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Abstract

We study incremental stability and convergence of switched (bimodal) Filippov systems via contraction analysis. In particular,
by using results on regularization of switched dynamical systems, we derive sufficient conditions for convergence of any two
trajectories of the Filippov system between each other within some region of interest. We then apply these conditions to the
study of different classes of Filippov systems including piecewise smooth (PWS) systems, piecewise affine (PWA) systems and
relay feedback systems. We show that contrary to previous approaches, our conditions allow the system to be studied in metrics
other than the Euclidean norm. The theoretical results are illustrated by numerical simulations on a set of representative

examples that confirm their effectiveness and ease of application.
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1 Introduction

Incremental stability has been established as a power-
ful tool t rove convergence in nonlinear dynamical
systems It characterizes asymptotic
convergence of trajectorles with respect to one another
rather than towards some attractor known a priori.
Several approaches to derive sufficient conditions for
a system to be incrementally stable have been pre-
sented in the literature (Angeli, 2002 [Russo et al!,[2010;
Lohmiller and Slotiné, [1998; [Forni and Sepulchre, [2014;
Pavlov et al!, [2006).

A particularly interesting and effective approach
to obtain sufficient conditions for incremental sta-
bility of nonlinear systems comes from contraction

theory (Lohmiller and Slotind, [1998; [Jouffroy, 2005,
|Aminzare and Sontag,2014). A nonlinear system is said

to be contracting if initial conditions or temporary state
perturbations are forgotten exponentially fast, imply-
ing convergence of system trajectories towards each
other and consequently towards a steady-state solution
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which is determined only by the input (the entrainment
property, e.g. Russo et all (2010)). A vector field can be
shown to be contracting over a given K-reachable set
by checking the uniform negativity of some matrix mea-
sure u of its Jacobian matrix in that set

[2010)). Classical contraction analysis requires the system
Vector field to be continuously differentiable.

In this paper, we consider an important class of non-
differentiable vector fields known as piecewise smooth
(PWS) systems (Filippov, [1988). A PWS system con-

sists of a finite set of ordinary differential equations

z = fi(x), €8 CR" (1)
where the smooth vector fields f;, defined on disjoint
open regions §;, are smoothly extendable to the clo-
sure of S;. The regions S; are separated by a set X of
codimension one called the switching manifold, which
consists of finitely many smooth manifolds intersecting
transversely. The union of ¥ and all S; covers the whole
state space U C R™.

Piecewise smooth systems are of great significance in
applications, ranging from problems in mechanics (fric-
tion, impact) and biology (genetic regulatory networks)
to variable structure systems in control engineering (slid-
ing mode control (]m [1992)) — for an overview see

the monograph by (di Bernardo et. all, 2008).
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The theoretical study of PWS systems is important.
Firstly, the classical notion of solution is challenged in at
least two distinct ways. When the normal components
of the vector fields either side of ¥ are in the same direc-
tion, the gradient of a trajectory is discontinuous, lead-
ing to Carathéodory solutions (Filippov, [1988). In this
case, the dynamics is described as crossing or sewing.
But when the normal components of the vector fields on
either side of ¥ are in the opposite direction, a vector
field on ¥ needs to be defined. The precise choice is not
unique and depends on the nature of the problem under
consideration. One possibility is the use of differential
inclusions. Another choice is to adopt the Filippov con-
vention (Filippov, [1988), where a sliding vector field f*
is defined on X. In this case, the dynamics is described
as sliding.

Some results have been presented in the literature to
extend contraction analysis to non-differentiable vector
fields. An extension to piecewise smooth continuous
(PWSC) systems was outlined in (Lohmiller and Slotind,
2000) and formalized in (di Bernardo et all, 2014). Con-

tracting hybrid systems were analysed in (Lohmiller and Slotine,

2000) while the stability analysis of hybrid limit cycles

using contraction was presented in (Tang and Manchester,

2014). An extension of contraction theory, related
to the concept of weak contraction (Sontag et all,
2015), to characterize incremental stability of slid-
ing mode solutions of planar Filippov systems was
first presented in (di Bernardo and Liuzzal, 2013) and
later extended to m-dimensional Filippov systems in
(di Bernardo and Fiore, 2014). Finally, incremental sta-
bility properties of piecewise affine (PWA) systems were
discussed in (Pavlov et all, 12007) in terms of conver-
gence, a stability property related to contraction theory
(Pavlov et all, [2004).

In this paper, we take a different approach to the
study of contraction in n-dimensional Filippov systems
than the one taken in (di Bernardo and Liuzza, 2013;
di Bernardo and Fiord, 12014). In those papers, the slid-
ing vector field f* was assumed to be defined everywhere
and then the contraction properties of its projection
onto the switching manifold was considered (together
with a suitable change of coordinates). In the current
paper, we adopt a new generic approach which directly
uses the vector fields f; and does not need the explicit
computation of the sliding vector field f°. Our method
has a simple geometric meaning and, unlike other meth-
ods, can also be applied to nonlinear PWS systems.

Instead of directly analysing the Filippov system, we
first consider a regularized version; one where the switch-
ing manifold ¥ has been replaced by a boundary layer
of width 2. We choose the regularization method of So-
tomayor and Teixeira (Sotomayor and Teixeira, 1996).
We then apply standard contraction theory results to
this new system, before taking the limit € — 0 in order
to recover results that are valid for our Filippov system.

2 Mathematical preliminaries and background
2.1 Matrix measures

Given a real matrix A € R™*™ and a norm | - | with
its induced matrix norm |||, the associated matriz
measure (also called logarithmic norm (Dahlquist,
1958; |Lozinskii, [1958; [Strom, [1975)) is the function
o R™™ — R defined as

. [T+ hA| -1
A= lim ————
pd) = lim =

where I denotes the identity matrix. The following ma-
trix measures associated to the p—norm for p = 1,2, 00
are often used

p1(A) = max | aj; + > lai]
i#j
A+ AT)

pa(4) = Ao (25

proo(A) = max | ai; + g |aij
j#i

The matrix measure p has the following useful properties
(Vidyasagau, 2002; [Desoer and Hanedal, [1972):

(1) u(l) =1, u(~1) = —1.

(2) If A = @, where & denotes a matrix with all entries
equal to zero, then p(A4) = 0.

