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Abstract

The paper adresses the problem of designing a stabilizing control for switched affine systems with unknown parameters. We
formulate the problem both in the case where the set of affine subsystems is finite and also in the case where the set of
affine subsystems is not finite and given by a convex polytope, i.e., the convex hull of finitely many affine subsystems. The
main contribution is a switched and adaptive control design methodology with a global asymptotic stability property. The
difficulty is related to the fact that the equilibrium point is unknown a priori. We propose an observer-based control strategy
that uses a parameter estimate to update the control law in real time. A DC/DC Flyback converter is considered to illustrate
the effectiveness of the proposed method. We also show that the proposed strategy preserves the stability property when the
Flyback converter works in the so-called discontinuous conduction mode (DCM).

Key words: Switched control, Switched affine systems, DC-DC power converter.

1 Introduction

A considerable interest has been devoted to switched
systems by many researchers both for theoretical and
practical reasons. These hybrid systems consists of con-
tinuous or discrete time dynamical subsystems and a
switching rule that determines at each instant of time
the active subsystem (Liberzon 2003.). They are encoun-
tered in many applications such as embedded systems,
automotive, aerospace, and many other fields. From a
theoretical point view, the analysis and design problems
are very challenging and many contributions have been
proposed during the last decades (see (Lin & Antsaklis
2009, Shorten et al. 2007) and references therein).

Here, we focus on a specific class of switched systems
called switched affine systems. This class captures es-
sential features of many applications including power
systems and power electronics (Albea et al. 2015, Buis-
son et al. 2005, Naim et al. 1997, Sira-Ramirez & Or-
tega 1995). It is also characterized by the fact that many
challenging problems have not been solved yet mainly
because the affine nature of the linear subsystems in-
troduces additional difficulties in the analysis and con-
trol design problems. Among these difficulties, the one
related to equilibrium points is of particular interest.
There are contributions dedicated to the design of sta-
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bilizing switching rules under the assumption that the
equilibrium point is perfectly known in advance (Bolzern
& Spinelli 2004, Deaecto et al. 2010, Hetel & Fridman
2013, Theunisse et al. 2015). However, these approaches
cannot be applied in the realistic case where uncertainty
or parameter variations are considered as it is the case of
power converters with a lack of measurement on the in-
put voltage and/or the output load (Shahin et al. 2010).
The problem is open and one may find two types of con-
tributions in the literature. The first type is switched
systems oriented and there are very few papers dedi-
cated to switched affine systems with uncertain or un-
known equilibrium points. In a very recent paper, the
problem of stabilization of switched affine systems is ad-
dressed in the case where the equilibrium is uncertain
and characterized by a given convex combination (Sen-
ger & Trofino 2016). Under these assumptions, globally
stabilizing switching rules are determined by solving an
LMI problem. The second type of contributions is power
converters oriented. More contributions can be found in
this case (see (Sira-Ramirez et al. 2007) and references
therein) but the results are specific to the considered ap-
plication. As an example, for boost converters with un-
known, piecewise constant, load resistance values an in-
teresting contribution is proposed in (Sira-Ramirez et al.
2007) based on a nonlinear algebraic parameter estima-
tion associated to a reduced order observer and a static
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output feedback.

Here, we propose a theoretical contribution dedicated
to switched affine systems with unknown equilibrium
points without restricting the set of equilibrium points
to some given structure and we apply this approach to
power converters with load and input voltage variations.
We formulate the problem both in the case where the set
of affine subsystems is finite and also in the case where
the set of affine subsystems is not finite and given by a
convex polytope, i.e., the convex hull of finitely many
affine subsystems. The main contribution is an adap-
tive control design methodology with a global asymp-
totic stability property. A preliminary version of this
work appeared in (Beneux et al. 2017a,b). The result
in (Beneux et al. 2017a) concerns only the case where
the set of affine subsystems is finite while (Beneux et al.
2017b) discusses this preliminary result in the case where
a DC-DC power converter may operate in the so-called
discontinuous conduction mode.

