good models
for long-but-finite strings. This paper serves as a first step in
addressing this very complex question.

We consider a long-but-finite string of 2N + 1 scalar
autonomous units

N N
2 =) azi(t)+ Y bitry(t), (1)

[=—N I=—N

N
v =Y czt), -N<r=<N,t>0,
I=—N

where only finitely many coefficients a;, b, ¢, € C, —s < | <
s < N, are nonzero and z, ¥, and uy, are set to zero for |k| > N.
We remark that the structure of the first s and the last s units
of the long-but-finite string (1) are different from the structure
of the other units. We compare the LQR control for (1) with
LQR control of the corresponding infinite string, which is a scalar
spatially invariant system. Clearly, it is important to clarify which
properties one is considering and whether or not the infinite
model does serve as a useful indicator for these properties. Among
the many properties one could consider of the LQR solution we
focus on the following two properties of the closed-loop generator
Agq: the growth bound which equals the spectral bound w,; =
sup{Re(A) : L € o(Aq)} (since A, is bounded) and the transient
bound M,, which for any @ > @ is the smallest positive
number such that we have ||| < M,e“! (see Curtain & Zwart,
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1995, Theorem 2.1.6). By means of two analytical counterexamples
and numerical counterexamples we show that finite and infinite
strings can exhibit quite different behavior. So for this class of
scalar systems the infinite case is not always a useful paradigm
to understand the long-but-finite case. More importantly, we
investigate the mathematical underpinnings of the LQR control
problem for both the finite and infinite cases. We give sufficient
conditions under which different types of long-but-finite strings,
such as circular configurations (see Theorem 3.10) and systems
for which two out of the three defining operators are constants
(see Propositions 3.6-3.8 and 4.4), exhibit similar behavior as the
corresponding infinite strings.

Model (1) with state space C2N*! can also be written in a
compact form X' (Ay, By, Cy, 0)

zy(t) = Anzy(t) + Byuy(0), (2)
yn(t) = Cyzn(t), t >0,

where u,y, z are column vectors of size 2N + 1, e.g,, zy(t) =
[z-n()  zna (D) ZN(t)]T and Ay, By, Cy are 2N + 1) x
(2N + 1) Toeplitz matrices. It is well known that large Toeplitz
matrices have bad numerical properties and so simulations are not
in general a reliable way to investigate the properties of Toeplitz
systems (see Bottcher and Silvermann (1999)). Consequently, it is
important to analyze these systems analytically. Now the limit as
N — oo produces a system that is amenable to mathematical
computations. This infinite-dimensional string falls into the class
of spatially invariant systems introduced in Bamieh et al. (2002) and
is given by

z:(t) = Z qzy—(t) + Z bu,_(t), (3)
lez leZ

yr() =) az(t), rEZ >0, (4)
lez

where a;, b;, ¢, € Cand z,(t), u,(t) andy,(t) € C are the state, the
input and the output vectors, respectively, at time t > 0 and spatial
point r € Z. As in Curtain, Iftime, and Zwart (2008, 2009) we can
formulate (3), (4) as a standard state linear system X' (A, B, C, 0)

2(t) = (A2)(t) + (Bu)(t), (5)
yit) = (C)@), t=0,

with the state, the input and the output spaces (Z, U and Y,

respectively) are equal to ¢,(Z, C). A, B, C are Laurent operators

(see Appendix).

Taking Fourier transforms in the spatial direction (see Curtain
etal.(2009)) of the system Eq. (5), we obtain the state linear system

YA, B, C,0)

2(t) = §2(t) = A%(t) + Bii(1), (6)
y(0) = §y(t) = CZ(t), t=0.

Note that our standing assumption is that only finitely many of the
coefficients are nonzero which means that A(el?), B(el?), C(ei?) are
uniformly continuous in 6 on [0, 2] and A, B,C € L, (dD; C).
Hence A, B,C define bounded operators on L,(dD;C). The
system X (A, B, C, 0) is isometrically isomorphic to X' (A, B, C, 0)
with the state space, input and output spaces L,(0D; C). Their
system theoretic properties are identical (see Curtain & Zwart,

1995, Exercise 2.5). For every 8 € [0, 27r] the system (6) can be
written as

37, 1) = A(@)2(e?, t) + B@)u(e", t) (7)
y@?,t) = C@)z(’, t), t>o.

In Section 2 we analyze the LQR control problem for two examples
and show that both the growth bounds and the transient bounds

of the closed-loop operators for the finite and infinite string
models are radically different. For one example the growth bounds
satisfy wy < we and the transient factors increase without
bound as N — oo, whereas for the other example wy > ws
and it has a transient bound of one. Sufficient conditions under
which the solution to the LQR problem for the infinite string
will serve as a useful paradigm for the long-but-finite strings
are provided in Section 3. We also consider Riccati equations
for the circulant matrix approximating system Z‘(Z\N, By, Cy, 0),
where Ay is the circulant matrix approximant of the symbol Aas
defined in the Appendix. The Riccati solutions for the circulant
approximating systems do exhibit very similar behavior to the
infinite-dimensional ones as N — o0. In Section 4 we analyze
yet another class of approximating Riccati equations which have
been considered in the literature. They have similar convergence
properties to the Toeplitz approximants. All results are illustrated
by worked examples. Some Matlab simulations are presented in
Section 5 and conclusions are drawn in Section 6. Notations and
background results are collected in the Appendix.

2. Counterexamples

In this section we show that infinite string do not always
capture the essence of the long-but-finite strings. We analyze
two examples for which the growth bounds of the LQR closed-
loop finite and infinite strings are significantly different. The first
example illustrates the difference in stability between a finite and
an infinite string.

Example 2.1. Consider the uncontrolled finite string model with
real coefficients

z:(t) = apz; (t) + a1z-—1(t), —N+1=<r <N
Z_n(t) = apz_n(t), t>0
with the system matrix
a O 0 o --- 0 0
a; Qo 0 o --- 0 0
AN = 0 aq [¢1y) 0 cee 0 0
0 0 0 0 s aq dp

Ay has the multiple eigenvalue ag and the growth bound
wy = max{Re(X) : L € o(Ay)} = ap.

However the transient behavior depends strongly on N. We make
this explicit by decomposing Ay = aply + a;Fy, where Iy is the
(2N +1) identity matrix and Fy is the (2N +1) x (2N + 1) nilpotent
matrix with Fz" ™! = 0. This gives

Mt — edot (m +aythy + -+ (alt)ZNF§”> : (8)

2N)!

Noting that ||[Fy|| = 1 we can obtain the estimates [e®|| <
t?Netwteltl for t > 1 and fore > 0

t>0;
e < Mo (N)e ™ttt > 0.

A
le Nf” < e(ao+\a1\)t7

We now compare this with the infinite string model
Z:(t) = apzr (t) + a1z,1(t), r€Z, t >0,
which is isomorphic to the system

2(0) = (a0 + are (), t>0, 6 €[0,27].
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The system matrix A(e’) = ao + a;e has the continuous
spectrum o (A) = {A = x +jy | (x — ap)? + y* = d?}. Thus

”eA[” — ||eAt ”oo — max |e(ao+ale’j9)t| — e(aoﬂaﬂ)t’
6€[0,2r]

and the growth bound @y, = sup{Re(}) : A € 0 (A)} = ap + |a4],
which is larger than wy = ao. For a fixed positive € < |aq|
any transient bound M, (N) increases as N — oo, whereas the
transient bound of the infinite string is one. Clearly the finite and
infinite strings exhibit very different stability behavior especially
in the case ay < 0 and ag + |a;| > 0.1f ap + |a;| < O this example
can serve as a (trivial) LQR example when A and Ay represent the
closed-loop operators,B=0and C = I.

