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Abstract

The robust stability analysis of asynchronous and uncertain sampled-data systems with constant incremental input delay is
addressed in the looped-functional framework. These functionals have been shown to be suitable for the analysis of impulsive
systems as they allow one to express discrete-time stability conditions in an affine way, enabling then the consideration of
uncertain and time-varying systems. The stability conditions are obtained by first reformulating the sampled-data system as an
impulsive system, and by then considering a tailored looped-functional along with Wirtinger’s inequality, a recently introduced
inequality that has been shown to be less conservative than Jensen’s inequality. Several examples are given for illustration.
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1 Introduction

Sampled-data systems with periodic sampling have been
extensively studied in the literature (Chen and Fran-
cis, 1995; Zhang et al., 2001) and this field is now very
mature. Tools for designing robust controllers, which
possibly optimize some performance criteria, are nowa-
days also well-established. In the case of asynchronous
sampled-data system, however, these problems are still
open. This is particularly important in the context of
Networked Control Systems (Hespanha et al., 2007)
where the presence of a network or, more generally the
use of a shared resource, can corrupt the constancy
of the sampling-period, making it time-varying, and
the overall control system asynchronous. Several ap-
proaches to deal with stability analysis and/or control
synthesis have been developed until now: discrete-time
approaches (Suh, 2008; Heemels et al., 2010), input-
delay approaches (Mikheev et al., 1988; Teel et al., 1998;
Fridman et al., 2004; Fridman, 2010; Liu and Fridman,
2012), robust analysis techniques (Kao and Fujioka,
2013), impulsive systems formulation (Sun et al., 1991;
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Naghshtabrizi et al., 2008; Briat and Seuret, 2012), and
the use of looped-functionals either considering directly
the sampled-data system formulation (Seuret, 2012) or
the impulsive system formulation (Briat and Seuret,
2012).

The problem addressed in this paper pertains on the
robust stability analysis of uncertain and asynchronous
sampled-data systems with input delay. A simpler in-
stance of this problem has been studied in (Liu and
Fridman, 2012) where only synchronous sampled-data
systems are considered. The contribution of this paper is
therefore twofold. The first one lies in the development
of new stability conditions for linear impulsive systems
with delays acting on the discrete-time part of the sys-
tem. These stability conditions are obtained using a
tailored looped-functional together with a new integral
inequality introduced in (Seuret et al., 2013) in the con-
text of time delay systems. The main differences with
previous works on the topic, such as (Briat and Seuret,
2012)(Seuret et al., 2013), lie in 1) the use of a more ad-
vanced functional allowing us to cope with systems with
time-varying matrices and; 2) the use of a new integral
inequality that notably reduces the conservatism of the
approach over the use of Jensen’s inequality. By then
relying on the equivalent reformulation of a sampled-
data system into an impulsive system, the obtained
stability conditions are applied to our specific problem,
that is, the analysis of uncertain and asynchronous
sampled-data systems with incremental delays. It is no-
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tably emphasized that the current approach improves
over the method of (Liu and Fridman, 2012) in the case
of synchronous samplings while being also able to deal
with asynchrony. Examples are given for illustration.

Notations: For symmetric matrices A, B, A— B < 0
means that A — B negative definite. The sets of symmet-
ric and symmetric positive definite matrices of dimen-
sion n are denoted by S™ and S’} respectively. The set
of whole numbers is denoted by N. Given a square ma-
trix A, we define Sym[A] = A + AT. For some vectors
a, 3, the notation col{«, 8} denotes the vector obtained
by stacking « and S on the top of each others. Finally
the notation 0,,x, denotes the m X n zero-matrix.

