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Abstract

This paper contributes to the stability analysis for nonlinear impulsive dynamical systems based on a vector Lyapunov function
and its divergence operator. The new method relies on a 2D time domain representation. Different types of stability notions
for a class of nonlinear impulsive systems are studied using a vector Lyapunov function approach. The results are applied to
analyze the stability of a class of Lipschitz nonlinear impulsive systems based on Linear Matrix Inequalities. Some numerical

examples illustrate the feasibility of the proposed approach.
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1 Introduction

An important class of hybrid systems [9] is represented
by impulsive systems [2]. This class of systems contain
discontinuities or jumps in the state trajectories of the
system governed by discrete dynamics. The dynamics
of a very large variety of phenomena may be described
by abrupt changes in the system state at certain in-
stants, e.g. sample-data systems, power electronics,
some models in economics, bursting rhythm models in
medicine, etc. In accordance with the manner of im-
pulses to be triggered, several kind of impulsive systems
can be established: time-dependent impulsive systems,
state-dependent impulsive systems, usually called reset
systems, and the combination of both of them (see, e.g.
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[2], [9] and [23]). In this work impulsive systems with
time-triggered impulses are studied.

In the stability analysis framework of impulsive systems
an important effort has been made for linear dynamics.
A functional-based approach is developed for stability
analysis in [6]. Some dwell-time results are established
by means of this method which introduces looped func-
tional leading to Linear Matrix Inequality (LMI) condi-
tions. In [14], exponential stability is proposed based on
Lyapunov functions with discontinuity at the impulses
for nonlinear time-varying impulsive systems. These sta-
bility conditions are mainly applied to the linear case. In
the sample-data system context, there exist several con-
structive works where the impulsive systems are used to
describe the behavior of aperiodic sample-data systems
(see, e.g. [10] and [19]). In [18], an equivalent correspon-
dence between continuous and discrete time domains is
provided.

With respect to the nonlinear impulsive systems, in [21]
the exponential stability and stabilization problems are
considered for nonlinear impulsive switched systems
with time-varying disturbances. By means of switched
Lyapunov function, sufficient conditions expressed as
LMIs are obtained. Recently, in [12] a finite-time stabil-
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ity criteria has been established for nonlinear impulsive
systems based on average impulse intervals. Neverthe-
less, to the best of our knowledge, the works dedicated
to the stability conditions for nonlinear impulsive sys-
tems are still few. In this paper, since hybrid systems
are inherently related to 2D times due to the continuous
and discrete variables [9], based on a 2D time domain
equivalence (see e.g. [17] and [22]), different types of sta-
bility notions for a class of nonlinear impulsive systems
are studied using a vector Lyapunov function approach
[11]. It is worth mentioning that there exist some works
related to the stability for nonlinear 2D discrete sys-
tems based on Lyapunov function approach (see [24]
and [25]), and for nonlinear 2D systems based on vector
Lyapunov function approach (see [7] and [8]). However,
in the last two results the boundary condition is known
and decreasing. In the context of impulsive systems this
means that the impulsive effects introduce stability to
the system a priori. In the current work, contrarily to
[7] and [8]; some conditions are provided to ensure sta-
bility and convergence for impulsive systems. Moreover,
note that the results given by [7] and [8] are not directly
applicable for impulsive systems since only repetitive
processes are considered there and the system trajecto-
ries do not present any type of jump or discontinuity.
Recently, in a previous work [16], the 2D time approach
was introduced to analyze the exponential stability of
linear impulsive systems based on LMIs. However, only
quadratic vector Lyapunov functions were considered
as well as linear impulsive systems.

The main result of this work contributes to the devel-
opment of a new stability analysis method for nonlinear
impulsive dynamical systems based on a divergence op-
erator of a vector Lyapunov function in a 2D time do-
main. Different types of stability notions for a class of
nonlinear impulsive systems are studied using a vector
Lyapunov function approach. The results are applied to
analyze the asymptotic stability of a class of Lipschitz
nonlinear impulsive system based on LMIs. Some nu-
merical results illustrate the feasibility of the proposed
approach.

The structure of this paper is as follows. The problem
statement and preliminary definitions of different types
of stability are given in Section 2. The main results as
well as the stability conditions are described in Section
3. An LMI Approach for certain class of Lipschitz non-
linear impulsive systems is given in Section 4. A couple
of simulation examples are considered in Section 5. Fi-
nally, some concluding remarks are discussed in Section
6.

2 Problem statement

Consider the class of impulsive dynamical systems for
which the impulse times are external to the system and

time-dependent, i.e.

o(t) = f1(=(t)),
f2 (:E(t_)),

vVt e Ry, (1)
Vvt el, z(0) =z (2)

=
—~

~
~

Il

where x, xo € R" are the state of the system and the
initial condition, respectively. The set of impulse times
[ := {t;},cy is a countable subset of Ry with tz+1 —t; >
0, for all 7 € N and t5 = 0 and lim; ,t; = +o0 in
order to avoid any zeno phenomena. The state trajec-
tory is assumed to be right continuous and to have left
limits at all times. The notation x(t; ;) = limyye,,, 2(t)
denotes the left limit of z(t) as t goes to t;41 from the
left. The distance between the impulses, i.e. the dwell-
time, is defined as T; := t;41 —t;, and it is assumed that
any sequence of impulse instants {;},. belongs to an
interval, i.e. T; € [Tmin, Tmax], for all i € N, where Tinin
and Tiax are the minimum and maximum dwell-time,
respectively. The nonlinear functions f; and fy are such
that f1(0) = 0 and f2(0) = 0. It is assumed that for all
2o € R™, fy is such that system (1) has a unique forward
solution over any time interval [t;,t;41) for all i € N
while f5 is a locally bounded function. In this sense, a
sufficient condition for the existence of a forward solu-
tion over [t;,t;+1) is that f; is Lipschitz over the same
time interval.

