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1. Introduction

In this paper, we analyze the stability of linear time-invariant
differential systems with several delays within the framework of
the Lyapunov-Krasovskii functionals. The basic concepts of the
Lyapunov-Krasovskii approach and, in particular, the structure
of the functionals used, were first established in Repin (1965),
Krasovskii (1956) and further developed in Huang (1989), In-
fante and Castelan (1978) and Kharitonov and Zhabko (2003).
More precisely, in Kharitonov and Zhabko (2003) the so-called
complete-type functionals were introduced. These functionals ad-
mit quadratic lower and upper bounds, and for this reason, at the
present time, they are effectively used for construction of expo-
nential estimates of solutions (Kharitonov, 2013), for the stabil-
ity (Egorov & Mondie, 2013) and the robust stability analysis with
respect to uncertainties in coefficients (Kharitonov, 2013) or in de-
lay (Kharitonov & Niculescu, 2003), for computation of critical de-
lays (Ochoa, Mondie, & Kharitonov, 2009). The book of Kharitonov
(2013) gives a detailed survey on the present state of the art in the
area.
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A different modification of the approach is considered in this
paper. Following the work of Huang (1989), we use a functional
with time derivative given as a negative definite quadratic form
of the present state of the system. To apply this functional to
stability analysis, one needs to obtain a quadratic lower bound on
it. However, in Huang (1989) this functional is shown to admit only
a local cubic lower bound on the set of solutions of the system. As
aresult, it is considered not to be effective in the stability analysis
and applications.

On the contrary, in this contribution we propose a constructive
method for stability analysis using the functional studied in Huang
(1989). The idea of the method is to use a special Razumikhin-
type condition (see Razumikhin, 1956) for the estimation of the
functional. It turns out that for the stability analysis it is sufficient
to construct a lower bound for the functional on the set of
functions satisfying this condition instead of the set of solutions.
This enables us to establish a necessary and sufficient condition
for the exponential stability, and opens a constructive way for
analysis. The proposed method provides possibility to compute the
critical delays (see Medvedeva & Zhabko, 2013) and to perform the
robustness analysis, as well.

The paper is organized as follows. After some preliminary
definitions in Section 2, we present a constructive necessary and
sufficient condition for the exponential stability (Theorem 1) in
Section 3. Then, Section 4 provides a detailed exposition of the
method for stability analysis which is based on the theoretical
results of Section 3. In Section 5, we discuss the convergence issue
(see Theorem 10) which plays a key role in the application of
the method. In Section 6, we give the illustrative examples. Some
concluding remarks end the paper.
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2. Preliminaries

We consider a time-delay system of the form
m
K(6) =) Ax(t —hy, (1)

whereA; € R™",j=0,1,..., m,are given constant matrices, and
0=hy < hy <--- < hy, = harethedelays. Letty, = 0be aninitial
time instant, and ¢(0) be an initial function which is supposed to
be piecewise continuous on the segment [—h, 0]. We denote the
solution of system (1) with the initial function ¢ by x(t, ¢), and the
segment of the trajectory {x(t + 0, ¢) | 6 € [—h, 0]} by x;(¢). We
omit the symbol ¢ when no confusion can arise. Throughout the
paper, we use the Euclidean norm for vectors, and the analogue of
the uniform norm for vector functions ||¢[ls = supge(_n,g) l¢ ()]l

It is well-known (see Bellman & Cooke, 1963) that the char-

acteristic equation of system (1) is of the form det(M —

ij=0 Ajeﬂ\hj )
(1) is said to satisfy the Lyapunov condition if it does not have the
eigenvalues whose sum is equal to zero.

