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Abstract

In this paper, the structural controllability of switcheddar systems is investi-
gated. The structural controllability is a generalizatadrthe traditional control-
lability concept for dynamical systems, and purely basedhengraphic topolo-
gies among state and input vertices. First, two kinds of lyjapepresentations
of switched linear systems are proposed. Second, graphytbased necessary
and stficient characterizations of the structural controllapildr switched linear
systems are presented. Finally, the paper concludes \isitrétive examples and
discussions on the results and future work.

Keywords: Structural controllability, switched linear system, gnap
interpretation.

1. Introduction

As a special class of hybrid control systems, a switchedatirsystem con-
sists of several linear subsystems and a rule that orchestiee switching among
them. Switching between flierent subsystems orftkrent controllers can greatly
enrich the control strategies and may achieve better dopégdormances than
fixed (non-switching) controllers (Narendegal. (1997); Leonesset al. (2001)).
Besides, switched linear systems also have promisingcgtjgns in control of
mechanical systems, aircrafts, satellites and swarmibgtso Driven by its im-
portance in both theoretical research and practical agipbics, switched linear
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system has attracted considerable attention during thédaade, see e.q., Leb al.
(2007); Suret all (2002); Xieet all (2003); Qiacet al. (2009).

Much work has been done on the controllability of switcheakdr systems.
For example, the controllability and reachability for lmsder switched linear
systems have been presented. in (Lopsm@ ! (1987)). Complete geometric cri-
teria for controllability and reachability were estabkshin Sunet al. (2002) and
Xie et al! (2003).

Up to now, all the previous work mentioned above has beerdbaséhe tradi-
tional controllability concept of switched linear systerhis this paper, we inves-
tigate the structural controllability of a class of uncertswitched linear system,
where the parameters of subsystems’ state matrices asx aitknown or zero.
This is a reasonable assumption as many system paramedeatiffiault to iden-
tify and only known to certain approximations. On the othandh, we are usually
pretty sure where zero elements are either by coordinatmsformation or by the
absence of physical connections among components in thensysor example,
in multi-agent systems, usually only whether there is comigation link between
any two agents is known, but the communication weights dages can not be
measured exactly. Thus structural properties that arepgrtent of a specific
value of unknown parameters, e.g., the structural coatodity studied here, are
of particular interest. A switched linear system is said écsbructurally control-
lable if one can find a set of values for the unknown parametesh that the cor-
responding switched linear system is controllable in tlsgical sense. For lin-
ear structured systems, generic properties includingtstral controllability have
been studied extensively and it turns out that generic ptigsencluding struc-
tural controllability are true for almost all values of tharameters, see e.g., (Lin
(1974);|Mayeda| (1981); Shield@sal! (1976); Gloveret al. (1976);/ Dionet al.
(2003); van der Woudet al)(1991); Murotal(1987); Reinschke (1988); Blackletlél.
(2010)). This also holds true for switched linear systemdisd here and presents
one of the reasons why this kind of structural controllapil of interest.

It turns out that the structural controllability of switahénear systems only
depends on graphic topologies among state and input vedifcedividual sub-
systems and their union. The paper aims to characterizesstelationship, and
its contribution is twofold. First, two kinds of graphic mgsentations of switched
linear systems are proposed. Second, graph theory basessaeg and dticient
characterizations of the structural controllability favicched linear systems are
presented. Graphic conditions can help to understand hegrtphic topologies
of dynamical systems influence the corresponding geneojggrties, here espe-
cially for the structural controllability. This would be Ipéul in many practical

2



applications and motivates our pursuit on illuminating $treictural controllabil-
ity of switched linear systems from a graph theoretical pofrview. Preliminary
results of this paper appeared.in lgual! (2010).

The organization of this paper is as follows: In Section 2 imteduce some
basic preliminaries and the problem formulation, follovisdstructural controlla-
bility study of switched linear systems in Section 3, whexeesal graphic neces-
sary and sfiicient conditions for the structural controllability arevgn. Illustra-
tive examples together with discussions on a more genesalar also presented.
Finally, some concluding remarks are drawn in Section 4.

2. Preliminaries and Problem Formulation

2.1. Graph Theory Preliminaries
A matrix P is said to be a structured matrix if its entries are eitherdfizeros
or independent free parameter®.is called admissible (with respect ) if it
can be obtained by fixing the free parameter®aft some particular values. In
additionP;; is adopted to represent the elemenPdfom rowi and columnj.
Consider a linear control system:

x = AX(t) + Bu(t), (1)

wherex(t) € R" andu(t) € R". The matriceA andB are assumed to be structured
matrices, which means that their elements are either fixexd o free parameters.
This structured system given by matrix pat, 8) can be described by a directed
graph (Lin (1974)).