The above example emphasizes that when comparing the
behavior of finite and infinite string models both the growth bound
and the transient factor are important indicators. In the following
LQR example the transient factors are both 1, but the growth bound
of the finite string is larger than that of the infinite string model.

Example 2.2. Let B > 1 be given. Consider the following finite
string of the form (1)

2r(t) = Zr(t) + ur(t) + ,BLlr,](l'),
Z_n(t) =z n(t) +u_p(t),
)=z, —-N=<r<N,t>0
which can be written in the compact form (2) with Ay =
1 0 0 .. 0
Cy = Iyand By = [ﬁ Lol
0o 0 ... B 1
obviously stabilizable and detectable for all N. Factorize ByBy =
Wydiag(Bx(N))Wy, where Wy is a 2N + 1) x (2N + 1) unitary
matrix. Then the solution Qy to the corresponding control Riccati
equation is readily calculated Qy = WNdiag(Hi W)Wﬁ.
— 1+/1+ Bk (N)
Hence [[Qul] = G

~N+1<r<N

:| .The finite string is

Mmaxg—=o,... 2N , which is achieved at

Bmin(N), the minimum value of B,(N). The closed-loop operator
is given by

Av — By (By)"Qu = Widiag (—v/T+ Ac(N) ) Wi

Hence [|e®N By B ")t || — o=V T+AminN)t We claim that for 8 > 1

one eigenvalue of By (By)* approaches 0 as N — oo. It is readily
verified that ByByuy = wy, where

oy = (_ﬂ_] ﬂ—z _ﬂ_3 ﬂ_ZN _ﬁ_ZN_l)T

WN = (07 07 0» RN} Ov _ﬂ_ZN_l)T'

Since § > 1, one eigenvalue must become arbitrarily small as
N — oo which means that ||Qy|| — o0, and one eigenvalue of
Ay —ByB; Qy approaches —1asN — oo. Hence the growth bound
wy = —1asN — oo (see also Lemma A.2(2)).

We show below that this behavior is very different from that of
the infinite string

z(t) = z:(t) 4+ u.(t) + Bu,_1 (1),
yr(t) =2z (t), r€Z, t>0.

This system is isomorphic via Fourier transforms to
2(t) = 2(6) + (1 + Be i),
J(t)y =2(t), t=>0,0¢€l0,2n].

It is clearly exponentially detectable and it is exponentially
stabilizable, since the matrix [\ — 1 : 1 4+ Be ] has rank one

forallA € C,Re(A) > Oandall & € [0, 2] (see Curtain et al.
(2008, 2009)). The LQR Riccati equation

Q") + Q") — Q)1+ e ) (1 + pe)*QE’) +1=0
1+4/2+B2+2p cos O with

has the unique positive solution Q (e) = T 3f cost

v / —_B)2 v
norm [|Qlec = % The closed-loop operator A, =

A —BB*QisAq(e’) = —\/2 + B2 + 2B cosh, 0 € [0, 27]. Hence
its growth bound ws, = —+/2 + B2 — 28 < —1 and its transient

factor is 1. Notice that w., decreases as 8 increases. In contrast, for
the finite string the growth bound satisfies oy — —1asN — oo
forall 8 > 1.

So for two examples we have shown that both the growth
bounds and the transient factors can be radically different. The
obvious conclusion is that the infinite-dimensional string is not
always a useful paradigm for understanding the behavior of long-
but-finite strings.

3. Main results

In this section we give conditions under which the solution
to the LQR problem for the infinite string will serve as a useful
paradigm for the long-but-finite strings. We use the notation and
assumptions from Section 2.

The standard result on Riccati equations Curtain and Zwart
(1995, Theorem 6.2.7) and the result on exponential stabilizability
and detectability Curtain et al. (2008; 2009, Theorems 4.1, 4.2)
yield the following result for the infinite-dimensional system
X(A, B, C, 0) defined in (5).

Theorem 3.1. The system X' (A, B, C, 0) is exponentially stabilizable
(detectable) if and only if (A(e?), B(e?), C(ei?), 0) is stabilizable
(detectable) for each 6 € [0, 27 ]. If the above holds, then the control
Riccati equation

A*Q + QA — QBB*Q + C*C =0 (9)

has a unique nonnegative solution Q and A, = A — BB*Q generates
an exponentially stable semigroup. Moreover, the control Riccati
equation

A*Q + QA — QBB*Q +C*C =0 (10)
has a unique nonnegative solution Q € Ly (0D; C) and ;\Q =

A—BB*Q generates an exponentially stable semigroup. Furthermore,
Q (e’ is continuous in 6 on [0, 27].

The continuity property follows from Lancaster and Rodman
(Lancaster & Rodman, 1995, Theorem 11.2.1).

The problem of approximating solutions to operator Riccati
equations has received much attention in the literature. However,
the strongest convergence results (see Ito (1987)) are achieved
only if the input and output spaces are finite-dimensional, which
is never the case for spatially invariant systems. However, we can
apply the theory in Kappel and Salamon (1990) applied to (5) with
(2) as a sequence of approximating control systems.

Denote by 7V : Z = 1,(Z, C) — C?N*! the natural projection
with iV : C?*N*1 — [,(Z, C) the corresponding injection map:
aNiv = Iy, Denote ZVN := C2N*! with the induced inner
product (x, y)y = (i"x, iNy),,. Then Ay, By, Cy are Toeplitz matrix
representations of the maps 7NA|,n, 7VB|,n, TNC|,n, with ZN as
the state space, input space and output space. For simplicity of
notation we use the same notation for the maps as for the matrices,
and we call X' (Ay, By, Cy, 0) the Toeplitz approximating systems
for the infinite-dimensional string X (A, B, C, 0). Moreover, by
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expressions like “Ay converges strongly to Aas N — o0” we
shall mean the more precise limy_, [|iINAy7¥z — Az|| = O for
all z € ,(Z, C). We say that the Toeplitz approximating systems
X (Ay, By, Cy, 0) converge strongly to the infinite-dimensional
string ¥ (A, B, C, 0) ifasN — oo, Ay, By, Cy, Ay, By, C}, converge
strongly to the respective operators A, B, C, A*, B*, C*. We also
need following properties.

Definition 3.2. The Toeplitz approximating systems X (Ay, By,
Cy, 0) are uniformly stabilizable and detectable if there exist
Fy,Ly € C@NtDx@N+D p 1 e £(L(Z,C)) such that
Fy, Ly, Ff, Ly, converge strongly as N — oo to the respective
operators F, L, F*, L*, and there exist constants M > 1,8 > 0
such that for sufficiently large N € N, |e®HBvENL | < pMe—Ft,
eV NN < Me~Pt, t > 0.

An application of Kappel and Salamon (1990, Theorem 1,
Proposition 1) and Ito (1987) yields the following theorem.