(3) —JA| < —p(-4) < Rex(A) < p(A) < | A] for
alli=1, 2,...,n, where Re A\;(A) denotes the real
part of the eigenvalue \;(A) of A.

(4) p(cA) = cpu(A) for all ¢ > 0 (positive homogene-
ity).

(5) u(A+ B) < u(A) + pu(B) (subadditivity).

(6) Given a constant nonsingular matrix @, the matrix
measure [ ; induced by the weighted vector norm

|z|g.i = |Qx|; is equal to pu;(QAQ™1).

The following theorem can be proved (Vidyasagar, [1978;
Aminzare and Sontag, [2014).

Theorem 1 There exists a positive definite matriz P
such that PA + ATP < 0 if and only if pg2(A4) < 0,

with Q = PY/2.

We now present results on the properties of matrix mea-
sures of rank-1 matrices, since we will need these in the
sequel. We believe that Lemma 1 is an original result.
For any two vectors xz,y € R", z,y # 0, the matrix
A = zy” has always rank equal to 1. This can be easily
proved observing that xy” = [y12 yox ... ynz].



Proposition 1 For any two vectors z,y € R", z,y # 0
and for any norm we have that pu(xy™) > 0.

Proof. The proof follows from property 3 of matrix
measures as listed above, that is, for any matrix and any
norm p(A) > Re A\;(A), for all 4, where Re A;(A) denotes
the real part of the eigenvalues \;(A) of A. Therefore,
since a rank-1 matrix has n — 1 zero eigenvalues its mea-
sure cannot be less than zero.

The following important result holds for the measure of
rank-1 matrices induced by Euclidean norms.

Lemma 1 Consider the Euclidean norm | - |g.2, with

Q = PY? and P = P” > 0. For any two vectors x,y €
R™, x,y # 0, the following result holds

po2(ry’) =0 ifand onlyif Pz = —ay, a>0,

otherwise g 2(zyT) > 0.

Proof. Firstly we prove that us(zy”) = 0 if and only
if z and y are antiparallel, i.e. x = —ay for some a > 0.
Indeed, from the definition of Euclidean matrix mea-
sure, po(xy’) is equal to the maximum eigenvalue of
the symmetric part A, = (A + AT)/2 of the matrix
A = zy”'. The characteristic polynomial py(A;) of Ay is
(Bernstein, 12009, Fact 4.9.16)

_ 1
pa(Ag) =A"72 {)\2 —aTy\ — n [xTxyTy - ZCTnyLL'} }

. 1
v e - = L el - 077}

This polynomial has always n— 2 zero roots and (in gen-
eral) two further real roots. It can be easily seen from
Descartes’ rule that their signs must be opposite. There-
fore, the only possibility for them to be nonpositive is
that one must be zero while the other is negative. Using
again Descartes’ rule, this obviously happens if and only
if x and y are antiparallel.

Now, assume that pg2(zy?) = 0 then, using prop-
erty 6 of matrix measures, we have pugo(ry?) =
23 (QxyTQfl) = Lo (Qx(Q’ly)T) = 0, and, from the
result proved above, Qz and Q 'y must be antiparal-

lel, i.e. Qv = —a Q 'y for some a > 0, or equivalently
Px = —ay.

To prove sufficiency, suppose that Pr = —ay, a > 0,
then Qr = —a @ 'y and therefore, using again the

result above, we have uga(zy?) = ua(Qry’ Q1) =
a o (—Qx(Qx)T) = 0.

Note that when = or y (or both) are equal to 0 then by
property 2 of matrix measures u(zy”) = 0.

2.2 Incremental stability and contraction theory

Before starting our analysis for PWS systems, we present
some key results on the contraction properties of smooth
systems. Let U C R™ be an open set. Consider the sys-
tem of ordinary differential equations

&= f(t,x) (2)

where f is a continuously differentiable vector field de-
fined for t € [0,00) and = € U, that is f € C*(R* x
U,R™). We denote by (¢, ty,zo) the value of the solu-
tion z(t) at time ¢ of (2) with initial value z(to) = xo.
We say that a set C C R" is forward invariant for system
(2), if xo € C implies (¢, to, xo) € C for all t > to.

Definition 1 LetC C R™ be a forward invariant set and
|-| some norm inC. System (2) is said to be incrementally
exponentially stable in C if for any two solutions x(t) =
P(t,to, x0) and y(t) = (¢, to,yo) there exist constants
K > 1 and ¢ > 0 such that ¥Vt > tg, Vxo,y9 € C

() —y()] < K e |ag — yo. 3)

Results in contraction theory can be applied to a quite
general class of subsets C C R", known as K-reachable
subsets (Russo et all, [2010).

Definition 2 Let K > 0 be any positive real number.
A subset C C R" is K-reachable if, for any two points
o and yo in C there is some continuously differentiable
curve vy : [0,1] — C such that v(0) = xg, v(1) = yo and
Y (r)] < Klyo = wol, V.

For convex sets C, we may pick v(r) = zo+7(yo — o), S0
v'(r) = yo—xo and we can take K = 1. Thus, convex sets
are 1-reachable, and it is easy to show that the converse
holds.

The main result of contraction theory for smooth
systems is as follows [Lohmiller and Slotind (1998);
Russo et all (2010).

Theorem 2 Let C C U be a forward-invariant K-
reachable set. If there exists some norm in C, with asso-
ciated matriz measure ., such that, for some constant
¢ > 0 (the contraction rate)

/L(%(t,x)) < —c Vr e C, Vt > to, (4)

that is, the vector field (2) is contracting in C, then sys-
tem (2) is incrementally exponentially stable in C with
convergence rate c.



As a result, if a system is contracting in a (bounded)
forward invariant subset then it converges towards
an equilibrium point therein (Russo et al), [2010;
Lohmiller and Slotine, [1998).

In this paper we analyse contraction properties of dy-
namical systems based on norms and matrix measures.
Other more general definitions exist in the litera-
ture, for example results based on Riemannian metrics
(Lohmiller and Sloting, [1998) and Finsler-Lyapunov
functions (Forni and Sepulchre, 2014). The relations
between these three definitions and the definition of
convergence (Pavlov et all,[2004) have been investigated
in (Forni and Sepulchre, 2014).