2 Problem formulation
Let us consider linear systems of the form

#(t) = Aox(t) + Bou(t), t >0,

1
z(0) = o, @
where x, 2o € R™ and u € R™ are the state of the sys-
tem, the initial condition and the control input, respec-
tively. The matrices Ay and By are not necessarily per-
fectly known but may be uncertain and/or time-varying.
The control input u obeys the following equation

u(t) = Kx(tk_d), t e [tk7tk+1)7 k e N, (2)

where K € R™*"™ is a controller gain and the sequence
{tr}ren is the sequence of sampling instants. This se-
quence is assumed to be strictly increasing and does
not admit any accumulation point, that is, we have that
tr — oo as k — 0o. We also make the additional assump-
tion that the difference T}, := tx41 — tx belongs, for all
k € N, to the interval [Thnin, Tmaz] where Trin < Tha-
The incremental delay d € N is assumed to be constant
and known. The closed-loop system obtained from the
interconnection of (1) and (2) is given, for all k£ in N, by

3)

:L‘(t) = A():I?(t) + B()Kai(tk_d), te [tk,tk+1),
x(0) = zo, 0 <0.

In the above model, the initial condition has been
adapted in order to guarantee existence and uniqueness
of solutions. Note that any other extension of the ini-
tial condition could have been done since stability of
linear systems does not depend on initial conditions.
When the sampling is periodic, i.e. T, =T, k € N, and
the matrices Ay and By are known and constant, the
system (3) can be easily analyzed using the Lyapunov-
Krasovskii theorem or by augmenting the state vector;
see e.g. (Hetel et al., 2008). The case of aperiodic sam-
pling and uncertain matrices is, however, more difficult
since discrete-time methods do not extend smoothly
to this kind of systems, mainly due to the presence of

exponential terms of the form 7 in the LMI condi-
tions; see the extensive discussions in (Briat and Seuret,
2012). Several approaches have been developed to over-
come these difficulties. The input-delay approach first
introduced in (Teel et al., 1998) for nonlinear systems
consists of rewriting the sampled state z(tx—q) as a de-
layed term of the form z(t — 74(t)) with sawtooth delay
74(t). The original sampled-data system is, in this case,
transformed into a time-delay system. In this respect,
the paper (Fridman et al., 2004) addresses the analysis
of such systems using Lyapunov-Krasovskii functionals.
Most of these previous approaches consider the partic-
ular case where the incremental delay d is equal to 0.
When a computational delay indeed affects the compu-
tation of the control law, the analysis turns out to be
more complex.

A distinct approach from the delay-based ones relies on
the equivalent formulation of sampled-data systems as
impulsive systems (Sun et al., 1991). Recently, hybrid
techniques based on Lyapunov functionals have been
developed to these systems (Naghshtabrizi et al., 2008;
Goebel et al., 2009), yielding a second breath to this
formulation. A linear impulsive system is defined by

glt) = Ay(t), t#t, () = Jylte), t=ty,
(4)

for some state y and with matrices A,.J € R™*™. The

sequence {ty }ren is assumed to be the same as for the

sampled-data system (3). Above, the notation y(t;) is
the right-limit of y(s) at s = ty, i.e. y(t) := lifn y(s).
CARAN

In this framework, the system (3) can represented as (4)

with y(t) := col{z(t), z(tx) ,..., x(tk—ay},
A= Ao Bok , J = [I’no Onoxno(dfl)] Ong ,
Odno Xng Odno Idno Odno Xng
_ (5)
where K = [0 0 K]. The interest of this for-

mulation lies in the fact that the delayed sampled
term is embedded in the state of the impulsive system
and there is basically no distinction between the fact
that we have one or more past terms in the control
law. Indeed if the control law is affected by several
delays, ie. u(t) = Zg:o K;x(tg—;), the resulting im-
pulsive model can be simply rewritten by considering
K = [Ky Ky ... Ky4]. Of course the dimension of the
impulsive system grows linearly according to the size of
the delay d. Stated as such, there seems to be no striking
difference between a standard discrete-time approach
and an impulsive approach, and we may question the
benefits of using the latter over the former. The main dif-
ference actually lies in the class of tools that will be used,
i.e. looped-functionals, that will allow us to express a
discrete-time stability condition in terms of continuous-
time data A and J in a convex way, facilitating then
the analysis of aperiodic sampled-data systems in the
uncertain and time-varying case. The looped-functional
based approach relies on the characterization of the tra-
jectories of system (4) in a lifted domain (Yamamoto,