The representation graph of structured systénBj is a directed grapldy,
with vertex setV = XUU, whereX = {Xq, Xo, . . ., X»}, Which is calledstate vertex set
andU = {uy,Uy,...,u}, which is calledinput vertex set, and edge sef =
Tyx U Ixx, whereZyx = {(u, xj))IBj # 0,1 <i <rl<j<nandlxx =
{(X, x)IAji # 0,1 <i <n1< j<n}arethe oriented edges between inputs
and states and between states defined by the interconnecéisitesA and B
above. This directed graph (for notational simplicity, wdl wse digraph to refer
to directed graphg is also called the graph of matrix pai,(B) and denoted by
G(A, B). The following notations from Lin (1974) are recalled.

Definition 1. (Sem) An alternating sequence of distinct vertices and oriented
edges is called a directed path, in which the terminal nodengfedge never
coincide to its initial node or the initial or the terminaldes of the former edges.

A stem is a directed path in the state vertex®¥gethat begins in the input vertex
setlU.



Definition 2. (Accessibility) A vertex (other than the input vertices) is callemhac-
cessible if and only if there is no possibility of reaching this vertdxough any
stem of the grapl.

Definition 3. (Dilation) Consider one vertex s& formed by the vertices from
the state vertices sat and determine another vertex 3¢6), which contains all
the verticesy with the property that there exists an oriented edge froim one
vertex inS. Then the graplg contains adilation’ if and only if there exist at
least a se§ of k vertices in the vertex set of the graph such that there areare m
thank — 1 vertices inT (S).

2.2. Switched Linear System, Controllability and Structural Controllability
In general, a switched linear system is composed of a farhgylosystems and
a rule that governs the switching among them, and is matheafigtdescribed by

X(t) = AspX(t) + Bogult), (2)
wherex(t) € R" are the stateg)(t) € R" are piecewise continuous input, :
[0,0) —» M = {1,...,m}is the switching signal. Systeml(2) contamssubsys-
tems @&, B)), i € {1,...,m} ando(t)= i implies that thath subsystemA;, B;) is
active at time instance

In the sequel, the following definition of controllability eystem [(2) will be
adopted|(Sumt al. (2002)):

Definition 4. Switched linear systeni|(2) is said to be (completely) cdlatiote
if for any initial statexy and final statexs, there exist a time instande > 0, a
switching signab- : [0,t;) — M and an input : [0,t;) — R" such thatx(0) = X
andx(ts) = Xs.

For the controllability of switched linear systems, a matank condition was
given in.Suret al| (2002).
Lemma 1. If the matrix:
[B1, By, ..., Bm AiB1, AoBy, ..., AnB1, A1Bo, AoBy, . .., AnBa, . . ., A1Br, AoBn,
oo s AnBm, AZB1, AYAIBy, . . ., AnAiBr, AjASBy, A2By, ..., AnAoBy, . . ., AtARB
,AoALBm, ..., A2B,
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ALAY 2By, Ac AT 2B, .., AT 1B,
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has full row rankn, then switched linear systef (2) is controllable, and vieesa.

Remark 1. This matrix is called controllability matrix of switchedkar system
(2) and denoted a3(Aq, ..., An, B1, ..., By). If we uselmP to represent the range
space of arbitrary matrife, thenimC(Ay, ..., An By, ..., By) is the controllable
subspace of switched linear systém/|(2)(stal! (2002)). The above lemma im-
plies that systeni {2) is controllable if and onMih C(A4, ..., An B1,...,By) =
R". Besides, controllable subspace can be expresséd as., Ay |By, ..., Bw,
which is the smallest subspace containini;, i = 1,..., mand invariant under
the transformationg., .. ., A, (Qiaoet al. (2009)).

In view of structural controllability, systeni](2) will bedated as structured
switched linear system defined as:

Definition 5. For structured systerhl(2), elements of all the matriégsE,, ...,

An, By are either fixed zero or free parameters and free paramateiferent
subsystemsA;, B)),i € M are independent. A numerically given matrices set
(A, B, ..., An Bp) is called an admissible numerical realization (with respe
(A1, By, ..., An Bp)) if it can be obtained by fixing all free parameter entries of
(Aq, By, ..., An, By) at some particular values.

Similar with the definition of structural controllabilityfdinear system in
Reinschke!(1988), we have the following definition for stanal controllability
of switched linear systeril(2):

Definition 6. Switched linear systerhl(2) given by its structured matr{égsBs, . . .,
An, By) is said to be structurally controllable if and only if therests at least one
admissible realizationAy, By, . .., An, B such that the corresponding switched
linear system is controllable in the usual numerical sense.

Remark 2. Itturns out that once a structured system is controllalileri@ choice
of system parameters, it is controllable for almost allsysparameters, in which
case the structured system then will be said to be struttuwahtrollable (Lin
(1974), Dionet al. (2003)).

Before proceeding further, we need to introduce the dedimivif g-rank:

Definition 7. The generic rankg-rank) of a structured matriR is defined to be
the maximal rank tha® achieves as a function of its free parameters.