Given a symmetric matrix W, we say that U(t) is the Lyapunov
matrix associated with W if it satisfies the following set of equa-
tions (see Kharitonov, 2013)

= 0, and its roots are called eigenvalues. System

Uy =) Ut —hpAj, 1>0;
j=0
U(-t)=U"(x), 7>0; (2)

> U(=h)A;j+ ATUT (—=hp)] = —

j=0

The Lyapunov matrix exists and is unique for any symmet-
ric matrix W, if and only if system (1) satisfies the Lyapunov
condition, see Kharitonov (2013). According to Kharitonov and
Zhabko (2003), the matrix U(t) associated with W determines the
quadratic functional

v(x) = X' (OU0)x(t)

m 0
+2x7(t) Z fh_ U(—0 — hjAx(t + 6)do

+Xm:Zm:/ X' (t + 0)A;

k=1

0
X (/ U0 + hy — 6, — hpAix(t + 92)d92>d91, (3)

_h}

such that its time derivative along the solutions of system (1) is
equal to —x" (£)Wx(t). One can check the last fact directly, using
properties (2) of the Lyapunov matrix.

To define a critical delay, we first suppose that h; = o;h,j =
1,2, ..., m, where oj > Oare fixed, and h > 0is a basic delay. The
values of basic delay for which system (1) changes the property of
exponential stability to the instability, or vice versa, are said to be
the critical delays.

Finally, let us introduce the set

Hle®) < llpO), 6 € [—h, 01}.

The set S is the very set whereon we will further check the positive
definiteness of the functional v.

S={<p

3. Stability theorem
Here we present our main stability result.

Theorem 1. Given a positive definite matrix W, system (1) is expo-
nentially stable, if and only if there exists a functional v(¢) such that
the following conditions hold:

dv(x t)

dt
2. On the set S the functional admits a lower bound of the form

V(@) > ullp)]?,

1.

—xT (t)Wx(t) along the solutions of system (1);

u > 0.

Proof. Necessity. The idea of the proof of the necessity part is bor-
rowed from Huang (1989). Let v be a functional of the form (3), then
the first condition of the theorem holds, as was mentioned in the
previous section. To prove the second one, take an arbitrary func-
tionyp € S,andseta = ||¢||.Sincep € S,we have ||p(0)|| = «.
Integrating system (1) and using Gronwall’s lemma (see Bellman &
Cooke, 1963, p. 31), we obtain that

Ix(t. @)1l < N(©),
m

K=>"lAll
j=0

Hence, [|x(t, ¢)|| < KN(t) < KN(8) Vt < 8, V8 > 0,and ||x(t, ¢) —
@(0)|| < KN(8)4, t < §. Let us choose § so that KN(§) = «/(29),
note that § does not depend on «. Then,

x(t, @)l = 9@ = KN()§ = [l (0)[|/2,

Since system (1) is exponentially stable, we have

where N(t) = aKqe’,

m
Ki=1+) |Allh.
=1

t <6.

v(p) =/mxT(t, P)Wx(t, p)dt
0

) 2
o]
> A (W) f (e, @)1t > Ay ()8 2P
0

where Apin(W) is the smallest eigenvalue of W. Thus, u =
Amin(W)&/4 > 0, and the proof of necessity is complete. Note that
Ju is obtained constructively.

Sufficiency. Suppose that there exists a functional of the form (3)
satisfying the second condition of the theorem but system (1) is
not exponentially stable. Then there exists a sequence {t};2 ;, such
thatty — ty_1 > h, t; k—) 400, and ||x(tx)|| > B > 0. Consider
—+00

two cases.

1. Let the solution x(t) be uniformly bounded, i.e. there exists
G > 0 such that ||x(t)|| < GVt > 0. Then, ||x(t)|| < KGVt > 0,
where K = Y " [1A)ll.

Taket € [t, ty+ 7], 7 > 0. Then [1x(t) — x(t) |
KGt, and, choosing T = min

SKG(t —t) <

21<cv ht, we obtain

=

Xl > lIx(t) || — KGT > =,

2
for every k. Further, let N(t) be the number of intervals [, ty + T],
contained in [0, t]. These intervals do not intersect with each other
due to the choice of 7, and N(t) ?) +00. Hence,
—+00

t e [tka t + T]a

t N(t) e+t
/ xT (s)Wx(s)ds > / xT (s)Wx(s)ds
0

ﬂZ
z mm(W)iN(t) —> —+00.
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Additionally, functional (3) admits an upper bound of the form
lv(xe)| < nllxe|l# < nG?, where n = const > 0. Finally,

t
v(p) = v(x;) +f X' (s)Wx(s)ds —— +o0,
~— 0 t—+00
>—nG2

which is impossible. Note that we have not used here the second
condition of the theorem.