The proposed Vector Lyapunov function based approach
relies on the embedding of system (1)-(2) into a 2D time
domain. Indeed, the entire state trajectory x(t) can be
viewed as a sequence of the diagonal dynamics?® of the
following 2D system:

d
xk fl ( ) ) vt S [tivti-i-l)a tO = 07 (3)

l‘k+1—f2< k),vt:ti+17Vi:]€€N, 178:500, (4)

where xk [ti tit1) X N = R™ is the current state vec-

tit

tor, ka t ti+1 X N — R” represents the reset vec-

tor state, mfj“ : tir1 X N — R™ denotes the value of
x just before the impulse k + 1, for all i = k € N,
i.e. x?“ = limyyy,,, @, for t < t;41. It is worth say-
ing that the solutions of system (3) are unique for the
diagonal dynamics, i.e. for all i = k € N, t € Ry;
and they are represented by a sequence of functions
{xt tTore (0,%i41] } for all i = k € N. Note that the
discrete tlme k deplcts the number of impulses on the
system.

The goal in this work is to find the conditions for the sta-
bility and asymptotic stability of the impulsive systems
(1)-(2) by means of the 2D time representation (3)-(4).

! The diagonal dynamics make reference only to those dy-

namics given by (3)-(4) corresponding to ¢ = k, for all
i,k € Nand for all t € Ry



2.1 Preliminaries

A continuous function o : Ry — Ry belongs to class
K if it is strictly increasing and o (0) = 0; it belongs to
class K if it is also unbounded. A continuous function
B: Ry xRy — R, belongs to class L if, for each fixed
s, B(r,s) € K with respect to r and, for each fixed r,
B(r, s) is decreasing with respect to s and §(r,s) — 0 as
s — 0. Let |¢| denote the Euclidean norm of a vector g.
The symbols A and V denote the logic operations “and”
and “or”, respectively.

Let 2 be an open subset of R™, such that 0 € Q. The
following stability definitions are introduced:

Definition 1 A 2D system described by (3)-(4) is said
to be Diagonal Stable (DS) in Q, if there exist functions
01,09 € Ko and some constants k1, ko > 0 such that,
foralli=keN

\xkﬁtﬂ < o1(|zo|) + K1, Yo € Q, (5)

|2} | < ooy |) + m2, VEE [ti tita). (6)

Definition 2 A 2D system described by (3)-(4) is said

to be Asymptotically Diagonal Stable (ADS) in Y, if there

exist functions 8 € KL and o € Ko such that, for all
i=keN

‘xkj-—ﬂ < ﬂ(|$0‘,k), va S Qa (7)

|2k < o(lz)i]), Vit € [t tira). (8)

Definition 3 A 2D system described by (3)-(4) is said

to be Strongly Asymptotically Diagonal Stable (SADS)

in ), if there exist functions 31, By € KL such that, for
alli=keN

lz,41] < By (|zol, k), Vao € Q, 9)
|zt < Byl ti), Vt € [ti tiv1). (10)

If Q@ = R™, then the 2D system is said to be globally DS
(GDS), ADS (GADS), or SADS (GSADS), respectively.
Note that the Definition 3, i.e. strong asymptotical di-
agonal stability; is a particular case of the Definition 2,
i.e. asymptotical diagonal stability.

3 Stability analysis

In order to give the stability conditions a vector Lya-
punov approach is used [16]:

(t,
Vit ok, 2 ) = <V1 xfl ) (11)
xk+1
where Vi (t,x) > 0, Vo(z) > 0, for all ¢ > 0 and = # 0,
andVl(tO): , ():Ofora11t>ONowthe

divergence operator of the candidate function V along

the trajectories of system (3)-(4) is introduced for all

t e [ti,ti+1):

Avi(t, )
dt

i.e. Vi is differentiable with respect to the continuous

time t while the difference in V5 is calculated in the dis-
crete time k.

divV(-) = +Va(z)) = Vela ™), (12)

3.1  Minimum dwell-time results

Let Q be an open neighborhood of the origin. Then,
based on the vector Lyapunov function and its diver-
gence, the following theorem is established: 2

Theorem 1 (Diagonal stability - Minimum dwell-
time). Assume that there exist positive constants

€ (0,1), a1, as, b1, ba, 1, ¢2, 3, ¢4 and c5 such that the
vector Lyapunov function V () and its divergence along
the trajectories of the system (3)-(4) satisfy the following

inequalities for alli =k € N, xz €Qandt € [t tit1)

ci)zh|* < Vit oh) < ealxf|*? (13)
cs|af|™ < Va(a}) < calaf|™, Vp = ti,tivr,  (14)
divV < —05(\mk|a2 + |z}, St \b2) (15)

ca < cs, (16)

by > as A Tmin = 2—27 <Ti, (17)

wherey = — ln[cgz/b1 (1—¢) /(c5+c§2/b1 (1—¢))]. Then,
the 2D system (3)-(4) is DS in Q for any sequence T; €
[Tminv OO)

