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Abstract

This paper presents a hierarchical control scheme for interconnected linear systems. At the
higher layer of the control structure a robust centralized Model Predictive Control (MPC)
algorithm based on a reduced order dynamic model of the overall system optimizes a long-
term performance index penalizing the deviation of the state and the control input from
their nominal values. At the lower layer local MPC regulators, possibly working at dif-
ferent rates, are designed for the full order models of the subsystems to refine the control
action computed at the higher layer. A simulation experiment is presented to describe the
implementation aspects and the potentialities of the proposed approach.
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1 Introduction and main idea

Physical and cyber-physical systems are becoming more and more complex, large-
scale, and heterogeneous due to the growing opportunities provided by informa-
tion technology in terms of computing power, transmission of information, and
networking capabilities. As a consequence, also the management and control of
these systems represent a problem of increasing difficulty and require innovative
solutions. A classical approach consists of resorting to decentralized or distributed
control structures, see the fundamental book [36] and, in the context of Model Pre-
dictive Control (MPC) here considered, the recent review [34] on distributed MPC
(DMPC) or the book [28], where the most recent contributions to the design DMPC
methods are reported. According to [34], DMPC algorithms can be cooperative,
characterized by an intensive transmission load due to the multiple exchange of
information among the regulators within one sampling period, or non-cooperative,



characterized conservativeness to compensate for the effects of neglected dynam-
ics.

With the aim of reducing the above limitations of DMPC algorithms, in this pa-
per we propose the novel two-layer control scheme shown in Figure 1. The sys-
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Fig. 1. Overall control scheme.

tem under control X is assumed to be composed by M interconnected subsystems
Y1, ...,Zu. A reduced order model X is first computed and a centralized MPC regu-
lator Ry; working at a slow rate is designed to consider the long-term behavior of the
system and to compute the control variables i;, i = 1,..., M. Then, faster local reg-
ulators Ry ;, i = 1,...,M, are designed for each subsystem X; to compute the control
contributions du; compensating for the inaccuracies of the high layer design due to
the mismatch between X and X. Notably, the local regulators can be designed and
implemented at different rates to cope with subsystems operating at different time
scales, as it often happens in many important industrial fields, see the centralized
multirate MPC methods reported in [33,4,23,8,7,22,2], or the multirate implemen-
tations described in [32,16,38].

A similar control structure has been already proposed in [29] where however the
framework was different: only independent systems X; with joint output constraints
were considered, no multirate implementations were allowed, and the problem was
to coordinate the Xls to guarantee an overall output request, so that different tech-
nical tools, with respect to the ones here considered, had to be adopted at the two
layers of the control structure.

The paper is organized as follows. Section 2 introduces the models considered at
the two layers. Section 3 describes the MPC algorithms adopted at the two layers,
while Section 4 presents the main feasibility and convergence results as well as a
summary of the main implementation aspects. Section 5 describes the simulation
example, while in Section 6 some conclusions are drawn. The proofs of the main
results are reported in the Appendix.

Notation: for a given set of variables z; € R%,i=1,2,...,M, we define the vector
whose vector-components are z; in the following compact form: (z1,22, - ,2u) =
[ZIT Zg - zl]T € RY, where g = Z?il qi- We use 4 to denote the set of positive
integer numbers. The symbols @©/S denote the Minkowski sum/difference. We de-



note by [| - || the Euclidean norm. Finally, a ball with radius p, and centered at X in
the R4™ space is defined as follows

Bpe () = {x € RU™ - | [x— 5] < pe,)

2 Models for the two-layer control scheme

In this section we present the model of the overall system and the simplified one
used for high-level control.

2.1 Large-scale system model

In line with [25], we assume that the overall system X is composed by M discrete-
time, linear, interacting subsystems described by

xi(h+1) = Ax;(h) + Bitu;(h) + Els;(h)

X y,'(h) = C]l;ixi(/’l) (D

zi(h) = C¥x(h),
i=1,2,...,M, where x; C R", u; € R™, and y; € RP are the state, input, and
output vectors, while / is the discrete-time index in the basic time scale according
to which the models are defined and the low level regulators will be designed. The

interconnections among the subsystems X; are represented by the coupling input
and output vectors s; € RPs and z; € RP#, respectively, where

M
sith) =) Lijzj(h) 2)
=1

withL; =0,i= 1,...M.
From (1) and (2), the overall dynamical model X is

x(h+1) = Ax(h) + Bou(h)
y(h) = CGux(h)

3)

where x = (x1,...,xy) ER", n =YY n;, u= (uy,...,uy) €R™, m=YM m; and
y=(1,---,yu) ERP, p= Zé‘il pi. The diagonal blocks of A, are state transition
matrices A¥, whereas the coupling terms among the Xls correspond to the non-
diagonal blocks of Ay, i.e., A; = EIL; ij] , with j = i. The collective input and out-
put matrices are B, =diag(B!!, ..., B®™™) and C =diag(C]!, ..., C™), respectively.
Concerning systems (1) and (3), the following standing assumption is introduced:



Assumption 1

(1) The state x; is measurable, for eachi=1,... ,M;
(2) Ay is Schur stable;

I—A. —B;
(3) m = p and the system matrix Sy = has full rank n+m;
G 0
(4) By and Cy are full-rank matrices;
(5) the pair (A, B) is reachable, for eachi=1,...,M. O

2.2 Reduced order models

For each subsystem X;, i = 1, ..., M, we define areduced order model £;, i=1,..., M,
with state ¥; € R, 1; < n;, and input i; € R™ . In a collective form, these systems
¥, define the overall reduced order model
5. ¥(h+1) = Aux(h) + Byi(h)
y(h) = Gux(h)

“4)

where ¥ = (X1,...,%y) € R, i = Z?ilﬁ,-, ia=(iy,...,iy) € R™ and y € RP. The
reduced order models ¥; can be defined according to different criteria. First, it is
necessary that the stability properties of system X are inherited by X. Moreover,
we assume that for each subsystem i = 1,..., M there exists a state projection f3; :
R — R", j=1,...,M, that allows to establish a connection between the states x;(h)
of the original models and the states of the reduced models x;(%). Collectively, we
define B = diag(pi,..., Bu). In principle, the ideal case would be to verify that,
if i(h) = u(h), then x(h) = Bx(h) and y(h) = y(h) for all &~ > O for suitable initial
conditions. However, due to model reduction approximations, this ideal assumption
must be relaxed; instead, we just ask that ¥ = Bx and that y = y in steady-state
conditions. We also require that, while matrix By can be full, the output matrix Cy
preserves the block-diagonal form of C,, i.e., that Cyy =diag(C}!,... , C¥™), where
Ci ¢ RP>¥Mi forall i=1,...,M.

Overall, we require the following standing assumption to be satisfied to guarantee
the compatibility of the models used at the two layers.

Assumption 2
(1) Ay is Schur stable; ) )
(2) Bi is full rank and is such that CB; = C{', for eachi=1,...,M;
(3) letting G(z) = B(zl —AL)"'BL and Gy(z) = (2l — Ay)~'By, it holds that
Gu(1) is full rank and G(1) = Gu(1). O

An algorithm to compute the projections f3; and the matrices of X is discussed in



Appendix 7.1, along the lines of [29].

3 Design of the hierarchical control structure

In this section the regulators at the two layers of the hierarchical control structure
are designed for the solution to a tracking control problem, i.e., to drive the output
y(h) of the system X to the reference value ys, while respecting suitable input con-
straints.

Thanks to Assumption 1.(3), it is possible to compute the reference pair (xs, us) cor-
responding to ys, i.€., such that x; = A; x5 + Brug and C x5 = ys. Correspondingly,
we define iis = ug as the steady-state input reference for the reduced-order system
¥, and the corresponding reference steady-state value as Xs = Gy(1)its = Bxs by
Assumption 2.(3).

At the same time, we aim to enforce input constraints of type u;(h) € is; ® Us,
for all i = 1,...,M, where iis; is the i-th vector component of its and % ;, i =
1,...,M, are closed and convex sets containing the origin in their interiors. Note
that, if the reference i ; changes, also the set %; may vary to enforce absolute
input limitations or saturations. At a collective level, the required constraints are
u(h) € as & %, where % = Hf-‘il U is a closed and convex set containing the
origin in its interior.