Then, we have the following algebraic condition for struatwontrollability:

Lemma 2. Switched linear systenmi(2) is structurally controllableifd only if
g-rankC(Aq,...,An, B1,...,By) =n.



3. Structural Controllability of Switched Linear Systems

3.1. Criteria Based on Union Graph

For switched linear systernl(2), digragt(A;, B;) with vertex setV; and edge
setZ; can be adopted as the representation graph of its subsyétemBg, i €
{1,...,m}. Switched linear systeni](2) can be represented by a uniorhggap
(actually a digraph) of these digraphggA, B;).

Definition 8. Given a collection of digraphes; = {V;, 7}, their union graph is
GIUGU.. . UGn={ViUVoU...UVn T1UI,U... U} (4)

Remark 3. It turns out that union grapf is the representation graph of linear
structured system:AqQ + Ao + ... + A, B1 + Bo + ... + By). The reason is as
follows: If the element at positioa;(b;i) in matrix [A; + Ao+ ...+ Ap, Bi + B +
...+ Bn] is a free parameter, this implies that there exist someiosstfA,, By],

p = 1,...,msuch that the element at positiaq(b;) is also a free parameter
and in the corresponding subgra@h, there is an edge from vertéxo vertexj.
According to the definition of union graph, it follows thatketie is also an edge
from vertexi to vertexj in union graphg. If the element at positiom;(b;;)
in[Ar+A+ ...+ AnB1+ By + ... + Ay is zero, this implies that for every
matrices P\, Bp], p = 1,...,m, the element at positioay;;(b;;) is zero and in the
corresponding subgragh,, there is no edge from vertexo vertexj. It follows
that there is also no edge in union graplfrom vertexi to vertexj.

Definition 9. (Linl (1974)) The matrix pair &, B) is said to be reducible or of
form | if there exists a permutation matrRR such that they can be written in
Air O 0
,PB = ,whereA;; € RP*P |
Aor Az [ B22 ] H
Aoy € R(n—p)xp’ Aoy € R(-P)x(n-p) and B, € RO-Pxr

the following form: PAP =

Remark 4. Whenever the matrix pairA; B) is of form |, the system is struc-
turally uncontrollable (Linl(1974)) and meanwhile, the trofiability matrix C =
[B, AB, ..., A™1B] will have at least one row which is identically zero for allpa
rameter values ('Glovat al. (1976)). If there is no such permutation matRx
we say that the matrix pai’( B) is irreducible.

Definition 10. (Lin (1974)) The matrix pairA, B) is said to be of form Il if there
exists a permutation matriR such that they can be written in the following form:
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[pAp—l, PB] = §1 , whereP, e RO p, e RN with no more than
2

k — 1 nonzero columns (all the other columnsRafhave only fixed zero entries).

The following lemma characterizes the structural corditmlity for linear sys-
tem (A, B) (Lin/ (1974); Reinschke (1938)):

Lemma 3. (Lin (1974); Reinschke (1988)) For linear structured sys{d), the
following statements are equivalent:

a) the pair A, B) is structurally controllable;
b) i) [A, B]is irreducible or not of form I,

i) [ A, B] hasg-rank[A, B] = nor is not of form II;
c) i) there is no nonaccessible vertexg(A, B),

i) there is no ‘dilation’ inG(A, B).

This lemma proposed interesting graphic conditions farcstiral controlla-
bility of linear systems and revealed that the structuratlability is totally de-
termined by the underlying graph topology. Next, we turnh® switched linear
system[(R) and prove a graphidBcient condition for its structural controllability.

Theorem 4. Switched linear systerhl(2) with graphic topologigsi € {1,..., m},
is structurally controllable if its union grapgh satisfies:

i) there is no nonaccessible vertexgn

i) there is no ‘dilation’ inG.

Proor. Assume the two conditions in this theorem are satisfied. oAling to
RemarkB and Lemnid 3, the corresponding linear systarm A + ...+ An, B1 +
B, + ... + By) is structurally controllable. It follows that there exggime scalars
for the free parameters in matrices,(B;), i = 1,2, ..., msuch that controllability
matrix

[Bi+Bo+...+ B (A + Ao +...+ An)(Bi+ B+ ...+ Bn),
(Ar+As+...+An)?(B1+Bo+...+Bn), ...,
(Ac+As+...+A)" Y (Br+Bo+...+ By
has full row rankn. Expanding the matrix, it follows that matrix
[Bi+Bo+...+Bpn, AiBy + AoBy +... + AnBy + AL By + AsB;
+...+AB+ ...+ AiBn+ ABy... + AnBm, ...,
AT By + AoAT?By + ...+ AL Byl
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has full rankn.
The following matrix can be got after adding some column e@ecto the above
matrix:

[Bi+Bo+...+BnBo,...,Bn, AiBr + AoBy + ... + AnBr + AiBy + ABy
+...+AB+ ...+ ABht+t ABn+ ...+ AnBn, AB1, ..., AnBms -,
ATIBL + ApATPBy + ..+ AJATZBy + ...+ ANIB, AYAT B, .,

AIAY2By, ..., ANIB,.