2.3 Filippov systems

Switched (or bimodal) Filippov systems are dynamical
systems & = f(z) where f(x) is a piecewise continuous
vector field having a codimension one submanifold X as
its discontinuity set and defined as

[ ff(@) fzeST
f(“’>_{f(x) it e s (5)

where f+, f~ € C*(U,R"). The vector field f(z) can be
multivalued at the points of ¥. The submanifold ¥ is
defined as the zero set of a smooth function H : U — R,
that is

Y:={xeU:H(x) =0} (6)
where 0 € R is a regular value of H, i.e. Vo € X
_ [0H(x) 0H (x)
VH(z) = oz om. # 0.

Y is called the switching manifold. It divides U in two
disjoint regions, St := {z € U : H(z) > 0} and
S :={xe€U: H(zx) <0}. We distinguish the follow-
ing regions on X:

(1) The crossing region is ¥, := {x € ¥ : L+ H(x) -
L;-H(z) > 0}

(2) The sliding region is Xy := {x € ¥ : Ly+H(z) <
0, Ef—H(.’II) > O},

(3) The escaping region is X := {x € ¥ : L+ H(z) >
0, EffH(:E) < O},

where L4 H(z) := VH(x) f*(x) is the Lie derivative of
H (z) with respect to the vector field f*(x), that is the
component of f*(z) normal to the switching manifold
at the point x. In the sliding region we adopt the widely
used Filippov convention (Filippov, [1988). We define a
sliding vector field f°, which is the convex combination
of fT and f~ that is tangent to X, given for x € ¥, by

F@) =@ =Nf" (@) +Af(2),
with A such that VH (z) f*(x) = 0.

xel0,1]  (7)

Remark 1 In the following we assume that solutions of
systems (5) and (7) are defined in the sense of Filippov
and that for (5) right uniqueness (Filippov, 1988, pag.
106) holds in U. Therefore, the escaping region is ex-
cluded from our analysis.

There are a few results on the incremental stability
of piecewise smooth systems; notably for piecewise
affine (PWA) systems and piecewise smooth continuous
(PWSC) systems.

Definition 3 (PWA systems) A bimodal PWA sys-

tem is a system of the form

" \Asz+by+Bu ifhTx <0

where x, h € R™, u € R™, and A; € R"*", B € R"*™
b; € R™ ¢ = 1,2, are constant matrices and vectors,
respectively.

Theorem 3 (Pavlov et all, 12007) System (8) is incre-
mentally exponentially stable if there exist a positive def-
inite matriz P = PT > 0, a number v € {0,1} and a
vector g € R™ such that

(1) PA;+ ATP <0, i=1,2,
(2) AA = gh",
(3) PAb= —vh,

where AA := Ay — Ay and Ab = by — bs.

Remark 2 The first condition requires the existence of
a common Lyapunov function V(x) = xT Pz for the
two modes. The second condition assumes that the lin-
ear part of the two modes is continuous on the switch-
ing plane. There are two cases in the third condition (see
Pavlov et all,|2007, Remark 4). Fory =0, the PWA sys-
tem (8) is continuous. For v = 1, the discontinuity is
due only to the b; and, together with the first condition,
implies that the two modes of the PWA system (8) are
stmultaneously strictly passive.

The original theorem in (Pavlov et all, 2007, Theorem 2)
is stated in terms of convergence instead of incremental
stability. These two notions are proved to be equivalent
on a compact set in (Riiffer et all, 2013).

Definition 4 (PWSC systems) The piecewise smooth
system (1) is said to be continuous (PWSC) if the fol-
lowing conditions hold:

(1) it is continuous for all x € R™ and for allt > to

(2) the function f;(t,x) is continuously differentiable
forallz € S;, for allt >ty and for all i. Further-
more the Jacobian %{; (t,x) can be continuously ex-
tended on the boundary 0.S;.




Theorem 4 (di Bernardo et all, 12014) Let C C U be a
forward-invariant K -reachable set. Consider a PWSC
system such that it fulfills conditions for the existence
and uniqueness of a Carathéodory solution. If there ex-
ists a unique matriz measure such that for some positive

constants c;
ofi
H (82 (t7$)> < —Ci,

forallz € S;, for allt > to and for alli, then the system is
incrementally exponentially stable in C with convergence
rate ¢ := min; c;.

A similar result using Euclidean norms was previously
presented in (Pavlov et all,[2006, Theorem 2.33) in terms
of convergent systems. An extension of Theorem 4 to
the case where multiple norms are used was presented
in (Lu and di Bernarda, 2015, 2016).

2.4  Regularization

Our approach to contraction analysis of Filippov sys-
tems is via regularization. There are several ways to reg-
ularize system (5). We shall adopt the method due to So-
tomayor and Teixeira (Sotomayor and Teixeira, 1996),
where a smooth approximation of the discontinuous vec-
tor field is obtained by means of a transition function.

Definition 5 A PWSC function ¢ : R — R is a tran-
sition function if

1 if s>1,
p(s) =€ (=11 i se(=1,1), 9)
-1 if s<-—1,

and ¢'(s) > 0 within s € (—1,1).

Definition 6 The @-regularization of a bimodal Filip-
pov system (5) is the one-parameter family of PWSC
functions fo : U — R™ given fore > 0 by

felw) =5 [140(H2)] £+ @)+ 5 [1-0 (22| (@)
(10)

The region of reqularization where this process occurs is
S.:={reU:—-e< H(x)<el

Note that outside S. the regularized vector field f. co-
incides with the PWS dynamics, i.e.

[ ff(x) ifzeST\S.
fg(x)_{f_(:c) itz eS8 \S. (11)

A graphical representation of the different regions of the
state space of the regularized vector field f. is depicted
in Figure 1.

Fig. 1. Regions of state space: the switching manifold
Si={zxcU:H(x)=0},S":={xecU: Hx) > 0},
S = {x € U : H(x) < 0} (hatched zone) and
S.:={x€U:—e< H(z) < e} (grey zone).

Sotomayor and Teixeira showed that the sliding vector
field f° can be obtained as a limit of the regularized
system in the plane. For R™, a similar result was given
in (Llibre et all, 2008, Theorem 1.1). Here we recover
their results directly via the theory of slow-fast systems
(Kuehn, 2015) as follows.