Proof. From the divergence definition and inequalities
(13), (14) and (15), it follows that

dVi (t, =t “

—%§ﬁ<—%wm2+m*Wﬂ—wugb+V(Wm
—BVi(t, k) + AVa(zy ) — Va(zy ), (18)

where A = (¢4 — ¢5)/cq and 8 = ¢5/co. By means of the

comparison principle, with respect to the time ¢, from
(18), for all t € [t;,t;+1), it is obtained that

t
Vl(fql’i) < e*ﬂ(t*ti)vl(thxzi) +/ G*B(t*‘F)

123
x [AVa(ay ) = Va(ey )] dr,
A 74 (s, xkz)

+put) M@ ) —Va(@iih] . (19)

2 It is worth mentioning that the results provided in this
work generalize those given in [16], for a larger class of sys-
tems.



where p;(t) = (1 — e #¢=%)) /3 > 0 for all t € [t;,t;11].
Now, the proof is split into two parts: convergence in the
impulse times, and boundedness between the impulses,
i.e. egs. (5) and (6) from Definition 1, respectively.

a) Convergence in the impulse times. Evaluating
(19) in t = t;41, it gives

‘/i(ti+1,x;i+l) < 6_6TiV1(t“CC?)
+py(tir)AVa (@) 7) = py(tirn)Va(a) ). (20)

From the inequalities (13) and (14), it follows that for
alli=keN

Vot (zh) ar _ Vi(p,x})
% < Jap]™ < %7 Vp = ti, tita, (21)
4 1
Vﬁl ’xp Vo (2P
BB g < PO vy, (22)
2

where ai; = a3 /by and 1 = by /az. From (21), it is given
that ¢y * Vi (zp1) < Vi(tip1,2,7), and therefore
from (20), it is obtained that

pi(ti+1)v2(fk+1) < e_ﬁTlvl(tw:rk )
+ i (tir)AVa (@) = cre VR (2 ). (23)

Consider that ¢5 > ¢4, i.e. A < 0 and (16) holds; using
(22) and (23) it follows that

Va(zy 1) < o,V /P (a), (24)

where ¢; = 02675Ti/03/ﬁ1pi(ti+1); and then, by induc-
tion, it is obtained that

Va(@ith) < "0 (@), (25)

where p(k) = Zj:O(l/ﬁl)]. Assume that §; > 1, i.e.

b1 > ag, then p(k) is a geometric series; that there exists
ace € (0,1), and that the following condition holds

coe —BT;

C
p;, = m<175 & Tmin>£'y
Note that the last inequality is the same that (17) with
v = —ln[c:l,)/ﬁ1 (1—¢)/(cs +c /ﬁl( e))]. Then, tak-
ing into account that p,;(t;11) = co(1 — e #T%)/c5, one
obtains from (25) that
Valet) S eVl + 1) < P,

Thus, using (21) and (22), it follows that foralli = k € N

1| < o1(|wol) + K, ¥ao €Q, (26)
where
%
_ cacs \xo\ 2
o1(feol) = < (a2 +00)/b1 (1 _ > ’ @7
T
cs
K1 = . (28)
(T w))

Therefore, it is concluded that the trajectories of sys-
tem (3)-(4) are stable (Definition 1, eq. (5)), under con-
straints (16) and (17).

b) Boundedness between the impulses. From (19)
the negative term p, (t)Va(x kii ) can be disregarded, then

it is given that

Vi(t,zk) < e PVt 23 4 py(Bia)AVa (2 ). (29)
Consider that c5 > ¢4, i.e. A < 0 and (16) holds; from
(29), it follows that Vi(t,zt) < e PU-tIVy(t;, 2})
and boundedness is given, i.e. [z}]| < oo(|2}]), Vt €
[ti tit1), where ao|z}i]) = ( /c1)Y/ . Thus,
during each interval between impulses the trajectories
of the system are bounded (Definition 1, eq. (6)), and

due to the stability property given by (5), the 2D system
described by (3)-(4) is DSin Q. W

Remark 1 Note that if (26) is satisfied for allxg € Q =
R™, then one gets global diagonal stability.

Let us consider the particular case in which b = as, i.e.
B1 = 1. Then, the following result is obtained.

