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Abstract

This paper proposes a continuous-time framework for the least-squares parameter estimation method through
evolution equations. Nonlinear systems in the standard state space representation that are linear in the unknown,
constant parameters are investigated. Two estimators are studied. The first one consists of a linear evolution equation
while the second one consists of an impulsive linear evolution equation. The paper discusses some theoretical aspects
related to the proposed estimators: uniqueness of a solution and an attractive equilibrium point which solves for the
unknown parameters. A deterministic framework for the estimation under noisy measurements is proposed using a
Sobolev space with negative index to model the noise. The noise can be of large magnitude. Concrete signals issued
from an electronic device are used to discuss numerical aspects.

Keywords: Evolution equations, parameter estimation, least squares, Sobolev spaces, estimation under noise.

1 Introduction

Least squares (LS) is by far the most popular method for parameter estimation. It has been developed under different
guises. Discrete and continuous-time approaches were proposed for discrete and continuous-time, linear and nonlinear
systems [7, 8, 9, 10, 11, 15, 16]. The present work is concerned with continuous-time frameworks for LS. It seems that
continuous-time LS estimators have been mainly developed in the context of adaptive control [7, 8, 9, 10, 15, 16]. In
general, such estimators consist of a set of ordinary differential equations fed by the system input and output data.
Major advantages of such estimators reside in the real time implementability and suitability to an adaptive control
loop. Nonetheless, during its convergence, the estimator should be continuously fed by the system data. Consequently,
depending on the convergence rate, the system data can be needed on a big interval of time! which may not be possible
in some applications?. Typical examples are unstable plants or plants with restrictions on the state vector (linear
actuators for example) when a certainty equivalence controller or a primary stabilizing controller are not available.
Therefore, it is quite interesting to develop a continuous-time theoretical basis to account for LS estimation when the
data is available on a bounded interval of time. The present work proposes such a continuous time framework. The
approach relies on evolution equations (infinite dimension) and thus cannot be integrated in an adaptive control scheme.
In order to highlight the practical utility of the approach, a discrete implementation is given. The computation cost
is evaluated and shown to be carried out by low-cost real-time microcontrollers in order to accomplish fast parameter
estimation for online plants.

An underlying problem to the design of a continuous-time estimator resides in the unavailability of the derivative
of the state vector®. The standard solution [7, 8, 15] uses a filtered version of the system equations. The basics of
the approach can be seen on the scalar example y'(7) = y(7) where 8 denotes the unknown parameter. With g(\) to
denote the Laplace transform of y(7), one has %H()\g] —yo) = eﬁly. Then the algebraic equation Y; — e "yo = Y20
Y2(Y1i—e Tyo—Ya6)
where £ is a positive constant and the normalization (4/x + Y$) ™! enhances the convergence rate of the estimator. A
quite interesting approach that do not rely on estimating the state derivative is developed in [9]. An ingenious method
[4, 5] based on the algebraic derivative concept permits to obtain an estimator that do not depend neither on the state
derivative nor the initial condition. Let us illustrate the basics of this method on our scalar example. Differentiate

is used in the LS estimator with Y1 = {374 and Yo = 1353. A typical estimator is given by 6 =

I This time interval is the whole positive real line in theory due to asymptotic convergence while in practice it can be considerably reduced
by an efficient tuning of the estimator.

2The same reasoning applies also to recursive discrete-time least squares [11] which are not addressed in this work.

3 Assuming that the state vector is measured.



M\ — yo = 03 once with respect to A gives A72 [gj + )\%g — 9%] = 0. Notice that yo has disappeared. In addition,

the multiplication by A=2 permit to obtain integrals in the time domain SS(T — 27y )ydr = HSS(T — 71)(—71)ydT.
The integrals offer a low-pass filtering effect. Thus one can solve for # whenever the right hand side is different
from zero. The approach of [4, 5] has been specialized to noisy signal derivation in [12] and shown to admit a least
squares interpretation. The method offers a systematic approach to annihilate initial conditions as well as structured
perturbations. In order to deal with the state derivative in the present work, the computation technique summarized
in the scalar example ([4, 5]) is applied prior to the estimator design.