Theorem 3.3. Suppose that X (A, B, C, 0) is exponentially stabiliz-
able and detectable and the sequence of the Toeplitz approximat-
ing systems X (A, By, Cy, 0) is uniformly stabilizable and detectable
and converges strongly to X (A, B, C, 0). For the state linear sys-
tems (5) and (2) let Q € L((Z,C)) and Qy € L(ZN) denote
the unique nonnegative solutions of their respective Riccati equa-
tion (9) and

Ay Qn + QuvAy — QuBNByQn + CyCy = 0. (11)
Then Qy converges strongly to Q and so ||Qy/|| is uniformly bounded
in N. Denote Ay := A — BB*Q and Ao, = Ay — ByB},Qy. Then as
N — o0, Ay, converges strongly to Ay and eflon® converges strongly

to e®e! uniformly on compact time intervals.
Moreover, there exist positive constants M, u such that

lefet) < Me™, e’ <Me ™ forallt =0,  (12)

and forallu € £, as N — oo, we have
ICC-1—Ag)™'Bu — iNCy Iy — Ay) "By ully, — 0,
IB*Q(-I — Aq)~ 'Bu — i"BjQu (-Iy — Ay) ™ "By Vully, — O.

Note that the counterexample (4.1) in Kappel and Salamon (1990)
shows that in general it is not true that

ICCI—Aq) 'Bu—i"Cy(Iy — Agy) ™ 'Byrntllu, — O
as N — oo. We also remark that the solutions Qy of (11) are not
Toeplitz in general.

Sufficient conditions for uniform stabilizability and detectabil-
ity are provided in the following propositions.

Proposition 3.4. The Toeplitz approximating systems X (Ay, By, Cy,
0) are uniformly detectable if any of the following equivalent state-
ments is satisfied:

(1) The Toeplitz operator T(f ) (see (A.1)) is invertible.

(2) The Toeplitz operator T(C) isa Fredholm operator of index zero.

3) C has no zeros on 9D and wind (C 0) = 0. Moreover the stability
margin can be made arbitrarily large.

Proposition 3.5. The Toeplitz approximating systems X' (Ay, By, Cy,
0) are uniformly stabilizable if any of the following equivalent state-
ments is satisfied:

(1) The Toeplitz operator T(l§) is invertible.

(2) The Toeplitz operator T(IVE) is a Fredholm operator of index zero.

(3) B has no zeros on 9D and wind (é, 0) = 0. Moreover the stability
margin can be made arbitrarily large.

By duality it suffices to prove Proposition 3.4.

Proof. The equivalence (1) & (2) < (3) follows from Bottcher
and Silvermann (1999) (Theorem 1.10, Theorem 1.17, ind(T((vf)) =
—wind (&, 0), Cis continuous).

By Lemma A.2.(2), T(é ) is invertible if and only if there exists a
nonzero y such that for sufficiently large N, we have Ay (C5Cy) >

y2. Note that the condition is equivalent to
(Cnzn. Cnzn) = ¥ llznll* forallzy € ZV.

We show uniform detectability by using Ly = —aZC,’Q. Then by
Hinrichsen and Pritchard (2000, Lemma 5.5.11) we have that

I oAy —a2C O\t | < ermax(AN+AY —ZaZC;\‘,CN)t/Z.

Now for zy € ZN we calculate
((Ay + Ay — 20°CiCh)zn, zv) < 2(IAn — @) vl
—2Bllzn|1?

for arbitrarily large B by choosing « sufficiently large. Hence
”e(ANfazC;f]CN)t ” < efﬁt‘ 0O

A

IA

Strong convergence is insufficient to draw conclusions about
the spectrum of Ay, . However, we note that in our Example 2.2
we only have uniform stabilizability if 8 < 1. In this case we do
not even have strong convergence. If only one of A, B, C depends
on 0, then we can prove better convergence results.

Proposition 3.6. Consider A = ao,é = by, C ¢ H., and assume
that the conditions in Theorem 3.3 are satisfied. Then there holds

(1) limsupy o, |Qull = QI and [leho’| < e R for al
t>0.

(2) Forallt > 0 there holds ||eAQNt|| < e®Nt where wy is the growth
bound of e’on®,

(3) wy = weo SN — 0.

Proof. (1) First we note that the unique solution to the infinite-
dimensional Riccati equation is given by

QE") = (Re(ao) + \/ (Re(ap))? + |bo|2|6(e1'9)|2) /Ibo/?,

where Re(-) denotes the real part of a complex number. The growth
bound of the corresponding closed-loop operator is

e Z—\/(Re(ao))2+|bo|2 min |C(e)[2,
0€[0,27]

Using the factorization C;Cy = Vydiag{y2(N)}V};, where Vy is
unitary, we obtain the unique solution of (11) to be

Re(ao) + / (Re(a0))? + [bo[2 2 (N)

= Vydia s
Q= Vndizg bol? N

Aqy = Vydiag (—\/ (Re(ag))? + |b0|2Vk2(N)) Vi

Notice that

Re(ao) + (Re(ao))2+|b0|2 _max {J/k(N)}

.....

vl =

Ibo|?

So appealing to Lemma A.2(1) we have limsupy_ . [IQv] =
1Qlloo(= l1Q]). The growth bound of efont js

(Re(ao))2+|b0|2 _min {yk (N}, (13)

,,,,,
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and

”eAQN[” <e V0 k=0 ef\Re(aO)It’

and this is independent of uniform detectability.
(2) This follows since A, is self-adjoint.

(3) We consider first the case when T(é) is not invertible. Then
Minge(o.271 [C(€?)] and wo, = —|Re(dg)|. From Lemma A.2(2) we
have that limy_, oo ming—o__on{¥k(N)} = 0. Then wy from (13)
converges to wy, as N — oo.

Assume now that T(f) is invertible. The condition ¢ €
H,, means that the corresponding Toeplitz operator is lower
triangular, and so T~1(C) = T(C~") (see Bottcher & Silvermann,
1999, Proposition 1.13). Using now Lemma A.2(5) we obtain

lim ming_ N} = —— =—L _ =min
N—oco MiNg—g__2n{¥k(N)} TS = T 0e10,27]

|C(e?)|, where ,(N) are the singular values of Cy. Hence wy —
Woo aS N — 00.

Proposition 3.7. Consider A= dag, ¢ = co and assume that the
conditions in Theorem 3.3 are satisfied.

(1) If Re(ag) > O, then X (An, By, Cyn, 0) is uniformly stabilizable if
and only if T(IVE) is invertible.

(2) Forallt > O there holds ||eA°Nt | < e“Nt where wy is the growth
bound of eon’,

3) If T(Ei) is not invertible, then wy — —|Re(ag)| as N — oo.

(4) If T(B’) is invertible and B € Heuo, then oy — weo as N — 0.

Proof. (1) For the sufficiency see Proposition 3.5. We prove
necessity by contradiction. Assume that T (B) is not invertible. From
Lemma A.2(2) we have that

li i N)} =0

WD, i, AP0}

where Bi(N) are the singular values of By. We can factorize
ByB;, = Vydiag{B?(N)}Vy, where Vy is unitary, to obtain the
unique solution of (11) to be

Re(ao) + \/ (Re(@))? + |eol22 (N)

Qn = Vydiag BeN)? Vy.

Thus ||Qn|| — oo and Qu cannot converge strongly to Q. So, by
Theorem 3.3, X' (Ay, By, Cy, 0) cannot be uniformly stabilizable.