Since this matrix still has linear independent column vectors, it follows that it has
full row rankn. Next, subtractind,, .. ., B, from B, + B, + . .. + By,; subtracting
AByq, ..., AnBnfromA B+ ABi+ ...+ AnB1+...+ AiBn + ... + AnBy and
SUbtraCtingA\zAE_z B, ..., A]_qu]_z By, ..., qu]_l Bm from Ag_l B + A2AT_2 Bi+...+
A;AY2B; + ...+ A1B, we can get the following matrix:

[Bl’ BZ’ LI ) Bm, AlBl’ AZB].’ ] AmBm, L]
AVIBL, AAT2By, ..., AJAY 2By, ..., AT B,

which is the controllability matrix for switched linear dgms [(2). Since column
fundamental transformation does not change the matrix tardkmatrix still has
full row rank n. Hence, the switched linear system (2) is structurally latble.

Actually, from the proof, we can see that full rank of confabllity matrix of
linear systemA; + Ao + ... + An, By + Bo + ... + By) in Remark{CB implies the
full rank of controllability matrix of systenl{2), which mea that the structural
controllability of this linear system implies structuradrdrollability of system
(). It turns out that this criterion is not necessary fortegs(2) to be structurally
controllable (see the example in subsection 3.4). Thisiesphat the union graph
does not contain enough information for determining stradtcontrollability.
This is because edges fromffédrent subsystems are nottdrentiated in union
graph. In the following subsection, another graphic regméstion of switched
linear systems is proposed, from which necessary afiicigmt conditions for
structural controllability arise.

3.2. Criteria Based on Colored Union Graph

In the union graph, there is no distinction made between dge<from dif-
ferent subsystems. To solve this issue, we introduce thaafimig ‘ colored union
graph’ as another graphic representation of switched systems.
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Definition 11. Given a collection of digrapheg; = {7V, Zi}, their colored union
graph isG(V, I), where its vertex seV = {V, UV, U ... U Vy} and edge set
I ={eee;,i=12,....m}ie.,forie{l,...,m.

Intuitively, each edge in the colored union grap§ is associated an indéx
(color) to indicate thae comes from theth subsystem (subgragh). With this
colored union graph, several graphic properties are inoted in the following
lemmas.

Lemma 5. There is no nonaccessible vertex in the colored union g@psf
switched linear systeni|(2) if and only if the matrigy[+ A, + --- + A, By +
B, + - - - + By is irreducible or not of form I.

Proor. One vertex is accessible if and only if it can be reached kgm@.sFrom
Definitiond8 and 11, it follows that there is no nonaccessiiertex in the colored
union graph if and only if there is no nonaccessible vertetha union graph.
Besides, from Remaik 3, it is clear that the matrix represent of the union
graphis Ay + Ao + -+ - + Ay, By + Ba + - - - + By]. According to Lemmal3, there
is no nonaccessible vertex in the union graph if and only ifrixas irreducible
or not of form I. Consequently the equivalence between adodisy of colored
union graph and irreducibility of this matrix gets proved.

A new graphic propertyS-dilation’ in colored union graph is introduced here:

Definition 12. In the colored union grap@, which is composed of subgraphs
Gi, I = 1,2,...,m, consider one vertex s& formed by the vertices from the
state vertex seX and determine another vertex sE{S) = {vlv € Ti(S),i =
1,2,...,m}, whereT;(S) is a vertex set irGg; which contains all the vertices
with the property that there exists an oriented edge fromo one vertex irS.
Then|T(S) = X1, ITi(S)I. If [T(S)I < S|, we say that there is &-dilation in the
colored union graplg.

Based on this new graphic property, the following lemma cambroduced:

Lemma 6. There isS-dilation in the colored union grap§ of switched linear
system|[(R) if and only if matrixAq, Az, ..., Am, B1, By, ..., By is of form II. It

_| P

= p, |
whereP; € RP* with no more tharp — 1 nonzero columns (all the other columns
of P; have only fixed zero entries).

means that this matrix can be written intéy[A,, ..., An, B1, By, . . ., By



Proor. From|Lin (1974) and Mayeda (1981) or Lemina 3, it is known finat
linear systems, there is no ‘dilation’ in the correspondingph if and only if the
matrix pair [A, B] can not be of form Il or havg-rank= n. From the explanation
of this result in_Lin (1974) and Definition 1@, in [A, B] has p rows, which
actually represents the vertices of vertex séb (defined for dilation), and each
nonzero element of each row Bf represents that there is one vertex pointing to
the vertex presented by this row. Therefore, the number k@& columns in
P, is the number of vertices pointing to some vertexSinand actually equals to
IT(S)|. Furthermore, by the definition &-dilation, |T(S)| is now the summation
of Ti(S)|,i € {1,...,m}, in every subgraph. It follows that thereSsdilation in
G if and only if matrix [As, Az, . . ., Am, B1, By, . . ., By is of form I1.