Lemma 2 Consider f in (5) with 0 € U and its reg-
ularization f. in (10). If for any x € ¥ we have that
Li+H(x) #0 or Li-H(x) # 0 then there exists a sin-
gular perturbation problem such that fixed points of the
boundary-layer model are critical manifolds, on which the
motion of the slow variables is described by the reduced
problem, which coincides with the sliding equations (7).
Furthermore, denoting by x.(t) a solution of the reqular-
ized system and by x(t) a solution of the discontinuous
system with the same initial conditions xg, then

|z=(t) — z(t)] = O(e)

uniformly for allt > to and for allxg € U.

Proof. For the sake of clarity, we assume without loss
of generality that ¥ can be represented, through a local
change of coordinates around a point € X, by the
function H(z) = 1. We use the same notation for both
coordinates. Hence our regularized system (10) becomes

b= 1+ ()] /7@ +5 [1- ¢ (2)] (@) (12

We now write (12) as a slow-fast system. Let & =
x1 /€, so that the region of regularization becomes i1 €
(-1,1), and &; = x; for i = 2,...,n. Then (12) can be



written as
: 1 . o 1 N SN
el =5 [+ (@) fiF (@) + 3 [1—(@)] fi (@), 13)
. 1 . R 1 . SN
=5 [1+ @(&1)] fi7 (&) + 3 [1—(@)] fi (@),
fori =2,...,n,whered = (&1, &2,...,&,). The variable
21 is the fast variable and the variables z; fort = 2,...,n

are the slow variables. When € = 0, we have

0= 2[1+ ()] (@) + 31— (@) /i (@),
d | (1)
=S+ e@)] 7@+ 5[1—w@)] fi @),

for i = 2,...,n, obtaining the so-called reduced prob-

lem. From the hypotheses we know that f;"(#) # 0 or
fi (&) # 0, hence we can solve for ¢ from the first equa-

tion
_f@) + fr (@)
@) = fr (@)

that substituted into the second equation in (14) gives

p(#1) = (15)

@ @)~ @ @)

T; — T , 1=2,...,n. (16
ROENE 1o
If we now rescale time 7 = /e and write () = d/dr,
then (13) becomes
o1 . NSO | N .
= e K@) g1 e] @),
7 = S[1+ e@)] £(@) + S [1 - e(@)] f7 (@),

for i =2,...,n. The limit € = 0 of (17)

T

= (1 p(E0)] f7@) + 51— o)) f (@),

, 1 =2,...,1n,

S N =

z

< =

is called the boundary-layer model. Its fixed points can be
obtained by applying the Implicit Function Theorem to
&) = 0, that gives &1 = h(xa,..., &), since ¢’ (21) > 0
for #1 € (—1,1) by definition. This in turn implies that
x1 =¢ch(xa,...,2n).

It now follows directly that the flow of the reduced prob-
lem on critical manifolds of the boundary-layer problem
coincides with that of the sliding vector field f* as in (7)
when the same change of coordinates as in the beginning
is considered, i.e. such that VH = [1 0 ... 0]. In fact,
after some algebra we get

-1t

il —f I
’ =1

s(z) = |0
e e

that coincides with (16).

Furthermore, it is a well known fact in singular perturba-
tion problems (Khalil, 2000, Theorem 11.1) that, start-
ing from the same initial conditions, the error between
solutions Z(t) of the slow system (13) and solutions of
its reduced problem (that, as said, coincide with solu-
tions x5 (t) of the sliding vector field) is O(e) after some
ty > to when the fast variable #; has reached a O(e)
neighborhood of the slow manifold, i.e. |Z(t) — z4(t)| =
O(e), Vt > t,. However, in our case the singular per-
turbation problem is defined only in S, where any point
therein is distant from the slow manifold at most 2¢,
therefore the previous estimate is defined uniformly for
all t > tg and in any norm due to their equivalence in
finite dimensional spaces. On the other hand, from (11)
outside S, the regularized vector field is equal to the dis-
continuous vector field and therefore the error between
their solutions is uniformly 0.

3 Contracting Filippov systems

In this section we present our two main results, Theo-
rems 5 and 6, for switched Filippov systems. Theorem
5, using Lemma 2, shows that if the regularized system
& = fo(z) is incrementally exponentially stable so it is
the Filippov system from which it is derived. Theorem
6 then gives sufficient conditions for the discontinuous
vector field to be incrementally exponentially stable.

Theorem 5 Let C C U be a forward-invariant K-
reachable set. If there exists a positive constant & < 1
such that for all ¢ < &€ the regularized vector field f.
(10) is incrementally exponentially stable in C with con-
vergence rate c, then in the limit for ¢ — 0% any two
solutions x(t) = P(t, to, x0) and y(t) = ¥(t, to, yo), with
2o, Yo € C, of the bimodal Filippov system (5) converge
towards each other in C, i.e.

2(t) = (O] < K ey —yol, Ve >t (18)

Proof. From Lemma 2 we know that the error between
any two solutions z.(t) and y.(t) of the regularized vec-
tor field f. and their respective limit solutions z(t) and
y(t) of the discontinuous system is O(e), i.e. |z.(t) —
z(t)| = O(e) and |y-(t) — y(t)| = O(e), Vt > tg. There-
fore, from the hypothesis of f. being incrementally ex-
ponentially stable, (3) holds and applying the triangular
inequality of norms we have

[2() = ()] < |o(t) — 2o (t)] + o= () — y(O)
< [a(t) — e (8)] + ae(t) — ye ()]
+ Jye(8) — y(8)]
< K e g (t) — ye(to)| +20(e)



for x.(tg), y-(to) € C and for every t > t;. The theorem
is then proved by taking the limit for ¢ — 0.

If the chosen transition function ¢ is a C*(R) function,
then the regularized vector field f. is C*(U, R™) and The-
orem 2 can be directly applied to study its incremen-
tal stability. On the other hand, if the transition func-
tion is not C'! but it is at least a PWSC function as in
Definition 4, with & = (—o0,—1), So = (—1,1) and
S3 = (1,+00), then the regularized vector field f. is it-
self a PWSC vector field and Theorem 4 applies. This is
the case for ¢(s) = sat(s). This function is C°(R) but
its restrictions to each subsets Sy, S and S3 are smooth
functions. We will use it as an example in the sequel.