The statements (2), (3) and (4) follow as in the proof of
Proposition 3.6, parts (2)and (3). O

Proposition 3.7 explains Example 2.2, since the T(é) is invertible if
and only if 8 < 1. We also remark that the apparent contradiction
between parts (1) and (3) lies in the fact that Definition 3.2 requires
abounded feedback gain ||Fy ||, whereas || ByQy|| — coasN — oo.
The discretization of partial differential equations leads to
systems with a real A operator and constant B, C operators (see El-
Sayed and Krishnaprasad (1981)). For such systems we also obtain
nice convergence results (see also Section 5, Example 5.1 case 2).

Proposition 3.8. Suppose that A = A*, B = by # 0, ¢ = co # 0.
Thenlimy_.o ||Qn|l = ||Q || and the growth bound of e*&® converges
t0 woo With ||| < e,

Proof. Note that the growth bound of the infinite-dimensional
system is

ne = —\/ min JA@®)[ + co[2bo 2.
6¢€[0,21]

We diagonalize the self-adjoint Ay = Uydiag(ax(N))Uy and find
the solution to (11) to be

ar(N) + /ag (N) + |co|?|bol?

= Uydia s
QN N g |b0|2 N
and so

ar(N) + /ag(N) + |col?|bol?
vl = (Jnax b2

The closed-loop operator

Aqy = Undiag (— aZ(N) + ICo|2|b0|2> Uy

is self-adjoint. The rest of the proof is similar to that in
Proposition 3.6 with the important difference that

lim min ox(N) = min A(e?)
N—o0 k=0,...,2N 6€[0,27]

self-adjoint Toeplitz matrix (see Lemma A.1). O
In our simulations we obtained convergence also for A #* A*
(see Section 5, Example 5.2, except for case 4 in which T(B) is not

invertible). We conjecture that similar results to Propositions 3.8

and 3.7 can be obtained for the case A #* A*. We remark that when
A is not self-adjoint the convergence rate of the growth bound is
often slow (see Section 5, Example 5.2, cases 1, 3 and 8).

Example 3.9. A spatial discretization of the bi-infinite heated rod

9z 9%z
—(t,x) =a—(t,x) +u(t,x), xeR, t>0, a #0.
ot ox2

with z,(t) := z(t, 1), u.(t) = u(t, r),y,(t) := z(t,r), r € Z, leads
to the spatially invariant system
2 (t) = a(zr—1 () — 22¢(t) + Zr41(1)) + ur(8),

The solution to its Riccati equation is given by

rez, t>0.

Q&) = 2a(cos® — 1) + V4a2(1 — cos0)2 + 1, 6 € [0, 27],

and the closed-loop operator

Ag(e?) = —/4a2(1 — cos6)2 + 1, 6 € [0, 2],

has the growth bound of —1. The corresponding Toeplitz
approximating system has the solutions Qy = VyDyV}, where Vy
is a unitary matrix,

Dy = diag (201(1,((1\1) 1)+ V4a2(1 — t(N))? + 1) ,

k+1
and 7(N) = cos ﬁ

loop operator is given by
Aqg, = Vidiag (—\/4052(1 — (N2 + 1) Vi,

and the growth bound is

wy = —,/4a? | 1 — cos il 2—i—l
N 2N +2

We remark that wy convergesto —1as N — oo.

k = 0,...,2N. Moreover, the closed-

In order to gain more information about the spectra of
the approximating systems we examine the related circulant
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approxzmants ofA B C of dimension n = 2N + 1 denoted by
An, By, Cy (see (A.3) in Appendix).

Theorem 3.10. Consider the exponentially stabilizable and de-
tectable system X' (A, B, C, 0) with Q the unique self-adjoint solution
to the Riccati equation (9)

(1) The Riccati equation

A%Qn + QuAy — QuBNB}Qy + CiCy =0 (14)

has a unique self-adjoint stabilizing solution Qn which is the
circular approximant of v(vl
(2) limsupy_ o IQvll = Qo = lIQI.
(3) The growth bound &y of et satisfies
lim sup oy = Wso,
N—oo

where wy, = sup{Re(1), A € o (A — BB*Q)}, the growth bound
of eet. Moreover, for all nonzero N € N we have

ON = Woo,s

lefont| < et Vt>0 and

. 1
AM—A0) oo < ——————  for Re(r .
lI( o) oo < Re(D) — o for Re(X) > wuo

lim sup ”[ ] (My — Agy) "By

N—oo

= H |:B*Q] (Al —AQ)—lB
forall A € C,Re(A) > weo.

Proof. (1) Note first that we have explicit formulas for the

circulant approximants of A, B, C, for example,

Ay = Uydiag (A(eﬂ%n) U:, k=0,...,2N.

Hence (Ay, By) will be stabilizable if and only if

2wk

—V i9y)B (el = — =
(A —A(")B(") £0 ford N 1,k 0,...,2N,

and (V)L € C, Re(A) > 0. A similar statement holds for
detectability and these are implied by the exponential stabilizabil-
ity and detectability of X (]\, lV%, f, 0). Hence (14) has a unique solu-
tion for all N. Taking circulant approximants term by term in (10)
and properties (P2), (P3) show that the circulant approximants of Q

satisfy (14) and so Qy is the unique self-adjoint stabilizing solution
of (10).
(2) From the proof of part (1) we can also write

Gy = Uydiag (é(eﬂ%b) Ui, k=0,...,2N,

where Uy is a unitary matrix. Since Qy is nonnegative definite
we have that limsupy_, ., |Qvl = limsupy_, ., Maxe_o

(@) = maxpeio.2n Q(€) = |Gl = Q.

(3) Since Qy is a circulant matrix, so is AQN' Arguing as in the proof
. N
of part (1) we obtain e*&! = Uydiag (ekk f) Uy where A(N) =
Aq(é(%)),k =0,.
W, limsupy_, o ch — o, and [Jefont|| < e‘“w[. Finally, we have
o0
||()J _AQN)—lll < / ”eAQNt —)Lt” dt < f ewoote—RE()»)[ dt
0 0
! Re(%)
= ———, Re(}) > weo,
Re(A) — *
which proves part (3).

(4) Note that wy < ws and so, for Re(A) > wso, We have
Cn My _AQN)iléN = UnDpyUy,

where Dy = diag{(C(\ — A)~'B)(e/3¥+1))}, and similarly for the
other transfer function. Consequently, the limit is obtained. O

In Willems (1971, Section 3) solved an LQR problem for a string
model with diagonal AN, BN matrices and a circulant CN matrix.
Although this is attractive from a computational viewpoint, it
seems hard to justify from a modeling viewpoint. It would assume
some sort of coupling between the first and the last vehicle. As the
following example (the circulant version of the string model from
Example 2.2) illustrates, this is not always realistic.

Example 3.11. Consider the infinite string X'(A, B, C,0) from

Example 2.2. Its circulant approximating system Z(AN, By, Cy, 0)
has

Qz

and

P
0

B 1
and corresponds to the (fictitious) finite string
zr(t) = z:(t) + up(6) + pur—1(t), —-N+1=<r<N

Z_N(t) = z_n(t) + u_n(t) + Bun(t),
@) =z(@), —N=<r<N,t>0.