The paper is organized as follows. In the next section,
we first recall the classical state feedback switching con-
trol design problem for switched affine systems and its
solution in the case where the set of affine subsystems is
finite. We also formulate the problem in the case where
the set of affine subsystems is not finite and we give the
solution in the case where the equilibrium point is per-
fectly known. Section 3 is dedicated to the main contri-
bution of this paper which is an adaptive and switching
control design methodology for switched affine systems
with unknown parameters. Using a parametrization of
the admissible set of equilibrium points and an estima-
tion of the unknown parameters, we propose an adaptive
and switched control law with global asymptotic stabil-
ity guarantees. In section 4, the results are applied to a
DC- DC power converter subject to load and input vari-
ations. We show how to take into account the fact that
the load and the input voltage are not known a priori and
we formulate the corresponding power converters stabil-
isation problem as a control problem for switched affine
systems with unknown equilibrium points. We also show
that the proposed method preserves the global asymp-
totic stability property when the DC-DC converter oper-
ates in the discontinuous conduction mode (DCM). We
end the paper by a conclusion.

Notations: The set composed by the N first integers is
denoted by K = {1,---,N}. The (N — 1)-dimension
simplex is denoted A := {A € RY | Vi € K, \; >
0, Zf\;l A; = 1}. The convex combination of a set of ma-
trices A = {Ay, -+, An} is denoted A(A) = Zivzl A A,
with A € A. The transpose of a matrix M is denoted
M7 The identity matrix (or the null matrix) is denoted
by I (or 0) for any dimension. For a square symmetric
matrix, M > 0 (M < 0) indicates that it is positive (neg-
ative) definite. co stands for the convex hull. For a given
vector v, the notation v, 1, refers to a vector of dimen-

sion ko — k1 + 1 formed by the components of v within
the range [k1, ko]. Finally, D = diag(d;, i =1,--- ,n) is
a diagonal matrix of dimension n x n whose entries are
the ds, i=1,--- ,n.

2 State feedback stabilization

We consider the class of continuous—time switched affine
systems given by:

#(t) = Aga(t) + by (1)

where x : R — R™ is the state and o : R™ — K refers to
the state dependent switching law that selects at each
time one of the IV subsystems characterized by the pairs
(4;, b;), i € K. Our main objective in this paper is the
design of adaptive and global stabilizing control laws for
this class of hybrid systems. By adaptive, we mean con-
trol laws that take into account some parameter varia-
tions to be defined in the next section.

We also consider the class of dynamical systems obtained
by taking the convex combination of these N subsystems
and which is given by:

#(t) = AN)z(t) + b(N). (2)

The control is now A and it takes its values in the whole
simplex A. An important feature of this class of dynam-
ical systems is the fact that it allows to characterize
the set of equilibrium points of the switched affine sys-
tems (1) in already noticed in (Bolzern & Spinelli 2004,
Deaecto et al. 2010, Hauroigne et al. 2011, Hetel & Frid-
man 2013). We recall this characterization.

Definition 1 Let A™ be the subset of A such that A(\)
is Hurwitz, that is:

AM:={NeA: 3P =0, AT(\)P+ PA(N) <0}.

The set A™ is open in A by construction. It is assumed
to be nonempty

Definition 2 Let X°€ be the set of the equilibrium points
related to system (2) and defined as:

X = {2 €R", 2° = —A(\)7'b(X%), X“ € AM}

As it has been shown in (Bolzern & Spinelli 2004,
Deaecto et al. 2010, Hauroigne et al. 2011, Hetel &
Fridman 2013), state x of system (1) can be stabilized
on any equilibrium point z. € X¢ using the switched
state feedback law, given in our framework by:

o(x) € argmin(z — 2%) T P(A;z + b;), (3)
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where P > 0 satisfies the Lyapunov inequality
ANTP + PA(N) <0