Corollary 2 (Strong asymptotic diagonal stability -
Minimum dwell-time). Assume that there exist positive
constants € € (0,1), a1, ag, b1, ba, 1, c2, 3, c4 and c5
such that the vector Lyapunov function V (-) and its di-
vergence along the trajectories of the system (8)-(4) sat-
isfy (13), (14), (15), (16), and the following constraints,
foralli=keN, 2t € Qandt € [t;,t;i41)

bl = a2 A Tmin = 2*2'}’ < 1—;7 (30)
5

where v = —1Infez (1 — ) /(es + c3(1 — €))]. Then, the
2D system (3)-(4) is SADS in Q for any sequence T; €
[Tminv OO)

Proof. Note that (19), (20), (21), (22) and (23) hold for
any possible value of a1, as, by and by. Then, recalling
that ¢5 > ¢4, i.e. A < 0; from (23) it follows that for

i t; _ —BT; .
B =1, Vg(xkﬁ) < @iVa(zy'), where ¢} = vn ek
and then, by induction, it is given
1%} w”’l Sgo'.kHVg o), 31
k41 7

which is decreasing if the condition Ty, > ca7y/c5, with
v = —Infez(1 —¢€)/(c5 + e3(1 — €))]; holds. Therefore, it
is obtained that for all i = k € N

|z, | < By (o, k), Vo € Q, (32)

with 8, (|zol, k) = cl/b1ﬁ§k+1)/bl|xo|b2/b1, where ¢ =
cq/cs, and, from the fact that T > cov/cs; k1 =
cs/c3(1 —e™™) < 1. Hence, the trajectories of system
(3)-(4) converge to zero in the impulse times under con-
straints Tinin > ¢2y/cs and by = ag, if (16) holds.



Note that the boundedness between the impulses
can be proven in the same way as in Theorem 1.
In fact, from (19), it follows that for ¢s > c4, i.e.
A < 0, both negative terms p,;(t)AVa(x ’“) and
pi(t)Vz(;vklﬁ) can be disregarded, then Vi(t,z}) <
e PU=t)V(t;, 24') holds and boundedness is provided,
ie. |2t < Bo(|zii|,t — t;), ¥t € [ti,tir1), where
B t—t;) = (coe Pt zli|a2 /¢ )1/ a1 Thus, dur-
ing each interval between impulses the trajectories of
the system are bounded (Definition 3, eq. (10)), and
due to the convergence property given by (9), the 2D
system described by (3)-(4) is SADS in Q. Hence, the
corollary has been proven. H

Remark 2 As in Theorem 1, note that the results be-
come global if (32) holds for all xg € Q = R".

3.2 Mazimum or ranged dwell-time results

Now, the following results describe the diagonal stability
under maximum or ranged dwell-time conditions which
come from the case in which condition (16) is not satis-
fied, i.e. for the case ¢4 > c5.

Theorem 3 (Diagonal stability - Maximum/Ranged
dwell-time). Assume that there exist positive constants

€ (0,1), a1, as, by, ba, 1, ¢2, 3, ¢4 and c5 such that the
vector Lyapunov function V (-) and its divergence along
the trajectories of the system (3)-(4) satisfy (13), (14),
(15), and the following constraints, for alli = k € N,
JC}; eQandt € [tiati+1)

cqe >c5 N ay > ba, (33)
02021*1 (04 _ 05) <cies VT; < Zia = Thax, (34)
5
bl > a2 N Tmin = 0727 < Ti7 (35)
Cs

where v = — In[cy az/by (I—¢)/(es+ Ca2/b1(1 —¢)), and

cchflfbl)/bl (ca —c5) —cics
a=—In e ,
C2C4 1 1 1 (

Cq — C5)

for all cacy (a1=b1)/b1 (ca —¢5) > cre5. Then, the 2D sys-
tem (3)- (4) is DSin Q for any sequence T; € [Tmin, Tax) -

Proof. From (33) it follows that ¢4y > ¢35, i.e. A € (0,1);
and ay > 1, i.e. a1 > by. Then, it is satisfied that

Va(z)*h) < V3 ()
Va(z, ) > Vi ()

1), for Va(zh 1) > 1
1), for Va(ai ) < 1.

It is worth mentioning that (19), (20), (21), (22) and (23)
hold for any possible value of a1, as, by and bs. Therefore,
similar arguments as in the proof of Theorem 1 may be
used to prove this theorem.

a) Convergence in the impulse times. Let us con-
sider two different cases for the convergence proof, i.e.

Va(z ’“) > 1 and Va(x 1+1) < 1. Therefore, from (23),
it follows that when Va(x ‘“) >1

i1 czeiﬁTi 1/B1 .t
Pi(ti+1)v2($k+1) < 5 Vo T ()
C3

) Va(z, ). (36)

+ (ps(tit1) A — crey ®

Note that if the constraint pl( z+1)>\ < c¢1¢;,“* holds,
then the term depended on Vao(x fk ) can be disregarded.
y su

In this sense, in order to satis ch a constraint, re-
calling that ﬁ =¢5/ca, A = (¢4 — ¢5)/cq and pi(tH_l) =
c2(1 — BT Jes, the following condition is founded

cocit ! (1 - e_ﬂTi) (ca —¢5) < cics,

(1 _ e*BTi) < L.
cacyt” L (ca — cs5)

Thus, it is clear that if 6202‘1_1 (c4 — ¢5) < cie5 holds
then p;(ti11)A < c1ey ™ is trivially satisfied. Otherwise

a;—1
_BT; caC C4 — C5) — C1C5 C2
6*8"> 4 a(l ) & Thax < —q,
cacyt” (ca —c5) Cs
where
—by)/b
cchfl 1)/b1 (ca —¢5) —cics
a=—In >0,
(a1—b1)/b1 _
c2cy (ca — cs5)

for all cchfrl (cqg — ¢5) > c1c5. Note that these two pos-
sibilities, i.e. 02021_1 (cs —¢5) < c1e5 or Ty < coarfcs,
are represented by (34) in Theorem 3. Therefore, if one
of them is satisfied, from (36), one obtains Vg(mkﬁ) <
api\/;/ﬁl(m?), and using similar arguments as in Theo-
rem 1, if 8; > 1, i.e. by > ag, and T; > coy/c5, with
v = —In[e?" (1= ¢) /(5 + /" (1 — €))], it follows
that for all i = k € N, \xfgjﬂ < oy (Jxol) + Ky, VI € Q,
for Vo (x 7+1) > 1 with

1

ool = el )"
1 - )
C:(Sa2+b1)/b1 (1—e7)

B
’ Cs "
K1 = .