Before going further to give another algebraic explanatib8-dilation, one
definition and lemma proposed.in Shieksl. (1976) must be introduced first:

Definition 13. (Shieldset al. (1976)) A structuredh x nY (n < nY) matrix A is of
form (t) for somet, 1 < t < n, if for somek in the rangem -t < k < m, A
contains a zero submatrix of order{ m —t —k + 1) x k.

Lemma 7. (Shieldset al/ (1976)) g-rank ofA =t

i) for t = nif and only if Ais not of form {);
i) for1 <t<nifandonlyif Ais of form ( + 1) but not of form ¢).

From the above definition and lemma, another lemma is praploses:

Lemma 8. There is ndS-dilation in the colored union grap& of switched linear
system[(2) if and only if the following matrixg;, A,, ..., An, B1, Ba, . .., By has
g-rankn.

Proor. Necessity: If this matrix hasg-rank < n, from Lemmd_7, it follows that
this matrix is of form ). Then referring to Definition 13, the matrix must have a
zero submatrix of ordem(+ nt —t — k + 1) x k. Here,t can be chosen ag then
matrix has a zero submatrix of orden'(— k + 1) x k. For this (" — k + 1) rows,
there are onlyrfY — k) nonzero columns. Consequently, the matrix is of form Il
and by Lemmal6, there iS-dilation in the colored union graph of switched
linear system((2).

Qufficiency: If there isS-dilation in the colored union grap, by Lemmd®,
the matrix is of form II, then obviousl¥; in this matrix can not have row rank
equal tok and furthermore, this matrix can not hayeank= n.
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With the above definitions and lemmas, a graphic necessdryuiicient con-
dition for switched linear system to be structurally coftiédole can be proposed:

Theorem 9. Switched linear systerhl(2) with graphic representat@nse {1, ..., m},
is structurally controllable if and only if its colored umigraphg satisfies the fol-
lowing two conditions:

i) there is no nonaccessible vertex in the colored unionlyép
i) there is noS-dilationin the colored union grap§.

Proor. Necessity: (i) If there exist nonaccessible verticeggnby Lemmdb, the
matrix [Ay + Ao + - - - + Ay, B1 + B2 + - - - + Byy] is reducible or of form I. It follows
that the controllability matrix

[Bi+Bo+...+Bn,(Ar+ A +...+ Ap)(B1 + Bo + ...+ By),
(Ar+As+...+A)’(Br+Bo+...+By), ...,
(Ac+As+ ... +A)" Y (Br+Bo+ ...+ Byl

always has at least one row that is identically zero (Remrkitdis clear that
every component of the matrix, such BsA;B; and AipA‘j“Br has the same row
always to be zero. As a result, the controllability matrix

[Bi,..., Bm AtBy, ..., AuBy, ..., AnBm, AZBy, ..., AyAiBy, ..., A2By, ... .,
AnABn, ..., AT By, ..., AyAT 2By, ..., AVAT 2B, ..., AT B

always has one zero row and can not be of full ranKherefore, switched linear
system[(R) is not structurally controllable.

(il) Suppose that switched linear systdm (2) is structuralljtrotiable, i.e.,
the controllability matrix satisfieg-rankC(Aq, ..., Am, B1, ..., Bn) = n. Specifi-
cally, ImBy, ..., Bm A1By, ..., AnBm, A2By, ..., Al 1By] = R". SinceVP € R™,
IM(A/P) € Im(A)), we have thatm[Bs, . .., By, A1By, ..., AnBm, AZBy, ..., Al 1B
C IM[A, Ay, ..., An By, By, ..., By] € R". Thus conditiong-rank C(A4, ..., An,
Bi,...,Bm) = nrequires thatm[A, Ay, ..., Ay By, By, ..., By] = R" and there-
foreg-rank [Aq, Ao, . .., An, B1, Ba, . .., By] = n. However, if there iS-dilationin
the colored union grap&, by Lemmd6g-rank [A, Ay, . .., Am, By, B, ..., Bn] <
n. Consequently, the switched linear systéi (2) is not stratly controllable.

Sufficiency: The general idea in the ficiency proof is that we will assume
that the two graphical conditions in the theorem hold. Theomtradiction will
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be found such that it is impossible that switched linearesysf2) is structurally
uncontrollable.
Before proceeding to switched linear systémn (2), firstiysider a structured
linear system:
X(t) = Ax(t) + Bu(t) (5)

It is well known that systeni{5) is structurally controllakf and only if there
exists a numerical realizatiod\(B), such that rankq — A,B) = n,Vs € C.
Otherwise, the PBH test (Kailath (1980)) states that syg@ns uncontrollable
if and only if for every numerical realization, there exiateow vectorg # 0 such
thatgA = s0, S € C andgB = 0, where rankg! — A, B) < n.