Before presenting our next theorem, we first introduce
the following lemma.

Lemma 3 The Jacobian matriz of the reqularized vector

field (10) s

Ofe, | oft af~
Dz (z) = a(z) a—x(ﬂﬁ) + B(w) %(iﬂ)

+9@) [/7@) ~ (@) VHE)

(19)

and a(z) € [0,1], B(z) € [0,1] and v(z) > 0, Vz €
U, Ve > 0. Note that for any transition functions a(x) +
B(x) =1, for all x.

Proof. The regularized vector field f. can be rewritten

as

fe(@) = a(x)f T (z) + B(2) [~ (2)
therefore, taking the derivative with respect to z, we
obtain

0J = oz % x x or- x
3 ) =2l g5 ()4 200 agg@(ﬂ) -
+ @) g (@) + 7 (0) 5 (@),
Observing that
8_ax _ Jp (H(z)\ 0 [H(x)
8:6(> s(a)ax{a}

1

2
1

2¢

7N

R

=

N———
<
=
=

Il

2
s
<
=
s

¥

and
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replacing them into (20), we finally obtain (19).

Note that if ¢ is PWSC then the Jacobian matrix (19)
is a discontinuous function but its restriction to S, is
continuous.

Theorem 6 Let C C U be a forward-invariant K-
reachable set. A bimodal Filippov system (5) is incre-
mentally exponentially stable in C with convergence rate
¢ = min{cy, ca} if there exists some norm in C, with
associated matrix measure w, such that for some positive
constants c1, c2

I (%(z)) <-—c, VzeSt (21)
W (%(m)) < —cy, VxeS™ (22)

W ({f*(:v) - ff(x)} VH(x)) =0, VreX. (23)

Proof. The transition function ¢ is a PWSC function
hence the resulting regularized vector field f. is also
PWSC, i.e. it is continuous in all U and such that its
restrictions to the subsets ST\ S;, S~ \ S: and S are
continuously differentiable. Therefore Theorem 4 can be
directly applied and we have that f. is contracting in C
if there exist positive constants ¢y, c2, c3 such that

u (%(@) < —c, VreSt\S. (24)
M (%(@) < -y, VYzeS\S. (25)
I (%is (:v)) < -—c3, Vres. (26)

Thus, by Lemma 3, substituting (19) into (26) and using
the subadditivity and positive homogeneity properties
of the matrix measures, we obtain

i (@) < atwn (2w) + s (-0
+y@u([7@) - (@) VH@)
(21)



Therefore, conditions (24)-(26) are satisfied if

(o) <o
1% (%(@) < —ca,

i ([ @) - @] vH@) =0,

VeeSTUS.  (28)
VreS uUS.  (29)

VeedS.  (30)

and c3 > min {cy, co}. Finally, considering that S. —
Y in the limit for e — 0%, we obtain conditions (21)-
(23). Therefore, by virtue of Theorem 5, these conditions
are sufficient for the bimodal Filippov system (5) to be
incrementally exponentially stable.

Remark 3 If ¢ is C1(R) it can be easily proved (by us-
ing Lemma 3 and the subadditivity property of matriz
measures) that conditions (28)-(30) are sufficient for the
measure of the Jacobian of f-(x) to be negative definite
over the entire region of interest.

The first two conditions (21) and (22) in Theorem 6 guar-
antee that the regularized vector field f. is contracting
outside the region S;, and therefore imply that any two
trajectories in C \ S; converge towards each other expo-
nentially. Condition (23) assures that the third term in
(27) does not diverge as € — 01 and therefore that neg-
ative definiteness of the measures of the Jacobian ma-
trices of two modes, fT and f~, is enough to guarantee
incremental exponential stability of f. inside S..

Theorem 6 gives conditions in terms of a generic norm.
When a specific norm is chosen, it is possible to further
specify the conditions of Theorem 6, as we now show.

Proposition 2 Assume that through a local change of
coordinates around a point x € X the switching mani-
fold X is represented by the function H(x) = x1 and let
Af(x) = fH@) — f(0) = [Afi(2) . Afal@)]T. Let
D = diag{dy, ..., d,}, withd; > 0 Vi, be a diagonal ma-
triz and P = Q? be a positive definite matriz. Assuming

that Af(z) #0 Yz € 3, then
(1) pup1(Af(z)VH) =0 if and only if

[Af1(2)| 2 |do A fo(x)dy [+ - +dnAf(2)dy |

(2) po2(Af(x)VH) = 0 if and only if PAf(z) =
—aVHT,a>0.

(8) up,co(Af(x)VH) = 0 if and only if Af(z) and
VHT are antiparallel.

Proof. The matrix (Af(x) VH) has rank equal to 1

a) b) c) d) e)

Fig. 2. Geometrical interpretation of condition (23) using
Euclidean norm (with Q = I) and co-norm in R?. The hor-
izontal line is X. Sliding is represented in a) and b), while
crossing occurs in ¢), d), e), f). In all cases the difference
vector field Af is antiparallel to VH.

and, since VH =[1 0 ... 0], it can be written as

afyvm = [P0
Afp(x) 0... 0

(1) From (Vidyasagai, [1978, Lemma 4) we have

/J,D)l(Af(,T) VH) =
= max{Afi(z) + [d2Afo()dy | + -+
+ |dn Afn(z)d ;05 .5 0}

This measure is equal to zero if and only if
Afi(@)+|daAfa(@)d |+ H]dnA fa(2)dy ] < 0.

(2) The proof for pg .o comes from Lemma 1.
(3) Again, from (Vidyasagar, 1978, Lemma 4) we have

1D,00(Af(2) VH) =
= max{Afi(z); |d2Afo(x)dit]; ... 5
|dnAfn(x)d1_1|}'

The above measure is equal to zero if and only if
Afi(z) <0and Afy(x) = -+ = Afp(x) =0, that
is if Af(z) is antiparallel to VHT.

Hence, using the ¢;-norm there always exist a matrix
D and a change of coordinates such that the condition
holds assuming that the scalar product between VH
and Af is negative, that is VH (z) Af(z) < 0, Vz € %.
Moreover, using the Euclidean norm a matrix P such
that the condition holds exists only if VH (z) Af(z) < 0,
Vx € 3, as proved next.