Cga2+b1)/b1 (1—e)

Therefore, it is possible to conclude that when ‘/é(xij_'—l)
> 1 the trajectories of system (3)-(4) are bounded.

To complete the convergence proof let us consider the
second case, i.e. Va(x ’“) < 1. Using (22) and divid-
ing by p;(ti+1) (23), it follows that for Va(x ‘“) <1,
Vg(xk_ﬁ) < goiV;/ﬁl( ') + A. Then, by induction, it is
given that



k
) k _ i !
‘/Q(I’;i—ll) < @f(k)vg(l/ﬁl) (IO)‘F E Spliﬂ(l) (1/81) A(1/81) ,
=0

where p(k) = Zfzo(l/ﬁl)j is a geometric series if §; >
1. Then, taking into account that 5 > 1, Tynin > c2v/¢5,
pi(tit1) = ca(1 — e PTi) /c5 and A € (0,1); the previous
inequality can be majorized by the following expression
Vel < —— (2@ ¥2)
03/61 1—e) (1 — /\1//31)

Thus, using (21) and (22), one gets that foralli = k € N,
|2, 11| < o1 (|wol) + K1, Yo € Q, for Va(z ') < 1 with

1
( D B C;(a2+b1)/b1c4c5|$o|b2 by
g1{|To|) = (l—e’W)(l—)\%/bl) )

26;(G2+b1)/b105 ﬁ
K1 = b .
(1 —e=7)(1 — Ae2/br)

Note that the above bound for x};_ﬁ is also valid when

VQ(:L’?“) > 1. Therefore, it is concluded that the trajec-
tories of system (3)-(4) are bounded, under constraints
(33), (34), and (35), for all possible values of V5 (zZ“)
Thus, stability in the impulse times is proven.

b) Boundedness between the impulses. From (20),
disregarding the negative term p, (t;11)Va (xfcj;i ), and re-

1 0(1(

calling that ¢;c; ' Vs o

2y 1) < Viltigr, o) *1); one gets

c1ey VS (@) < e PVt o)

+py(tis)AVa (2 7). (37)

Once again, let us consider two cases for the boundedness
proof, i.e. ‘/2(‘%?+1) > 1 and Vg(w;i“) < 1. Then, from
(37), it follows that for all Vg(xif'“) > 1

1
(c1e0 ™" = pi(tis1))

Note that p,;(ti+1)\ < c1¢;®* has to hold in order
to satisfy inequality (38). However, as it was previ-
ously described, if cchfl_l (c4 — ¢5) < cic5 holds then
pi(tis1)N < c1e, ' is trivially satisfied, otherwise
Thax < c20/cs. Thus, applying (38) in (20) with the
negative term p7(t)V2(:rZ‘j;i) disregarding; recalling that
p;(tit1)A < c2/cs, it is given that

Va(z) ™) < Vit o). (38)

pi(tit1)A
(c1e0™t = pi(tiz1))

cics + cacyt ) t;
< = Vi(ti, ;). 39
< (o) vteost) (39)

Va(t, @) < <e_’8(t_m + > Vi(ti, zy),

Therefore, from (39), boundedness is obtained, i.e.
|2t < oh(|xti]), Yt € [ti,tigs), for Va(zp ') > 1 with

1/a1
oa(lzy']) = |z [*2 :

cics <c1 — Q)\czl/bz)

where 0 = co(l — e 7)/cs, for all ¢ = k € N. The
boundedness proof is completed analyzing the case when

Va(x;*') < 1. From (37) it is obtained
1y VR < eIVt ay) 4 py(tien)
c;/al

Cq

; C a i
%(mZZJrl) < 74‘/1/ l(t’hx%) + 1/ay”

= 1/a; 1
¢

(40)
(c1cs)
Thus, applying (40) in (20) with the negative term
0; (t)Vg(xZﬁ) disregarding, it follows that

Vi(t,ah) < e PV (s, 2

(e 1/
24 C2l+/ ey

1
Cl/a165

VMO (g, 2l ) + (41)

/oy a1+1/ay”
a’“tes

Therefore, from (41), it is given that for all i = k € N,

\xmhg oo(|zki]) + Ko, VYt € [ti,tit1), for Va(ap ™) < 1
wit

1
tiy — [ €2 .tijaz C | .tijazba/a1 fon
oa(lzy]) = { =l [ + — |z ;
C1 C1

b b
— céaﬁ- 2)/!1104/012/&1

(& Cs,

1/a
Ko = (céa1+b2)/a104/(0105)(a1+52)/a1) b

Thus, one can take the worst case between (39) and (41),
and conclude that during each interval between impulses
the trajectories of the system are bounded (Definition 1,

eq. (10)) for every possible value of Va(z,"**). Therefore,
due to the stability property given by (9), the 2D system
isDSin . A

Remark 3 These results are local since a1 > by and
by > ag, i.e. (33) and (35), respectively; only hold in a
neighborhood of the origin, i.e. for alli = k € N, |z} | <1
and t € [ti, ti—i—l)'

Finally, let us consider the particular case in which a; =
b and by = ag, i.e. a1 = 1 and [, = 1, respectively.
Then, the following corollary is proposed.

