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Abstract

This paper first presents necessary and sufficient conditions for the solvability of discrete time, mean-
field, stochastic linear-quadratic optimal control problems. Then, by introducing several sequences of
bounded linear operators, the problem becomes an operator stochastic LQ problem, in which the optimal
control is a linear state feedback. Furthermore, from the form of the optimal control, the problem changes
to a matrix dynamic optimization problem. Solving this optimization problem, we obtain the optimal
feedback gain and thus the optimal control. Finally, by completing the square, the optimality of the
above control is validated.

1 Introduction

In this paper we consider a class of stochastic linear-quadratic (LQ) optimal control problems of mean-field
type. The system equation is the following linear stochastic difference equation with k € {0,1,2,.., N—1} =
N,

(1.1)

{ Tht1 = (Aka + AkEZEk + Bruy + BkEuk) + (Ckxk + CkEIk + Dyuy, + DkEuk)wk,
xTo = Cu

where Ay, Ag,Cy,C € R™™ and By, By, D, Dy € R™ ™ are given deterministic matrices, and E is the
expectation operator. Denote {0,1,2,..., N} by N. In (1.1) , {zx,k € N} and {us,k € N} are the state
process and control process, respectively. {wy, k € N}, defined on a probability space (2, F, P), represents
the stochastic disturbances, which is assumed to be a martingale difference sequence

Elwis1|Fi] = 0, El(wys1)*|Fa] = 1, (1.2)

where Fj is the o-algebra generated by {(,w;,l = 0,1,---,k}. The initial value ¢ and {wy,k € N} are
assumed to be independent of each other. The cost functional associated with (1.1) is

N—-1
J(C, u) = E Z (:E;;FQkxk + (Exk)TQkIE:Ek + u;;FRkuk + (Euk)TRkIEuk)
k=0

+E (JJ%GNCEN) + (IE:EN)TG'NExN,
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where Qp, Qr, Rk, Ri, k € N, G, G are deterministic symmetric matrices with appropriate dimensions.

We introduce the following admissible control set
Upg = {u: (up,u1, -+ ,un—1): NxQ—=R™ | u € Fi, Elug)? < oo}
The optimal control problem considered in this paper is stated as follows:

Problem (MF-LQ). For any given square-integrable initial value ¢, find u® € Uyq such that

J(C,u®) = inf J(C, u). (1.4)

uEUd
We then call u® an optimal control for Problem (MF-LQ).

Unlike the classical stochastic LQ problem, the expectation Ex; of xj appears in the system equation
(1.1) and the cost functional (1.3). Therefore, the above problem is called a mean-field LQ problem. This
problem is a combination of mean field theory and a LQ problem. Mean-field theory was developed to study
the collective behaviors resulting from individuals’ mutual interactions in various physical and sociological
dynamic systems. According to mean-field theory, the interactions among agents are modelled by a mean-
field term. Letting the number of individuals go to the infinity, the mean-field term will approach the
expectation. To see this, assume the dynamics of particle ¢ (i = 1,---, L) are

L L
, , 1 , . 1 ,
:E;C’_i[_/l = (Ak:EZL + Akf E Ifc’L + Bkuk) + (OkI;C’L + Okf E Ik’L + Dkuk)wk.
i=1 j=1

Under appropriate conditions and letting L. — oo, we have
Tht1 = (Akl'k + AkExk + Bkuk) + (Ckx;g + CkExk + Dkuk)wk. (1.5)

An exact derivation of (1.5) follows the classical Mckean-Vlasov argument; for the Mckean-Vlasov argument,
readers may see, for example, [7][28][30] and references therein. Clearly, (1.1) is a natural extension of (1.5).
For the motivation for including Exzj, and Euy, in the cost functional (1.3), [32] points out that it is natural
to introduce variations var(zy) and var(ug) to the cost functional so as to the state process and the control
process could be not too sensitive to the random events. An example of this case is the known finance
mean-variance problem. For system (1.1) without mean-field terms, we refer to papers such as [3][22][23][26].

The continuous-time counterpart of (1.1) is a mean-field stochastic differential equation (SDE), whose
investigation goes back to the McKean-Vlasov SDE proposed in 1950s ([27]]28]). Since then, many researches
study McKean-Vlasov type SDEs and applications ([12][14][15][16]). For recent development of mean-field
SDEs, readers may refer to [10][11][13] and references therein. The control problems for mean-field SDEs are
investigated by many authors; see, for example, [1][2][4][7][9][29][32][17]. On the other hand, another class
of problems is mean-field games in terms of its ability to model the collective behavior of individuals due to
their mutual interactions. Comparing the above mentioned papers, this class of problems may be viewed as
decentralized control problems, that is, the controls are selected to achieve each individual’s own goal. For
other aspects of mean field games, readers may refer to [7][18][19][20][21][24][25][31] and references therein.

The problem considered in this paper is related to that of [32], which deals with a continuous time
mean-field LQ problem. In [32], by a variational method, the optimality system is derived, which is a mean-
field forward-backward SDE. Furthermore, by a decoupling technique, two Riccati differential equations are
obtained. This gives the feedback representation of the optimal control. Our discussion of the mean-field
LQ optimal control problem differs from [32] in the following ways. First, we considers the discrete time
case. There are several situations when it is necessary, or natural, to describe a system by a discrete time
model. A typical case is when the signal values are only available for measurement or manipulation at certain
times, for example, because a continuous time system is sampled at certain times. Another case arises from
discretization of the dynamics of continuous time problems. The second difference between this paper and
[32] is that methodology differs. In this paper, we first convert Problem (MF-LQ) to a quadratic optimization



problem in Hilbert space. This gives necessary and sufficient conditions for the solvability of Problem (MF-
LQ). The optimal control obtained in this case has an abstract form, which may be viewed as open loop.
Secondly, by introducing several sequences of bounded linear operators, Problem (MF-LQ) becomes an
operator LQ optimal control problem. This operator LQ problem shows that the optimal control is a linear
state feedback, which is clearly closed-loop. Thirdly, by the linearity of the optimal control, Problem (MF-
LQ) becomes a matrix dynamic optimization problem. Using the matrix minimum principle ([5]), we derive
the optimal feedback gains and thus the optimal control is obtained. Finally, by completing the square, we
validate the correctness of the obtained optimal control.

The paper is organized as follows. The next section presents the preliminaries and two abstract considerations—
quadratic optimization in Hilbert space and the operator LQ problem. In Section 3, optimal control via
Riccati equations is presented. Section 4 gives an example to calculate the solutions to Riccati equations
and the optimal feedback gains. Section 5 gives some conclude remarks.

2 Preliminaries and abstract considerations

Some standard notion is introduced.