1990; Briat and Seuret, 2012). Therefore, we view the
entire state-trajectory as a sequence of functions

Xk(T) := y(tp + 7) with xx(0) = ililtri y(s). (6)

Looped-functionals then consider this definition of state
for assessing stability in a novel manner. Notably, the
positivity requirement of the functional can be shown to
be relaxed.

3 Stability analysis of linear impulsive systems
3.1  Main Result

We have the following result:

Theorem 3.1 The impulsive system (4) with Ty, :=
thr1 — tk € [Tmin, Tmaz), & € N, is asymptotically
stable if there exist matrices P,Z € ST, Q,S,X € S",
R, U € R "™ and Y1,Ys € R™™3" such that the LMIs

T(A) < 0 and (0) < 0 (7)
hold for all 0 € {Tyin, Tinax } where

\11(9) = Fo(e) + Q(FQ + Fg),
Fo(0) + 0(F) — Fs) 0Y]T 0Y)

* * —QZ
3
with M, = [I 0 0], M, = I —Jo, M, =1[IJ —2I,
M_=[01I0,My=1001I], Fi=—-Sym[M,UJM_],

F3=MTYJTXJM_ and

Fo(e) = Foo(e) - Sym[YlTMg + 3Y2TM,/],
Foo(0) = OMJ(ATP + PA)M, — MCTQMC —OMISM,
+MTI(JTPJ— P)M_ — Sym[MCTRMy},
Fy = Sym[MJATQM; + MJATRM, + MCTRAMy
+MISM,] + MJUJM_- + MJATZAM,.
(9)
When the above conditions are satisfied, then we have
that JTeA"0 PeA? J— P < 0 holds for all® € [Tyin, Tinaz)
and, therefore, the quadratic form V(y) = y"Py is a

Lyapunov function for the aperiodic impulsive system
Y(tesr) = eAT Ty(t) with Ty € [Thmin, Tnaz)-

Proof : First we recall the Wirtinger-based integral in-
equality from (Seuret et al., 2013).

Lemma 3.2 Letw : [a,b] — R™ be a differentiable func-
tion over (a, b) having square integrable first order deriva-
tive. Then, for all Z € Sy, we have

b
/ W(u) " Zw(u)du > —QTZQl + 79 37,

b— b—
(10)
where Q1 = w(b) —w(a) and Ny = w(b) + w(a) —2/(b—

a) f:w(u)du.

Following Theorem 2.4 from (Briat and Seuret, 2012),
let us consider the functional W, as

Wk(Tv Xk Xk—l) = TAk + Tk [V(Xk(T)) + V(T7 Xk Tk)]a

where Ay := V(xx(0)) —
and V such that

V(xe-1(Tk-1)), V(y) =y Py

TV (1, Xk Tk) = Ce(T)T [QCk(T) + 2Rk (7))

Ty —7)
Tiy — 7)7vp(7)T [Sve(T) + 2U T x5 (0)]
Ty, = 7)7xk(0)TJTX T Xk (0)
Ty —7) fy Xk ()T Zxk(s)ds,
(1)

where Ck( ) = xe(1) — xk(0), Xu(r) = Axw(r),
v(t) = L[  xk(s)ds, P,Z € S}, Q,5,X € S" and
UR € R"™". Tt is important to point out that
the matrices @, R, S and U are indefinite. Since
V(0,z,Ty) = V(Tk, 2z, Tx) =0 for all z € C([0,Ty],R™)
and for all Ty, € [Tinin, Trnaz), Theorem 2.4 from (Briat
and Seuret, 2012) can be applied to get that