3.1 Design of the high level regulator

The high level regulator, designed to work at a low frequency, is based on the
reduced order model (4) sampled with period N under the assumption that, Vk € N,
the its are held constant over the interval i € [kN., (k+ 1)N. — 1]. Therefore, the
sampling time of the high-level model is N, times larger than the basic sampling
time, used in the model (1). Denoting by l/_tl[-NL] (k) the constant values of i; in the
long sampling period k and by i™.] (k) the overall input vector, the reduced order

model in the slow timescale is

SN oV (k+1) = AN g (k) _,_BI[iVL]g[NL} (k) )

where BEV L Z]]E(;IA{;BH. To enforce the input constraints specified above, we
will require that @™ (k) € its © Us, where % = H?il Us i, Usi C Us; for each
i=1,...,M, and where the properties of sets % ; are specified later in the paper.
In order to feedback a value of XM related to the real state x of the system, the
projected value Bix;(kNy ) is used, so that the reset

(k) = Bxi (kL) (6)



must be applied for all i = 1,..., M. In collective form (6) becomes
M (k) = Bx(kNy) )

The reset (6) at time k may force <M. (k+1) to assume a value different from
the one computed based on the dynamics (5) and the applied input L] (k). This
discrepancy, due to the model reduction error and to the actions of the low level
controllers, is accounted for by including in (5) an additive disturbance w(k), i.e.,

S0 U (k4 1) = AN (k) + BV U (k) 4w (k) ®

The size of w(k) depends on the action of the low level regulators and its presence
requires to resort to a robust MPC method, which is here designed assuming that
w(k) € #', where # is a compact set containing the origin. The characteristics of
W will be defined in the following once the low level regulators have been specified
(see Section 4).

The robust MPC algorithm is based on the scheme proposed in [27]. To this end,
we first need to define the “unperturbed” prediction model

SN0 gilo (s 1) = AN o (k) 4 B Mo (k) ©)
and the control gain matrix Ky such that, at the same time

o Fy ANL -|—B[ ]KH is Schur stable.
. FL[ ]:A +B KHﬁ is Schur stable, where B[ L ZNL 'A/B,.

We define &(k) = ™) (k) — M2 (k) and we let 2 be a robust positively invariant
(RPI) set - minimal, if possible - for the autonomous but perturbed system

£ a4 1) = Fue(k) + (k) (10)

The prediction horizon for the high-level MPC consists of Ny slow time steps. De-

noting by a™1(¢ : 1 + Ny — 1) the sequence a™-10(r), ..., a0 (t + Ny — 1), at
each slow time-step ¢ the following optimization problem is solved:

N U (V]
1 YLIVL],0 7 LVL],0 . —
mlnf[NL]v"(z),ﬁ[NL]v(’(z:tJrNHf1) Ju (X0 (1) (t:t+Ny—1))

subject to:

e the unperturbed model dynamics (9) (1
e the initial constraint Bx(tN, ) — Mo (r) € 2

e the terminal constraint Vi) (t+Ny) € Xs D Zr

ol/_t[NLLo(k) € ﬁs@‘éz_/s@kHQF»k:t?"'?t—i_NH_l’



where the input constrained set has been properly tightened in accordance with the
used tube-based control approach, and where

Ju = T RN () — 56 |G, + e (k) — I,

(12)
[N (2 + Ny — %15,

The set 2+ is a positively invariant terminal set for the unperturbed system (9) con-
trolled with the stabilizing control law ™1 (k) = Ky xM.0 (k), satisfying Ky 2 C
U © Ky Z . In view of this, Xs ® 2 results positively-invariant for (9) controlled
with the stabilizing auxiliary control law @M.10 (k) = i7g + Ky (2IN0 (k) — ).

The positive definite and symmetric weighting matrices Qy, Ry are free design pa-
rameters, while B is computed as the solution to the Lyapunov equation

T
Letting &M (¢]r), a™.1(¢ - 1 4+ Ny — 1|t) be the solution to the optimization prob-
VL]

lem (11), the control action, applied to system X, ' at time ¢, is

a" (1) = @M (t]e) + K (Bx(tN) — 2V (1)1) (14)
3.2 Design of the low level regulators

Recall that (see again Figure 1) the overall control action to be applied to the real
system X has components generated by both the high-level and the low-level con-
trollers, i.e.,

wi(h) = @ ([1/N.]) + Sui(h) (15)
The low level regulators are in charge of computing the local control corrections
ouj € U ;i © ?ZSJ- with the specific goal of compensating for the effect of the model
inaccuracies at the high level expressed by the term w(k) in (8). To this end, first
define the auxiliary system ¥;: for h = kN, ..., (k+1)N, — 1

¢

=

i(h+1) = Aligi(h)+ Bia " (| /N, |) + E $(h)
(h) =X Lijzi(h)
gi(h) = Cl&i(h)
)Ei(kNL) = xi(kNL)

..[.\1)

(16)

\

and note that ¥; can be simulated in a centralized way in the time interval [kN,, (k+

1)NV.) once the high level controller has computed u[ L]( k) at the beginning of the
time interval.



Also denote by AY; the model given by the difference between systems (1) and (16),
with (2) and (15).

= Zg/I:lLijSZj(h)

AY;: | ]
— 6 (h)

17

where 0x;(h) = x;(h) —%i(h) , 8zi(h) = zi(h) — Zi(h) and Os;(h) = s;(h) — §;(h).

The difference state dx; is available at each time instant /4 since x; is measurable and
%; can be computed with (16) from the available value I/—tl[-NL] (Lh/N.]). However, the
difference dynamical system AY; is not yet useful for decentralized prediction since
it depends upon the interconnection variables &s;(h) that, in turn, depend upon the
variables 0x;(h), j # i, not known in advance in the future prediction horizon. For
this reason, we define a decentralized (approximated) dynamical system AY; with
input 84;(h) and discarding all coupling inputs, i.e.,

As . ) ORilh1) = ALSE(h)+ BlSai(h)
| swev) =0

(18)

The decentralized dynamical system AY; is suitable for prediction, since it does
not depend on quantities related to other subsystems. However, the dynamics of the
subsystems can be very different from each other and resampling can be advisable
for the design of the low level regulators. To this end, for any subsystem X;, define
a new sampling period §; € .4/ such that N /{; = N; € 4 and a corresponding
time index /;. For clarity, the relations among the time scales with indices 4, /;, and
k are shown in Figure 2 in a specific case.

i o k(N =98)
0 1 2
| i | = [ ({=4,N,=2)
0 1 2 3 4
T I N MLl
0 8 16

Fig. 2. Adopted time scales: k (high layer design), [; = kN; (low layer design of the i-th
local regulator), h = {;l; = k{;N; = kN, (basic time scale).



In the time scale of /;, define the dynamical system Aﬁl[.Ci] as

831+ 1) = (Al 558 (1) + B 80, (1)

ASl
52 (kN;) = 8%:(kNy) = 0

(19)

where B” & Z (A”)] Bii. In the short time scale, with time index A, the input

odi(h) = 6ui§’ (|h/&i]) is piecewise constant for i € [[;{;, (i + 1) — 1]. Its value
will be computed as the result of a suitable optimization problem formulated for
system (19).

Given di;(h), the evolution of 0%;(h) can be computed thanks to the dynamical
model (18), however 8%;(h) is in general different from dx;(h) due to the neglected
interconnections in systems (18) and (19). For this reason, and foralli =1,...,M,
the input du;(h) to the real model (17) is computed based on 6i;(h), 6x;(h), and
0%;(h) using a standard state-feedback policy, i.e.,

ou;(h) = &4;(h) + Ki(0xi(h) — 6%i(h)) (20)

where K; is designed in such a way that the matrix /i = A; + B K is Schur stable,
being K =diag(K1,...,Ky).