Definition 2.1 (i). Problem (MF-LQ) is said to be finite for ¢ if

inf J((,u) > —o0.

u€EUqq
Problem (MF-LQ) is said to be finite if it is finite for any C.

(it). Problem (MF-LQ) is said to be (uniquely) solvable for ¢ if there exists a (unique) u® € Upq such
that (1.4) holds for . Problem (MF-LQ) is said to be (uniquely) solvable if it is solvable for any (.

In this subsection, we shall consider Problem (MF-LQ) using two methods. The first converts Problem
(MF-LQ) to a quadratic optimization problem in Hilbert space, which gives necessary and sufficient condi-
tions for the solvability of Problem (MF-LQ). The second considers Problem (MF-LQ) in the language of
an operator LQ problem. This reveals that the optimal control is a linear state feedback.

Introduce the following spaces:

X = L% (R") = {¢: @~ R"|¢ is Fy-measurable, E[(|* < oo}, k€N,
X[0,k] = {(Io, e xy) ‘:zrk € X, and is fk—measurable,ZfzoEmP < oo} , keN,
U, = L% (R™) = {n: Q— R™|n is Fj-measurable, E[n|* < oo}, keN.
Clearly, for any k € N, € N, X[0, k] and H = X}, U, are Hilbert spaces under the usual inner products

(x,2) =E (:ETZ) , for any x, 2z € H, (2.1)

and
k
(x,2) =E (Z :vgzp> ,  for any x = (zo, ..., xx), 2 = (20, ..., 2) € X[0, K] (2.2)
p=0

For any variable z in X}, or Uy, the expectation of z, i.e., Ez, is clearly well defined. If we consider E as an
operator, it is clear that the domain and range of [E may differ from place to place. For example, the domain
may be Xj, Uy, and the range is R™ and R™, respectively. Therefore, the domain and range of the adjoint



operator E* of E may differ. For example, if E maps X to R™, then E* is defined from R™ to X} and is
defined as

(E*rp,x) = (rp,Ex), for any r, € R",z € Xj.
If E maps Uy to R™, then E* is defined from R™ to U, and is defined as
(E*rp,, 2) = (rm,Bz), for any r,, € R™, z € Uy,

Consequently, E and E* could be denoted by E and Ej, in order to emphasize H, which is the domain of
E and thus the range of E*. In this paper, H may be A},Ui, k € N, and E}, always appears accompanying
Ey; in the form of E3, KEy, with K being a generic square matrix. Clearly, for any z € H, Ej, KEy 2 is in
H. Another form is Ej; MEx,, k € N, with M € R™*". To simplify the notation, throughout this paper,
E3 KExz with 2z € H, and E;;, MEx, x with z € X, will be denoted by E*KEz and E*MEx, respectively.
The meanings will be understood during the context.

Taking expectations in (1.1), we have

{ Expi1 = (Ax + Ak)Exk + (B + Bk)Euk, keN, (2 3)

Exo = EC.

Let

Ok, 1) = (Ap + Ap)(Ap_1 + Ap_1) - (A + A), k>1,
k1) =1, k<l

Then we have
— k — —
Exyq1 = ®(k,0)EC + Y ®(k,1)(Bi-1 + Bi-1)Ew 1, k€ N\{0}.
=1

On the other hand, let

O (k1) = (Ar + wiCr) (Ap—1 + wi—1Cr—1) - - (A1 + w1 Ci21), k> 1,
Ok, 1) = I,k <.

By (1.1), we have for k € N

1 = P®(k,0)C+ Z ®(k, 1) [(Ai—1 + wi—1Crm1)Eai—1 + (Bi—1 + wi—1Di—)wi—1 + (Bi—1 + wi—1 Dy 1) By |

=1
k

= (k01 + Y (k1) (A1 +wi—1C1_1) (I — 2,0)EC

=1
-2

—i—Z (B, DAy +wi1Cia) Y 01 Bi 1+ Bi1)Eu;
k =t k B B

+> @k, )(Biy + w1 Dy )uy + Y Ok, 1)(Biy + w1 Dy1)Buy 1.
=1 =1



Now define the following operators for any ¢ € Xp, u € Uyq:

TOC) =@(-—1,0)¢,

¢ = (TE(N),

(TO() = 321 & = LD)( Ay + w1 Cron) (L~ 2,0)EC,

I¢ = (TO)(N),

(Lu)(-) = 3521 (- = 1,1)(Broy + w1 Dy1)ug 1,

Lu = (Lu)(N),

(Lu)(-) = 21 @ — 1,0)(Ar—1 + w1 Cro) 03 @1 — 2,4)(Bi1 + Bi1)Eui
) ot st @ — LI)(Bi—1 + wi—1 Dyi—1)Eug_y,

Lu = (Lu)(N)

Then

2 = (TO)(K) + (D) (k) + (Lu) (k) + (Lu) (k).
Clearly, the operators

{ I,T: X — X[0,N], T: X X, (2.4)

L,L:Uyg v X[0,N], L:Uyq+ Xy,

are all bounded and linear. Notice that the spaces in (2.4) are all Hilbert space. Therefore, the corresponding
adjoint operators uniquely exist. Further, in what follows, we use the convention

(Qz)(-) = Qrx., Yz € X[0,N —1],

(Qp)() = Qrp., Yo = (go, - ,on—1) with @), € R™ such that Sp ' |en|? < oo,
(Ru)(+) = Rgu., Yu € Uy,

(RU))() = RM/)., Vi = (Yo, ,¥N—1) with 1, € R™ such that EkN:_Ol |1/1k|2 < 00.

Consequently, the cost functional J(¢,u) has the following form
J(Cu) = (Q(I'¢+T¢+ Lu+ Lu),I'¢ +T¢ + Lu+ Lu) + (Ru, u)
+HQET¢+T¢+ Lu + Lu), E(T'¢ + I'( + Lu + Lu)) + (REu, Eu)
HGr(T¢ +T¢ + Lu + Lu),T¢
+TC + Lu+ Lu) + (GrEDC + ¢ + Lu + Lu), B(FC + TC + Lu + Lu))
= (O1u,u) + 2(02€,u) + (03£,8).

Here

b‘b
~n

©1=R+E*RE+ (L+L)*Q(L+ L) + (L + L)*E*QE(L + L) + (L + L)*G(L +
+(L+ L)*E*GE(L + L),
Oy = (L+ L)' QI +T) + (L + L)*E*QE( + T) + (L + L)*Gr(D + T) + (L + L)E*GrE( + 1),

O3 = (D +D)*QI +T) + (I + D)*E*QE(I + ) + (I + T)*Go (' + T) + ([ + D)*E*GrE(L + 1),

)

and the inner products are understood from the context. Hence, for any ¢, u — J((,u) is a quadratic
functional on the Hilbert space U,q, and the original problem (MF-LQ) is transformed to a minimization
problem of a functional over U,;. We then have the following results.