(
(
(
(

+ o+ o+

T

Wy = dei[V( k(7)) +V(7, Xk, Tk)] + A
= &(7)T [Foo(Ty) +TF1 + (T — 7)1
+(Tr — 27) F3) &,(7) — [y Xn(8)TZxk(s)ds,
(12)

where Fyo(T), F» and Fj3 are given in (9) and
() = col{xr(7), xt-1(Tk-1),vk(7)}. Noting that
Xk(0) = Jxk—1(Tk—1), Lemma 3.2 yields the inequality

— Jo Xu(s)TZxk(s)ds <
—(1/7)&k(T)T (MCTZMC + 3M,IZMV) £4(7).

Following (Briat, 2011), both computational tractability
and accuracy are improved by turned the RHS into an
affine expression of 7. This can be performed by using
the bounds discussed in the same paper to get

(/)& ()T (MIZM; +3MIZM, ) &u() <
—&k(7)T (Sym[Y1 M + 3Ya M, ]
—T(YJZ7'Y, = 3YS Z7'Ys)) & (7).



Table 1
Allowable interimpulse intervals for Example 1.

Methods Periodic Aperiodic
Briat et al.(2012) | [0.1824, 0.5760] | [0.1907,0.5063]
Theorem 3.1 0.1824, 0.5774] | [0.1824,0.5766]

Combining the previous statements all together, we can
state that the system (4) with T-periodic impulses is

asymptotically stable if Wj, is negative definite over T €
[0,7]. A sufficient condition of asymptotic stability is
then that the parameter-dependent LMI

Fo(T)+7'F1+(T*T)F2+(T*2T)F3<0, (13)

holds for all 7 € [0,7] where [} = Fy + Y[TZ7'Y; +
3Y,' Z~'Y,. Since this LMI is affine in 7 (hence convex),
to check its negative definiteness over the entire inter-
val [0,T}], it is necessary and sufficient to check it at
the vertices of the set, that is only over the finite set
7 € {0,T%}. A Schur complement on the quadratic terms
TRY{ Z7'Y1 and 3T,,Yy Z 1Y, finally yields ®(T;) < 0
and ¥(T)) < 0. Since ¥(T}) < 0 and ®(Tx) < 0 are
affine in Ty € [Tinin, Tmaz], We can apply the same ar-
guments as above to show that we just need to check
them at the values in the finite set {Tmin, Tmaz }-

Finally, if the LMI condition (7) are satisfied for all
0 € [Tmin, Tmaz), this implies that W < 0, which, ac-
cording to Theorem 4.2 from (Briat and Seuret, 2012),
ensures the asymptotic stability of the system (4). ¢

3.2 An example on impulsive systems

Example 1 (Briat and Seuret, 2012) Let us consider
the system (4) with matrices

-1 0.1], J— |f.2 0]. (14)
0 1.2 0 0.5

Note that, the continuous-time dynamics of the first state
is stable while the second is unstable. Conversely, the ma-
trix J has a stable eigenvalue for the second state and
an unstable one for the first state. It is hence expected
that the range of admissible inter-impulse distances is a
connected interval excluding 0 and +oo. An eigenvalue
analysis gives the admissible range [0.1824, 0.5776] of
inter-impulse periods. Table 1 presents the results. It is
sowed that the Theorem 3.1 precises the condition from
(Briat and Seuret, 2012). The improvements for the pe-
riodic and the aperiodic cases are due to the use of the
integral inequality Lemma 3.2.

A:

3.8  Stability of delayed sampled-data systems

In the following, we will consider more specifically the
case of sampled-data systems affected by an incremental
delay d. Therefore, from now on, the matrices A and J

are given by those in (5). We also denote by n the actual
dimension of the state of the impulsive system repre-
senting the sampled-data system, that is n = no(d + 1).
An important difference with respect to Theorem 3.1, is
that the particular structure of the matrices A and J are
exploited in order to reduce the number of variables in
the LMI conditions and lower the computational com-
plexity of the approach.