Using the properties of circulant matrices (see Appendix)

1+ B2 B 0o ... B
Buby — B 1+82 B ... 0
B 0 . B 14 p?
= Undiag(ui(N))Uy,
where the eigenvalues of BNB* are ux(N) = 1+ p% + 2,3
cos ;V"j:l,k = 0,...,2N and the unitary matrix Uy = 2N+

2mjrs

[e”2N+1], <—o.... on. Hence we can derive the explicit solution to the
corresponding circular Riccati equation Qv = Uydiag(——= L=VAETN(I} )

i (N)
« _ LT _ 1/ 24726 c0s oy
Uy Then [|Qul| = max;—o,...on M = T 11pT2hcos

2N+1
Notice that ||QN I — lQllasN — oo. The closed-loop operator
is given by (AN)QN = Ay — ByByQv = UyDyUy, where Dy =

diag(—\/z + % — 2B cos 575

loop circulant approximating system all lie in the spectrum of A
and the growth bounds of their semigroups converge to wy, =

-2+ B%2—-2B8asN — oo.

We now relate the solutions Qy of the circulant Riccati equation
(14) to the solutions to (11). Note that we use |- |y instead of | - |y+1
for the weak norm defined in Appendix.

). So the eigenvalues of the closed-

Theorem 3.12. Assume that X' (A, B, C, 0) is stabilizable and de-
tectable and X (An, By, Cy, 0) is uniformly stabilizable and de-
tectable. Then the following hold

(1) |Qn —QN|N — 0and |Ag, —;\QN|N — 0asN — oo.
(2) The closed-loop transfer functions

Gy = [ o ] (My — Agy) ™ 'By
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and
cl C -1
G"(A) = [B*Q] (M —Aq)" B

satisfy [|G() — G () In llny, — Oand ||cf'(-)—cs(->|w||ﬂz - 0.
(3) iMoo gy Sy Ac(Q)? = 5 f57 Q)2 do.

(4) sy S AcAgy +A5)? = 55 [T (A () +Aq (e)*)2d6
for N — oc.

Proof. (1) a. First we compare the solutions of the control Riccati
equations of two exponentially stabilizable and detectable linear
systems X (A;, B;,C;,0);i = 1,2 with bounded generating
operators on the same state space. Let Q;,i = 1,2 denote the
nonnegative solutions to the Riccati equations

AfQ; + QA — QBBQ;+ C'C;=0, i=1,2.
Then with AQ =: Q; — Q, we have
AalAQ + AQAq, = GG — (G + (A5 — ADQ2

+ Q1(A2 — A1) + Q1(B1B] — B2B3)Q,
and so we obtain
0 *
AQ = / M [CrC — GG + (AT — ADQ
0
+Qi(A1 — Ay) + Qi (B2B; — BiB)) Qo e’ dt, (15)

where A, = A — BB*Q;,i =1, 2.

(1) b. Now from (P8) the Toeplitz matrix approximants and the
circulant matrix approximants of A, B, C converge in the |- |[y-norm
and so |;\N — Ay|y — 0, |§N — By|y — Oand |6N —Cy|ly — 0,
as N — oo. We show that |QN — Qn|ly = 0as N — oo by taking
estimates in (15) to obtain

Qv — QuIn < My(I(Cy)*Cy — CiCuln
+ Ay — AnIn(lQull + 1Qv D
+ 11Qn I111Qn 1By (Bx)* — By (Br)*In)s

- 1
where My = ( S5 et 2 de [ [lefont|| dt) ? . We have used

property (P7) of the matrix norm from Appendix. But both L;,-
norms are uniformly bounded in N (see (12) and Theorem 3.10 part

(3)),asare ||Qu|| and ||QN || (see Theorem 3.3 and Theorem 3.10 part
(2)). So there exists a positive constant y such that

|Qv — QuIn < ¥ (ICy — Cnln + |Ay — An|n + [By — Byln)-
Hence |Qy — Qulv — 0 and JAg, —AgyIv — 0asN — cc.

(2) To obtain the bounds on the norm of e*e&' we first recall from
the proof of part (1) that [Ay — Z\N|N — 0as N — oo, etc. Then,
since |Qy — QNlN — 0as N — o9, using the properties (P6), (P7)
from Appendix we obtain

|Agy _AQN|N = |Ay — Ay — BB Qy + BNETVQN|N -0
as N — oo. Consider the perturbation formula
. t .
eAQN[ — eAQNt +/ eAQN(E—S)[AQN _AQN]eAQNS dS. (16)
0

Using again (P6), (P7) together with part (3) of Theorem 3.10 and
(12) we obtain estimates for sufficiently large N

~ t o
lefon! — et |y < |Ag, — AgyIn </0 e“’°°<[_s>Me_’“ds>

< |AQN — AQN |NK676t,

where K = m and § > min{u, —w.}. Hence we have

|(My — Agy) ™" — (My — Agy) 'In

oo
< Kl|Agy — Agyln / e e Re®Mrqp
0

< |Ag, — — 0 asN — oo, (17)

Aoy | K
WINRe(A) + 8
for Re(A) > —4§. Then, for Re(A) > 0,

|(My — Agy) "By — (My — Agy) ™ 'Buly
< [((My — Agy) ™" — (My — Agy) “)BnIn
+ Ay — AQN)_l(BN — By)ly
< |(My = Agy) ™" — (A — Ag,) ™' In 1Bl

1
+7|BN _BNlN — 0 asN — oo,
[
where we have used part (3) of Theorem 3.10. Repeating this type
of reasoning we obtain, for Re(A) > —3§,

|Cn(Aly — Agy) ™ "By — Cy(Ay — Agy) ™ 'Bnly — O

as N — oo.Now the estimate in (17) and the subsequent estimates
are uniform in Re(1) > 0. Hence

sup |Cy(Ay —Agy) "By — Cn(Ay — Agy) 'Byly — 0
Re(1)>0
as N — oo, and similarly for the other transfer function.
To establish the H,-norm convergence use (16) to obtain

oo -
/ lefovt — efov' |2 dr
0

B o 2 poo
s|AQN—AQN|§(/O ||e"Q~f||clr>/0 llefont |2 de

1M
= lAqy _AQN|NwTﬂ'
o0

for sufficiently large N, where we have used Theorem 3.10 part (3)
and (12).

Hence || (-1 —Agy) ™" — (-1 —Agy) ~'Inllu, — 0asN — oc.The
rest follows as for the H,, result.

(3), (4) These follow from part (2) and Lemma A.3 in Appendix.

O

We remark that the convergence results for the transfer
functions are necessarlly weak A 51mple calculation with the
diagonal system with A = ag, B= by, ¢ = co shows that we will
never have |G — iNG¢nN ||y, — 0, and |G — iNG{nN ||, —
0. The most one could hope for is strong convergence ||G%u
NGlaNully, — 0, and Gy — iNGInNully, — Oforallu e
U. While the strong convergence in the || - ||g,-norm does hold
(see Theorem 3.3), the || - ||y, -norm convergence is unclear (see
Counterexample 4.1 in Kappel and Salamon (1990)).

Theorem 3.12 gives a possible explanation for Example 2.2
where wy > ws for 8 > 1; the system is not uniformly
stabilizable. Similar gaps between wy and ws are found in
numerical simulations (see Example 5.1 case 4 and Example 5.2
case 4). Example 2.1 shows that uniform stabilizability and
detectability do not imply that lim supy_, ., oy — ws.Fora; > 0,
we have wy = ag < ws = ag + ay. This difference is explained
by the transient bounds M (N) that increase drastically with N (see
(8)). Similar results hold for Qu, the Toeplitz approximant of Q
which is not the same as Qy.
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Corollary 3.13. Assume that X (A, B, C, 0) is stabilizable and de-
tectable and the Toeplitz approximating systems X' (An, By, Cy) are
uniformly stabilizable and detectable for sufficiently large N. Then
with Ag, = Ay — ByB}Qy we have

(1) 1Qu — QuIn — Oand |Aqy — Agyly — 0asN — oc.
(2) The closed-loop transfer functions

cfj(u:[ CaN] (My — Agy) "By and

Gl = [BEQ] (M —Ag)~'B

satisfy | G() =G () In e — 0and [IG?()=G{ () Inllw, — O,
respectively.