Another interest of the class of dynamical systems given
by (2) is related to the property of density of the tra-
jectories of system (1) into trajectories generated by (2)
which allows to use (2) instead of (1) for stability analy-
sis and /or control design (Bengea & Decarlo 2005, Hau-
roigne et al. 2011, Ingalls et al. 2003). To be more pre-
cise, this corresponds in (Bengea & Decarlo 2005), which
is dedicated to optimal control design for switched sys-
tems, to the fact that the switched system is embed-
ded into a larger family of systems and the optimiza-
tion problem is formulated for the latter. The authors
show that the set of trajectories of the switched system
is dense in the set of trajectories of the embedded system
and the relationship between the two sets of trajectories
motivates the shift of focus from the original problem to
the more general one. They also underly the engineering
relevance of the study of the second problem. Indeed,
this density property is useful to establish some bridges
from control laws dedicated to (1) to the ones dedicated
to (2) through the notion of averaging. Conversely, con-
trol methods designed for (2) can be applied to systems
given by (1) using Pulse-Width Modulation techniques
(PWM). Owing to these interests, we provide in the next
proposition a way to design what we will call in the se-
quel the embedded control \.

Proposition 1 Consider the dynamical system (2). The
equilibrium point corresponding to the pair (x°,\°) is
globally asymptotically stable under the state feedback
law:

’\[1va1] (z,2°) = /\[61,1\/—1] — Ky(x, %),
An(z,2) = Ay + 1T Ky(x, 2%,

with y(z,2¢) = BT(z)P(x — x¢), and B(z) whose
columns are given by Bi(z) = (A; — Anx)z + (b; — by)
and where P > 0 satisfies the Lyapunov inequality

AN)TP + PA(N) +Q < 0.

for some given Q > 0. The matriz K is such that K =
diag(k;, i = 1,--+- , N — 1) with positive real numbers
ki>0andl=(1,---,1) (N —1 times).

PROOF. For a given (z¢, \¢), system (2) can be

rewriten:

= A (z — 2) + A\ — Az + b\ — \°),

then, using relation : Ay =1 — Zf\;l i, we have:
N-1
i =AN)(z—2%)+ > (A= X);Bi(x),
i=1

with B;(z) = (A; — An)x + (b; — by). By denoting B(x)
the matrix whose columns are the B;(x)’s,i =1--- , N—
1, we finally obtain:

= AX)(z = 2%) + B(x)(A =A%) n-1-
Consider the Lyapunov function
V(z,2%) = (x — 2°)T P(z — 2°),
where P > 0 satisfies the Lyapunov inequality
ANTP + PANY) +Q <0,

for a given Q > 0. Denote by y(z,2¢) = BT (z)P(z— )
and let us define the weight matrix K = diag(k;, i =
1,---, N—1) for some chosen positive real numbers k >
0. By a derivation along the trajectory of V(z,z¢) in
the direction defined by the control Ay y_1j(x,2¢) =

AfLN—1] — Ky(z,z¢), one can get the result:

V(z,2%) =2(x — 2°)T P(A\) (z — 2°) — B(2)Ky(w, %))
< — (2 —2°)7Q(z — 2°) — 2y(x, 2°)" Ky(, 2%)
<0ifz —2°#0. (4)

As the control domain A is bounded, the embedded con-
trol of Proposition 1 must be limited by a saturation
function as follows:

Definition 3 For a given control of the form A = X\°+d§A
with \° € A and ), 0A; = 0, its saturation denoted by

sat(N), is defined by its projection in the direction S\ on
A:

sat(A) = Proj(A; 0A) = A° + adA (5)
where o = max{a € [0 1] : A° + ad\ € A}.