The contribution of this work is twofold. First, LS estimators are developed which are suitable when the systems
data are available on a bounded interval of time. Second, the proposed framework provides a simple deterministic
description for the LS estimation under noisy measurements where the noise can be of large magnitude. Note that
bounded unknown functions are usually used to model the noise in a deterministic context.

The paper is organized as follows. Two LS estimators, the first one based on a linear evolution equation, the second
one based on an impulsive evolution equation are proposed and discussed in section 3. The deterministic framework for
the estimation under noisy measurements is proposed in section 4 for linear input-output systems. Section 5 proposes a
numerical implementation of the estimators. Section 6 is dedicated to an experimental validation in order to discuss the
numerical aspect. Let us start in section 2 with a brief recall about evolution equations in order to clarify subsequent
developments.

2 Elementary notions about evolution equations

The content of this section can be found in any introductory textbook to the theory of evolution equations (see for
example [3, 13, 14, 17]). Let {S(¢);t = 0} be a family of linear operators defined on a Banach space B. S(t) is said to
be a linear semigroup on B if S(0) = I (I denotes the identity operator on B) and S(t1 +t2) = S(t2)S(t1) = S(t1)S(t2).
It is said to be a semigroup of contractions if, moreover, ||S(¢)|| < 1 where | - || is an operator norm on B. In addition,

the semigroup is strongly continuous if limy,_, ¢ S(h)€ = €. The operator A defined by A := limy,_, ¢ % is called

the infinitesimal generator of S(t). The Hille-Yosida theorem provides necessary and sufficient conditions an operator
A should satisfy in order to be a generator of a semigroup of contractions. Let us denote by D(A) < B the domain of
definition of an operator A.

Theorem 2.1 (Hille-Yosida [17]) The linear operator A : D(A) € B — B is the infinitesimal generator of a linear
semigroup of contractions if, and only if,

1. A is a densely defined (D(A) is dense in B) and closed operator in B,
2. YA >0, A\ — A is a one-to-one and onto mapping,

S |(AT =AY < %,
A linear homogeneous evolution equation is a system given by ((:) = %):

O = A8; 6, = £, £eD(A) (1)

where A is the infinitesimal generator of a strongly continuous semigroup. A (Banach space valued) function (:)(t) :
[0, +00) — B is said to be a solution of (1) if O(¢) € €1([0,00); D(A)) such that (1) is satisfied. €! represents the

space of continuously differentiable functions defined on B. The existence of a unique solution for (1) is ensured by the

following theorem?.

Theorem 2.2 (Existence and uniqueness) If A : D(A) c B +— B generates a strongly continuous semigroup of
contractions S(t) on B then V€ € D(A), (1) admits a unique solution given by O(t) = S(t)¢.

3 The estimators

3.1 Problem description and basic assumptions
Consider the nonlinear system which is linear in the parameter ©:
(1) = ¢z, u) + p(z,u)© (2)

where x and u are scalar real variables while © = [0y, -+ ,0,]7 € RP is the vector of unknown constant parameters.
The scalar field ¢(z,u) : R x R — R and the vector field ¢ = [¢1, - ,¢p] with p;(z,u) : RxR— R, i =1,---,p,

4Theorem 2.2 corresponds to proposition 6.2 page 145 of [13].



are known and satisfy standard assumptions about the existence of a unique classical solution for (2) for a given
initial condition. A scalar system is considered in order to simplify the presentation, the extension to multidimensional
systems can be done straightforwardly if the state vector is accessible for measurements. Let T be a bounded and
connected subset of R. Given a solution of (2) on T, it is legitimate to identify ¢(z(7),u(7)) and @(z(7),u(r)) with
functions depending on 7 only. Thus the notations ¢(7) := ¢(z(7), u(r)) and ¢;(7) := ;(z(7),u(r)), 7 € T are adopted.
Moreover, the following is assumed.

Assumption 3.1 u(7), ¢(7) and p;(7) € L2(T). L3(T) is the space of square summable functions on T.