Proposition 2.1 (i). If J(¢,u) has a minimum, then

0; > 0.

(ii). Problem (MF-LQ) is (uniquely) solvable if and only if ©1 > 0 and there exists a (unique) u such
that

®1u + ®2< =0.

(iii). If ©1 > 0, then for any ¢, J(¢,u) admits a pathwise unique minimizer u® given by
u = —(0710:0)(k), keN. (2.5)
In addition, if
Qk,Qr+Qr >0, Ry, R+ Ry >0, keN, Gn,Gy+Gn >0, (2.6)

then ©1 > 0.

Proof. The proofs of (i), (ii) and the first part of (4ii) are well known, and are omitted here; readers may
refer to [32][33][34] for solutions of similar problems of quadratic functional optimization on Hilbert space.
Clearly, from (2.6), we have that (L + L)*Q(L + L) + (L + L)*E*QE(L + L) + (L + L)*G(L + L) > 0. Also
for any nonzero u € Uy,q,

N-1
(Ru,u) + (E* REu, u) = Z E [uf Reur + (Bug)” RiEuy]
k=0
N-1
= Z {E {(uk — Euk)T Ry (up, — Euk)} + (Euk)T (R + Rk) (Euk)} > 0.
k=0

This implies that R+ E*RE is positive definite. Therefore, ©; is positive definite. This completes the proof.
O

Remark 2.1 Proposition 2.1 presents necessary and sufficient conditions for the solvability of Problem (MF-
LQ); it also shows that the optimal control (2.5) is a linear functional of initial value . Note that for any
k € N, ug does not depend on the current state xy explicitly, and it depends on ( and k. Therefore, the
optimal control (2.5) may be viewed as an open-loop control.

We shall show that under condition (2.6), the unique optimal control (2.5) is, indeed, a linear feedback
of current state, i.e., a closed-loop control. First, introduce several sequences of operators

Ape = Ay + A Bz, z€ X, k€N,
Bru = Byu+ BiEu, vwell, keN,
Crx = Crx+ CpEx, z € Xy, keN,
Dyu = Dyu+ DpEu, wely, keN.

(2.7)

Clearly, Ag, Bi,Ck, Dy, k € N, are all bounded linear operators, defined from X} and U to X and Uy,
respectively. Consequently, (1.1) may be rewritten as

Tht1 = (AkiCk + Bkuk) + (Ckxk + ’Dkuk)wk (2.8)



Further, the performance functional may be represented as

N-1
J(Gu) = Z (Qrxk, Tk) + (QrBak, Exi) + (Rpuk, uk) + (ReEug, Buy))
k=0

(Gnan,zn) + (GNExy,Exy)

N-1

= Z (((Qk + E*QrE)zy, xi) + ((Ri + E*RyE)ug, ui)) + ((Gy + E*GNE)an, zn).
k=0

_|_

Here (Qpxr, xx) denotes E (w%Qkxk), (Qk —i—E*QkE)xk = Qpri+E*QiExy, with similar meanings for related
notation. Define

Qr = (Qr + E*QrE)z, € X, keN,
Rru = (Rk + E*R_kE)u, u € Uk, keN,
gNLL':(GN-f—E*GNE),T, x € Xy.

Then

N—

)_.

ik, Tp) + (Rruk, ur)) + (GNZN, TN). (2.9)
k:O

Therefore, Problem (MF-LQ) may be rewritten as the following

{ minimize (2.9) (2.10)

subject to u € Uyq, with (z.,u.) satisfying (2.8).

Clearly, (2.10) is an operator stochastic LQ problem in discrete time. Operator LQ problems in the de-
terministic and continuous-time cases have been studied thoroughly. Generally speaking, an operator LQ
problem is a problem of infinite dimensional control theory. For general infinite dimensional control theory,
readers may refer to [6] and related literature. In this paper, by transforming Problem (MF-LQ) to (2.10),
it is possible to obtain the closed-loop form of the optimal control.

Suppose we have a sequence of self-adjoint bounded linear operators {Py : Xj + Xy; k € N}, which are
determined below. Noting that A} C Xy, for [ < k, we assume that

Poli = {Puz|z e ) C X, | <k (2.11)
This will be proved below. By adding (Pnxn,zn) — (Pozo, o) to both sides of (2.9), we have
J(¢,u) + (Pnon,zn) — (Pozo, o) (2.12)
= ZkN:Bl ((Qrwr, o) + (Rpuk, uk) + (Prr1®ry1, Thg1) — (Prr, 2r)) + (GNTN, TN). '

To proceed, we need some calculations.

(Prt1Tht1, Tht1)

= <73k+1[(¢4k:ck + Bkuk) (Ckxk + Dkuk) ], [( LT + Bkuk) (Ckxk + Dkuk)ka
=FE [(Akxk + Bkuk)T (Pk-i-l(-AkCCk + Bkuk ] +E [ Apxp, + Bkuk) (Pk+1 (Ckxk + ’Dkuk)wk)}

E [(Cewr + Drur)” (Prs1(Axzi + Brur)wr)] + E [(Coxr + Druk)” (Prs1(Crar + Drur)wi)] -



Clearly, by (2.11), we have
E [(Crak + Drur)” (Prs1 (Axzi + Brug)ws)]
= E [E (wi|Fr-1) (Chzi + Dur)” (Pryr (Aear + Brug))] = 0,
E [(Axzi + Bruk)” (Pre1(Coxr + Drur)) wi]
=E [E (wg|Fr-1) (Axzi + Brug)” (Pri1 (Coar + Drug))] = 0,
E [(Crar + Deur)” (Prg1(Crar + Drur)w})]
=E [E (w}|Fr—-1) (Crar + Prur)” (Prs1(Crzr + Drus))]
=FE [(Ckxk + Drur) T Pry1 (Crxr, + Diug, } .
Therefore, it follows that
(Pr1@is1, Tes1) = B [(Apzi + Brur) T Prgr (Arar + Bruk) + (Coxk + D) Prg1 (Crar + Drug))
= (A Prp1Arzr, i) + (Cp Pry1Cr, ) + (Af Py Brwg, o) + (B Prr1 Aszr, ur)  (2.13)
+(C} Pri1Drug, x) + (Df Pry1Crr, ur) + (BrPry1Bruk, uk) + (D Pr1 Diug, ug).
13) in (2.12), we have

Substituting (

Do

2

J(xo,u) = [((Qk + A Pry1 Ak + CiPri1Cr — Pr) ke, i) + 2((By Prr1. Ak + DiPri1Cr) Tk, uk)

I

<(Rk + szk-i-lBk + 'DZ'Pk_H'Dk) Uk, uk>] + <(gN - PN) TN, .’L'N> + <’P0.’L'o, ;Eo> (2.14)

2
,L

= [(90k$k, zr) + 2(O1kxk, uk) + (O2kuk, ur)| + (Gn — Pn) N, zn) + (Pozo, Zo),

k‘

where for any k € N

O = BZPkJrlAk + D Pr+1Cr, (2.15)

Oor = Qi + A Pry1 Ak + CiPr1Cr — P,
Oop = Ry, + B;'Pk+18k + 'DZ'Pk_H'Dk.