Assume now to be at time 47 = kN, and to have run the high level controller, so that
both ﬁl[NL] (k) and the predicted value &M (k + 1[k) = AN (k) 4 BN g1 (k)
are available. Therefore, in order to remove the effect of the mismatch at the high

level represented by w(k) in (8), the low level controller working in the interval
h € [kN., (k4 1)N. — 1] should, if possible, aim to fulfill

Bixi((k+ 1)N,) = £ (k+ 1]k)

or equivalently,

Bixi((k+ DN.) = 5™ (k+ 11k) — Bisi((k+ 1)N,) 1)

Since the model used for low-level control design is the decentralized one (i.e.,
(18)), the constraint (21) can only be formulated in an approximated way with
reference to the state 0%; of system (18). In turn, if the resampling is used with

SIS

i # 1, the constraint on 8%; must be reformulated in terms of the state OX;
system (19), so that

xC’ X L
Bid % ((k+1)N;) = Bidxi((k+ 1)N.) = -
= 5 (k4 110) — Bisi((k -+ 1M,)

Note that the fulfillment of (22) does not imply that (21) is satisfied due to the
neglected interconnections in (18) and (19) which make the term w(k) in (5) not



identically equal to zero, although it contributes to its reduction.
All these considerations lead to the formulation of the following low-level MPC de-

—
signs. Lettlng ) A[C’]( t(k+1)Ni—1)=(6 A[C’]( Ni),...,6 A[C’]((k—k 1)N;—1)) €
(le) i the low level control action is computed, at time instant & = kN, , based on
the solution to the following optimization problem:

min—— (5 Al (kN + (k+ 1)N; — 1))
50l (kNj: (k-+1)Ni—1)

subject to:

e the dynamics (19) (23)

e the terminal constraint (22)

o 507N (kN;+ 1;) € A%, 1; =0,... \N; — 1,

where J; is a positive definite function with arguments 5x[c’] (kN; +1;), 04 A[C’] (kN; +
li),l;=0,...,Ni—1,e.g.,

N;—1
Jo=Y 1885 &N+ 1) 13, + |68l (kv + 1) 13, (24)
;=0

and where a discussion on how to select the set A%; is deferred to Appendix 7.2.
Finally, for j = 0,...,N. — 1, the control component at each (fast) time instant
ou;(kNy + j) is given by

(25)

where
81 (kN + jIkNy) = 8 (kN + [ j/ & ||k (26)

A further clarification is finally due. At the low level, the controller is designed
mostly to compensate for the effects of model inaccuracies during each long sam-
pling time (i.e., that of the high-level controller). Therefore, the prediction horizon
at low level coincides with one large sampling time of the slow high-level con-
troller, i.e., corresponding to N, fast sampling times. Due to resampling, the opti-
mization problem computed at the beginning of each slow sampling time, i.e., at
time 4 = kN, , has a prediction horizon of N; steps of lenght {;, where indeed N;{; =
N.. As a result of this optimization problem, the input sequence 512[.@ (kN;|kNy),

5um((k+ 1)N; — 1]|kN,) is obtained, and at each fast sampling time kN, + j,
j=0,...,N.—1, the real (low-level) input contribution (25) is used in (15). Note
that, in this way, Ou;(h) varies at each sampling time.
In summary, the on-line implementation of the hierarchical control scheme here
proposed consists of the following steps:

10



at any long sampling time & solve the centralized simplified slow time-scale MPC
problem (11) with cost (12) and obtain the value of i (k) using (14);
for any system X;, at the beginning of any long sampling time k solve the opti-

A

mization problem (23) with cost (24) and compute the full sequence o ul[gi] (kN;|kNy),
80 (k4 1)N; — 1kN,):

for any system X;, at any fast sampling time kN, + j j =0,...,N. — 1, compute
the low-level contribution du;(kN. + j) using (25) and (26);

for any system X;, at any fast sampling time kN, + j the applied control value

is obtained as the sum of the low-level and of the high level contributions, as in

(15).

4 Properties and algorithm implementation

The main assumptions, the recursive feasibility and convergence properties of the
optimization problems stated at the high and low levels are established in this sec-
tion.

4.1 Main assumptions and remarks

Define

k(M) = (| 2N 27)
where

N,
Z Ai\’L—j B,
=1

N, i
BN) =Y AY-/B,—B

J
Also, let I;; = [Oﬁixﬁl o I, e OﬁiXﬁM],%(NL) :Aa’Lﬁ_ﬁAﬁfL e R Z(N,) =

[BLAB. -+ (AL)M™!B.], p, be such that % C ), (0). We now introduce the
following assumption.

Assumption 3

(1) IAT| < 1;
(2) letting Z;(N;) = [35[9‘1 (ainGpilél . (Ag)c,-w—l)gg[ﬂ foreachi=1,...,M,

be the reachability matrix in N; steps associated to (A% ,BE[Q]), matrix
H(Ny) = Bii(N;) € RN

is full-rank with minimum singular value © v,y > 0;

11



(3) letting pz and pg;, be such that % C %, (0) and A% 2D Bps, (0), respec-
tively, for any i =1, ...,M it holds that

K(N)Pa

Pot, > —pr (28)
VNG 45wy
(4) foreachi=1,....M

VNP || 22 (NL) || (NL) |
(1= 1A ) (VNG s P, — K(Ne)Pa)

<1 (29)

Xi(kNL) —

(5) Define A% = AU(N.— 1), and A%(j) = A?/Ai@f%’pm(j) (0) where pay,(j) =

Zi:z ’lKilSiFIj_r(AL _A€)| pﬁ)?(r - 1) fOY‘ all .] = 27 ce 7NL’ pAM;(]) =0 for
Jj=0,1, and where A? =diag(A!',...,AY™) and ps(j) = /X2, P (J),

J

Pos, (1) = Psa, )., | (AL) "B (30)
r=1
We require that
M
U o ([ [a%) < % 31
i=1
OJ

Assumption 3 may be viewed, at a first glance, as a list of purely abstract and
technical requirements. However, on the one hand, it represents relevant inherent
properties of the system under control and, on the other hand, it implicitly includes
important design principles, that will be shortly discussed next.

First, note that Assumption 3.(1) can always be verified in the light of the Assump-
tion 1.(2) on stability of the transition matrix A;, and establishes a lower bound for
the parameter V.. On the other hand, in view of Assumption 2.(2), f3; are full rank
and the full rank of matrix %;(N;) is guaranteed by the reachability of the local
submodels used at low level control guaranteed by Assumption 1.(5): therefore As-
sumption 3.(2) is fulfilled by taking N; (and so N,) sufficiently large.

Secondly, Assumptions 3.(3)-3.(5) provide a tradeoff for the selection of parame-
ters Ps;.. i =1,...,M and p;. In fact

- on the one hand, as required by Assumption 3.(5), and more specifically by equa-
tion (31), the input u(h) must be shared between the low-level controllers (with
local inputs 6u;, whose maximal amplitude is related to ps;.) and centralized high-
level controller (with input i, whose maximal amplitude is related to py);

- on the other hand, the amplitude of du; must be sufficiently large to compensate
for the model inaccuracies, as expressed by Assumptions 3.(3), 3.(4), and more
specifically by equations (28) and (29).

Importantly, note that the constraints (28) and (29) depend upon quantities that are
all functions of the number of steps N, as clarified in the following.

12



- In view of Assumptions 1.(2), 2.(3), and 2.(1), (N = |20t ' Al By — Gu(1) —
(BEo' AlBL = Gu(D)]| and Gu(1) = £ 438 Gu(1) = BL5A/B.. There-

' M M
fore k(N.) <|[|L = NLA’BH!|+!\[32, WALBL < A [[Gu(D) [+ AT [TIBITIGL(D)]],
where Gy (z) = (z — A.)~'B.. Therefore k(N_) — 0 exponentially as N, — oo
This shows that also Assumption 3.(3) can be fulfilled by taking N, sufficiently

large.
- Similarly to Proposition 2.3 in [29], for any i = 1, ..., M it can be proved that

lim ||[AM| =0, 1 {(N) =0 32
im At =0, lim (M) (32)

This proves that also Assumption 3.(4) can be fulfilled - i.e., we can increase the
maximum amplitude of i as much as possible - by taking a sufficiently large value
of parameter N, . This, as a byproduct, allows to minimize the conservativity of the
overall control scheme, as discussed in the next section.