Corollary 4 (Asymptotic diagonal stability - Maxi-
mum/Ranged dwell-time). Assume that there exist posi-
tive constants € € (0,1), a1, ag, b1, ba, c1, ca, c3, ¢4 and
¢ such that the vector Lyapunov function V (-) and its
divergence along the trajectories of the system (3)-(4)
satisfy (13), (14), (15), and the following constraints,
foralli=keN, zt € Qandt € [t;,t;iy1)



cs >c5 N ar = b, (42)
C2 (C4 - 85) S cics V T’L < 07205 - Tma)u (43)
Cs
bl =az N Tmin - ij < Tia (44)
5

where v = —1In[cg(1 — €)/(c5 + c3(1 — €))], and
o= —1In <62 (ca —c5) —6165> ’

c2 (ca —cs)

for all co (cqa — ¢5) > cic5. Then, the 2D system (3)-(4)
is ADS in Q for any sequence T; € [Twin, Tmax]-

Proof. Recalling that ¢4 > cs5, i.e. A € (0,1); using (22)
and (23) it follows that

—BT;
coe BT;

piltis ) Va(aiith) < Va(al)

cs
+ (psltir)A — cacy ') ValaH).

Then, as it was previously demonstrated, if ¢ (¢4 — ¢5) <
c1¢5 holds, then p,(ti41)A < clcgl is trivially satisfied,
otherwise Thax < coar/cs, with o defined as in Theorem
3 for a3 = 1; and then one obtains VQ(:EZH) < piVa(l),
and by means of similar arguments as in Corollary 2, if
Ty > 27/cs, with 7 = — Infey(1— &) /(cs +ca(1 - 2))];
holds, then it is obtained that for alli =k € N

|21 < B(|wol, k), Vao € Q, (45)

with B(|zol, k) = P10/t |gg191/01 where ¢ =
cq/cs, and kK = c5/c3(1 —e™7) < 1. Hence, the trajec-
tories of system (3)-(4) converge to zero in the impulse
times under constraints Tiin > c2v/c5, a1 = ba, by = as
and p; (tiy1)A < clcgl, if ¢4 > c5 holds.

The boundedness between the impulses is proven as fol-
lows. From (37) it is given that

cicy Valzy ™) < e PV (L, xi) 4 py(tig ) AVa(ay ),

and then, it follows that

1
(creq = pi(tisn)N)
Thus, applying (46) in (20) with the negative term
Di (t)Vg(xZﬁ) disregarding, and recalling that p; (t;11)A <
¢ /cs, 1t is given that

Vi(t, zy) < (

Va(z)*) < Vi(ts,z}i).  (46)

c1C5 + CaCq
cs (c1 — p;(tita1)Aca)

Therefore, from (47), boundedness is obtained, i.e.
2t | < o(|2}]), Vt € [ti tis1), where

1/a;
t; ca (cics +02C4)> t;jaz/ay
ol|x = — Ty )
(i) = (2Lt ) T g

with ¢ = eo(1 — e77)/cs, for all § = k € N. Hence, the
trajectories of the system are bounded (Definition 2, eq.
(8)), and due to the convergence property given by (7),
the 2D system described by (3)-(4) is ADS in Q. Thus,
the corollary has been proven. H

Remark 4 Since ay = by and by = ag, the results be-
come global if (45) holds for all o € R™.

Note that, from the statements given in Theorem 3 and
Corollary 4, the diagonal stability is straightforward for
the case a1 > by and by = as.

Contrary to the results given by [9] (Theorem 3.18,
Proposition 3.24, Proposition 3.27) and [15], where
asymptotic stability is obtained by means of a single
Lyapunov function whose derivative is negative defi-
nite; the statements given in this work rely on a vector
Lyapunov function. However, in our case the divergence
operator, and not the derivative of a Lyapunov function,
needs to satisfy condition (15), i.e. be negative definite.
Particularly, the proposed results for minimal dwell-
time are consistent with the ones in Proposition 3.24
(Persistent Flowing); while for maximum and ranged
dwell-time with the ones in Proposition 3.27 (Persistent
Jumping) in [9], respectively.

4 LMI approach for a class of Lipschitz nonlin-
ear impulsive systems

In this section an LMI procedure to apply the main re-
sults is given to deal with impulsive systems containing
linear terms but also Lipschitz nonlinearities.