Consequently, we have the following result:

Proposition 2.2 Under the condition that
QrQr+Qr >0, Ry, Ry + Ry >0, keN, Gy,Gy+Gy >0, (2.16)
the unique optimal control for Problem (MF-LQ) is
ug = — Ry + BiPesaBr + DiPrs1Di) " (BiPryr Ak + Dy PrirCr) T, (2.17)
where
Pr = Qi+ A Prt1 Ak + CiPryi1Ch
— (B;Pry1 Ak + DiPrs1Cr)* (R + By Pry1 B + DZPk+1Dk)_1 (BiPr+1 Ak + DiPriaCr), k € N,(2.18)
Pn = 0n.

Proof. By (2.14), if (2.18) is well posed, we have that

N-—1
J(Gu) = [(©2k(ur + O3, O1xak), (ug + O O1kk)) + (Bok — O1,03, O14y, )]
k=0
+<(gN Pn)xn,zn) + (PoC, ()
—1
= [<®2k(uk + 9§k191k$k)7 (uk + 627@161/@‘@’@)” + (Po¢, Q).
k=0



Therefore, the optimal control is given by uj = —@;kle)lk:vk, k € N, which is (2.17). We shall now prove
that (2.18) is well posed. First, for any k € N and wuy, € Uy, and uy, # 0, it is clear that

(Rkuk,uk> = K (unguk) + (Euk)TRk(Euk)

= E [(uk — Euk)T Ry (uk — Euk)} + (Euk)T (Rk + Rk) (Euk)

> APEuy — Bugl2, + AP |Euy |2, .19)
= A (Blugl?, - [Buxl2,) + A" [Bur 2,
> MK (Elugl?, — [Bugly, + Buxl3,)
= A a2,
Here | - |, denotes the norm in R™; )\gk),)\ék) are the smallest eigenvalues of matrix Ry and Ry + Ry,
respectively, and \(F) = min{)\gk), /\ék)}; [| - ||m is the norm induced by inner product in Uy. By (2.19), we

know that Ry > A® I, where I is the identical operator defined on Uy, for each k € N. Under assumption
(2.16), we know that A*) > 0. Thus we have that R}, is positive definite. Furthermore, by known results,
we have that

Rp = (Rx + E*RyE)" = R} + (E*R4E)" = R}, + E*Rj, (E*)" = Ry, + E*RyE = Ry,

which means that Ry is self-adjoint. Similarly, we have that Gy is self-adjoint and positive semi-definite.
Therefore, it follows

(Rn-1+ By_PnBn-1+ Dy_PNDn_1) un—1,un—1)
(Rn—1un—1,un—1) + (Gn (Bn-1un—1),Bry-1un—1) + (Gn (Dn—1un—1),DN-1Uun—1) (2.20)

> (Ry-—1un—1,un—1) > AV7D|[u]]2,.

Then, Oyny_1) = Rn-1+By_1PvBn-1+Dy_1PnDn_1is self-adjoint and positive definite, and invertible.
Clearly, ©3(n_1) is bounded and linear. By the inverse operator theorem, we have that 92_(1]\7—1) is bounded

and linear. Consequently, (2.18) is well-posed for k = N — 1. By conditions in the paragraph before (2.3),
we known that for any [ < N — 1, z € A}, K € R"™™ and M € R™*" we have that E*KEz € &} and
E*MEz € Uy. Therefore,

(BN_1PNAN-1+Dy_1PnCn-1) 2 €U, z€ X, IS N -1, (2.21)
and
(Rn-1+By_1PvBy-1+Dy_PnDn-1)z €Uy, z€Uy, |<N-—1 (2.22)
From (2.22), it follows that
(Ry_1+Biy_\PxBy_1+Dy_PxDy1)  2€lUy, z€ly, I<N—1 (2.23)
By (2.21) and (2.23), we have that u%,_, is Fy—_1-adapted and thus in Uy_;. Further, we have
Pn_1z€ XA), forany ze€ A;, | <N —1, (2.24)
which is (2.11) for & = N — 1. Similar to (2.14), we have for any x_1 € Fy_1
E [‘T%_lQNfleN—l + (Ezn_1)" Qn_1Bay_y + uk _Ry_1un—1+ (Bun_1)" Ry_1Eun_:

+E {Ur’lj\ﬂfilRN_l’uN_l + (EUN_l)T RN_lEuN_l}

(Oav—1)(un—1+ 92_(1]V_1)91(N71)$N—1)7 (un—1+ 92_(1]\,_1)91(1\771)561\7—1)) + (PN-1ZN-1,ZN-1)

Y

(PN-1TN-1,ZN-1),



and the equality is achieved by u%;_;. This implies that
(PN_1ZN-1,ZN-1)
—_ T —
= E [xjj\}—lQN—ll'N—l + (Exn_1)" Qn_1Exy_1 + ull_ Ry—1ul_q + (Eul_y) RN—lEU?V_1:| > 0.