Let € be a positive constant and denote by D the set D = [—¢, €]. In order to deal with the derivative 2/, let v(s), s € D,
be a continuously differentiable function, supported on I such that v(—¢) = v(e) = 0. Introduce T, an e-neighborhood
of T such that T € T, c R and T, = T1 + 2¢. T,, 11 and 2¢ are the Lebesgue measures of T, T and D respectively.
Define the convolutions . = v x 2’, ¢ = v * ¢ and @c; = v * p;. They are supported on T, since z’, ¢ and ¢ are
supported on T. Moreover, notice that —% *x = v*x'. Such a v(s) can be given by

v(s) = (€ = s*)xo (3)
where xp is the indicator function of D. Convolving (2) with (3) leads to:

2 (T) = ¢e(T) + e(1)O, TE T (4)
Remark 3.1 FEquality v« 2’ = f% * x can be linked to the notion of weak derivative (see [1, 3]). Moreover, x., ¢.
and . ; can be seen as mollified versions of ', ¢ and ;. Then, v(s) can be called a mollifier (For more details, see
[1] pages 36 and 66 and [3] page 629). In addition, v(es) given by (3) appears in Jacobi orthogonal polynomials and
v(2es — €) appears in [12].

In the sequel we use T, = [0,7¢] and T = [¢,T. — €]. The estimators are developed based on (4) which is supposed
to satisfy the following assumption.

Assumption 3.2 (Persistence of excitation) The sets

® {T§ Pe(T)(¥ —0) =0,V = (¢, 7¢p)T e R?,
U 0,7eT.}

4 {T; 506-,1'(7-) = O,Z =1 P, TE Te};
have a zero Lebesgue measure (1, -- ,1, are constants).

The first item of assumption 3.2 ensures the uniqueness of © up to sets of zero Lebesgue measure. An estimator
based on a linear homogeneous evolution equation is first presented. Then an estimator based on an impulsive evolution
equation is proposed in section 3.3.

3.2 LS estimator based on a linear evolution equation

Let
A=A+ AQ, (5)

where A; = —plp., Ay = CI%, B = —¢I'(¢. — 2.), ¢ denotes a strictly positive constant and I denotes the identity
matrix. The domain of definition of A is given by:
D(A) = {© € [C*(T,)]";0/(0) = ©'(T.) = 0,7 € T} (6)
Introduce the system .
O=A0+B, O,_c=¢ (7)
where © := %. With © = © — ©, equation (7) transforms to

6= AB, O, =¢. (8)

Remark 3.1 The right-hand-side of (7) corresponds to the minimum of the quadratic cost ST [(cpgé+¢6—x’e)2+c@’2]d7
according to FEuler-Lagrange equations.

Remark 3.2 A similar cost, involving a Taylor expansion, is frequently used in image processing for the optical flow
estimation problem [2, 6]. In contrast to our context, the unknown parameters are not constant (and can be discontin-
uous is some cases), however, the applicability of the method is motivated by heuristics and do not rely on a theoretical
basis.



The following theorem describes the estimator (8).

Theorem 3.1 The operator A defined in (5), (6) generates a strongly continuous semigroup of contractions. Conse-
quently, (8) admits a unique solution for a given initial condition. Moreover, under assumptions 3.2, the equilibrium
© = 0 is unique and attractive.

proof 3.1 Notice first that D(A) given by (6) is dense in L2(T.). Rewrite (8) using the Laplace transform with the
Laplace variable \ € C:

MO —£=A,0+c0" ©(0)=06(T.)=0. (9)

For each A\ > 0 (a positive real number), equation (9) is a linear boundary value problem (with © and T the dependent
and independent variables respectively) admitting a unique solution whenever p.,; are summable (the summability is
insured by assumption 3.1). Consequently, the operator NI — A is invertible with 6= (M — A)*lg,

Multiply (9) with ©T and integrate over T, leads to S(T; OT (AN — A,)Odr — cgg‘ eTe"dr = Sg" O6T¢dr. Note that
the spectrum of Ay is given by {0,— Y0 | ©?;}. Next we use the identity e1]0] < O (—A1)0 < e3|0| where e; and ey
are the smallest and largest eigenvalues of —Ay and | - | denotes the Fuclidean norm. Integrating by parts on the left
hand side and using Cauchy-Schwartz inequality on the right hand side leads to \|©|? +c|©'|> < O£, consequently,

161 (A 16] ~ I€1) < ~<|€/]| < 0 then X 6] < |€]. Using © = (AL — A)~' one obtains X |(M — )] < |€] from
which one deduces that |[(A — A)71| < % Then, by theorem 2.1, A generates a strongly continuous semigroup of
contractions and, by theorem 2.2, (8) admits a unique solution for a given & € D(A).