On one hand, if for every numerical realization rarsk £ A,B) = n,Vs €
C\ {0}, then the uncontrollability of systernl(5) implies necesgdnat for every
numerical realization there exists a veatot 0 such thagA = 0 andgB = 0.

On the other hand, Lemma 14.1/of Reinschke (1988) statesitliathe di-
graph associated tDI(5), every state vertex is an end vefgestem (accessible),
theng-rank (sl — A, B) = n, Vs € C\ {0}, which means that for almost all numerical
realization A, B), rank (sl — A, B) = n,¥se C \ {0}.

Now considering switched linear systelm (2), assume thatwbeconditions
in Theoreni P are satisfied. Due to Lemma 14.1 of Reinschkeg(198 all the
parameters of matrices,, ..., An, By, ..., By are assumed to be free, the condi-
tion (i) of Theoreni® implies that, for almost all vector values (uy, ..., Uy),
we haveg-rank (sl — (U1A; + ... + UnAn), (1B + ... + UuyBy)) = n, Vs # 0. On
the other hand, if switched linear systelm (2) is structyraticontrollable, then
for all constant values) = (us, .. ., Uy), linear systems defined by matrices B)
are also uncontrollable, Wheﬁef ;{L‘l uA andB = Y uB;. We write the nu-
merical realization ofA_\, I§) as A B). This is due to the fact that for all constant
valuesu, Im(C(A, B) C Im(C(Ay, . .., Am, By, ..., By)). Therefore, if the switched
linear system is structurally uncontrollable, since fanast allu = (uy,. .., Uy),
g-rank (sl — (UiAL + ... + UnAm), (11By + ... + UyBy)) = n, Vs # 0, we have
that for every numerical realization matrix pak, @), there exists a nonzero vec-
tor q such thatgA = 0 andgB = 0. Since this statement is true for almost
all the valuesu = (uy,...,Uuy), we have that for almost aft - mtuple values
w = (u,....,uh),j = 1,...,n-m we can find nonzero vectorg such that the
following holds:

(6)

Obviously, there can not exist more thatinear independent vectors. Let us

oA =0j=1....n-m
mugB=0j=1...,n-m
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denoteqs, Oy, . . ., g, the vectors such thapan (gq, 0y, . . ., Onm) €

span (gy, 0, - - -, 0n) (We can renumber the vectors if necessary). All the vectors
g;, j =n+1,....,n-mare linear combinations f;, &, . .., g,. Therefore, system
(€) contains the following equations:

{ Y1 Xt aik(l_l)CIkéi =0
Y Xk &\ (WaB =0

1,....,n-m
'y b 7
1 ()

j
i=1...,

wherea{k(ﬁ) are linear functions af’,j = 1,..., n-m. Since systeni {6) is satisfied
for almost all the values, we can find, = 1,...,n- msuch that

a,(U) ap,(U) ... an,U)
a,(U) ag,(u) ... ag,u)

det # 0.

AT @ ... Ao

In this case, the only solution ofl(7) A; = ... = QAn = By = -+ =
aBm = 0, k = 1,...,n. Obviously, if the switched linear system is structurally
uncontrollable, then vectay,k = 1,...,nis nonzero. Consequently, switched
linear system[(2) is structurally uncontrollable only it fevery numerical real-
ization there exists at least one nonzero veqtsuch thatgA; = ... = gAy, =
gB; = --- = 9By = 0. However, if conditioni of Theoreni D is satisfied, then
g-rank [Aq, ..., An By, ..., By = nand therefore, for at least one numerical real-
ization, there does not exist a vectpe: 0 such thagA; = ... = AL = 0By =

.-+ = qBm = 0. Hence, the two conditions arefBaient to ensure the structural
controllability of switched linear systermnl(2).

Actually, using the terminologieslilation” and ‘S-dilation’ as graphic criteria
is not so numerically fécient. For example, to check the second condition of
Theorem ®, we need to test for all possible vertex subsetesdomhether there
existS-dilation in the colored union graph or not. Consequently, we will adop
another notion S-disjoint edges to form a more numerically ficient graphic
interpretation of structural controllability.

Definition 14. In the colored union grap§, considerk edgese; = (v4, V), & =
(V2,V5),....& = (W V). We define fori = 1,...,k, S; as the set of integerp
such thav; = v;, i.e.,S; = {1 < ] < klv; = vi}. Thesek edgese;, e,,...,& are
S-disjoaint if the following two conditions are satisfied:

13



i) edgese, e, ..., & have distinct end vertices,

i) fori =1,...,k, S;j = {i} or there exist distinct integers,, i,, ..., i, such
thate, € 7, e, € Ii,,...,€, € I;,wherejy, j,,..., j, are all the elements
of S;.