(3) limy oo sty 3y M@0’ =
limy_ o ”QN” = [lQll.

(4) limy_, o 2N+1 Zk ])“k(AQN +A )2 = %
(e9)*)2do.

Proof. (1) This part follows from (P8) (see Appendix).

(2),(3), (4) The proofs are analogous to those for Theorem 3.12. The
extra result limy_  ||Qn|| = ||Q|| follows from Lemma A.1, since
Qy is a self-adjoint Toeplitz operator. O

™ Q(e)? d6 and

027T (AQ (eje) + AQ

4. Alternative Toeplitz approximants

Note that a different type of Riccati equation can be associated
with large-scale systems (see for example Brockett and Willems
(1974), Jovanovi¢ and Bamieh (2005) and Willems (1971))

AyQn + QnAy — Q ByB;Qy + (C°C)y =0, (18)

where (C*C)y is the matrix representation of the map TN+ (C*(C)
= aNC*Cl,n (recall that 7V : Z = £, — C?N*! = ZN). These are
easier to solve, since the term (CC*)y is a Toeplitz matrix, whereas
C} Cy is not necessarily Toeplitz. They have similar convergence
properties to (11).

First we show how the (C*C)y term can be reformulated to fit

_ 1
into the set-up of Theorem 3.3. Denote Cy = (C*C)5.

Proposition 4.1. Suppose that X (A, B, C, 0) is exponentially stabi-
lizable and detectable and that the Toeplitz approximating systems
2 (An, By, (C*C)y, 0) are uniformly stabilizable and detectable. Let
Q € £(Z) and Qy € L(ZV) denote the nonnegative solutions of
their respective Riccati equations (9) and (18). Then

0z = lim VQunVNz, Vzez,
N—>oo

and ||Qy|| is uniformly bounded in N. Furthermore, for sufficiently
large N, A == A — BB*Q and AQN = Ay — ByB}Qy generate
exponentially stable semigroups with

lefet|| < Me ™, |le*o'| <Me ™ forallt >0,

andiVe?ontz — etz vz € Z, uniformly on compact time intervals.

Proof. First we note that the Riccati equations can be associated
with the systems X (A, B, v/C*C, 0) and X (Ay, By, Cy, 0), since
CyCy = (C*C)y. Next we show that these systems satisfy
the assumptions of Theorem 3.3. X' (A, B, C*C, 0) is exponentially
detectable if and only if X (A, B, C, 0) is. Hence X'(A, B, J/C*C, 0)
is exponentially detectable (choose L = L(C*C)%). Moreover,
X (Ay, By, Cy, 0) is uniformly stabilizable and detectable, since

_ 1
X (An, By, (C*C)y, 0) is (choose Ly = Ly(C*C);).

It remains to show that i"Cy|,vz — +/C*Cz as N — oo.
To ease notation, denote Ry := (C*C)y, v/Ry = i"Cyz" and
R := C*C. So the self-adjoint, nonnegative operators Ry, R satisfy
Ryz — Rzas N — oo and we need to show that /Ryz — +/Rz
as N — oo. From Kato (1976, (3.45), p. 282) we have the formula

for the square root of a self-adjoint, nonnegative operator vRz =
1 O°° ! ~(R + A)~'Rz di. For a nonnegative operator P, we have

that
1
I +P)7 ') < 3 and [P +P)7'| <2, (19)

for A > 0. For every fixed zand § > 0,

1/5 ! (P+AI)_1Psz‘
T Jo A

11 f° .
I — AP 4+ A~ z|| dA

: f

7l
fnfoﬂ”

Using the above inequality one can obtain

/ h VaRy + D!
8

4
X) lzll dx < —[|z]|/3.
T

8 1
IlvVRvz — Rzl < ;nzwﬁ -

x (R—Ry)(R+ )J)‘lszH .

Now, using (19), one can write
8
|(VRy = VRz| = Z1z1v5

/ —= (R = Ry)(R+ A~z da.

Since Ry converges strongly to R and using again (19), we also have
that

2|IR]|
23/2

fII(R ROR+ D) 'z|| <

N

and with the Lebesgue convergence lemma we have

Combining the last two results shows that «/Ryz — ~/Rz as N —
00, asrequired. 0O

||(R RYR+AD"'z||dh —> 0 asN — oo.

The following proposition gives conditions for the uniform
detectability.

Proposition 4.2. Under the notation of Proposition 4.1, the Toeplitz
approximating systems_ XY (A, By, (C*C)y, 0) are uniformly de-

tectable if mingepo 2, |C(eJ )| > 0. Moreover, the stability margin
B in Definition 3.2 can be made as large as we please.

Proof. Since mingc(o2x |C(e?)| > 0, there exists a nonzero y

such that [|Cz||2 > y2|1z||? for z € L,(3D, C). Then we have
(/Z\z, zZ) + (z,;\z) — 204(52, fz)
< 2]|AlllIz]1* — 2ay?)z|* < —82||z|)?

for sufficiently large and positive «. This implies that | e@=2" Ot || <
e“szt, where 6 can be made as large as we please. In particular, with
zy = 7Nz, we obtain

(Anzy, z) + (zn, Anzn) — 22 {(C*C)nzn, zy) < —8°[lzn?
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and [|e@N € ONt || < =3t Sq the feedback Fy = —aCy gives
uniform detectability. O

With Propositions 4.1 and 4.2, and the same proof as in
Theorem 3.12 we obtain the following corollary.

Corollary 4.3. Suppose that X'(A, B, C, 0) is exponentially stabi-
lizable and detectable and the Toeplitz approximating systems
2 (An, By, (C*C)y, 0) are uniformly stabilizable and detectable. Then
the solutions Q y and the closed-loop operator AQN Ay — BNBNQN
to the Riccati equation (18) have the following properties.

(1) [Qy — QuIn — 0, and |Aqy —AQNlN — 0asN — 0,
(2) The closed-loop transfer functions
Cn

—cl
Gy(L) = —
v |:B;f; Qn

:|()JN—AQN)‘1BN and
cl _ C _ -1
G = B0 (M —Ag)"'B

satisfy [|G(-)~ Gy () Il — 0,and [IG°/(-)—Gy () 1, > O,
respectively.

(3) limy—s oo gr7 Do
(4) limy— oo 557 Yien
Ag (e?)*)? d6.

For the special case of only delays in C we obtain convergence

results which are consistent with the results in Jovanovi¢ and
Bamieh (2005).

2T Q)2 do.
L [T Ag@) +

1)"k(aN)2 = 57
(MBgy + Ag)? =

Proposition 4.4. Consider A= ao,fa’ = by # 0 and suppose that
the assumptions in Proposition 4.1 are satisfied. Then there holds

(1) imyoo QNI = NQI1

(2) The growth bounds of e*&' converge to those of e*e! and
”eAQNt” < e@Nt < eaoct.

(3) If mingejo.27) |C(ei?)| > 0, then Qy converges strongly to Q as
N — oo.