Proposition 3 Assume that Af(Z) # 0 with T € X,
then o Euclidean norm | - |g2, with @ > 0, such
that ug2(Af(Z)VH(Z)) = 0 exists if and only if
VH(z)Af(z) <0.



Proof. Firstly, note that from Proposition 2 and from
Lemma 1 we know that pug o (Af(Z) VH(Z)) = 0 if and
only if a matrix P = Q? exists such that PAf(z) =
—aVH(Z), a > 0. Now, from the definition of positive
definite matrices, it follows that given the two nonzero
vectors Af(Z) and VH(Z) such a positive definite ma-
trix P exists if and only if —VH(Z) Af(Z) > 0, that is
VH(z)Af(z) < (1.

Furthermore, note that when Af(z) = 0, Vz € X,
that is when the system is continuous on 3 as in the
case of PWSC systems, we have that (A f(z) VH(x)) =
u(2) = 0. Therefore condition (23) is always satisfied
and Theorem 6 coincides with Theorem 4.

In Figure 2 the geometrical interpretation of condition
(23) in R? is shown schematically when either the Eu-
clidean norm (with @ = I) or the co-norm are used. One
significant advantage of our method is that it can deal
with nonlinear PWS systems, as we shall now demon-
strate. All simulations presented here were computed
using the numerical solver in (Piiroinen and Kuznetsovi,
2008).

Example 1 Consider the PWS system (5) with

—4171 ] , f(x)_[ —4171

()= . :
—9z9 — x5 — 18 —9z9 + x5 4 18

and H(x) = x2. We can easily check that all three condi-
tions of Theorem 6 are satisfied in the £1-norm. Indeed,
for the first condition we have

1 (%(z)) = max{—4; -2z —9} = —4

because —2z — 9 < —9, Vz € ST. Similarly for the
second condition we have

" (%’C—;(m)) = max{—4; 225 — 9} = —4

because 2zx5 — 9 < —9, Vx € §™. Finally, for the third
condition we have

i ([@) - 1 @] vH@) =

(s i)

=max{0; —225 - 36} =0, VreX.

b Sufficiency follows directly from the definition of positive
definiteness of the matrix P.

a) s
45"

350 |

0.25 N

0.2 ~

0.15 ~

01f ~o

0.05F -~ _ 4

0 I I I I I . I
0 0.5 1 1.5 2 2.5 3 35 4 4.5 5

tls]

Fig. 3. Norm of the difference between two trajectories for
(a) Example 1 and (b) Example 2. Initial conditions are
respectively zo = [2 2|7 € ST, yo=[3 —2|7 € S and
zo=[0 —1T €8, 9 =[0 —05]" € S". The dashed
lines represent the analytical estimates (18) with (a) ¢ = 4
and (b) c=1/2, and K = 1.

Therefore the PWS system considered here is incremen-
tally exponentially stable in all R? with convergence rate
¢ = 4. In Figure 3a we show numerical simulations which
confirm the analytical estimation (18).

Example 2 Consider the PWS system (5) with

2 2
—2x1 — §w% +2 —2x1 + §CL‘% -2
fHz)= ()=
x1— 22— 3 r1— 2o+ 3

and H(x) = z5. For the first condition of Theorem 6 we
have

Of* ) = : 4 _
H1 <W($)) —maX{—la -1+ 9 |$2|} =
4
=—1+ |22

Therefore f* is contracting in the ¢;-norm for |zs| <
9/4. If we want to guarantee a certain contraction rate ¢



we need to consider the subset |z2| < 9/4(1 — ¢) instead.
An identical result holds for f~. Finally, for the third
condition of Theorem 6 we have

(1@ - @] vE@) =

4
:,LLl =

0 —6
4 5
=max ¢ 0; —2+§x2 =0

for all x € X, that is o = 0. We can conclude that the
PWS system taken into example satisfies Theorem 6 in
the subset C = {z € R? : |z2| < 9/8} and therefore it
is incrementally exponentially stable with convergence
rate ¢ = 1/2 therein. This is confirmed by numerical
simulations shown in Figure 3b.

4 Application to PWA systems

Proposition 4 The PWA system (8) is incrementally
exponentially stable in a forward-invariant K -reachable
setC C U with convergence rate ¢ := min {c1, co } if there
exists some norm in C, with associated matriz measure
1, such that for some positive constants c1, co and for all
e

p(d) < -a (31)
p(Az) < —co (32)
1 (AAzRT) =0 (33)
p(AbRT) =0 (34)

Proof. The proof follows directly from Theorem 6 not-
ing that 2= = Ay, 2 — A, fH(x)— f~(2) = Adz+
Ab, and VH (z) = h™. Indeed

w ([ @ - @) viw) -
=u ([AAz + Ab] hT) <u (AAth) +u (Ath) .

Remark 4 When Euclidean norms | - |g,2 are used,
with Q = P2, the conditions of Proposition 4 become
the same as those in Theorem 3. It is easy to show that
the conditions of Theorem 3 are sufficient for those
of our Proposition to hold. In fact, from Theorem 1,
condition 1 of Theorem 38 on the matrices A1 and As
implies that their measures p1g 2(A1) and pg2(As2) are
negative definite. Condition 2 of Theorem 3 implies that
n any morm i (AAth) =pu (g (hTx) hT) = 0 since
hTx = 0, Yo € ¥. Condition 3 of Theorem 3 can be
rewritten as QAb = —Q7'h, therefore ug o (Ath) =
12 (QABRTQ™Y) = iz (~Q7'h (Q7'W)T) = 0 for
Lemma 1, since vectors Q~'h and —Q~'h are antipar-
allel.
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Example 3 Consider a PWA system of the form (8)
with

-2 -1 -1
Al = 5 bl = )
1 -3 -3
-2 -1 2
A2 = ; b2 = ;
1 —4 4

and B = [0 1)7, h = [0 1]T. Using the ¢;-norm the
first two conditions of Proposition 4 are satisfied, in fact
u1(A1) = —1 and p1(A2) = —1. The third condition is
also satisfied since we have that

00
,ul(AAa:hT) = <[0 ‘|> =1z9 =0, Vr € X.
€2

Finally, the fourth condition is satisfied as it can be eas-
ily proved that p;(AbhT) = 0. Therefore, from Propo-
sition 4, the PWA system considered here is incremen-
tally exponentially stable. In Figure 4a we show numer-
ical simulations of the norm of the difference between
two trajectories for this PWA system. Similar qualita-
tive behavior was observed for different choices of the
initial conditions. The dashed line is the estimated ex-
ponential decay from (18) with ¢ =1 and K = 1. It can
be seen that as expected from the theoretical analysis
|(t) —y(t)h < e '|lzo —yol, Yt > 0.