Roughly speakingk edges ar&-disjoint if their end vertices are all distinct and
if all the edges which have the same begin vertex can be a$sddio distinct
indexed. For this new graphic property, the following lemma can hegi

Lemma 10. Considering switched linear system (2), there exBtdisjoint edges
in associated colored union graghf and only if [Aq, A, ..., An B1, Bo, ..., Bnl
hasg-rank= n.

Proor. Necessity: If there existn S-disjoint edges ing, matrix [Ar, Ay, . . ., Am.
B, B, ..., By] contains at least free parameters. Since theS-disjoint edges
have distinct end vertices, the correspondmfyee parameters lie on differ-
ent rows. Besides, the S-disjoint edges have distinct begin vertices or have
same begin vertex that can be associated to distinct indexdss implies that
thesen free parameters lie on different columns. keep thesefree parame-
ters and set all the other free parameters to be zero. We eathak matrix
0O 1, 0 0 ... 0

_ 0 0 04 ...0
[A1, Ag, ..., An, By, By, ..., By has following form: L
A 0 0 O ... 0
which hasg-rank= n.

Sufficiency: From the Definition 12.3 and the following discussions oiifRehke
(1988), for a structured matriQ, g-rank Q = s-rank Q. wheres-rank ofQ is de-
fined as the maximal number of free parameters that no two affwite on the
same row or column. If matrix4;, Ao, ..., An By, By, ..., By] hasg-rank = n,
it follows that there exist® free parameters from different rows, which im-
plies that the correspondingedges have étierent end vertices, from different
columns, which implies that theseedges start from dierent vertices or start
from same vertices but can be associated ffedint indexes. Hence condition
that matrix hag-rank= nis suficient to ensure existence nfS-disjoint edges.

With the above definition and lemma, another necessary dfdisat condition
for structural controllability of systenh(2) can be propd$ere:

14



Theorem 11. Switched linear systeni](2) with graphic representatignsi <
{1,...,m}, is structurally controllable if and only if its colored wm graphGg
satisfies the following two conditions:

i) there is no nonaccessible vertex in the colored uniontyép
i) there existn S-disjoint edges in the colored union gragh

Proor. Lemmal6 and Lemmall0 show that there eri§-disjoint edges in the
colored union graply if and only if there is né&-dilationin G. Then this theorem
follows immediately.

3.3. Computation Complexity of The Proposed Criteria

Compared with condition using-dilation’, this condition usingS-disjoint
edges’ does not require to check all the vertex subsetshwhia more #icient
criterion. The maximal number ofS-disjoint edges’ can be calculated using
bipartite graphs. For example, we can use the algorithm icaet al! (1980),
which allows to compute the cardinality of maximum matchintp a bipartite
graph. A bipartite graph is a graph whose vertices can bdelivinto two disjoint
sets?U and ‘W such that every edge connects a verteddrio one in‘W. To
build a bipartite graph in directed subgragh(‘V;, 7;), what we need to do is
adding some vertices and makifdg = {v € Vi|A(v,Vv) € I;}, which implies
that cardinality|%(;| equals to the number of nonzero columns in mat#x B;].
Besides/W; = Xj, i.e., the state vertex set. Then it follows that the maximum
matching in this bipartite graph is the same as the max8wdilsjoint edge set in
Gi(V;, I;). According to definition o8-disjoint edges, the beginning vertex from
different subgraphs should befdrentiated when building the bipartite graph for
colored union grapld. Therefore for the bipartite graph of, U = {v|A(v,V) €
Ii,i = 1,2,...,m}, which implies that cardinalityZ{| equals to the number of
nonzero columns in matrixy;, A,, ..., An By, B, ..., By]. And W = X, i.e., the
state vertex set. Similarly, the maximum matching in thzabiite graph is the
same as the maxim&-disjoint edge set in colored union graph. Therefore the
complexity order of algorithm using method.in Micatial. (1980) isO(+4/p+n-
g), whereq is the number of edges in colored union graph, i.e., the nuoiifece
parameters in all system matricgsis the number of nonzero columns in matrix
[A1, Ao, ..., An By, By, ..., Byl andnis number of state variables. Compared with
condition (ii) of Theoreni 111, condition (i) of Theordm]11 &séer to check. We
have to look for paths which connect each state vertex wighadthe input vertex.
This is a standard task of algorithmic graph theory. For edantdepth-first search
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or breadth-first search algorithm for traversing a graph lmamdopted and the
complexity order iO(|V| + |E|), where|V| and|E| are cardinalities of vertex set
and edge set in union graph.

3.4. Illustrative Examples

Consider a switched linear system with two subsystems atdepby the
graphic topologies in Fig. 1(a)-(b). In colored union grapliFig. 1(d)), thin
lines represent edges from subgraph (a) and thick linegsept the edges from
subgraph (b). It turns out that the colored union grgphas no nonaccessible
vertex and né-dilation. Besides, the three edges &lisjoint edges since they
have diterent end vertices and one edge begins at vertex 3 and twe bdgm at
vertex 0 but they come from fllerent subsystems.