2. We now suppose that the solution x(t) is not uniformly
bounded. In this case, one can choose the sequence {t;};2; so that

Ix(t)ll = max [x()|| —— +o0.
—h<t<ty k—+o00

Hence, x;, € S for every k, and

79
v(p) = v(Xg) —l—/ xT (s)Wx(s)ds
0

> pllx (6ol o oo

— 400

The contradiction ends the proof. O

Remark 2. Theorem 1 remains true if we replace the set S with the
set

m 1
Se={e: lle?©) < (Z ||Aj||) eI,
j=0

6 € [—h,0], I=0,1,...,k+1},

where ¢® denotes the Ith derivative of ¢, for every natural k. The
set S, contains (k + 1)-times continuously differentiable func-
tions .

4. Method for stability analysis

In this section, we present a method for investigating the expo-
nential stability of system (1). The main point of the method is to
obtain a positive quadratic lower bound on the functional v on the
set Sy for a given k, in accordance with Theorem 1 and Remark 2. To
do this, we provide a numerical scheme based on an approximation
of ¢ € S; by means of a piecewise linear function.

Consider the interval [—h, 0] = Uj:1 ml—hj, —hj_11, and
divide each of the intervals [—h;, —h;_{] into N; equal parts of the
length Aj = (hj — hj—1)/N; by the points

yeey

00 = —hi_y —k4A;, k=0,1,...,N, j=1,...,m.

Let N = N; + --- + N, be the total number of intervals in
the partition. Consider the function ¢ € S;, and introduce the
following notations

0 =), k=0,1,...,N;, j=1,...,m;

(i (0T T .
V=@, =1m
~ ~7T o~ T
9=@".....9™)"

The dimension of the vector ¢ is nN. Additionally, let p = ¢(0) =

@ Then, approximate the function ¢ € S; by the piecewise linear
vector function y:

9@) =y (@) +n(@),

where 7 is the approximation error, and

0 € [—h, 0], (4)

. " iy i O
r@+00) =9+ @ -al) . 0el-a0.,
J

k=0,...,N—1, j=1,....m.

Using Taylor’s formula and the fact that ¢ € S;, we obtain the
following estimation of the error

m 2
In© + 61l < Jj(Z ||A1||) Ipll(6% —64y), (5)
=0

0 c [_Ajv 0]7

Before substituting expression (4) into functional (3), we divide
each of the integrals in the functional into summands according
to the partition of the intervals [—h;, —h;_1], and then change the
variable in each integral to make it belong to [—Aj, 0]. After the
substitution, we obtain two groups of summands in the functional.
The first group represents functional (3) on the piecewise linear
function y, without taking the error into account. We denote it by
vo(+). The second group includes all the summands with the error.
For this one, we apply formula (5) and again use ¢ € Si. As a
result, we obtain that the second group admits the estimation of
the form —§||p||?, where § = const > 0. Finally, by simple but
cumbersome calculations we arrive at the following lower bound
for the functional on the set S;

v(g) = vo(p, @, h,N) = 8(h, N)Ip[®, ¢ €5y, (6)

where h = (hy,...,hn)", N = (Nq,...,Np)7, and vo(:) is a
quadratic form of the vector (pT, 7). The exact formula for bound
(6) in case of scalar equation with one delay is given in Zhabko and
Medvedeva (2011).

Introduce the set

k=0,...,Nj—1,j=1,...,m.

SN=1{@: 1871 < llpll, k=1,...,N, j=1,...,m},

that is the set S; expressed in terms of the vector ¢, and define the
function

Z(ha N) = min UO(pvav ha N) _8(ha N) (7)
PeS,
lpll=1

We can now rephrase the sufficiency of Theorem 1 as follows.

Theorem 3. If there exists N such that z(h, N) > 0, then system (1)
is exponentially stable.