Let us assume now that the sampled-data system (1) is
uncertain and subject to time-varying uncertainties, i.e.

[Ao Bo] € Co([Ag Byl [A" By"]),  (15)

where Co denotes the convex hull operator. Based on the
impulsive system formulation, we are in position to pro-
vide the main result on the robust stability of aperiodic
sampled-data systems:

Theorem 3.3 The uncertain aperiodic sampled-data
SyStem (3)'(15) with Tk € [Tmina Tmam]; ke N; 7'§ asymp-
totically stable if there exist matrices P € ', Z € S'}°,
Q.S,€ S, X € S", RU € R"™" and Y1,Y, €
RroX(nF2n0) sych that the LMIs W(0, A}, B}, K) < 0
and ®(0, A}, B}, K) < 0 hold for all 0 € {TpminTmaz}
and all j =1,..., M where for all matrices Ag, By, K of
appropriate dimension,

U(6, Ay, By, K) := Go(0) + 0(G2 + G3)
Go(0) + 0(G1 — Gs) 0YL oY)
&)(031407B07K) = * Z

Go(0) = Goo(0) — Sym[YTN¢ + 3Y N, ],

Goo(6) = ONJ(ATP + PA)N, — NIQN; — NTSN,
+NT(JTPJ — P)N_ — Sym[NJ RN,],
—Sym[N,_UN_], Gs = NTJTXJN_,
Sym[NJATQN; + NJATRN, + NI RAN,
+NISJN, + NJUJN_] + NJATZAN,,

Gy
Go

and A = [Ay BK], N¢ = [I,, —1Ip, Opgxnl, Nv =
[Ino Ino O’I’LQX(’IL*TLQ) _2In0]7 Ny = [In OnxQng]: N+ =

[Onox(nJrno) Ing]7 N_= [Onxno In Onxng]'

Proof : Due to space limitations, the proof is only
sketched. When considering the uncertain sampled-
data system (3)-(15), the corresponding impulsive
system (4)-(5) has redundant information in its for-
mulation. It is, indeed, possible to show that there
exists a matrix W of appropriate dimensions such that
Ee(T) = Wlpr(m)T X] x(te—n)T vi(7)]T, where py(7)
and vy (7) contain the first ng entries of xx(7) and v (1),
respectively. The vector X is defined, as before, as



X = col{z(tg),...,z(tk—n+1)}. The proof then con-
sists of applying first Finsler’s lemma (Skelton et al.,
1997) and then reducing the number of variables by
exploiting the particular structure of the matrices of
the system. Noting finally that the matrices ¥ and ®
are convex in their second and third arguments allows
us to extend the conditions to uncertain sampled-data
systems with polytopic uncertainties. &

Remark 1 The conditions of Theorem 3.3 deals with
aperiodic samplings. It is however possible to address the
problem of periodic samplings by selecting Tyin = Tmaz-

Remark 2 The numerical burden associated with the
conditions of Theorem 3.3 increases exponentially with
the value of the incremental delay d. In Seuret et al.
(2014), a mized continuous/discrete-time analysis is per-
formed thanks to a Lyapunov-Krasovskii functional to
deal with the discrete-time-delay system.

3.4 Ezamples on sampled-data systems

Example 2 (Zhang et al. (2001)) Let wus consider
the sampled-data system (3) with matrices

0 1 0
]7 By = l ], K= [3‘75,11‘5].
0 —0.1 0.1

An eigenvalue-based analysis shows that this sampled-
data system is asymptotically stable for any constant
sampling period smaller than Tye, = 1.7294, 0.7637,
0.4638 when d = 0,1, 2, respectively.