BTN

() (b) (©) (d)

) Fig. 1. Switched linear system with two subsystems
According to Theorem]9 @r11, the switched linear systenrigtirally con-

trollable. On the other hand, the system matrices of eachystdm of corre-
sponding subgraph are:

00O 0 00 O A3
A]_ =0 0O , Bl = 0 ,A2 =0 O Ao |, Bz = 0
0 0O A1 00 O 0

controllability matrix [3) can be calculated and can be sméwhaveg-rank=3.
In addition, there exist dilation in union graph Fig. 1(c), which shows that the
condition in Theorernl4 is not necessary for structural adiatility.

In the following example, we will consider a real control et with switched
linear system model: A PWM-Driven Boost Converter De Konghgl. (2003) as
illustrated in Fig. 2.

In this electrical networkl is the inductanceC the capacitanceR the load
resistance, ands(t) the source voltage. With this converter, the source veltag
es(t) can be transformed into a higher voltagdt) over the loadk. The switch
s(t), which is supposed to have two states, namely, 0 and 1, isatled by a
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es (1) \:‘) ec ()=

1
Al

x4 X9 X

Ka 2 *2
{a) ib) ic)
Fig. 3. Switched linear system with two subsystems

PWM device. By introducing the normalized variabtes t/T , L, = L/T, and
C, = C/T, the dynamics for the Boost converter are described asisllo

- &c(r) = gec(n) + (1= s() i),
IL(r) = ~(1 - s(1) L ec(r) + S(0)) - es (1),

Letx; = ec, X =i, U= €5 o = s+ 1, then the system dynamics can be described
as:

(8)

X=A,X+B,u,o€{l, 2} (9)

0
L1

Modeling this system using independent parameter and Zenceats, we have

that
o Jol.. a0 |o

where:

1 1 1
S B 0 ~L 0

— RC: Ci _ . — RCy
Al_[ 1 O:|, Bl_|:0:|yA2_|: O O
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The two subsystems are depicted by the graphic topologiegin3(a)-(b).

In colored union grapl& (Fig. 3(c)), thin lines represent edges from subgraph
(a) and thick lines represent the edges from subgraph (Kturrs out that the
colored union grapl& has no nonaccessible vertex and$wlilation. Besides,
the edge starting from, and ending ak; with index @) together with the edge
starting fromu and ending ak, with index (o) consist of twoS-disjoint edges
since they have tlierent starting and ending vertices. According to the result
obtained above, this switched electrical network is stmadty controllable and
similarly the rank condition can be checked that it hasdulank 2.

Form the above example, we can see that in some real apgpfisatere
are some dependent parameters among subsystems (sinc®unohelependent
case, the structural controllability holds for almost alues of the free param-
eters, the dependent case can be treated as a further ertéusiwill not be-
little the significance of results obtained above). ForHartinvestigation pur-
pose, next we will use examples to illustrate that the depecel among sys-
tem parameters will make some edges ‘useless’ or ‘exceédgsijadging the
structural controllability. See the following switchechdiar system firsf; =

8 8 , By = [ ji ];Az = 8 8 , B, = ji . According to Theorem
or[11, this system is structurally controllable. Howeifedtgependent parameters
are considered, see the following switched linear systdingar system actually)

00 A1 |, 00 A1
A=lo ol’ B1=| 'Az:[o o]’ B2=| 4,
the parameters in matr; andB, makes this system not structurally controllable
and the results in Theorelm 9[orl11 not hold, even though it vbalstructurally
controllable if the parameters By are replaced witll; and A4 or simply remove
A1 or A5 in the second subsystem.

l . The dependence of all

4. Conclusions and Future Work

In this paper, structural controllability for switched diar systems has been
investigated. Combining the knowledge in the literatureswitched linear sys-
tems and graph theory, several graphic necessary dfidiesot conditions for
the structurally controllability of switched linear syste have been proposed.
These graphic interpretations provide us a better undetistg on how the graphic
topologies of switched linear systems will influence or deiee the structural
controllability of switched linear systems. This shows usesv perspective that
we can design the switching algorithm to make the switcheehli system struc-
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turally controllable conveniently just having to make ssoene properties of the
corresponding graph (union or colored union graph) are #aphg the switch-
ing process. In this paper, the parameters ftedént subsystem models are as-
sumed to be independent. A more general assumption is thet Bee param-
eters remain the same amondgfeiient subsystems switching, i.e., dependence
among subsystems. It turns out that our necessary dhdieat condition derived
here would be a necessary condition under this dependesgmpton. Besides,
our result can be treated as basic starting point for exgdatie structural con-
trollability of switched nonlinear systems: using Lie dbge or transfer function
methods to get full characterization for controllabilifyswitched non- linear sys-
tem, then try to interpret each condition into graphic ong aally combine these
conditions together to get graphic interpretations fanctiral controllability for
switched nonlinear system. To obtain a full characterirafor the dependent
case or switched nonlinear case needs further investigatio
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