The evolution of the system state za(t) is reported in
Figure 4b when the periodic signal u(t) = 6 sin(27t) is
chosen as a forcing input. As expected for contracting
systems, all trajectories converge towards a unique peri-
odic (non-smooth) solution with the same period of the
excitation u(t) (confirming the entrainment property of
contracting systems reported e.g. in|Russo et all (2010)).

4.1 Relay feedback systems

We present here a similar result for relay feedback sys-
tems.

Proposition 5 A relay feedback system of the form

T =Ax — bsgn
. gn(y) (35)

y=cz

where A € R"™ "™ b ¢ € R", is incrementally expo-
nentially stable in a forward-invariant K -reachable set
C C U with convergence rate ¢ if there exists some norm
in C, with associated matriz measure u, such that for
some positive constant ¢

p(A) < —c
I (—bcT) =0.
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Fig. 4. Norm of the difference between two trajectories for
(a) Example 3 and (c) Example 4. Initial conditions are
respectively z0 = [4 4T € ST, yo=[3 —1]7 € S~ and
zo =2 2T € ST, 90 = [2 —2]T € S§. The dashed
lines represent the analytical estimates (18) with K = 1
and ¢ = 1. Panel (b) depicts the time evolution of the state
z2(t) of Example 3 from different initial conditions and with
u(t) = 6 sin(27 t) set as a periodic input signal.

Proof. The proof follows observing that the relay feed-
back system is a PWA system of the form

P Ax — b if Tz >0
T Az +b if Tz <0
with A7 = Ay, = A, AA = @, Ab = —2b and

h = c. Therefore applying Proposition 4 to it we get
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I (AAth) +u (Ath) =04p (—QbCT) =2u (—bcT) ,
and the assertion is proved.

Remark 5 It is known that if a smooth system is con-
tracting in a forward invariant set then it must converge
towards an equilibrium point, hence it cannot converge to
a limit cycle. We show here that if conditions (36) and
(37) hold then a planar relay feedback system (35) can-
not converge to a limit cycle either. In Fuclidean norms
condition (36) implies from Theorem 1 that A is Hur-
witz, this in turn implies that its trace is negative, i.e.
tr(A) < 0. Condition (37) implies from Lemma 1 that
Pb = c where P is a positive definite matrix, this means
that ¢'b = (Pb)Tb = bT Pb > 0 for any b # 0. The requ-
larized vector field of (35) is

o= aa- o ()

If p € C* s0 it is also f. and its divergence is
(CT_I) Th,
g

Since we know that ¢'(s) > 0 for all s and e > 0, we
can conclude that conditions (36) and (37) imply that
div(f-(x)) < 0 for all x € R? and, from Bendizson-
Dulac theorem (Khalil, [2000, Lemma 2.2), & = f.(x)
cannot have limit cycles. Hence, from Theorem 5 the relay
feedback system from which f. was derived cannot exhibit
limit cycles.

div(f(a)) = {tij; G

ifreds:
ifx ¢ S

Example 4 Consider a relay feedback system (35)

with
_12 :j b= M o= [o 1}

Using the linear transition function ¢(s) = sat(s) the
corresponding regularized vector field (10) becomes

A:

Az —b ifcTe >e
1
fe(z) = (A—EbcT>a: if —e<cTe<e
Ar +b if T < —¢

Outside S the Jacobian of f. is equal to A, and hence
its measure does not depend on e. On the other hand,
since using the ¢1-norm we have that u1(A) = max{—2+
I1; =3+ ]—1]} = —1, and p1(=be’) = max{0; —3 +
| — 1|} = 0, then when x € S,

() <) + 2ttt = 1.



Therefore the regularized vector field f. remains con-
tracting in the ¢;-norm for any value of €, as should be
expected since conditions of Proposition 5 are satisfied
in this norm. Hence, from Theorem 5 we can conclude
that the relay feedback system taken into example is in-
crementally exponentially stable in the ¢;-norm. In Fig-
ure 4c¢, we show numerical simulations of the evolution of
the difference between two trajectories for this system.
The dashed line is the estimated exponential decay from
(18) with ¢ = 1 and K = 1. An approach to contrac-
tion analysis of switched Filippov systems not requiring
the use of regularization is currently under investigation
and will be presented elsewhere.

5 Conclusions

We presented a methodology to study incremental sta-
bility in generic n-dimensional switched (bimodal) Fil-
ippov systems characterized by the possible presence of
sliding mode solutions. The key idea is to obtain condi-
tions for incremental stability of these systems by study-
ing contraction of their regularized counterparts. We
showed that the regularized vector field is contracting
if a set of hypotheses on its modes are satisfied. In con-
trast to previous results, our strategy does not require
explicit computation of the sliding vector field using Fil-
ippov’s convex method or Utkin’s equivalent control ap-
proach. Moreover, different metrics rather than the Eu-
clidean norms can be effectively used to prove conver-
gence. The theoretical results were applied on a set of
representative examples including piecewise smooth sys-
tems, piecewise affine systems and relay feedback sys-
tems. In all cases, it was shown that the conditions we
derived are simple to apply and have a clear geometric
interpretation. We wish to emphasize that the tools we
developed could be instrumental not only to carry out
convergence analysis of Filippov systems but also to syn-
thesize switched control actions based on their applica-
tion (di Bernardo and Fiore, 2016).

Acknowledgements

SJH wishes to acknowledge support from the Network
of Excellence MASTRI Materiali e Strutture Intelligenti
(POR Campania FSE 2007/2013) for funding his vis-
its to the Department of Electrical Engineering and In-
formation Technology of the University of Naples Fed-
erico II. DF acknowledges support from the University
of Naples Federico II for supporting his visits at the De-
partment of Engineering Mathematics of the University
of Bristol, U.K. The authors would like to thank the
anonymous reviewers for their comments that led to a
significant improvement of the manuscript.