Consider the following nonlinear impulsive system, con-
sistent with (3)-(4), i.e.

dz,
T: = Az} + ¢, (), Vt € [ti, tir1), (48)

xhi1 = Exl 4 ¢o(2)), Vt =tit1,Vi=k €N, (49)

where A € R"*™ and E' € R"*" are constant matrices
whilst ¢, (z}) : @ — R™ and ¢, (2, ") : @ — R™ are Lip-
schitz nonlinearities for all i = k € N and ¢ € [t;,t41),
i.e.

|61 (21) = &1 (T8)| < Py lwk — Tk,
t; _t; t; _t;
|bo () ™) = G (@) < gl T — 3,
where 1, and 1, are known positive constants for all

zh, z} € Q. Define the vector Lyapunov function as fol-
lows

T
h eyt Pyk + 1)y



where, inspired by [1] and [3], Py (t) = P11 + %PH
is a continuously differentiable with respect to ¢, sym-
metric, bounded, and positive definite matrix, with
drt/dt =1, forallt € [t;,t;11), 7)1} =0, Py = P >0
and Py = PL > 0; while Py(p) = Py + 75" Pao
for p = k,k + 1, are symmetric and positive definite
matrices for all i = k € N, with Py = P}, > 0 and
P22 = Pg; > 0.

Then, based on Corollary 2 (minimum dwell-time) or 4
(ranged dwell-time), the following result is stated.

Corollary 5 (LMI approach). Consider the vector Lya-
punov function (50). If there exist matrices Pi; = P{ >
0, Pis :Plg > 0, Py :P2'11 >0andP22:P27; > 0,
and a constant cs > 0 such that

—puy I ‘Pll + Pi2 <0, (51)
Pui+ Pia| ©1(6)

—u Il P I | PuE
bl ILE I R 52 27 ) <o, (52)
Pi1 @2(9) E* Py T(G)

with

01(0) = (P11 + Pi2)A+ AT(PII + Pi2) — 07" Pry
+(¥i + o),
02(0) = PuA+ AT Py — 07 Pro + (1] + es)1,
Y(0) = E' Py E — (Pa1 + 0Ps2)
+¢§(u21 + Po1 + 0Ps2) + cs51,

hold for all 0 € {Twmin, Tmax}, as well as all the condi-
tions of Corollary 2 (minimum dwell-time) or 4 (ranged
dwell-time), for ¢y = Anin(P11), 2 = Amax (P11 + P12),
c3 = )\min(P21>7 and ¢4 = )\max<P21 + HPQQ),‘ then, the
Lipschitz nonlinear impulsive system (48)-(49) is SADS
(Corollary 2) or ADS (Corollary 4). If ¢, and ¢, are
globally Lipschitz, i.e. Q = R"; then, (48)-(49) is GSADS
or GADS.

Proof. From divergence definition it is obtained that
for all t € [ti7 t7;+1)

divV < b’ [Pl (YA + AT Py (t) + d%t(t)} x,

ot ” [ETPg(k F1E - Pz(/c)] i
. T
1220 PL(t) gy + 225 ETPy(k+ 1)y + 61 Po(k+ 1),

Applying the well-known inequality 2X7Y < p ' XT X+
pYTY for any scalar 1 > 0, and taking into account
that ¢7 ¢, < |z} |* and ¢3 ¢, < v3|zy |2 hold due to
the Lipschitz condition; it is given that divV is bounded
as follows

divV < chcTEl(t)J[:?C + xii“TEg(k:)x?“,
where
dP(t -
=) = P A+ AT + PO e 1 i,
Zo(k) = E"Poy(k + 1)E — Py(k) + py "ETP3(k+ 1)E
+ 05 (pa] + Pa(k + 1)),
for any scalars py, pto > 0. Then, by Schur’s complement,

it follows that divV satisfies (15) if the following matrix
inequality, as well as the right one in (52), holds, i.e.

ot
—p I ‘P11+(T1T7i’“)P12
(Ti—7%)
P+ TPIQ o(t)

where

<0

=Y

(53)

O(t) = PuA+ A" Py
(Ti — 74)

+ T,

1
(P12A+ATP12) - fP12+(M1¢?+05)I,

for all § € {Twin, Tmax}- Since (53) is affine in 74, its
negative definiteness is given by the negativeness over
the finite set 7 € {0,T;}; hence, the LMI (51) and the
left one in (52) are provided.

Hence, divV satisfies (15), for ay = by = 2 and b; =
az = 2, if the LMIs (51) and (52) hold for the finite set
0 € {Tmin, Tmax }, with ¢5 > 0.

Then, if all the conditions of Corollary 2 (mini-
mum dwell-time) or 4 (ranged dwell-time) hold for
¢1 = Amin(P11), €2 = Amax(P11 + Pi2), ¢3 = Amin(P21),
and ¢4 = Amax(Po1 + 0Ps2); the Lipschitz nonlinear im-
pulsive system is SADS or ADS (GSADS or GADS if
¢, and ¢, are globally Lipschitz). ll

For the particular case of linear time-invariant systems,
our method can be seen as a generalization of the result
in [3]. One may remark that taking P; and P, in the
same form for the statements given by Corollary 5, leads
to the conditions given by Theorem 2.2 (ranged dwell-
time) and 2.3 (minimum dwell-time) in [3]. However,
note that P; and P» are not independent with each other
since they are coupled by means of the constants c1, co,
c3, ¢4 and cs, which determine the stability and the type
of dwell-time condition.

Note that Corollary 5 provides an easy way to deal with
stability of Lipschitz nonlinear impulsive systems by
means of simple quadratic Lyapunov functions and the
A-inequality. In this sense, more complex tools like sum-
of-squares [3], convex characterizations [5], or looped-
functional approach [6], may be applied to improve
the application of our method as well as alternative
inequalities to A-inequality [4].