Consider the functional V. = % SOT 0T Odr > 0. Its derivative along the trajectories of (8) gives V=- SOT éTQDZ@eédT-F
cgge OT@"dr. After integration by parts one obtains V = — Sgs(goe(:))2d7 - csgs |©'|2dr. V is negative definite when-
ever © is different from a constant. Then by assumption 3.2, © = 0 is the only equilibrium of (7) and it is attractive.
This ends the proof. o

3.3 LS estimator based on an impulsive evolution equation

Let 6 be a strictly positive constant and introduce the following impulsive system

0 = A,0, né <t<(n+1)3s o)

: ! PN 10
+ = - _

© a(T) + b(7) S—Q(T) O(t, 7 + s)ds, t = nd

where n € N, a(7) = min(a, ), b(1) = min(a,T. — 7) and @ < T, is a strictly positive constant. A; : [£%(T,)]P ~—
[£?(T.)]? is a closed operator defined on the whole of [£?(T)]?. Tts spectrum is given by {0, — >, ©Z,}. It generates
thus a strongly continuous semigroup according to theorem 2.1 . System (10) admits a unique solution (in forward
time) satisfying O;_¢ = £ since, on nd < t < (n + 1)0, the first equation of (10) admits, by theorem 2.2, a unique
solution. Moreover, on t = nd, the second equation of (10) permits to uniquely determine Ot from ©. The following
theorem describes the estimator (10).

Theorem 3.1 Under assumption 3.2, © = 0 is the unique equilibrium of (10) and it is attractive.

1~ =~ . ~ .

proof 3.2 Consider the functional V = i@T@. Its derivative along the trajectories of (10) gives V = —(p.0)2. V

is negative definite whenever cpeé # 0. On the other hand, notice that if © is not constant, the strict norm inequality
. 1~ on

07| < |©]| is satisfied at t = nd. Consequently, at t = nd, the quadratic functional V*t = 56”16+ satisfies VT < V.

On the other hand, assumption 3.2 states that S being constant is possible for 0=0 only. This ends the proof.

Remark 3.3 The diffusion term ©” in (8) and the second equation of (10) both offer a smoothing effect. The smoothing
is more pronounced with (10) especially for a = T.. This fact has a direct influence on the convergence rate of the
estimator as it is confirmed in the experimentation section 5.

4 Linear input-output systems under noise

Setting and identifying the parameters of a linearized model (around an operating point) of a nonlinear system often
arises in practice. We will be interested by the parameter estimation in linear systems since these systems offer a simple
framework to introduce a deterministic representation of big magnitude noise affecting the input and output. A noise
with big magnitude may be encountered in power electronics, telecommunications etc. With the aim of setting a deter-
ministic representation of such a noise, we introduce the Sobolev space with negative index W~12(T) which is the dual



space of W12(T) | defined by W2(T) = {w € L%(T), Dw € L*(T); |w| + |Dw| < +00} where Dw is the weak derivative
of w. W=12(T) is a Banach space under the norm (see [1]) [w|w-1.2 = SuPewr.2(r), ju] 1 . <1 [{w, )| where [w]yrz =
(Jw|? + |[Dw|?)z. Consider V=12(T), a subset of W~12(T), given by V"12(T) = {w € W L2(T); |w|p-12 < N}
where N is a positive constant. Roughly speaking, V=12 contains (but is not restricted to) large magnitude, rapidly
oscillating functions such that their integral is less than N. Consider now the linear input output system