4.2  Main results and conservativity of the scheme

The size of the uncertainty set % to be considered in the high level design is given
by
W = By, (0) (33)
M NL—j .
where p,, = Y1 [|BRY T (AL = AD) [|pse(j — 1).
The main result can now be stated.

Theorem 1 Under Assumption 3, if x(0) is such that the problem (11) is feasible
atk=0and, foralli=1,.... M

(\/__jf p5u, (NL)pﬁ> .
1x(0) —xs]| < ||~@/(NL)|| :

= Ai(NL)

then
(i) w(k) € # and problems (11) and (23) are feasible for all k > 0;
(ii) for allh > 0

u(h) € its % (34)
(iii) the state of the slow time-scale reduced model SN enjoys robust convergence
properties, i.e.,

(k) = %@ Z as k — oo

(iv) the state of the large scale model ¥ enjoys robust convergence properties, i.e.,
for a computable positive constant p,

(kL) = xs & P (RN ,,(0)
h=0

13



(v) we can define (see (67) in Appendix 7.3) a function 6(Ny) of Ny such that, if

o(N,) <1 (35)

then, as k — oo, x(kNy) — xs. O

Theorem 1 establishes three important facts. First, it shows that, if the initial state
lies in a suitable set (and if Assumption 3 holds), the joint feasibility properties of
the two control layers can be guaranteed in a recursive fashion. Secondly, it ensures
robust convergence of the states of both the reduced-scale and the overall systems
to a neighborhood of the corresponding steady-state goals.

Finally, if a suitably-defined function ¢ (N, ) is smaller than one, then convergence
of the state to the goal is ensured. The definition of (V) is quite involved and for
this reason it is given in Appendix 7.3, in particular see equation (67). A general
remark, however, is due on parameter 6(N,): the more the subsystems are inter-
connected (in a wide sense, regarding both the existence of dependencies between
subsystems and their amplitude), the larger (N, ). On the other hand, it is possible
to reduce arbitrarily this parameter by increasing the tuning knob A, . This depends
of the fact that, as N, — oo, both ||.27 (N, )|| — 0 and || Z(N.)|| — 0.

A further remark is that, similarly to Proposition 2.3 in [29], forany i = 1,...,M it
can be proved that limy, 1. A;i(Ny) = oo, allowing to increase at will the feasi-
bility region of the low-level problem.

From the discussion in Section 4.1 it has finally become clear that, by tuning the
value of the low-level prediction horizon N, one can reduce at will the values of
Psa,» related to the maximum required amplitude of inputs Su;. This, from (30) and
(33), allows to reduce arbitrarily the high-level disturbance set %#. This, in turn,
allows to reduce at will the corresponding RPI set .2 and to minimize the conser-
vativity of the present control scheme. We remark that, although a fine tuning of the
gain matrices K;, i = 1,...,M and K can also be beneficial for the reduction of the
conservativity of the scheme, the most relevant tuning knob indeed results param-
eter N, especially since the dependence upon all other design parameters results
rather straightforward and simple.

From the discussion above a further consideration is due. Although the case N, —
+oo allows to verify all the requirements, to obtain the best dynamic performances
from the application of our control scheme, it would be beneficial to set NV, to an
“average” value, such that the assumptions are verified, but at the same time that
guarantees to control the system in a dynamic fashion also at high level. It is nev-
ertheless important to remark that, when N, — oo, the scheme can be regarded
as a two-layer algorithm that at high level consists of a static optimizer based on a
simplified system model and, at low level, consists of a dynamic, reactive, decen-
tralized, and multi-rate, optimization-based regulator.
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4.3 Design

The implementation of the multilayer algorithm described in the previous section
requires a number of off-line computations here listed for the reader’s convenience.

e design of Ay, By, and f3;, i = 1,...,M, such that Assumption 2 is satisfied;

e design of Ky such that both Fy = AL +B£§V LR, and FL[NL] =AM 4 B[LNL]I?H B are
Schur stable;

e design of K = diag(K{,...,Ky) such that Fi, = A_ + B K is Schur stable;

e computation of ps; , pz; (see the procedure proposed in Appendix 7.2) and of the
sets %s.i, A%

e computation of % according to (33) and (30);

e computation of I, %, see [31], and Py with (13).

5 Simulation example and implementation procedures

The hierarchical control algorithm described in the previous sections has been used
to control the model of the large-scale chemical plant described in [26], [35].

5.1 Description of the plant and linearized model

The system is composed of three reactors Ry, R», R3, three distillation columns
C1, (3, C3, two recycle streams and six chemical components: A,B,C,D,E F. The
flow diagram of the system is reported in Figure 3, where Dj, D>, D3 are the top
products of the columns, while By, B,, B3 are their bottom products. The follow-
ing reactions occur inside the reactors R1: A+B—C+D, R, : D+ FE — F+B,
and R3 : D+ E — F + B. The system has six control variables, namely the refluxes
(v1,v3,vs) and the vapour (v2,v4,ve) flow rates in the columns Cy,C,,C3, respec-
tively, and six outputs: the liquid molar fraction (r;) of component A at the top
product of Cy, the liquid molar fraction (r;) of component D at the bottom prod-
uct of Cq, the liquid molar fraction (r3) of component C at the top product of C,,
the liquid molar fraction (r4) of component D at the bottom product of C5, the lig-
uid molar fraction (r5) of component B at the top product of C3, and the liquid
molar fraction (rg) of component F at the bottom product of C3. A detailed de-
scription of the model equations and of the model parameters is reported in [35].
The considered nominal operating point is characterized by the vector of inputs
Viominal = [330 410 283 385 141 282]/ Ibmol/h, to which it corresponds
the vector of outputs rupminas = [0.942 0.552 0.827 0.941 0.705 0.991]/.
The linearized model at this operating condition is of order n = 192, and shows
strong interactions among the control and controlled variables, see again [35].
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In order to apply the hierarchical control structure described in this paper, the sys-
tem and the corresponding linearized model have been partitioned into two subsys-
tems (i.e. M = 2). The first one includes reactors R, R, and columns C;,C,, while
the second one is made by R3 and C3. The continuous-time linearized models of the

D1 D D3
—/\_IA+B ~ > M B

G

F
( —
D+E-> F+B ).TCD+E-> F+B \_/

> |z,

Fig. 3. Flow diagram of the chemical plant: for i = 1,2,3, R; and C; are the reactors and
distillation columns, while D; and B; are the top and bottom products.

two subsystems have been discretized with the algorithm described in [15] and ba-
sic sampling time 7" = 0.05 h and a standard model order reduction procedure has
been used to remove the unreachable states of the two linear subsystems. Denoting
with 8v; and &r; the deviations of the inputs v; and the outputs r;, respectively, with
respect to their nominal values, the first resulting linear reduced order model is of
order n; = 25, with m; = 4 inputs, i.e., u; = (6vy,---,0v4), py = 4 outputs, i.e.,
y1 =(0ry, -+ ,0r4), and p,; = 3 coupling outputs, while the second one has n, = 16
states, mp = 2 inputs, i.e., uy = (8vs, dvg), p» = 2 outputs, i.e., y» = (6rs,0rg), and
P22 =2 coupling outputs. These two linear subsystems have been used as the linear
models described in (1) for the implementation of the hierarchical control structure.
The control variables are limited by

||ui — us; || < 100, (36)
fori=1,2, where us; is the steady state value corresponding to the output set-point
values given by ys = 1073-(9.4,5.5,8.3,9.4,7.0,9.9).