Proof. If there exists N such that

min (vo(p, @, h, N) — 8(h, N)[Ip|*) > 0,
PeSN

p#0

then, by (6), sufficiency of Theorem 1 with the set Sy holds. Since
vo — 8|p||? is the quadratic form, sign of the latter minimum does
not depend on the exact value of ||p||. Therefore, we suppose ||p|| =
1, and the result follows. O

Remark 4. To make a picture complete, we also give the sufficient
condition for instability which is based on the results from Zhabko
and Medvedeva (2011) and Medvedeva and Zhabko (2013): if there
exists N such that

min vo(p, @, h, N) + 8(h, N) < 0,
QSN
Ipll=1

then system (1) is unstable.

To apply the method described in this section to a given system
of the form (1), one should try to find N, for which the condition
of Theorem 3 or Remark 4 holds. It is worth to mention that the
corresponding N can be found for both exponentially stable and
unstable systems, see Lemma 6 for the proof of this fact in the
stability case.

Remark 5. In addition to the piecewise linear approximation
scheme, a cubic one can be considered by approximating ¢ € S3
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in each interval of the partition with the cubic vector function

46 +67) = g;0)p(60) + £0)p(6),)

+850)¢ 0) + 24(0)'O),). 0 € [—4;,0],
instead of y. Here
2,33 2 . 3,
8y(®) = _AT-39 - Zfe +1, &0) = ng + A—jzé? ,
g5(0) = —6° + 26240 24(0) = Loy Lo
' ]2 AJ ’ ! A]Z AJ ’

The main advantage of such approximation is its smoothness,
in contrast with the linear one. For details, we refer the reader
to Medvedeva and Zhabko (2013).

5. Convergence issue

Here we suppose that h; = ojb,j = 1, ..., m, where o; > 0 are
fixed, h > Ois a basic delay. Let h = (a1b, . . ., amb)T. We will use
the following notations: N > L means thatN; > L;,j = 1,...,m,
whereN = (N1, ...,Np)',L = (L4, ...,Lx)"; N = +00 means
that N; — +o00,j = 1,...,m. Set matrices A;,j = 0,1,...,m,
and assume that there exists h such that system (1) is exponentially
stable. Our study of the convergence issue is based on the following
lemma.

Lemma 6. Set h such that system (1) is exponentially stable. Then
thereexistsN = (N1, ..., Ny)" such that z(h, N) > OforanyN > N.

Proof. The result is based on the fact

§(h,N) —— 0. (8)
N—+o00
By (6) and v(¢p) < vo + §, we have |v(¢) — vo| < §, that implies

Uo(p’ 67 ha N) —_— U((p)
N—+o0o

forany ¢ € SN {p : 90) = p, |lpll = 1}. Since v(p) > 0
for exponentially stable system (1), the lemma follows from the
definition of limit and formula (7). O

Lemma 7. Ifsystem (1) is exponentially stable, then there exists .(h)
> 0 such that for any given N

min vo(p, @, h,N) > inf v(p) > u(h). 9
<5y N €S
llpll= ¢(0)=p

lpll=1

Proof. The first inequality follows from the fact that the first
minimum in (9) is that of the functional v on the set of piecewise
linear functions from Sy, and the second one is the same minimum
on a wider set. The second inequality is true for p from the
necessity part of Theorem 1. O

Remark 8. The necessity part of Theorem 1 gives a constructive
way of obtaining w (h). If system (1) is not exponentially stable, we
can also find p(h), but the second inequality in (9) becomes false.
The function w(h) is continuous and converges to zero only when
h — +o0.

Corollary 9. If for a fixed h there exists N such that
min vo(p, @, h,N) < pu(h),

then system (1) is not exponentially stable.

Let by, b2 (0 < b1 < b < —+00) be the critical values of basic
delay such that system (1) is exponentially stable for h € (b1, b2).

Choose b € (1, b»), and, in accordance with Lemma 6, find N such

that z(a1h, ..., amh,N) > 0 for any N > N. For such N, let us
define the sequences
by’ = sup b, by = inf b (10)
h<b h>h
2(h,N)<0 2(h,N)<0

Since z(h, N) is a continuous function of h € (b1, by), it follows
from (10) that z(h,N) > O for h € (h“) h(z)) and therefore

(h(l) (2)) C (b1, b2). It means that (b“) (2)) is the interval of
exponentlal stability of system (1) ensured by our method with
fixed N.