Thus, Py—_1 is positive semi-definite. Clearly, by (2.18), Py—_1 is linear and self-adjoint. Now, we are able to

prove that Pxn_1 is bounded. As noted by above, @27&\,71) is bounded, so we can easily assert that Py_; is

bounded. Therefore, we may prove by induction that {Py, k € N}, are all self-adjoint, positive semi-definite
and bounded linear operators, and that the optimal control is given by (2.17) with u € Uy, k € N. This
completes the proof. O

3 Solution by Riccati equations

The results presented in previous section are mathematically pleasing, but they are not in a form which
can be implemented, as (2.5) and the operator Riccati difference equation (2.18) are referenced. However,
Proposition 2.2 provides us with the information that the optimal control of Problem (MF-LQ) is a linear
state feedback of operator form. Therefore, it is reasonable to assume that the optimal control u° takes the
form

u) = LYxy + LYExy, k€N, (3.1)

with LY, I_/z € R™*". To compute the optimal feedback gains L{, Ez, we start from a generic linear feedback
control

up = Lrxk + LkE.’L'k, Ly, .Z/k S Ranj k € N. (3.2)
Under (3.2), the closed loop system (1.1) becomes

Tip1 = [(Ak + BeLi)zk + [BeLi + Ak + Bi(Li + Ly,)|Exy |
+ [(Ok + DkLk)xk + [Dkik + Ck + Dk(Lk + Ek)]E:Z?k] W, (3.3)
ZTo = Cu

and the cost functional (1.3) is

2

1
J(C, u) = E [IngIk + (Exk)TQkIE:rk + (Lka + EkEIk)TRk(kak + EkExk)

(

x>
(=)

+

Ly + [_/k)Exk)TRk(Lk + Ek)Exk] +E (m%GNxN) + (IE:EN)T(_?NExN

=~

2

E [Iz (Qk + LszLk) Ty + (Exk)Ti)kExk} + E (I%GN:Z?N) + (E:EN)TGNE:Z?N (34)

I
g

il
|
O

=2 {Tr [(Qr + LY RiLi) E (zaf)] + Tr [®4 (Exr(Eax)T)]}
Tr [GNE (exah)] + Tr [Gr (Exw (Ban)T)] .

+ >

where
(i)k = Qk + (Lk + [_/k)TRk(Lk + Ek) + Lszka + LszLk + EszI_/k
From the form (3.2) of the control, we may view {(Lg, L),k € N} as the new control input. Also

(3.4) reminds us that Ezy(Ez;)T, E (z,2]) may be considered as the new system states. Write X, =

10



E (zyz]) , Xi = Ezy(Exi)”. Then by (3.3), we have

S - _ -
Xps1 = (A + BrLp)Xi(Ak + BrLi)" + (Ag + BeLi) Xy [Ax + BrLy + Bi(Li, + Li)]
+ [Ay + BeLk + Bi(Ly + Ly, w(Ax + BrLi)T

+ (Cx + Dy L) Xk, [Cy + Dy Ly, + Dy(L; + LkﬂT

)] X
+ [Ay + ByLy, + Bi(Lg + Ly,)] Xy [A + BoLy, + Bi(Ly + Ly)]
+(Ck + Dy L) X1(Cr, + Dy Li)T +

)] X

)] X

(3.5)
+ [Ck + DiLi, + Di(Ly, + Li)] Xi(Ck + DiLi)™
+ [Ck + DiLi, + Di(Ly + Li)] Xi [Ck + DLy, + Di(Ly + Ek)}T
= X(Ly, Ly),
XO = E(CCT)a
and
X1 = [(Ax + Ar) + (B + Bi)(Li + Li)] Xk [(Ar + Ag) + (Bx + Bi)(Li + IjkﬂT
= Xk(Lk, Ly), (3.6)
Xo = K¢ (BQ)"
In the language of X and X, J({,u) with u defined in (3.2) may be represented as
N-1 o -
J(Gu) = D ATr [(Qk + L{RiLy) Xi] + Tr (®1.X1) } + Tr (GnXn) + Tr (G Xi)
k=0
= j(XOaXOVC)? (37)

where £ = {Ly, Ly, k € N}. Therefore, Problem (MF-LQ) is equivalent to the following problem:
{ min j(X()vXOv‘C)

Ly, L€ R™*n LEN (3_8)
subject to (3.5)(3.6).

Clearly, this is a matrix dynamic optimization problem. A natural way to deal with this class of problems

is by the matrix minimum principle ([5]). Following the framework above, we have the following results.

Theorem 3.1 For Problem (MF-LQ), under the condition

Qr,Qr+Qr >0, Ry, R+ Rr>0, keN, Gy,Gy+Gn >0, (3.9)
the unique optimal control is
= W) E e+ [ - W) + W) D | (3.10)
= Loy + LyExy,, keN.
Here,
W,Sl) = Ry, + B[ Piy1Bi + D{ Pey1 Dy,
W = Ry, + Ry + (By, + Bi)" (Pis1 + o) (Bi + Br) + (Di + Di)" Prg1 (D + Dy, (3.11)
H" = BF P14y, + DI Py Gy,
H = (B + Bi)T (Pes1 + Pust)(Ak + Ar) + (Dg + D) Poya (Cr + C),
with
{ ]ij - % + L RiLf, + (Ax + BeLy)" Pova (A + BiLg) + (Cio & DiLg)" Pt (G + DhL), (3 1)
N =GN,
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P, = Qk+ L{TRLLY + LT R LY + LYT Ry LY
+(L7, + L})" Rip(L7, + L)
+(Ag + BrL)T Pyy1 Ay + Bp L + B (L8 + LY)]
+[Ag + BpL8 + Bi(L§ + L))" Pyy1(Ay + BiLY)
[A + BeLg + Bi(LY + L))" Prya[Ag + BiLg, + Bi(Lg, + L3)]
(Ck + D LY) T Pyy1 [Cr + Dy L + Dy (LG + LY)]
+[C + DL + Dy (LS + LT Piy1 (Cr + DiL2)
+[Cx + DL + Dy (LS + LY)|T Piy1[Cr + De LS + Dy (LG + L))

+[Ag + A + (Bi, + B) (LS + LT Py [Ag + Ax + (Bi + Bi) (LS + LY)],
N

+

(3.13)

+_

Q)

Py =
having the property

Pk,Pk—i—Pk >0, ke N. (3.14)

Proof. Introduce the Lagrangian function associated with Problem (3.8),

n—1

€= Y L +Tr(GnXy)+Tr(GnXy)
k=0 (3.15)

n—1

= Y e+ [(GN G) ( i )]

k=0
where
L, = Tr[(Qr+ LY RiLy) Xi| + Tr (®xXp)
+T7 [Pry1 (X (L, L) = Xgy1) | + T [Py (X (L, Li) — Xiya)]

Xi(Lk, Li) — Xisa
X (Ly, Li) — Xpt1

(3.16)
= Tr[(Qx+ LTRiLy) Xi] + Tr (35.%5) + Tr [(P,C+1 Pet) (

and (Pgy1 Pk+1),k € N are the Lagrangian multipliers. Denote Py, = (Pk+1 Pk+1), Xp = ( gk >
k

Clearly, by the matrix minimum principle ([5]), the optimal feedback gains (L7, L),k € N and Lagrangian
multipliers P41, k € N satisfy the following first-order necessary conditions

0Ly BLk O0Xy?

Do =0, 2%2=0, P =22, keN,

ie.,

% -0 % _ P = 9% 5 OLy,
oL, ' 0L, " oxy
PNZGN, PNZGN.