5.2 Design and implementation procedures

The procedures used to implement the hierarchical control structure previously de-
scribed and the computational details are now listed.
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5.2.1 Tuning the hierarchical control scheme with Ny, = 28, Ny =3
5.2.1.1 Devising the high-level simplified model and the low-level submodels

e The procedure described in Appendix 7.1 has been used to compute the matri-
ces 1 and [, and the reduced order model (4) with order 7 = 6. The dynamic
matrix Ay = diag(0.972, 0.984, 0.969, 0.969, 0.874, 0.869) has been computed;
its parameters have been selected as the maximum singular values of the reach-
ability matrix of each subsystem previously discretized. The matrix By has been
computed as described in Appendix 7.1. The resulting model has been resampled
with N = 28 to obtain the model (5) to be used at the high level in the slow time
scale.

e The models (18) have been re-sampled with {; = 4 and {, = 1 to obtain the
models (19) to be used at the low level in the fast time scale.

5.2.1.2  Off-line design of the low-level regulators

e The low level finite-horizon optimization algorithms described in (23) and (24)
have been implemented with state and input penalties Q) = 10%- BB, Qs =
10*- B3 Ba, Ry = Ly, and Ry = Iy,.

e The decentralized feedback gains K and K, guaranteeing that F; is Schur stable
can in principle be computed according to the algorithm described in [6] and
based on the solution of LMI problems. However, in our case, we simply solved
two independent LQ problems and we checked that the resulting F; is Schur
stable.

e The parameters pg;,, Psa,» P, and pz, have been computed accordmg to (41) in
Appendlx 7.2. Spemﬁcally we used the cost function J, = yl]llxM P sa— ( Pia—

%P u) ( i— P u), where 71, 1» are positive constants selected as y; = 1 and
1> = 0.3. Note that the choice of 71, 75 allows one to modify the feasibility region
of the high level optimization problem (11) and (12); typically setting y1 = 1,
the feasibility properties of (11) grow with %. The computed values are ps; =
145.2, pss, = 115.7, pa, = 49.3, pz, = 25.2. The input vectors of each subsys-
tem, namely i;, 84;, i = 1,2, have been limited as follows: —pgi/\/ﬁi]lmixl <
i — ds; < P //Milyiscts —Psa,//Milmix1 < 6l < Pgp./+/Mily;x1; and the

corresponding sets ”ZZSI A??s‘i, i = 1,2 have been obtained.

Note that py, /\/_+p5u| /+/m1 =97.3 and pg, /\/m2 + P, / /M2 = 99.6 and we
canwrlte%l@A%l = {u1+5u1]—97 3. Lyx1 < i +6i —ig, <97.3- ﬂmlxl}
and 02/52 EBA%Z = {uz + 5142’ 99.6 - L, x1 < ity + Oir — usz <99.6- ]1m2><1}
These results show that the size of both the sets %, ® A%, and %, ® A%,
is close to that of the real input constraint in (36). In addition, the radius of the
sets HBp » )(O), i = 1,2, resulting from the feedback policy in (20) for compen-
sating the couphngs terms between subsystems have been computed according to
Assumption 3.(5) with pa,, (v —1) = 4.0 and pp,, (v, —1) = 0.37. Therefore, we can
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also write %, ® A%, = {ity +Suy| —99.3 - 1, 1 < ity +Ouy —itsy <99.3 Ly 1}
and %, ® A%, = {ily + Suz| —99.9 - Ly, 1 < ity + Sup — sy < 99.9 1y, x1 }- In
view of this, the conservativeness of the algorithm related to the computation of the
input constraint sets described in Appendix 7.2 is small, especially for the second
subsystem.

5.2.1.3 Off-line design of the high-level regulator

e The high-level tube-based robust MPC has been designed according to the algo-
rithm described in [27] with state and input penalties Qy = I and Ry = 0.11,,.

e The gain matrix Ky guaranteeing that both F; and FL[NL] are Schur stable can be

computed according to the algorithm described in [6] and based on the solution

of LMI problems. However, in our case, we simply solved a LQ problem and we

checked that the resulting Fy; and FL[NL} were Schur stable.

e The disturbance set has been obtained according to (33) and (30) with p,, = 1.25,
and the RPI set has been computed with the algorithms described at pp. 231-233
of [30], ie, 2 = {z] — (2.66,3.61,1.93,2.64,1.30,1.30) < z <
(2.66,3.61,1.93,2.64,1.30,1.30)} and Ky 2 = {Kuz| — (1.64,1.63,1.02,1.02,
0.10,0.10) < Kyz < (1.64,1.63,1.02,1.02,0.10,0.10) }. The terminal penalty P
is computed with (13), and the terminal set is calculated under nominal input
constraints in (11), i.e., 2y = {&MIo|(#Mle — 50T By (R0 — %) < 0.997}, see
[18].

The values taken by p,,, 2 and K; 2 reveal that the feasibility region of high-level
regulator might be slightly reduced compared to the one of stabilizing MPC due
to the use of tightened input constraint set, i.e., iis DU Ky in optimization
problem (11) and the computation formulas of the disturbance set in (33) and (30),
but can be enlarged by increasing the tuning knobs p;, and pg, .

5.2.2  Tuning the hierarchical control scheme with Ny = 84, Ny = 1

Along the same line with the previous Section 5.2.1, the computational results cor-
responding to tuning knob N; = 84 and Ny = 1 are also listed here.

e The following parameters pgs;,, Psa,» P, and Pz, have been computed: pgs,, =
125.6, pss, = 98.3, pa, = 59.5, ps, = 41.9. The amplitude of both ps;, and pgs;,
(pa, and pg,) is smaller (larger) than that with tuning knob N, = 28, Ny = 3.

e The sets %, GBA%SI = {a; + 0d1| —92.6 - 1y, 1 < ity + 0 — its; < 92.6-
m1><1} and %, ® A%, = {iia + 8tia| —99.1 - 1y ey < iy + Sity — s, < 99.1-
m «1}- These results show that the size of both the sets @25,1 © A%As_yl and ?/_512 @

A?/S‘z has been reduced slightly compared to that with tuning knob N, = 28,
Ny = 3, however, is still close to that of the real input constraint in (36). In ad-
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dition, the radius of the sets %, A, 1) (0), i = 1,2, have been computed with
Pau (v —1) = 11.3 and ppy,(n —1) = 0.91. Therefore, we can also write Uy, ®
AU, = {ity + Suy| —98.2- Ly, 1 < ity + Suy — ity < 98.2- 1y, 51 + and %, ®
AU, = {b_tg + 5u2| —99.8- 1,51 < ity + Ouy —ils, < 99.8- ]lmle}. In view of
this, the conservativity of the algorithm related to the computation of the input
constraint sets described in Appendix 7.2 is still small, especially for the second
subsystem.

e The disturbance set has been obtained with p,, = 1.56, and the RPI set has been
computed ie., 2 = {z| — (1.83,2.11,1.69,1.82,1.58,1.58) < z <
(1.83,2.11,1.69,1.82,1.58,1.58)} and Ky 2 = {Kuz| — (0.37,0.29,0.17,0.18,
0.01,0.01) < Kyz < (0.37,0.29,0.17,0.18,0.01,0.01) }. The terminal penalty P
is computed with (13), and the terminal set is calculated under nominal input
constraints in (11), i.e., 2y = {&Nhe| (Mo — 50)T Py (R0 — 55) < 0.98}.

Note that, the size of both the sets 2 and K;;.2 is smaller than that with the tuning
N, = 28, Ny = 3. The amplitude of p;, and p;, has been enlarged and the feasibility
region of the high-level regulator can be increased significantly.

5.2.3 On-line implementation

The on-line implementation proceduce is depicted in Algorithm 1.