5 Simulation examples
5.1 Ezample 1: Globally Lipschitz nonlinearities

Consider the nonlinear impulsive system (48)-(49) with

12 —-0.58 0.3
A= 5 E = ’
13 04 —-0.68

. sin(x1%) . sin(z1},)
1 ) = ) 2 L) = 03 .
o1(7k) ( 0 ) 92(w1) (sin(wzi))

and initial conditions tg = 0, 29 = (2 — 2)T. Note that
matrix A is not Hurwitz whilst matrix E is Schur, and
the nonlinearities are globally Lipschitz.

Then, applying the statements given by Corollary 5 with
= py = 0.01,¢; = land ¢, = 0.3, and using SeDuMi
solver among YALMIP in MATLAB [20,13], a solution
for the corresponding LMIs is founded, i.e.

0.1152 —0.0047 0.0483 0.0081
P = , Pia = )
—0.0047 0.1111 0.0081 0.0599

<0.3957 0.2217> ( 3.3851 —3.1406)
P21 = 3 P22 = 3
0.2217 0.2763 —3.1406 4.6542
with ¢; = 0.1080, co = 0.1723, ¢3 = 0.1064, ¢4 = 0.5845
and c¢; = 0.0150. Therefore, according to Corollary 4
and 5, the nonlinear impulsive system is GADS for all
0.1913 > T; > 0. It is easy to check that ¢4 > c¢5 and
¢o (¢4 — ¢5) > c1e5 hold, then the case for asymptotic
diagonal stability is obtained. Some simulation results
show that the system is unstable for T; > 0.2140.

5.2 Ezxzample 2: A more general case

In order to depict the statements given by Theorem 3, let
us consider the scalar nonlinear impulsive system given
by (3)-(4) with

filah) =}, vt e [t tipr), to=0
f2($§€+1) = 0.8%22, vVt = tit1, VZ, ke N, zo = 0.5.

Note that in this case the nonlinear impulsive system
does not have a particular structure as in Example 1.
However, following similar arguments, it is still possible
to provided some LMIs to prove the stability of the sys-
tem.

Define the vector Lyapunov function as follows

1.t2 , (Ti—7i)p1 2
V(t. 2t tig1y 3Tk + 2T; Tk
( 75L‘k7mk+1) - 1 5

tig12
Tht1

where p; > 0 is a positive constant and drf /dt = 1,

1
for all t € [t;, tit1), TZH = 0. Note that :1:7;"“ % is well-
defined for all g > 0. Let us consider the local case in
which the trajectory satisfies |z%| < 1. Then, it is easy

to check that for all |z} | < 1, the following inequalities
hold:

crzh)t < Vit ah) < ook 2,
calal] < Va(a}) < calal|?, Vp = ti, tisa,
with ¢; = 1/2, ¢2 = (p1 +1)/2, c3 = 1 and ¢4 = 1.

From divergence definition it is obtained that for all ¢ €
[ti, tit1)

. T+ (Ti—1i)pr ¢ +2 tis13
< v AT TRJIFL —0. i+1 .
divV < ( T i ) @’ = 01056z

Therefore, divV will satisfy (15), for the case a3 > bo,

by > as with a; = 4, as = 1/2, b = 1 and by = 1/2
(Theorem 3); if the following LMI holds
% + 05‘ 0

Ti+(Ti—7j)p1
L <0.
0 ‘—0.1056 Tes

Hence, since previous inequality is affine in 7%, the fol-
lowing LMIs are provided

1+p1—%+c5‘ 0 <0
0 ‘—0.1056+C5 =

1—%+C5‘ 0 <o,
0 ‘—0.1056+C5

where 6 € {Tinin, Tmax }- Thus, it is concluded that divV’
satisfies (15), for the conditions of Theorem 3, if the
previous LMIs hold for the finite set 8 € {Timin, Tmax}»
with ¢; > 0.

Then, using SeDuMi among YALMIP, the following so-
lution for the LMIs is founded: p; = 0.4247 and ¢5 =
0.0528. Thus, according to Theorem 3, the nonlinear im-
pulsive system is locally DS for all 1.0384 > T; > 0. It
is easy to check that ¢; > c5 and cocj (cq — c5) > cics
hold, thus the case for local diagonal stability is ob-
tained. Some simulation results show that the system is
unstable for T; > 1.2001 which gives an idea about the
conservatism of our results.

According to these results one may remark for both ex-
amples that, although only sufficient conditions are pro-
vided, the estimate of the maximum reset interval is not
that far from the instability bound. From this point of
view, the method provides an interesting trade off be-
tween accuracy of the analysis and simplicity.



6 Conclusions

In this paper the stability notion for a class of nonlinear
impulsive systems is studied using a 2D vector Lyapunov
function approach. The given methodology contributes
to the development of a new stability analysis for nonlin-
ear impulsive dynamical systems based on a vector Lya-
punov function and its divergence operator in a 2D time
domain. Different types of stability notions for a class of
nonlinear impulsive systems are studied using this vector
Lyapunov function approach. The results are applied to
analyze the stability of a class of Lipschitz nonlinear im-
pulsive systems based on LMIs, and some numerical re-
sults illustrate the feasibility of the proposed approach.
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