Theorem 10. Sequences (10) converge, and

N11m h“) = b1, 11m b(z) hs.
Proof. We give the proof for the second sequence. For every N > N

we have b(z) € [b, b1, so the sequence is bounded. This means that
it has upper and lower limits, and its upper limit is smaller than or
equal to h,. Suppose that

lim by = bo < b2 (11)

N—+o00

It implies that we can extract a subsequence

{ha)} { @]

where j = (1, ..., Jjm) . Nj = (Nij, oo ijm)T, such that there
exists

lim h(Z) = hp.
j=+o0
Therefore, one can ﬁndj = Gl, .. ,]m)T such that for every
j > jsystem (1) with h = h(z) is exponentially stable. Denote
hy = (alb(z) . amh(z))T On the other hand, by (10) and
the continuity of z on the exponentlal stability interval, we have
z(hN., N;) < 0. Hence,

min vo(p, @, hy;, Nj) <
PeS) N:
llpll=1

S(th’ Nj) m 07

which is due to (8) and h(z) _—> ho € R. Additionally, according
+

to Remark 8,

u(hy) —> p(aiho, - .., ambo) > 0.
Jj—+o0

This means that there exists j > j such that for th the inequality
from Corollary 9 holds, which contradicts the exponential stability

of system (1). Therefore, assumption (11) is false, and the theorem
is proved for the sequence {h(z)} The proof for {h,(\})} issimilar. O

The significance of Theorem 10 lies in the fact that the interval
of exponential stability ensured by our method converges “from
the inside” to the exact one as N — +o0. We call this property the
convergence of the method.

Remark 11. In slightly different terms, Theorem 10 remains valid
ifp; = O or h, = +4oo. Indeed, h; = 0 means that the system
is exponentially stable for h = 0, and therefore for small basic
delays. In this case, we can take h = 0 and consider only the second

sequence. If b, = +oo, then {ha)} may include the elements
equal to +o00. In thlS case, we suppose its limit to be equal to +o0.

With such redefinition, the convergence implies bf\f) — +o00.
N—+oo

Finally, if system (1) is not exponentially stable for any basic delay,
then z(h, N) < 0 for any hand N.
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6 T T T T T Table 1
Problem 13: the values hy.
a, b, a=—1, a=—0.5, a=0,
4+ R S e N b= —1 b= —1 b= —1
i re sy Type Linear Cubic Linear Cubic Linear Cubic
2 [BERIIIIIIIIIIIIIING 0o i N=1 0.499 0.772 0.562 0.934 0.657 1.227
TIIEIIIITINIIIENLIIEN N=5 1.308 2334 1371 2184 1448 1.5707
SIRIIIIIIIIIINLNNNIIINN N=10 1834 3.663 1736 2.388 15707 15707
bo SIIIEIIIIIIINIIIINININIINY N=20 2530 5.63 2.068 2.417 15707 15707
B34 pRiReERisRataaasIIN . ]
SIS h +00 ~2.418 ~15708
R R T Y
s
EAESs3ssssasaitatssiiisss ol ) Table 2
3222222235532532323:‘ Problem 14: the values N; and Ns.
242 LB 235000
j2S22522242 0000 a=-1, b=-1
_4 | S B R T D T EE T T ETERERPPEPP -
: h 1 2 2.5 3 35 4 45 5
: Ny 3 13 20 30 42 56 74 95
5 ; : : . i N3 2 4 6 8 10 12 15 17
6 4 2 0 2 4 6 a=-05, b=-1
(
h 1 15 19 2.1 2.3 24 2.415 2.417
- . L N 3 7 14 22 43 117 260 393
Fig. 1. Eq.(12), N = 10, cubic approximation. 1
g-1. Eq.(12) pp Ns 2 2 4 5 7 12 18 20
6. Examples
07 : : , : ! : ,