Algorithm 1 On-line implementation

initialization

while for any integer k > 0 do

(1) set M (k) = Bx(kNy), £(kNy) = x(kN,), 8£(kN,) = 0 and 8x(kN,) = 0
(2) compute the high-level input @™ (k|k) by solving the high-level optimiza-
tion problem (11) and (12), and compute .| (k) by equation (14)

(3) update ¥ (k + 1]k) and ¥ (k + 1]k)

(4) generate £;(h) of system (16) in an open-loop fashion for N, fast time steps
with high-level control action @™.(| /N, |), for all h € [kN,,kN, 4+ Ny)

(5) compute terminal constraints (22) for low-level regulators

(6) compute Sﬁl[Ci] (kN; : (k+ 1)N; — 1|kNy) by solving the finite-horizon opti-
mization problem (23) and (24) fori = 1,2

(7) generate 6i1;(h) in (26) with Sﬁl[gi]([h/(:ij |kNy) and compute 6%;(h) in (18)
with 8;(h) for i = 1,2 and for all h € [kNy, kN, + Ny)

for h + kN, to kN, + N, — 1 do

(f1) compute ou;(h) with (25) and compute u;(h) = ﬁl[NL} ([A/No])+ Sui(h)

fori=1,2

(f2) update Sx(h+1) and x(h+ 1)
end 8
k<k+1

end

19



Table 1
On-line computation time comparison

Approach Optimization activated at | Computation time (s)

HL regulator h = kN, 1.1

Proposed one with N, =28 1 one h=kN, 0.94
LL regulator

24 one h=kN, 0.45

HL regulator h = kN, 1.07

Proposed one with N, = 84 15" one h=kN, 2.16
LL regulator

2" one h=kN, 3.64

Centralized stabilizing MPC each fast time instant / 219

5.3 Simulation results: application to the linearized model

The overall control actions computed by the high and low level controllers have
been applied to the linear system at each fast sampling time. The output refer-
ence values for the linear system have been initially maintained at the nominal
setpoints ys = 1073 -(9.4,5.5,8.3,9.4,7.0,9.9); then, at time ¢ = 25.2 h, they
have been set equal to 1072 (2.43, —1.01, —0.43, 0.15, —0.70, 0.41). For compar-
ison, a centralized state-feedback stabilizing MPC has been designed with an aux-
iliary state-feedback control law computed with LQ control, state penalty matrix
Q = diag(Q1, Q»), input penalty R = I,,, and prediction horizon N = Ny - N, = 84.
The terminal set has been chosen as 27 = {x|(x —xs)T P(x —xs) < 1} where the ter-
minal penalty P has been taken as the steady state solution of the Riccati equation
according to the infinite horizon control problem with Q, R. All the simulation tests
have been implemented within MATLAB Yalmip and MPT toolbox, see [24] and
[17], in a PC with Intel Core 15-4200U 2.30 GHz and with Windows 10 operating
system. The SDPT3 solver has been used for the implementation of the centralized
MPC and of the high-level regulator of the proposed approach, while the Matlab
QUADPROG solver has been used for the low-level optimization problems. The
detailed on-line computational time required for each controller is reported in Table
1. This table shows that the on-line computational time of the proposed hierarchi-
cal approach for each interval [kN;, kN, + N.) with N, = 28 and Ny = 3 (N, = 84
and Ny = 1), i.e., 2.49 s (6.87 s), is reduced dramatically compared to that of the
centralized MPC, i.e., 21.9- N s.

The evolution of the output and control variables of the controlled linear system is
reported in Figures 4-5 which show that, after an initial transient, inputs and out-
puts return to their nominal values until the change of the reference occurs, when
both the centralized and the two-layer control systems properly react to bring the
controlled variables to their reference values, and the performance of the proposed
two-layer approach with both tuning cases Ny =28, Ny =3 and Ny, =84, Ny =11s
close to that of centralized stabilizing MPC.
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Fig. 4. Control variables of the controlled linear system: black + markers (blue - markers)
are the values of the inputs computed at the high level by the two-layer scheme with N, = 84
and Ny = 1 (with N, = 28 and N, = 3), black continuous lines (blue dot-dashed lines) are
the values of the overall control actions computed by the two-layer scheme with N, = 84
and Ny = 1 (with N, = 28 and N, = 3), while red dashed lines are the values of the control
variables computed by the centralized scheme.
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Fig. 5. Outputs of the controlled linear system: black continuous lines (blue dot-dashed
lines) are the values of the outputs computed by the two-layer scheme with N, = 84 and
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21



Low-level inputs(-) and high-level inputs(x)

400

300}

200

Ib-mol/h

100

0 30
Time (h)

Fig. 6. Control variables of the controlled nonlinear system: * markers are the values of the
control variables computed at the high level in the long sampling time, i.e., (i, 2), (red,
black, cyan, blue, green and magenta), while continuous lines are the values of the overall
control actions in the multi rate, i.e., (u1,us), (red, black, cyan, blue, green and magenta).
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Fig. 7. Outputs of the controlled nonlinear system, i.e., (r1,-- - ,¢), (red, black, cyan, blue,

green and magenta).

5.4 Simulation results: application to the nonlinear system

The two-layer control structure has also been applied to the nonlinear chemical
plant with Ny = 84 and Ny = 1. Since in a realistic scenario the state is unmeasur-
able, the distributed Kalman filter described in [14] has been used. The covariances
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of the noises acting on the states have been set equal to O = 0. 11,,, 0, = 0.17,,
while the covariances of the output noises have been chosen as Iél = 0.011,,
Ry = 0.011,,. Finally, the covariances of the initial state estimates have been se-
lected as P;(0) = 0.017,,, P>(0) = 0.011,,.

Starting from the nominal operating conditions, the overall control actions com-
puted by high and low level controllers have been applied to the original nonlin-
ear system at each fast time instant. The output reference values for the nonlinear
system have been initially maintained at the nominal point 7,,,,inq; then, at time
t = 25.2 h, they have been set equal to [0.866,0.558,0.791, 0.903, 0.704, 0.948].
The evolution of the output and control variables of the controlled nonlinear system
are reported in Figure 6-7. These figures show that, after an initial transient due to
the state filter, inputs and outputs return to their nominal values until the change
of the reference occurs, when the two-layer control system properly reacts to bring
the controlled variables to their reference values.

6 Extensions and conclusions

In this paper a two-layer control scheme for systems made by interconnected sub-
systems has been presented. The algorithm is based on the solution, at the two lay-
ers, of MPC problems of reduced size and allows for a multirate implementation,
suitable to deal with systems characterized by significantly different dynamics. Its
main properties of recursive feasibility and convergence have been established and
its performances have been tested in a nontrivial simulation example.

The main rationale of the proposed control architecture is grounded on the use, at
the high level, of a reduced and slow-timescale model for centralized control. At the
low-level, each subsystem is endowed of a local controller and is in charge of both
compensating for the model inaccuracies introduced at the high level and dealing
with the distributed nature of the system.

At high level, in this paper we use a tracking control algorithm based on robust
tube-based MPC. This choice, however, is somehow arbitrary, since many alterna-
tive (robust) control solutions can be used instead, e.g., the offset-free robust MPC
scheme proposed in [5].

The reference signals are here assumed to be previously computed, for instance by
an additional Real Time Optimization layer (RTO), e.g., based on the current and
predicted external conditions, such as prices of energy or costs of row materials,
see [9,19,1,20,21,13,10,37]. It is important to remark that RTO-based structures
must be properly designed to guarantee the compatibility of the models used at the
two layers, see [10,37,13]. Also, dynamic RTO structures may be prone to stability
issues, as noted in [12].

To overcome problems related to the use of RTO to generate reference signals, a
robust economic MPC approach can be used, see [3], for the design of a high level
regulator which, at the same time, computes the optimal reference values for the
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controlled outputs. This, in our opinion, would not entail significant differences in
the algorithm implementation and in the theoretical results. Future work will be
devoted to this extension.

7 Appendix
7.1 Construction of B; and of the reduced order model

A constructive procedure for the computation of the matrices f;, i = 1,..., M, and
the reduced order model satisfying Assumption 2 is listed here following the same
line as in [29]. Note however that in [29] the case of dynamically decoupled sub-
systems was considered, and full system reduction actually could be carried out
subsystem-by-subsystem. On the contrary, in this case, system reduction must be
performed at a full system level and structural additional constraints must be sat-
isfied, i.e. the block-diagonality of matrix . In view of the presence of these con-
straints, the sufficient and necessary condition given in Proposition 1 in [29] for
guaranteeing the fulfillment of Assumption 2 (i.e., that 7 > p+dim(ImGyNKerC, ))
is, in our case, only necessary.