(3.17)
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Now, we should calculate several gradient matrices. Noting that for any matrix Y, B%TT(AYB) = ATBT if

AY B is meaningful, we have

0Lk

L, {2RxLiX), + 2 [Ri Ly + Rie(Ly + Li)| X1}

+2{(By, + Br)" Proi1(Ar + Ay) + (Bi + Bi)" Poy1 (By, + Bi) (Li + Li) } X,

+2 {BngJrl(Ak + BpLi) Xy, + B Pri1(Ay, + BeLi) Xy, + B Pry1 (A + BeLi) X5,

+B Py 1 B (Li + L) Xg + B Pyy1(Ax + BipLy) Xy + Bj Piy1 Bi(Ly + L)Xk}

+2{D} Pes1(Cy + Dy L)Xy + Dy Pyi1 (Cr + D L) Xy, + D} Posy1 (C + Dy L) X,

+D} Py Dy (Li + L) Xk, + DY Piy1 (Cr + Dy L) Xk + Dif Puy1Di(Ly + Li) X1 }
= 2|[RpLk + B Pey1(Ar + BeLi) + D} Pryr (Cr + DiLy)| X,

+2{[Rk + R + (Bx + Bi)" (Pry1 + Pry1)(Bi + Bi) + (Di, + Di)" Puy1(Dg + Dy)] Ly,

+ [Ri + (B + By)" (Piy1 + Pry1)(Bi + By) — Bjl Pyy1 B + D Py Dy,
+Dj Pey1 Dy + Di Pry1 Di] Ly, + (Bi + Bi)" (Prs1 + Prg1)(Ax + Ag)
+(Dk + Di)" Poy1(Cl + Ck) — By Pyosr A, — Df Piy1Ci } X

— 9 (W,ﬁ”Lk + H,ﬁ”) X +2 (W,f’ik F WL, + H,?’) X

= 2 (W,El)Lk + H]gl)) (Xk — Xk) + 2 (W]Em (Ek + Lk) + H]gz)) Xk,

0L
oL, B i B B T
+(By, + Bi)" (Piy1 + Pos1)(Ak + Ap) + (Di, + Di) " Piy1 (Cr + Ci) } X,
2 (Wéz) (LzC + Ek) + ngQ)) Xs.
Here W,gi),ngj),i,j = 1,2, are defined in (3.11), and
W = Ry, + (By, + Bp)"(Pes1 + Pot1)(By + By) — Bf Puy1 By + DY Pry1 Dy
+D{ Pyy1Dy, + DI Pyy1 Dy,

H® = (By + Bo)T (Pesr + et )(A + Ag) + (D + Di)T Py (Cre + Ci)
—BI' P A, — DI Py 1 Gy

The following properties are used
w? =w +w®, B =D+ 1P,
Combining (3.17)-(3.19), the optimal feedback gains L{ and L¢ must satisfy
(Wi Lo+ 1) (Xe = %) + (W (L + L) + HP ) X =0,

(W (L + L) + HP) X = 0.

(3.18)

= 2 { [Rk + Rk + (Bk + Bk)T(Pk+1 + pk+1)(Bk +B- k) + (Dk + Dk)TPk+1(Dk + Dk)] (Ek + Lk)

(3.19)

(3.20)

Note that (3.20) holds for any initial values Xo—Xo = E [(¢ — E¢)(¢ — E¢)T] and Xo = E¢ (E¢)". Therefore,

(3.20) reduces to

WLy, + HY =0,
W;f)(Lk + L) + ngz) =0,

13
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which is obtained by letting coefficients be zero in (3.20). Clearly, we obtain the optimal feedback gains
o Dy—1 1701
Ly = —(w)~tm,
Fo 2)\ 1 77(2 y—177(1
Lg = =) + (W),

We now derive the equations that P, and Py satisfy. By (3.17), we have

oL
Pr = aXI:C L.—Lo = Qr + (L) RiLy + (A + BuL})" Peyr (Ag + BiLY)
=LY,
+(C + DiLY)" Pey1(Cr + Dy LY),
oo, L o )
Py= = =0 Ay + BLL)T Pyyy [Ap + BILY + By (LY + L§
¥ OXy | Ly=Lg,Ly=L2 k T (A + BrLy)" Prsa [Ax + BILg + Bi(L, + L)

+ [A + BrLg + Bi(Lg + LY)]" Pt (Ag + BiLY)

+ [Ak + BeLg + B (L3 + EZ)]T Piy1 [Ag + BipL{ + Bi(L§ + LY))]

+(C + Dy L) Poy1 [Cr + DiL§ + Dy (LY + LY)]

+ [Ch + DiLg + Di(Lg + L9)]" Pysr (Cr, + DiL3)

+ [Ch + DiLg + Di(Lg + L))" P [Ch + DiLg + Dy(Lg + L))

+ [(Ax + Ag) + (By, + By)(L}, + Ez)]T Pyy1 [(Ar + Ax) + (B + Br)(Lg + LY)]

which are (3.12) and (3.13). The final thing is to assure that for any k € N, Py, Py + P, > 0. We prove this
by induction. Clearly, Py, Py + Py > 0 by definition. For Kk = N — 1, Py_; is positive semi-definite, while

Pyoa+Pyoi= Qnoa+Qn-a+ (L + Ly )" Ry (L + L)
+A+ A4+ (B+B)(L%_1 + LY )" (Pv + PN)[A+ A+ (B4 B)(L%_1 + L% _1)]
+[C+C+ (D+ D)L,y + Ly )" PN[C+C+ (D+D)(L%_y + Li_1)] > 0.
In addition, by (3.10), we have
JN 1@ -1, u?)
= E(2§_1Qv12n-1) + By 1)"Qn_1Exn_1 + E (ul_;Ry_1un—1)
+(Eun_1)"Ry_1Eun_1 +E (a:JTVGNxN) + (Exn)T'GnExn
= Efo}y , (Qv-1+ LY Ry Lg ) 2]
(Ex)" [Qn-1+ LY Rn—1 Ly + LY Rv—1 Ly + LY Ry LYy,
+ (Lo + L) Ry -1 (Lo + L) Ean s
+E [, ((A+ BL§_)"Pu(A+ BLY_y) + (C + DLY_)" Px(C + DL§_y) )an-1]

+

+(Eon-1)T [(A+ BL§_)"PulA+ BL§_, + B(L§_, + L))
+[A+BLS_, + B(L_; + L% _ )" Py(A+ BL%_,)
+[A+ BL%_y + B(L_y + LYy_ )" Pn[A+ BLY_y + B(L%_q + L))

+(C+ DL _ )Y Py[C + DLy + D(L%_; + L))

+[C + DL+ D(LY_y + L% _1)]" Pn(C + DL _y)