q—1
= Z ;2 + 0,u (11)
i=0

which can be written in the compact form X0 = z(@; X = [z,--- , 241 u], © = [6p, - - - ,0,]7 and |0;] > 0. Let y be
a noisy measurement of x such that y = z + @ where w € V~12(T). With

p(s) = (¢ = 5*)"xp, (12)
define® y.; = p* D®y and notice that Yei = (—1)ip(i) x y and that y.;, ¢ = 0,---,q, are supported on T.. Since
(11) is linear and for u € £3(T), its solution z is square summable (it belongs in fact to the Sobolev space W%2(T)
since |@]yaz(ry = (Si_o [DPz]?)? < +00). Let Y be given by Yo = [ye, -+, Ye,(q—1), Uc], Ue = p*u, Yo = Xc + W,
We=1[,(=1)p® xw, - 0] and X = [z, -, uc].

For simplicity sake, take @ = T, (see Remark 3.3) and set the impulsive evolution equation (similar to (10)):

6 - —YT(Yé ol >), né <t < (n+1)s ;
6t = *So t, T+ s)ds, t =nd. (13)
System (13) can be transformed to
6 = —YT(Yé+G) nd<t<(n+1)8 10
14

ot = —SO (t,7 + s)ds, t = nd

with G, = W.0 — w, ,. Notice that w,; = S dsl '0.5ds is bounded since { @ is bounded by N and £ is polynomial.
Thus, there exist two constants k; and ko such that |G¢| < KN with K = k1|0| + ko. The followmg assumption is
made.

Assumption 4.1 (Persistence of excitation) With z., = % Sg ZTeidT and Nei; = Te; — Tes, the positive definite
matrix

77621 NeMe,1 cee NeMNe,p
NeMer Mo 0 Neillep
— . ] ) dr
Ne,pTle  Te,pTle,1 s 77€,p

has its smaller eigenvalue bigger than the positive constant L.

Assumption 4.1 ensures, in particular, that [X.©%|? > L|©|? at each application of the second equation of (14).

Theorem 4.1 Under assumption 4.1 with L > (K N)?, the ball centered at zero, with radius \/fki\;N 1s attractive for
the system (14).

proof 4.1 Consider the functional V = %éTé Its derivative is given by V = —(Y.0)2—G.Y.0 < —|Y.0|(|Y.0|-KN).
According to assumption 4.1 one has at n = t0 (i.e at each application of the second equation of (14)) that X O] >
VL|©*|. Consequently, |Y.O| = (VL — KN)|©*|. Then Vt < —(v/L —KN)|0*|[(VL — KN)|0*| — KN] which ends
the proof.

5 Numerical implementation

In practice, the systems data are collected in a discrete form. Denote by d the sampling time such that 77 = md,
m € N. Let  and @ be discrete versions of y and u ([j + 1] = y(jd), @[j+1] = u(jd), j = 0,--- ,m). Moreover, let p;
be a discrete version of p (5;[j] = p? (jd), 7 = —I,--- ,1,1€ N, ld = €). The convolutions are then approximated by
p %y ~ f; * i where * denotes the discrete convolution. Prior to the application of the estimators, 7, ;, i =0---q—1
and u, are generated by y., = g; *x ¥ and @, = pp * u. Notice that ¢ ; and @, consist of m + 2] — 1 elements.

5The weak derivative D)y is used since w can be weakly differentiable only.



Figure 1: The experimental system

5.1 Implementation of estimator (7)
It can be implemented using standard finite elements or finite volume methods. We use here the basic forward Euler
method. It leads to the recursive system

= - cC = —
Ors1 =[L+1(A1 + EC)]Gk + 6B (15)

where C' is a square matrix which permit to approximate ©”. C(i,i) =2, C(i,i — 1) = =1, C(i,i + 1) = —1, for
i=2,---,m—1,C(1,1) = C(m,m) =1 and C(m,m — 1) = —1. All remaining entries of C' are equal to zero. d; is a
positive constant, chosen such that the matrix I + 0;(A; + zC) has its eigenvalues inside the unit circle.