(4) The feedback law uy = —ByQuzy stabilizes the system with
”e(AN_BNB])t]QN)t ” < e@ool

Proof. (1), (2) Similarly to the proof of Proposition 3.6 we can
factorize (C*C)y = VI\,diag(ykZ(N))VI:,k to obtain the unique
solution

Re(ao) -+ / (Re(ao))? + [bo 22 (N)

Qy = Vydia )
Qn ndiag Ibo|? N

and Ag, = Vydiag < \/(Re(ao))z + biy? (N)) V5. So the growth

bound is

and ||eEQNt|| < e~®N' independent of uniform detectability. From
Lemma A.1, the maximum and minimum eigenvalues of (C*C)y
converge to those of ||C||?, which shows that [|Qy|| converges

to ||Q || and the growth bound of e’ converges to that of the
infinite-dimensional system.

(3) If mingeqo, 277 |5(9)| > 0, the strong convergence of Q y follows
from Proposition 4.1.

(4) Next we note that Ay — BNBNQN = AQJV and appeal to The-

orem 3.10. Note that Ay = AN and By = BN since A and B are
scalars. O

The above lemma shows that, whenever one has only delays in
C, a good strategy is to use the feedback law uy = —BynQnzy, Since
Qy is easy to calculate. We illustrate this by an example.

Example 4.5. Consider the alternative Riccati equation (18) with
AN = BN = IN and

14«2 K 0 ... 0
2
(C*C)y = K 1+« K ... 0 £ C,Cy.
0 0 ok 14«2

We write (C*C)y = (1 + «?)Iy + «Ty, where

0 1 o ... O
Ty = 1 0 1 ... 0
0 o ... 1 0
. (k+ Dm
= Vydiag | 2 cos ———— | VI,
N g( AIN+2 )N

where Vy is a unitary matrix. Then the solution to (18) is
QN = Vydiag(1 + /T+ p(N)VE, p(N) = 1 4 k% 4 2k cos
sn3- Hence [Qnll = maxi—o,.on(1 + VT+ p(N)) =

\/ 2+«? Wiz = Ay —
BB;Qy = Vydiag(—+/1+ p(N))Vy, and its growth bound is
—\/2 + k2 — 2K COS 52— 2N+2

For the corresponding infinite-dimensional problem we
have Q(e) = (1 + +/2+«2+ 2k cosf) with norm |Q||

= 1+ /14 (1+4«)2 The closed-loop operator is AQ =
—/2 + k2 + 2K cos @ with wg = —+/2 + k2 — 2k. So the eigen-

values of the closed-loop operator EQN all lie in the spectrum of
Aq and the growth bound converges to wg as N — oo. Moreover,
Al — lIQllasN — oo.

It is interesting to compare the above with the circular
approximations. Following the approach in Example 3.11 we find
the solution to (14) to be Qv = Uydiag (1+ T+ w(@N)) Uy
where the unitary matrix Uy isasin Example 3.11and p,(N) = 1+

k% + 2k cos 2%‘11 ,k=0,...,2N.Hence ||Qn| = maxi_o__on(1+

Vitwm@N) = 1+ \/2—}—/(2 + 2k = ||Q||. The closed-loop

operator AQN = AN — BNB* QN is given by

- T
Ao, = Uydiag [ —./2 2 4 2k cos U
o = (e e )

\/2 + k2 — 2K COS 57
ues of the closed-loop circulant approximating system all lie in the
spectrum of Ag and the growth bounds of their semigroups con-
verge to wg as N — oo.

and its growth bound is — .So the eigenval-

5. Matlab simulations

Consider the following finite string of the form (1)

2p(t) = a_1Zr41(t) + oz, (t) + a1z,-1(8)

+b_qur 1 (t) + bour(t) + biur (), —N-+1=r <N,
zZ N(t) = a_1Zyn41(8) + aoZ_n(t) + b_qu_ny1(t) + bou_n(t),
Zn(t) = apzn (t) + a1zn—1(t) + boun(t) + biuy—1(0),
»(t)y=z(@{), —-N=<r<N,t>0
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Table 1 Table 4
The growth bounds w«, and wy for Example 5.1 (;\ =A%). Relative error ey (%) for Example 5.2 @A #* ;\*).
Case Woo w10 w20 W40 g0 @160 Case €10 €20 €40 €30 €160 €320
1 —0.806 —0812 —0807 —0806 —0.806 —0.806 1 15.13 12.34 11.48 11.25 8.05 4.60
2 -1.077 —-1079 —-1077 —-1077 —1077 —1.077 2 8.64 6.86 6.32 6.17 5.05 2.94
3 —0988  —0985 —0985 —0985  —0985  —0.984 3 2950 24.77 23.35 21.95 13.64 7.40
4 —0.640 —0582  —0582 —0582  —0582  —0.582 4 —7824  —7824  —7824  —7824  —7824  —7824
5 7.26 2.73 124 0.81 0.70 0.67
6 8.23 3.24 1.63 1.18 1.06 1.04
Table 2 7 11.12 10.62 10.47 7.32 3.80 1.94
Relative error ey (%) for Example 5.1 (A = A*). 8 24.04 23.50 19.63 11.52 6.36 3.17
Case €10 €20 €40 €30 €160
1 071 0.19 0.05 0.01 00034 6. Conclusions
2 0.21 0.05 0.01 0.0039 0.0000
3 035 0.09 0.02 0.006 0.0017 We have compared the growth bounds and the transient
4 —9.07 —9.07 —-9.07 —9.07 —9.07 - -
behavior of the LQR closed-loop operators of scalar finite
strings with their infinite versions. Simple examples showed that
Table 3 stabilizability and detectability are not sufficient to ensure similar
The growth bounds w«, and wy for Example 5.2 (A # A*¥). stability behavior of the LQR closed-loop strings as N — oo.
Case  om @10 w20 @10 ws0 @150 For the circulant approximating systems this does hold. Under
; i i E e i i the stronger conghtlons of uniform stablllzablllty and detectability
2 1232 —1339  —1317 —1310 —1309  —1295 of the finite strings we can show that the eigenvalues of the
3 -0818 —1060 —1.020 —1.009 —0998  —0.930 closed-loop approximating systems have an average distribution
4 —1148  —-0250  -0250 0250  —-0250  —0.250 that is asymptotic to that of the infinite-dimensional system. We
2 =1 =lipg - =gy =10z = =1l also give sufficient conditions under which the growth bound
6 —0959  —1.038 —0990 —0974 —0970  —0.969 . . . .
7 1 1111 1106 —-1104 —1073  —1038 wy of different types of long-but-finite strings (such as circular
8 06 —0.744  —0.741 —0717 —-0669 —0619 configurations and systems for which two out of the three defining

which can be written as in (2) with Cy = Iy,

_(10 a_q 0 . 0]
AN — a (¢1)) a1 ... 0 )
(0 0 ... & a.
bp by O ... 07
By — by by b ... O
[0 0 ... b by

Gaps between wy and wy, are found in Example 5.1 case 4 and
Example 5.2 case 4 (T(é) is not invertible). For T(B) invertible,
we obtained in our simulations convergence not only for A= A*
(Example 5.1 cases 1-3) but also when A + A* (Example 5.2, except
for case 4in which T(é) isnotinvertible). We remark that when A is

not self-adjoint the convergence rate of the growth bound is often
slow (see Example 5.2, cases 1, 3 and 8) (Tables 3 and 4).