In this section, we provide two examples to illustrate the ap- : : :
plication of the method described in Section 4 and its convergence 0B B R LA e Breosseessendennnnns e 1
(see Section 5). In each example, we compare the exact stability j ‘ : -
domain that is known with the domain obtained by verification of 05k N R e NG e, a
Theorem 3, for the case of linear or cubic spline approximations. In ; : P 400 S 0SSR BODES:
the figures, the curves depict the boundaries of the exact exponen- : ‘ ciiiiiIiIIIILLLLy
tial stability domains in the space of parameters a and b as well as ] e AT I T L U 1
the points correspond to the pairs (a, b) for which Theorem 3 with b LolIiLIIIIIIIIIIIIIIILUIN
fixed N holds. 03k ADOSERDEBRSBAGBE BAMBRIBHNA W

. LR R B R 2 LR AR AR I B R IR L IR I 2R R R I R N A

To check the condition of Theorem 3, one needs to calculate the ASSOOEHESHE DI DI preves

value of function (7) which depends on the Lyapunov matrix U(t), R R R R REE

. . “ . . 02 i S TR L Ih L S L e Ak e e At Bl —
t € [0, h]. We compute it for W = I, using the “semianalytic 0SS0 DSOS ISESE SESOESOSEE DS,
method proposed in Garcia-Lozano and Kharitonov (2004) where SRS EESSSE SOOREREESE SEOEEEODOE SEH
system (2)is reduced to a system of ordinary differential equations L Y S S OSSOSO SE DG IEPOBDSHOBHESEHS S
with some boundary conditions. This method is applicable only ISSSSSSES S00SS SOOSESSSEE DEDESDEOEE SE
in case of commensurate delays, whereas, when the delays are YA TS T T TR SIS S T

0 02 04 06 1 12 14 16

incommensurate, the only approximations of the matrix U are
available, see Kharitonov (2013).

Notice that in calculations we replace the norms used for the
vectors in the original set Sy (or in the analogous set for the cu-
bic approximation scheme) by the absolute values of their compo-
nents. Theorem 3 remains true with such modification.

Example 12. Consider a scalar equation with one delay
x(t) = ax(t) + bx(t —h), a,b= const, h > 0. (12)

It is well-known (see, for instance, Bellman & Cooke, 1963, p. 444)
that, for a given h, Eq. (12) is exponentially stable if and only if

a<1/h and a < —b < w/sin(wh),

where w is a root of the equation a = w cot(wh) such that 0 <
w < w/hand w = 7w /2h for a = 0. Fig. 1 shows that, forh = 1,
the stability domain obtained by our method with N = 10 and the
cubic approximation scheme is a good estimation for the exact one.

Suppose, that Eq. (12) is exponentially stable for h = 0, and
denote its unique critical delay by h, which is finite or takes the
value +o0. Consider two problems that are inverse to each other.

Problem 13. For fixed q, b, and N, find with an accuracy 0.001 the
maximal value hy such that Theorem 3 holds for h € [0, hy].

Problem 14. For fixed a, b, and h < h, find N such that Theorem 3
holds.

25

Fig. 2. System (13), N = 10, cubic approximation.

For different equations of the form (12), the solutions of Prob-
lems 13 and 14 are presented in Tables 1 and 2 respectively. In
Table 2, N = N; corresponds to the linear approximation scheme
while N = N3 corresponds to the cubic one. It is clear that the re-
sults obtained by the cubic approximation are much better than
those obtained by the linear one due to the smoothness of the first
one in contrast to the latter. Nevertheless, Table 1 illustrates the
convergence of the method for both types of approximation.

Example 15. Consider the equation
(O +ay(t — 1) + by(t — 1) =0,
which is equivalent to the following system

() = (8 (1]) x(t) + (_Ob _°a> x(t — 1), (13)

It is known (see Bellman & Cooke, 1963, p. 450) that the exact
domain of exponential stability of system (13) in the space of
parameters a and b is described by the conditions0 < a < 7 /2 and
0 < b < w? cos w, where w is a root of the equation a = w sinw
such that 0 < w < /2. This domain, along with that obtained by
our method with N = 10 and the cubic approximation scheme, is
depicted on Fig. 2.

a, b = const,
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7. Concluding remarks

In this paper, a necessary and sufficient stability condition
joining the Razumikhin and the Lyapunov-Krasovskii approaches
is provided for linear systems with several delays. The condition
allows to estimate the stability domains in the parameter space.
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