12

References

Aminzare, Z., Sontag, E. D., 2014. Contraction methods
for nonlinear systems: A brief introduction and some
open problems. In: Proc. of Conference on Decision
and Control. IEEE, pp. 3835-3847.

Angeli, D., 2002. A Lyapunov approach to incremental
stability properties. IEEE Transactions on Automatic
Control 47 (3), 410-421.

Bernstein, D. S., 2009. Matrix mathematics: theory,
facts, and formulas. Princeton University Press.

Dahlquist, G., 1958. Stability and error bounds in the nu-
merical integration of ordinary differential equations.
Trans. Royal Inst. of Technology (130).

Desoer, C., Haneda, H., 1972. The measure of a matrix
as a tool to analyze computer algorithms for circuit
analysis. IEEE Transactions on Circuit Theory 19 (5),
480-486.

di Bernardo, M., Budd, C., Champneys, A. R., Kowal-
czyk, P., 2008. Piecewise-smooth dynamical systems:
theory and applications. Springer.

di Bernardo, M., Fiore, D., 2014. Incremental stability of
bimodal Filippov systems in R™. In: Proc. of Confer-
ence on Decision and Control. IEEE, pp. 4679-4684.

di Bernardo, M., Fiore, D., 2016. Switching control for
incremental stabilization of nonlinear systems via con-
traction theory. In: Proc. of European Control Con-
ference. IEEE.

di Bernardo, M., Liuzza, D., 2013. Incremental stabil-
ity of planar Filippov systems. In: Proc. of European
Control Conference. IEEE, pp. 3706-3711.

di Bernardo, M., Liuzza, D., Russo, G., 2014. Contrac-
tion analysis for a class of nondifferentiable systems
with applications to stability and network synchro-
nization. STAM Journal on Control and Optimization
52 (5), 3203-3227.

Filippov, A. F., 1988. Differential equations with discon-
tinuous righthand sides. Kluwer.

Forni, F., Sepulchre, R., 2014. A differential Lyapunov
framework for contraction analysis. IEEE Transac-
tions on Automatic Control 59 (3), 614-628.

Jouffroy, J., 2005. Some ancestors of contraction analy-
sis. In: Proc. of Conference on Decision and Control
and European Control Conference. IEEE, pp. 5450—
5455.

Khalil, H. K., 2000. Nonlinear systems, 3rd Edition.
Prentice Hall.

Kuehn, C., 2015. Multiple time scale dynamics. Springer.

Llibre, J., da Silva, P. R., Teixeira, M. A., 2008. Sliding
vector fields via slow-fast systems. Bulletin of the Bel-
gian Mathematical Society-Simon Stevin 15 (5), 851—
869.

Lohmiller, W., Slotine, J.-J. E.; 1998. On contraction
analysis for non-linear systems. Automatica 34 (6),
683—-696.

Lohmiller, W., Slotine, J.-J. E., 2000. Nonlinear pro-
cess control using contraction theory. AIChE Journal
46 (3), 588-596.

Lozinskii, S. M., 1958. Error estimate for numerical



integration of ordinary differential equations, Part
I. Izvestiya Vysshikh Uchebnykh Zavedenii. Matem-
atika (6), 52-90.

Lu, W., di Bernardo, M., 2015. Switched adaptive
strategies for contraction and incremental stability of
Carathéodory systems using multiple norms. In: Proc.
of Conference on Decision and Control. IEEE, pp.
5550-5555.

Lu, W., di Bernardo, M., 2016. Contraction and incre-
mental stability of switched Carathéodory systems us-
ing multiple norms. Automatica 70, 1 — 8.

Pavlov, A., Pogromsky, A., van de Wouw, N., Nijmei-
jer, H., 2004. Convergent dynamics, a tribute to Boris
Pavlovich Demidovich. Systems & Control Letters
52 (3), 257-261.

Pavlov, A., Pogromsky, A., van de Wouw, N., Nijmei-
jer, H., 2007. On convergence properties of piecewise
affine systems. International Journal of Control 80 (8),
1233-1247.

Pavlov, A., van de Wouw, N., Nijmeijer, H., 2006. Uni-
form output regulation of nonlinear systems: a con-
vergent dynamics approach. Birkhauser.

Piiroinen, P. T, Kuznetsov, Y. A.; 2008. An event-driven
method to simulate Filippov systems with accurate
computing of sliding motions. ACM Transactions on
Mathematical Software 34 (3), 13:1-13:24.

Riiffer, B. S., van de Wouw, N., Mueller, M., 2013. Con-
vergent systems vs. incremental stability. Systems &
Control Letters 62 (3), 277-285.

Russo, G., di Bernardo, M., Sontag, E. D., 2010. Global
entrainment of transcriptional systems to periodic in-
puts. PLoS Comput Biol 6 (4), e1000739.

Sontag, E., Margaliot, M., Tuller, T., 2015. On three
generalizations of contraction. In: Proc. of Conference
on Decision and Control. IEEE, pp. 1539-1544.

Sotomayor, J., Teixeira, M., 1996. Regularization of dis-
continuous vector fields. In: Proc. of International
Conference on Differential Equations, Lisbon. pp.
207-223.

Strom, T., 1975. On logarithmic norms. STAM Journal
on Numerical Analysis 12 (5), 741-753.

Tang, J. Z., Manchester, I. R., 2014. Transverse contrac-
tion criteria for stability of nonlinear hybrid limit cy-
cles. In: Proc. of Conference on Decision and Control.
IEEE, pp. 31-36.

Utkin, V. I., 1992. Sliding modes in control and opti-
mization. Springer.

Vidyasagar, M., 1978. On matrix measures and convex
Liapunov functions. Journal of Mathematical Analy-
sis and Applications 62 (1), 90-103.

Vidyasagar, M., 2002. Nonlinear systems analysis, 2nd
Edition. STAM.

13



	1 Introduction
	2 Mathematical preliminaries and background
	2.1 Matrix measures
	2.2 Incremental stability and contraction theory
	2.3 Filippov systems
	2.4 Regularization

	3 Contracting Filippov systems
	4 Application to PWA systems
	4.1 Relay feedback systems

	5 Conclusions
	Acknowledgements