Lemma 1 The values of a are determined by the follow-

ing relations: o = m1|r<1 aj and
JE€

min (1, 5552 ) i 85 > 0
a; =4 min (1, M”) if )y <0
1 if 50 =0

PROOF. As \* € A and as ) ;. 6)\; = 0, the sum
A = A° 4 0\ is inside the set A if the components of A
satisfy for all i € K,

1— 22> 6\ > —AC



Following the sign of d\;, we deduce the following con-
ditions, for all ¢ € K:

€ €

xi ifd\; <0and 1< XA" if 5); > 0.

7 (3

1<

If there exists at least one subscript ¢ such that the above
relations are not satisfied, then there exists a reduction
ratio o, 0 < a < 1 such that these relations are satisfied
when replacing 0\ by adA. The greater reduction ratio
is obviously given by a = min; a; where

min (1, 5525 ) i 07 > 0
a; = { min (1, 535) i A <0
1 it 6\, = 0

We are now in position to state the main result of this
section.

Theorem 2 Consider the dynamical system (2). The
equilibrium point corresponding to the pair (x€,A\°) is
globally asymptotically stable under the state feedback
control:

Afin—1 — aKy(z,z¢),

6
Ay + 1T aKy(x, z¢), (6)

sat(AN(x)) = {

with sat(-) and « given by (5) and the control X provided
by Proposition 1.

PROOF. The proof can be easily obtained from the
expression of the derivative of V and noticing that the
function sat does not modify the sign of the derivative
by substituting in (4) the term —2y(x, 2¢)T Ky(x,2¢) by
—2ay(z, 29)T Ky(z, 2°).

A key assumption behind the state feedback control laws
(3) and (6) is the knowledge of the pair (z¢, A®) which al-
lows to determine the feedback law in real time. A ques-
tion of practical interest which one may ask is whether
these control laws can be used in the case where the
affine system under interest is subject to parameter vari-
ations or uncertainties. We answer this question in the
next section.

3 Adaptive stabilization

Let a parameter dependent switched affine system de-
scribed by:

(t) = Ayz(t) + by + Gop

y(t) = Cx @

where the matrices A;, G; and the vectors b;, i € K, are
constant and given, x € R™ is the state, y € R" is a mea-
sured output, o : R™ — K is the switching control and
p € R™ is a constant (p(t) = 0) but unknown parame-
ter. In this setting, we assume that the dependency of
the system with respect to the unknown parameter p is
linear. We show in the section dedicated to the applica-
tion the interest of this modeling in the case of power
converters.

Now, we assume that only a part of the state has to
be controlled to some prescribed values. Without loss of
generality, we denote this part by x5 € R™2. The remain-
ing components of the state are denoted z; € R™* and
are such that © = (z1, z2). This assumption is necessary
in many applications and is related to the degrees of free-
dom provided by the control A to fix the equilibrium by
the relation x¢ = —A(X\) 71 [b(\) + G(\)p] for a given p.
Thus, the dimension of x5 is at most the number of free
control variables, here N — 1.

3.1  Parametrization of the equilibrium point

A non trivial difficulty in the case of parameter depen-
dent switched affine systems is related to the definition
of the equilibrium point which is a priori unknown. To
define the set of admissible equilibrium points in this
context, we introduce the following definition.

Definition 4 For an arbitrary small € > 0 fized, we
define the set:

AM(€) ={N € A: A\ + v) is Hurwitz, Vv € B(0,€)},

where B(0,€) denoted a closed ball of radius & in RN
centered on 0.

As A7 is assumed to be non empty, there always exists
¢ > 0 such that A7 (¢) # . This set ensures, for any
A which belongs to the closure of A™(¢) in A, that the
matrix A(A) is Hurwitz. In the sequel, it is useful in order
to guarantee a bound on the decay rate of the Lyapunov
function. One can notice that A7 (¢) € A*(0) C A.