Here we now describe a (possibly conservative) procedure:

a find a subspace Ker f3; of dimension n; — 77; so that Ker3; C KerCﬁ" and Z;N
Ker 8; = {0}, where Z; = ImGi/(1)NKerC", and Gi(z) = (zI —A)~! [BILI Ei] :

b let {x,...,Ky,_q } be aset of independent vectors in % ; = Ker B; and complete
this set to a basis %; = {vi,...,va;, K1,..., Ky,—g, } of the whole space R";

c let {ry,...,ry} be a basis of R™, define

Bi=1[ri|-|ral0] 0]

and T; be the matrix whose columns are the vectors in %;, then f3; = B,TL_I;
d define collective matrix 8 = diag(Bi,---, Bu);
e choose matrix Ay being Schur stable, and let

By = (I—Ay)GL(1)

where the suitable choices for Ay are those modeling the dominant dynamics of
the low-level collective model.

Steps a-c imply that Assumption 2.(2) is fulfilled, while step e guarantees that As-
sumption 2.(1) and 2.3 are satisfied.

Note that a less conservative choice can be taken, i.e., defining, in step a, Gi/(z) =
(zI — A¥)~1Bil, However this choice does not guarantee a-priori that the property
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ZNog ={0}, where 2 =ImG{NKerCy, G{ = (I—-A.)"'B.,and Hp = Y, Q%/ﬁ’
This must be verified after the reduction phase has been carried out.

7.2 Computation of the input constraint sets

In the scheme proposed in this paper, the dimensions of the input constraint sets % ;
and A% are key tuning knobs, which must be selected in order to satisfy, at the same
time, the inequalities (28), foralli=1,...,M, and (31). To address the design issue,
in this appendix we propose a simple and lightweight algorithm based on a linear
program. As a simplifying assumption, we set A%; = Bpsi ( ) and % ; = B, (0).
Under this assumption, the tuning knobs are the vectors p sn = (pgﬁl e, p5,2M)
and p a = (Pa,,---,Pmy)- Note that, in case of need, such assumption can be re-
laxed, at the price of a slightly different definition of the inequalities below.

First consider inequality (28), to be verified for all i = 1,..., M. Here the constant
pz appears, defined in such a way that % = [", Pp;.(0) € Bp,(0). We can define,

for example, p; = 4/ ?il Pu, Zl | Piz;- Therefore, to fulfill (28) it is sufficient to
verify the following matrix inequality

1 I
VNG vy VNG AN

where 1y, 1s the M x M matrix whose entries are all equal to 1. The second main
inclusion to be fulfilled is (31), which is verified if, foralli=1,...,M,

Vs P i (37)

P> K (N )diag(

AT & Wi C U, (38)

By definition, A%; = A% ® '@pAu-(NL—l) (0), where

P (N — 1) =
Loy Kl (A= APl JEL 3 (r = 1)
<ZNL IHKISIFNL . 1( AD)HZ] 1 Ps%; (r—1) (39)
= 2 Kl B (A= AD) | 2 T 1A) R B (s,
=Y Aijpsa,

where A;; = Y00 Kl MY (AL — AP)|| 2oz ) [[(A7) =1 7*B/7||. This implies

that A%; C %‘p LyM (0). Therefore, to verlfy (38) it is sufficient to enforce
§a; T =1 z/p6

the constraint
A+D)Psa+Pa< Pu (40)

25



where A is the M x M matrix whose entries are A;;, i, j = 1,...,M, while ﬁu =
(Puys---»Puy)> Where %y, (0) € %, for all i =1,...,M. Eventually, a suitable
choice of p'g; and ?,; is obtained as the solution to the following problem:

max Jp
P s Pa (41)
subject to constraint (37) and (40)

where J, is a suitable (linear or quadratic, if possible) cost function that allows to
maximize the size of the constraint set.

7.3 Proof of Theorem 1

The proof of Theorem 1 lies on the intermediary results stated below.

Proposition 1
A) Under Assumption 3 and if ¥ (k) = Bx(kNy), then for any initial condition
R(kNy) = x(kNy) such that, foralli=1,....M

[le(ANL) = xs| < Ai(NL) (42)

and for any aMl e Gy ® U there exists a feasible  sequence

SﬁI[Ci] (kN : (k+1)N; — 1]kN,) € A%Ni such that the terminal constraint (22) is sat-
isfied.

B) if x(kN.) satisfies condition (42), AQJLH <1,and, foralli=1,...,M, (29) is
verified, then recursive feasibility of the terminal constraint (22) is guaranteed.

Proof of Proposition 1

A) Note that, since 5)21[-@] (kN;) = 8%:i(kN.) = 0,

Bid&i((k+ 1)N.) = Bidal (k+ 1)N;) =

—y 43)
= H(N) S (KN, : (k+ 1)N; — 1kN,)
Moreover, in view of (5)
N .
A (k4 1) = AN-Bx(kN) + Y ANCTBal™] (k) (44a)
j=1
Ny .
Fs = AN-Bxs+ Y AN Buiis (44b)
j=1
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Analogously, from (16) written in collective form

ML )
BR(KN, +N.) = BAY x(kN,) + B Y A~/ B al™ (k) (45a)
j=1
NL No—i
Bxs = BAN x5+ B Y A/ B, i (45b)
j=1

Therefore, in view of (43), (44a), (45a), and the definition <7 (N.), B(N.), I, the
constraint (22) can be written as

—
(NS (KN = (k+ 1)N; — 1|kN, ) =
= Isi[’Q{(NL) (x(kNL) - XS) + ’@(NL) (ﬂ[NL] <k> - ﬂ5>]

(46)

From this expression, the definitions of O ;. y,), Pa, Psa,» and in view of (27), it
—

can be concluded that a feasible sequence 5ﬁl[ ‘](kNi : (k+1)N; — 1]|kN.) can be
computed provided that

\/]vigjﬁ(N,-)p&ii > || (NU)|I[|x(—kNL) — x| + (VL) pa (47)

from which the result follows.
B) From (3) it holds that

x((k+1)Ny) — x5 = AN (x(kN) — x5)

(48)
+R(N) (U (KN, < kN + N — 1N, — Ty, 1 ® i)

where ® is the Kronecker product. Therefore
(ke + DNL) = xs]| < JJAY || [[x(kNL) = xs ]|+ V/NL |22 (NL) | pu (49)

and, in view of (42)

(ke + 1)) — 25| <

50)
N (VRIS oy Py~ K (NL)Pa) (
< [|Act]| MIIZZ(NL)H +V/NL[Z (N pu
forall i =1,...,M. From this expression and Assumption 3.(4)
(VNiS vy Psia; — K(NL)Pa)
[le((k+ DNL) —xs]| < TN =X(NL) (5D
o Il (ML) |

forall i =1,2,...,M and the result follows. 0
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Proposition 2 [f Problem (23) is feasible at time h = kN, then

[w(k)[| < pw (52)
Sui (kN + j) € A% () (53)
Also it holds that
A% 2 AU(j) (54)
forall j=0,...,N,— 1. U
Proof of Proposition 2
Defining the collective vectors £ = (%,...,8y), Ox = (6xp,...,0xy),

O0X = (8%1,...,0%y), and €(kN. + jlkN.) = Sx(kNy + jlkN.) — OX(kN. + jlkN.),
we have that w(k) = Bx(kN, +N,) — &M (k + 1]k) = BR(KN, + N,) + BSx(kN, +
Np) — N (k11k) = (BR(ANL +N) + BS(KN, + Ny ) — M (k4 1]k)) + Be (kN, +
JIkNL) = Be(kN. + jlkN.). The latter equality holds in view of the fact that Prob-
lem (23) is feasible, and therefore equality (22) is verified. From (17), (18), (20),
we collectively have that

(A — AP)SR(KN, + jkN,)

(55)

In view of the fact that €(kN_|kN.) = OX(kN |kN.) = 0, then w(k) =

B ZIJEZ FM /(A — AP)S8£(kN, + j — 1|kN,.). From this it follows that

N, .
() < Y IBE (AL —AD) || S£ (KN, + j — 1[kN, )| (56)
j=2
Since di; are bounded for all i = 1,...,M, i.e., scalar ps; are defined such that

8it; € HBpg, (0). In view of this, we compute that ||[S£(kN, + jIkNL) || < psz(/),
where ps;. (/) is defined in (30). Therefore, §X(kN, + j|kN,) are bounded, for all
Jj=1,...,N. — 1 and more specifically we get that |S£(kN_ + jlkN.)|| <
/X1 p3. (). Therefore one has (52) for all k > 0.