Example 5.1. Consider A(e’) = A*(e) = ay + 2a; cos6,a_; =
a; (see also Tables 1 and 2).

Casel. ag=1,a; =a_;=0.3,bp=1,b; =0.1,b_; = 0.2;
Case2. ag =1,a; =a_1 =0.3,bg = 1;

Case3. ag = 1,a1 =a_; =0.3,bg = 1,b; = 0.1

Cased. ay=1,a; =a_; =0.3,bp=1,by = 1.5

Example 5.2. A #* A* (see also Tables 3 and 4)

Casel. ag = —1,a; = 2,bg = 1.

Case2. ay = —1,a; = 2,bg = 1,b; = 0.4.

Case3. ag = 1,a; = 2,bg = 1,b; = 0.6.

Cased. ag = 1,a; = 2,bg = 1,b; = 1.6.

Case5. ag = 1,a; = 2,a_1 = 1,by = 1.

Case6. ag = 1,a1 = 2,a_1=1,bg = 1,b; = 0.4.
Case7. ag=1,a;, =0.3,a_1 =0.7,bg = 1.

Case8. ag = 1,a; = 0.3,a_1 =0.7,bg = 1,b; = 0.4.

operators are constants) converges to the growth bound w4, of the
corresponding infinite string. However, in general is not true that
wy converges to we. Similar results are obtained for an alternative
sequence of Toeplitz approximating systems. Of course it is the
MIMO case that is most interesting for applications, and this
remains a challenging open problem. However, the scalar case has
already demonstrated that LQR control of the infinite-dimensional
strings does not always serve as a useful paradigm for the long-
but-finite strings.

Appendix. Notations and background on Toeplitz and Circulant
matrices

Denote by N, Z, C and oD the sets of natural, integer, complex
numbers and the unit circle, respectively. Let F e ¢ C
L, (0D, C) be a continuous scalar symbol with the Fourier series
representation F(el) = Y fie ™, 0 € [0,2n], where C :=
C(0D, C) is the Banach algebra of all continuous functions on 0D
with the maximum norm (L, Hy, Ly and H; are defined in Curtain
and Zwart (1995)). Now, £,(Z,C) = {x | x = X)rez,Xr €
C, Y e |x.|> < oo} is isometrically isomorphic to L,(9D; C)
xlleyz.cy = Iy om,c)r X = Fx) under the Fourier transform 3.
FFF ! = F: L, (0D, C) — L,(dD, C) is a multiplication operator
generated the Laurent operator F : L,(Z,C) — I,(Z, C), where
F is defined by the convolution ((Fx)(t)), = Zez ax,_(t) =
Y <z arixi(t). Hence ||F|| = ||I:‘||OO (we refer to Curtain et al.
(2009), and the references therein, for further details).

Consider also the Toeplitz operator T(F) LN, C) - L(N,C)
given by

o A H o
T(ﬁ): f71 fO f] fZ (A])

fo fa4 o A |

where 5(N, C) = {X | X = (X )ren, X € C, Y,y [X|? < 00}. We
have |F|| = |T(F)|| = [Fllo and o' (F) = {F(e?),0 < 6 < 27},
o(T(E) = oF) U{L ¢ o(F)|wind(F — 1,0) # 0}, where
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wind (1:" — A, 0) is the winding number of F — ) around the origin.
Remark that F also has a matrix representation like (A.1) infinite in
both directions.

We denote the Toeplitz approximant matrix of order n
corresponding to F by F,

fO f] f2 fn71
R R L e (A2)
i1 Sfong2 fongs oo fo

The spectrum of F,, can be very different from that of T(f ), except
in the self-adjoint case.

Lemma A.1 (Gray, 1971, Corollary 4.2). Suppose that F is real.

Denote by mg and My the minimum and the maximum of F

on [0,2m], respectively. If the Toeplitz approximants F,
(n)

have the eigenvalues A",k = 1,...,n. Then mzy < A,(<”> < M,

limy,_, oo Maxy )L,(C") = M, and lim,_, o min )L,i") = m;.

Proof. The proof in Gray (1971, Corollary 4.2) considers extra
assumptions (summability), but this is only needed to establish
(P8) below, which holds for all continuous symbols. O

We recall some properties of Toeplitz operators from in
Bottcher and Silvermann (1999), Theorems 1.15, 2.11, 4.3, 4.13.

Lemma A.2. The singular values w(F,) of F, satisfy

(1) limn—)oo ﬂmax(Fn) = MaXge[0,2r] |F(eﬁ)|

(2) limy_s o0 min(Fr) = 0 if and only if T(I:") is not invertible.

(3) T(F) is invertible if and only if F(e®) 0,6 € [0, 27], and the
winding number of f around the origin is zero.

(4) If n(F)NJR = ¢, then T (F) is invertible and limy_, oo tmin (Fn)
0.

(5) If T(F) is invertible, then limy_, oo pmin(Fn) = 1/T (E)|.

(6) If T(I:') is invertible, then F, is invertible for n > ngy and
SUPp-ng IF, 1l < o0

Consider also F,, the circulant approximant matrix of order n
corresponding to F, given by

(n) () (1) (n) (n)
RS S S S )
~ n n n n n
Fo=|%1 S &G G - G (A3)
(n) () () (n) ()
Lo o S 2 S o R &
(n) 1 n—1 % -2ml —2jmkl . .
where ¢, = ;> - F(e&™ Je n . Circulant approximant

matrices have nice properties (see Gray, 1971, Sections 3.1 and 3.2)

(PT) IFall < [IF]-
e (P2) (FG), = ﬁnén-
(P3) (F + G)y = Fy + G
(P4) The eigenvalues of F, are A" =
0,1,...,n—1.
(P5) F, = Undiag(klg"))U;‘, where U, is unitary and has

1 _ 2mjrs
components U, (r, s) = ﬁ[e n ] r,s=0,...,n—1.

FEe%), k =

In addition to the matrix spectral or induced L,-norm denoted
by || - |, following Gray (1971), we introduce the n-norm

1 -1 xn—1 2 1/2 1 * 1/2
M|, = (; o o Imul ) = (Ltrace(M*M)) " for square
matrices M of order n. This norm has the following properties (see
Gray (1971, Lemma 2.3) and the references therein)

e (P6) ﬁIIAII =< |Alx = IA]l.

e (P7)|ABln < |Alxl[BIl |ABlx < [|All[Bln-

e (P8) |F, — Fyln — 0asn — oo (see Gutierrez-Gutierrez &
Crespo, 2008, Lemma 5).

Note that Gutierrez quotes (P8) for self-adjoint matrices, but he
does not use the self-adjoint property in his proof.

LemmaA.3. Let F bea scalar function with real values and {A,} be a
sequence of self-adjoint n x n matrices such that |A, — F,|, — 0as
n — oo. Then

15 1 (7.,
lim — § AA)? = 7/ F2(e%)do.
n—oo n s 21 Jo

Proof. Now F'F, is also a circulant matrix with eigenvalues
[F (@™ and |Fuf} = § 3050 IF@@™/M2 — 5L ;7 F(e) do
asn — oo, since F is continuous and hence Riemann integrable.
Hence |A |2 — 5= fozn F2(e) d@, as n — oo. The claims now fol-
low from the classic asymptotic distribution theorem (Bottcher &
Silvermann, 1999). O
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