Periodic sampling case: When d =0, (Liu and Frid-
man, 2012) show that stability of the sampled-data sys-
tem is preserved for any constant sampling-period in the
intervals (0,1.39]. In (Briat and Seuret, 2012), the inter-
val (0,1.7239] is found while Theorem 3.3 (with Tyin =
Tmaz = T') yields (0,1.7294] showing then exactness of
the estimate for this example. When d = 1,2, Theorem
4.1 returns 0.7637 and 0.4638, respectively. This example
demonstrates that, even if the proposed method is con-
servative in general, the conservatism can be vanishingly
small for some systems.

Aperiodic sampling case: When d = 0, the condi-
tions from (Liu and Fridman, 2012) preserves stability
for any sampling in the intervals (0,1.39], The approach
considered in (Naghshtabrizi et al., 2008) and (Fridman,
2010) indicate that stability is preserved for any aperi-
odic sampling in the intervals (0; 1.113], and (0; 1.69], re-
spectively. The looped-functional approaches discussed in
(Seuret, 2012; Briat and Seuret, 2012) yield the interval
(0,1.7239]. Theorem 3.3 delivers the interval (0, 1.7293].
The conditions yield tighter estimates of the interval.
Whend = 1,2, Theorem 3.3 ensures stability for all sam-
plings that belongs to [1072, 0.73] and [10™3, 0.43], re-
spectively, which, again, illustrates the efficiency of the
proposed method.

Ao =

Table 2
Intervals of allowable aperiodic samplings for Example 3.

| Methods (d =0)

‘ Sampling intervals ‘

(Seuret, 2012) 0.4 1.25], [1.2 1.57

[ [ ]

(Seuret et al., 2013) [0.4 1.31], [0.8 1.56]
(Briat and Seuret, 2012) | [0.4 1.43], [0.8 1.58]
(Kao and Fujioka, 2013) | [0.4 1.39], [0.8 1.61]

Theorem 3.3 [0.4 1.66], [0.8 1.86]
Table 3
Allowable sampling intervals for Example 4.
Methods Periodic Aperiodic
(Liu and Fridman, 2012) | [107° 0.499] | 0
Theorem 3.3 [107° 0.788] | [0.3,0.645]

Example 3 (Gu et al. (2003)) Let us consider the
sampled-data system (3) with d = 0 and with matrices

!

An eigenvalue-based analysis shows that this sampled-
data system is asymptotically stable for any constant
sampling period in the interval [0.2007,2.020]. First, the
stability conditions from (Naghshtabrizi et al., 2008),
(Fridman, 2010) fail assessing stability. According to Ta-
ble 2, the condition from Theorem 3.3 improves again
the ones form the literature on this example.

Example 4 (Liu and Fridman (2012)) Let us con-
sider now the sampled-data system (3)

: 01 0
z(t) = o0 O] x(t) + ) u(t)
u(t) = |-0.35 o}x(tk) + |01 o]m(tk,g), Yt € [tr, tp+1)

and where the function g is such that |g(t)] < 0.1, for all
t > 0. Due to the time-varying nature of the function g,
stability cannot be analyzed using the discrete-time stabil-
ity result. For indication, a gridding approach combined
with eigenvalue analysis (which is only valid in the time-
invariant case) yields that the mazimal periodic sampling
period for such system is 0.7996. The method of (Liu and
Fridman, 2012) is not applicable for aperiodic samplings.
Results are presented in Table 8 and shows that Theo-
rem 3.3 delivers less conservative results on this example.
Of course these improvement is obtained at the price of
an additional complexity. Indeed the number of decision
variables in (Liu and Fridman, 2012) is 12n® + 6n while

in our approach, we have 36n* + 5n.



4 Conclusion

A new looped-functional-based approach has been
proposed for analyzing the stability of periodic and
aperiodic uncertain sampled-data systems with incre-
mental delays. The conditions have been obtained using
Wirtinger’s inequality along with a complexity reduc-
tion procedure. Several examples illustrate the efficiency
of the approach over existing ones.
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