From (55) we have that &(kN, + jIkN.) = ¥/_, /™" (AL — AP)8£(kN, + r — 1|kN,)
and therefore Su;(kN. + j) — 8d;(kN. + jlkN.) = Kig(kN, + jlkN.) =
Kili Y, F/ 7" (AL — AP)SR(kN, + r — 1/kN,). From this it follows that Su; (kN, +
J) € 61 (kN. + jlkNL) © B,,, (j)(0) and therefore du;(kN. + j) € A%(j). In view
of the monotonicity propertly Pau;(J + 1) > pay(j) for all j, it holds that
'%)PAW(HI) (0)2 ‘@PAM,. (j)(0), which implies (54). O
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Proof of Theorem 1

(i) If ||x(0) —xs|| < A;(No) and recalling that Assumption 3 holds, from Proposi-
tion 1, recursive feasibility of the optimization problems (23) is guaranteed, i.e.,

that there exists, for all kK > 0, a feasible sequence 0 A[g’]( c(k+1)N; — 1]kN,) €

AOZ/ " such that the terminal constraint (22) is satisfied.

Also, from Proposition 2, it follows that w(k) € #  for all k > 0, which allows to
apply the recursive feasibility arguments of [27], proving that also (11) enjoys re-
cursive feasibility properties.

(ii) It is now possible to conclude that, in view of the feasibility of (11), a™.(k) e
iis ® Y also, from Proposmon 2 it follows that Su; (kN + j) € A%; for all k > 0,
j=0,....N.—1,and i = 1,...,M. From this, under (31), the inclusion (34) can
also be proved.

(i11)) We apply the results in [27], which guarantee robust convergence properties.
In other words, it holds that ¥M-1°(k) — % as k — +oo, and that #MI (k) is asymp-
totically driven to lie in the robust positively invariant set X5 & 2.

(iv) To show robust convergence of the global system state, from (3) we obtain that

(e DN — i) + B
NL—1
+ Z AﬁBL5M((k+1)NL—h— 1) (57)
h=0

Denoting % . = [AJLVL_l B, ... BL] , we obtain that

N—1 —
Y A'B Su((k+1)Ny—h—1) = 2 Su(kN, : kN, +N,—1)
h=0

— =
Also, recall that OSu(kNy:kN.+N.—1) = OSu(kN. : kN, + Ny — 1) +
diag(K,...,K) € (kN, : kN, + N, — 1) and that, by defining

0 0O ---000

1 0 ---000
gNL: FL I 'OOO )

FM=2EM= 100

then
(N, kN + N, — 1) =
_>
- yNLdlag(AE, ce ,AE):@L8ﬁ(kNL . kNL +NL - 1)
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where Af = A — AP and

By =
(ALD)NL—lgL -+ B
Recalling that ¥™! (k) = Bx(kN,) and that
Al () = P (1) + Ko (4] () — P 1)) (59
we can rewrite (57) as

x((k+1)N) = (AN + BM R, B)x(kN,)
+ BN (@M (k) — Ryt (k) + BC . Su(kN, kN 4N — 1) (59)

Recall that iV (k) — %, alML12 (k) — g as k — +eo. Also, we compute that

%
Su(kNL . kNL+NL— 1) = ([—Fdlag(K,,,K,)gZNL (60)
%
'dlag(AE, e ,AE)%L)SI:Z(ICNL . kNL +NL - 1)
Based on this, we define k5, = || 2 y, (I +diag(K;, ..., K;)
Fy, diag(AS, ..., AC)ZA.)|| and we write (59) as
x((k+ 1N = (AN + B g, B)x(kN,) 61)

B (k) — Ky (k) 4w (8)

where [Jwy (k)] < K, /N maXpe v, e nyvg—13 [|64(R) || < Ksu/Ney /XM P(%ﬁl.-

Since xg = AM xg —I—BE\U its and BE\UKHXS = B[LN L}KH Bxs, we can rewrite (61) as

x((k+ 1N — x5 = (AM + BMIR B (x(kNL) — x6) + wy (k)
+pM ((a[NLLO(k) i) — Ru(&N (k) —xs))

Eventually, since FL[NL] =A "+ B[LNL]K'H B is Schur stable, then the asymptotic result

follows, where p, = K5,/ VL4 /Z?il p(%u
(v) We can reformulate problem (23) as

%
min  ||8a(kNy : kN +NL—1)|%
%
subject to: BZ"(N.)Ou(kNy : kNy + N, — 1) = 8%ong (62)
_>
AinSu(kNy - kN +N. — 1) < bjy,

30



where 2 =diag(R,...,R) + %! diag(Q,...,0)%,, R =diag

(Ri,...,Ry), O =diag(Q1,...,0n), O%ena = &M (k 4+ 1|k) — B£(kN, + N,) and
Z°(Ny) = [(AE)NL—l B, ... BL]. Recalling that b;, > 0 elementwise, in view of
continuity arguments, there exists a ball %, ,(0) for 6X.,q such that the solution
to problem (62) satisfies Aingi(kNL tkNL 4+ N, — 1) < by If 8% ppg € PBp,,,(0), then

SA(N, : kN, + N, — 1)
—1
29 A° (N )T 0
_ [1 0} (BZ"(NL)) 55,
BZ"(N,) 0 I

Also, it holds that the optimal constrained solution fulfills

= =
ISA(KN, < kN +N.— 1|5 < max  [|8d]|%, = Jm

and therefore ||S7A(kNy : kN + N, — 1)[| < /5 (2> in view of this, for | 0% enall &

_2\ Jmax
Bpa(0), then [|Sa(N. : kNL+N. = 1)|| < /7 gy 51
-1

||6%,nql]. Defining now

23 :@D N T O max
K = max{ [I O} (BE*(2.)) 3 AJF(Q) pLd} then we con-
B%D<NL) 0 I min en
clude that .
| 8a (AN, : kN, + N — 1) || < K||8%enal| (63)

Therefore, from (60) and (63), we have that

18U(kN, : kN, +Np — 1)|| < K[| SE(kN, : kN +Np — 1|
< K K| (NL) (x(kNy) — xs) + B(N) (@™ (k) — i) | (64)

where
K, = |[I +diag(K;,...,K;) Fy, diag(As, ..., AD) B

In view of this, we can rewrite (59) as
x((k+ 1N — xs = FN (e (-NL) — x6) 4+ w (k) + wo () (65)

where [|wx(K)[| < & (VL) [[x(kNL) = xs [, K (VL) = KKy |l

| (NL) + BN KB 1w (K) || < g l|aNebo (k) —das | + e |0 (k) — % |, 7 =
N —

1B+ R 2 112N, and

Ni | = _ —
K2 = BN R + ra R ZC v, || B(NL) Rl

To derive a stability condition, we recast (65) as the following redundant dynamic
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system
6)(7?_ = FL[NL] 5xl + Wi, +wp (66)
8x5 = FL[NL] 0x2 +Wgy, +Wo

where the initial conditions for dx; and dx, coincide and are equal to x(0) — xs, and
where ||wg,. || < K& (N.)[|0x;]|, i = 1,2. Recall also that, as already discussed, w, is
an asymptotically vanishing input.

The stability of the system (66) can be studied using the (ISS) small gain theorem
in [11], according to which the interconnected system above enjoys asymptotic
stability properties if the matrix

o 0 o(N)
o(M) O
is Schur stable, where
v [NL]\k
o(M) = k(N Y IR (67)
k=0

Also, I is Schur stable if and only if the inequality (35) is verified. Then, under the
latter condition, x(kN;) — xs as k — oo, O
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