+[C+ DL+ D(LY_ + L )" PN[C + DLy + D(LY_y + L% 1)

HA+ A+ (B+B)LS y+ L% )"Py[A+ A+ (B+B)LS_, + Eﬁv,l)]}]ExN_l
= E(2%_ Pvoizn-1) + (Bxy_1)" Py_1 (Exn_1).
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Noting that
Jév(xk,uo|{k7k+l7,,, ,N—l}) = E [(fﬂngxl + (Exk)TQkExk + (up)T Riuy, + (Euz)TRkEuZﬂ
TR (T, WO et k42, N—1})s
by induction, we have that Py, P, + P, > 0, for any k € N. This completes the proof. ]

We may view Problem (MF-LQ) another way. For any z € H = X}, U, we easily see that Ez is orthogonal
to z — Ez, as

(Ez,z —Ez) =E [(EZ)T (z—Ez)| =0.
Thus, (3.2) is equivalent to
up = (L + Lp)Exp + Ly(zx — Exp) = MyEay + Ly(z5, — Exp), (3.22)
which is a function of Ezy and xj — Exy. Clearly, in (3.22), we may design My, and Ly independently. This

reminds us that we may study Problem (MF-LQ) using coordinates {Exy,z; — Exy} for any & € N. The
system equations that Exy, zp — Exy satisfy are

Expy = (A;g + f_lk)Exk + (B + Bk)Euk, 3 23)
Exy = EC) -
Tp+1 — Expyr = [Ak(xk - ECL‘;C) + Bk(uk —_Euk)] + [Ck(l'k — Exk) + (Ck + Ck)Exk

+Dk(uk — Euk) + (Dk + D;g)Euk]wk, (3.24)

-IO_EIOZC_EC-

The cost functional J((,u) may be represented as

=2

J(C,’UJ) = - E |:(:Ek — EIk)T Qk (:Ek — E:Ek) =+ (EiEk)T (Qk + Qk)EIk + (uk — Euk)T Ry (uk — Euk)
= (3.25)

+ (Euk)T (Ri + Rk)Euk} +E [(:vN — ECL‘N)T GN (CL‘N — ExN) + (ECL‘N)T (Gn + é]\])]EfEN .

x>
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To follow the classical method of completing the square, we introduce two sequences of symmetric matrices
{Sk,k € N} and {T},k € N}, which are determined below. Then,

Cu)+ (xy — EIN)T Sy (zny —Exn) — (20 — IE:EO)T So (o — Exg) + (E:EN)T TnExy — (EI())T ToExo
-1

= E [(Ik —Exp)" Qk (zx — Eay) + (Bar)” (Qr + Qr)Eay, + (up — Bug)” Ry, (ug — Euy)

zZ <

>
Il
o

U )T (Rk =+ Rk)Euk =+ (Ik+1 — E:EkJrl)T Sk+1 (Ik+1 — E:EkJrl) — (Ik — EIk)T Sk (:Ek — E:Ek)
(E$k+1)T Tir1Expqr — (ECL‘;.C)T T]JELE/C} +E {(:EN - E.’L‘N)T GN (.’L‘N — E.’L‘N)

Ex N)T (GN + GN)E:EN}

+ + +
=

=2

= E |:(Ik — EfEk)T (Qk + AgSkJrlAk + CZS]CJFlOk) (:Ek — E:Ek)

>
Il
o

(Ik — Exk)T (AgSkJrlBk + OgSk+1Dk — Sk) (uk — Euk)

U — Euk)T (Rk + B,{SkHBk + D{SkHDk) (uk — Euk)

Ezp,)" (Qr + Qk + (O + Ci) " Sis1 (Cr + Cr) + (Ap + Ap)T T (Ag + Ay) — Tiy) Eay,
(Exy,)" ((Cr + Cr) T Sk1(Dy, + D) + (Ax + Ap)Tii1 (By, + By)) Eug,

+ (Euk)T (Rk + Rk + (Dk + Dk)TSk_H (D + Dk) + (Bk + Bk)TTk_,_l(Bk + Bk)) Euk}
+E {(JJN — E{EN)T GnN ({EN — ELL'N) + (E{EN)T (GN + GN)EJJN:|

N-—1
_ Z E [(Ik — Eay)" (Qk + AT S Ay + CT 811 O — i — (HS))T(W,S))*H,S)) (¢ — Exy)

+ + +
N~ —~ N

_|_

_ T _ _ _
+ (uk — By, + (W) BY (2 — IE;vk)> WY (uk — Buy, + (W) BY (2 — IE;vk))
+ (Bxi)" (Qn + Qk + (Cr + Cr) T Si1(Cre + C) + (Ak + Ap) Tiy1 (A + Ay) — Tip) Exy,
— (Ex)” (D) V) B ) B

_ _ T _ _ _
+ (B + (WD) B Ear) W (Bug + (W,§2>)1H,§2>Exk)]

+E {(JJN — E{EN)T GnN ({EN — ELL'N) + (E{EN)T (GN + GN)EJJN} .

Here
V__Vél) = Ry + B} Sk11Bi + D{ Sk11 Dy,
A" = BT S1 Ay + DISp11 Gy, ) ) (3.26)
W,§2> = Ry, + Ry, + (Bi + Bp) Ty 1 (Br + Bi) + (Di + Di) T Spy1 (D, + Dy),
H( )= = (Bk + Bi) " Tiy1(Ax + Ax) + (D + Dy,) T S41(Cx, + C).
Letting

Sk = Qu+ AT Ski1 Ag + CT Sy G — (HD)T (W)LY, S
Ty = Qu + Qi + (Ci + Cr) " Si1 (Ci + C) + (Ag + Ap) Tt (Ay, + Ay) — (H)YTW) B (3.27)
Sy =GN, Tn =GN +GN.

and

up — Eup = —(Wél))_lgél) (Ik — E:Ek) , keN,
Euy = —(W]f))*lgéz)E:Ek, ke N,

that is,

up = —(W T HP By, — (W) HY (2 — Eay), k€N, (3.28)
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we have
J(¢,a) =E | (¢ —E)T 8o (¢ —EC) + (EQ)” ToEC| < J(¢,u)

for any u = (uo,--- ,un—1) with u, € Ui. This means that (3.28) is an optimal control. In the following,
we show that (3.28) is equal to (3.10). We need firstly to show that for any k € N, P, = Sy, T}, = Pi, + Py
In fact, by substituting (3.10) into (3.12), we have