5.2 Implementation of estimator (13)

We consider only the case where a = T, (The implementation of estimator (10) is quite similar). The estimator (13) is
implemented by

2 B s 9TV A ., .
@k-l,-l _ @k: 51)/—5 (K?k‘ + ys,q), lf mOd(k, 7') * O (16)
mean(Oy), if mod(k,r) = 0,

with r € N, » > 1 and 4 is chosen in order to insure the asymptotic stability of the first equation of (16). That is the
eigenvalues of I — §; Y'Y, lies within the unit circle.
6 An experimental validation

The linear system depicted, in figure 1, consists of four stages of first order low pass RC-circuits. With state variables
taken as the capacitors voltage, the state space representation is given by:

xll = —2w1T] + wi1T2 + W1U; l’lg = w1r1 — 2w1T2 + wWiT3
Th = w3y — 2W3T3 + WaTy; Ty = LT3 — LTy (17)
1 1 .
where w; = wy = w3 = RO " w, L = RGy’ R = 100K, C = 430nF and C5 = 100nF. The input-state data are

collected with a sampling time d = 0.01 second.
Let us use a standard LS algorithm from the literature [7, 8, 15] and estimate w from the third equation of (17).
The objective is to illustrate its operating principle. The estimator is given by
o — —(i‘g — 2%3 + ZZ‘4)U[(QV?2 —u2i‘3 j— i‘4)(2} + Jvﬁé] (18)
\/H + (Bg — 2%3 + T4)?

where Zq, T3, 4 and Z% are are low-pass filtered versions of 3, x5, x4 and z§ respectively. The experimental result is
depicted on figure 2. It appears that the estimator converges towards the true parameter value (w = 23.26) as time
goes on. Next we test our estimators, the estimators are normalized in order to increase the convergence rate.

Scalar estimators for w and ¢: The parameters w and ¢ are estimated from the third and fourth equations of (17)
respectively. Let us start by the estimation of w. With O=0, A = (T2e —2w3c +x4.)%, B = (z2,6 — 273, + T4c)Ts .
where 73 ¢, T3¢, 4, and x5 result from the convolution of x3, x3, r4 and x5 with v(s) respectively. The estimators
(7) and (14) are implemented. wv(s) is discretized using 31 samples while 30 samples of the system data are used
corresponding to a step response. This number of sample corresponds to 30 x d = 0.3 second (compare with figure 2).
Thus 30 4+ 2 x 31 — 1 = 91 samples are used in the iterative systems (15) and (16). A reliable estimate (0 ~ 24) is
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Figure 2: Estimation of w from (18) versus time

obtained from (15) (resp. (16)) after 10 (resp. 4) iterations. The same scenario is used in the estimation of ¢ from the
fourth equation of (17). Roughly, 10* multiplication operations are needed in the estimation procedure.

Two dimensional estimator: Let us slightly increase the complexity by using a second order estimator. The
estimator is constituted with @1, = @1, — 4T2e + 5T3e — 2Tae, P26 = T3 — Tare, Pe = [Pl P2.e], A1 = oTo.,
B = pcry . and 6 = [él, ég]T with 6; = w? and 6, = wi. The components of ¢, are obtained by convolution with
p(s) ((12) with p = 2). 50 samples are used for the discretization of p(s) and 50 samples of the systems data are used
(0.5 second) corresponding to a step response. 40 iterations are needed in order to obtain a reliable estimate from (16)
(él ~ 510, 0y ~ 2150). The estimation needs 90 x 10* multiplication operations.

discussions: The computation needed for both estimators can be realized in less than 0.1 second on a FPGA
Xilinx Spartan-6 which is a low-cost microcontroller. The computation time is less than the time needed to collect
the data (0.3 second and 0.5 second for previous tests). Consequently, the proposed estimator can be used without
difficulty with “slow” systems which is the case of many industrial systems.

7 Conclusion and future works

A continuous-time approach for LS estimation is proposed through evolution equations. The developed framework
provides estimators for systems whose data are available on a bounded interval of time. In addition, the measurements
can be corrupted by a large magnitude noise.

Extending this approach to the reconstruction of time varying (maybe discontinuous) parameters is an interesting
future research direction.
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