P, = Qp+ Al Poy1Ax + CLPei O + (L%)T (Ry + Bl Py11By, + DY Pry1Dy) LY
+ (L))" HY + (H,g1>)T Lo (3.29)
= Qi+ Al Prp1 A+ O Posa O — (D) (WD) L HD.
Noting that Py = Gy = Sn, by (3.11)(3.26)(3.27)(3.29), we have that
Sp=pP,, W =w BY=H" keN.
Similarly, we have by (3.13)(3.12)

pk = Qk — LZTRkLO (Ak + BkLO)T Sk+1 (Ak + BkLO) (Ck + DkLO)T Sk+1 (Ok + DkL )
+(Ck + Cr) Sk (Ci + Co) + (Ak + AT (P + Post)(Ai + Ay) = (HZ)T (W)~ 1,
= Qi+ Qk — P+ (Ok + Ok) Sk+1(ck + Ck) (Ak + Ak) (Pk+1 + PkJrl)(Ak + Ak)

Therefore,
P+ P = Qr+Qr+ (Ch+ Ch)" Ski1(Cr + Cr) + (Ak + A) " (Prrs + Prera) (A + Ap)
—(HI)T W) HPD. (3.30)
Comparing this with (3.27), as Tw = Gy + Gx = Py + Py, we have that
Tp=Pi+ P, W2 =w® H®=H® LeN
Therefore, (3.28) equals to (3.10).

To summarize, Theorem 3.1 may be rewritten in a more compact form as the following results:

Theorem 3.2 For Problem (MF-LQ), under the condition
Qr,Qr+Qr >0, Ry, R+ R, >0, keN, Gn,Gy +Gy >0, (3.31)

the optimal control is

wg = (WY TTHP Eay, — WY HY (2, — Bay) = MEay, + LY (x), — Eay,). (3.32)
Here,
WV = Ry + Bl Sy1Bi+ DI Sk Di, ) )
W;EQ) = Ry + Ry + (By, + Br) " Ti11(By + Bi) + (Di, + Di.)" Sii1(Dy, + D),

(1) = Bl Sy1Ax + DSy 1 Gy,

H( ) — (Bk + Bk)TTk+1(Ak + Ak) (Dk + Dk)TSk_H (Ck + Ck), (3-33)
Sk = Qi + AT ki1 Ay, + CF S O — (H)T (W)L HY,

Ty = Qi + Qi + (Ci + C)TSi1 (Cr + C) + (Ap + Ap) " Tir (A + Ap) — (HO)YT (W 1D,
Sy =GN, Tn =GN+ GN.

with the following property
Py, T, >0, keN. (3.34)
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4 Numerical results

We consider a 4-period numerical example

3

Z Ty, Qkxk + Exk) QkExk + unguk + (Euk)TRkIEuk)
k=0

+ (1'4 G4£L'4) (EJJ4)T@4E$4,

min
Uo,uU1,U2,U3

. Tpt1 = (Akzr + AkExk + Bruy, + BkEuk) + (Ckxk + CkExk + Dpuy, + DkEuk)wk,
subject to 3
zo € R?, k=0,1,2,3,

with coefficients for k£ = 0,1, 2, 3 as follows

(0.2 04 0.2 03 04 02
A,=1 0 02 06 |, Ay,=1 0 02 07 |,
| 0.6 0.4 0.2 | 0.6 0.5 0.2
04 0.2 (0.5 0.2
B,=1]02 04|, B,=1|02 05|,
| 0.3 0.3 | 0.2 0.3
0.2 04 0.6 0.3 04 06
Cp,=1|04 02 06 |, C,=1|04 03 06 |,
0.2 04 02 0.2 04 0.3
0.2 0.6 0.3 0.5
Dy,=1| 06 04 |, D=1 05 04 |,
0.3 0.1 0.3 0.3
Qk = diag([0, 1.5, 1]), Qk = diag([1, 1, 0]),
= diag([1, 1]), Ry, = diag([1.5, 1]),
G4 = d1ag([0, 1,1)), G4 = diag([0.5, 1, 0]).
Based on the Riccati equations (3.33), we have Riccati solutions for S; and T; for i = 0, 1,2, 3 are given by
[ 0.5227 0.3542 0.1966 | [ 4.3329 1.7927 —0.2507 ]
So = | 0.3542 1.9655 0.3170 |, Ty = 1.7927 4.4213  0.4463 |,
| 0.1966 0.3170 1.7009 | | —0.2507 0.4463  3.4720 |
[ 0.5188 0.3513 0.1951 | [ 4.2341 1.7868 —0.2366 |
S1= | 0.3513 1.9595 0.3130 |, Ty = 1.7868 4.4007  0.4611 |,
| 0.1951 0.3130 1.6943 | | —0.2366 0.4611  3.4411 |
[ 0.4862 0.3264 0.1861 | [ 3.4908 1.6119 —0.0389 ]|
Sy = | 0.3264 1.9219 0.2928 |, Ty = 1.6119 4.2394  0.4881 |,
| 0.1861 0.2928 1.6660 | | —0.0389 0.4881  3.3283 |
[ 0.3747 0.2421 0.1492 ] [ 1.4782 0.3777 0.3734
Sy = | 0.2421 1.7652 0.1849 |, Ty = | 0.3777 3.2001 0.5548

| 0.1492 0.1849 1.4532 | | 0.3734 0.5548 2.4932
Then applying Theorem 3.2, we get the optimal control below

up = MiExy, + Ly (2 — Exg), k=0,1,2,3,
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where

5

Ao — | 03286 —0.4234 —0.3474 ] o [ —0.3455 —0.3271 —0.4240 ]
0 | —0.3189 —0.4351 —0.7770 |’ 0= | —0.2467 —0.2937 —0.4941 |’
3 —0.3436  —0.4156 —0.3531 | , [ —03436 —0.3235 —0.4207 |

Ml = Ll Ll = Ll

—0.2446 —0.2897 —0.4885

[ —0.3290 —0.3009 —0.4043 |

—0.3137 —0.4381 —0.7687 |

[ —0.4029 —0.3946 —0.3315 |

Mz = | —0.2938 —0.4160 —0.7519 |’ Li= | —0.2298 —0.2692 —0.4650 |’
o [ —0.2418 —0.2552 —0.3178 | o | —0.2552 —0.2084 —0.2954 |
_]\43 = 5 _[/3 =

—0.1351 —0.2213 -0.5101 | —0.1744 —0.1608 —0.3028

Conclusion

In this paper, we give four methods to deal with the discrete time mean-field LQ problem: the quadratic
optimization method in Hilbert space, the operator L(Q method, the matrix dynamic optimization method
and the method of completing the square. The optimal control is a linear state feedback using two Riccati
equation. For future research, we may consider an infinite horizon mean-field LQ problem. In that case, the
stability of the system should first be considered. We shall investigate this in the near future.
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