The set of admissible equilibrium points is defined as
follows:

Definition 5 For £ > 0 fized, we define the set of the
equilibrium points as:

Xe(€) ={x® €R™: 2°=—AN) " [b(N) + G(\)p],
(p,A) € R™ x A ()}

Definition 6 The restriction of X¢(§) to x1 (respec-
tively x2) denoted by X€(€)|,, (respectively X€(&)|x,)
is defined by the set X(&)|s, = {x§ : ¢ = (x5,25) €
Xe(&)}. (respectively X¢(&)|e, = {x§ : ¢ = (x5,25) €



Xe(€)})-

Consider the C'*°-class function 1 defined by:

B AR(E) X X(E)le, X XE(E)lsy X R™ = R"
(N, z1,22,p) = AN (21, 22) + b(A) + G(M\)p.

For any A € A™(&), any fixed p, as A(A) is invertible,
there exists a unique x such that:

1/)()\,1‘1, anp) =0.

For a given (z5,p), we assume that there exists a
parametrization of x{ and \° as follows.

Assumption 1 For all 2§ € X¢(&)|s,, p, there exists a
unique C*-class function ¢ = (¢1, ¢2) defined by:

¢1: Xe(f”rz x R™ — Xe(§)|11

($S7p) = xf = ¢1(.T§,p)

(8)

P20 XO(E)]ay x R™ — AP(€)
(3, p) = A® = ¢a(25, p)
fulfilling the relation

(9)

(A, z7, x5, p) = 0.

Moreover, we assume that there exists a constant
n(x5,&) > 0 such that:

dp

HMSMﬁﬁ) (10)

To overcome the fact that the equilibrium point depends
on the parameter p which is unknown a priori, the control
method we propose, uses an observer to estimate this
equilibrium point in real time. This is explained in the
next subsection.

3.2  Parameter estimation and reference point update

Here we present a switched observer which allows to es-
timate the state and the unknown parameter z = (z, p).
This switched observer will be used in the stabilizing
control strategy proposed in this paper and it is given

o

Aaé + BO’ + Lo’(y - y)
Cz

>
Il

: (11)

Qd)
Il

, bz = , with Ll =
0 0 0 L;

C = [C O] Let the error between z and 2 be e(t) =
z(t) — 2(¢).

where A; = and

Its dynamics is given by:

¢ = (A, — L,O)e. (12)

The gains L; are designed to ensure that lim;_,(e(t) =
z(t) — 2(t)) = 0 for any switching law ¢ and this can
be done using the following classical result (Boyd et al.
1994).

Proposition 3 If there exist a matriz P,,s = 0, matri-
ces R; and scalars v; > 0 satisfying for alli € K :

i=1,2,....,N

)

{ A,LTPobs + PobsAi - C’TRZT - Rlé + "YiPobs <0

then the observer gains L; = Po_b; R; ensure that the error
dynamics (12) is exponentially globally stable for any
switching law o and it is characterized by a decay rate at

least equal to v = min ;.
i€k

PROOF. The proof is obvious from (Boyd et al. 1994)
(chapter 5, section 5.1)

Remark 1 The observer design is explained in the case
of switched affine systems of the form (1). The same can
be done for systems of the form (2) and one obtains a poly-
topic observer which is a relaxed version of the switched
one. One can now see the important role played by the
parametrization (8)-(9) in the approach we propose. In-
deed, it allows to estimate the reference point based on
an estimation p of p and a given reference z§ for xs as
follows:

From now, we will refer to this estimation by z¢ =
(25, x5). The dynamics of &5 for z§ fixed is :

18_%;

1:1—

p=22 5 p)

dp dp '

Taking into account p = 0 and replacing ;ﬁ by its expres-
sion (11), we have:



3.3 Adaptive stabilizing control laws

We are now ready to present the main result of this
paper. The following assumptions will be used.

Assumption 2 Forall X € A such that A(X\) is Hurwitz,
there exists at least one subscript i such that \; # 0 and
A; is Hurwitz.

Assumption 3 Assume there exists a matrizc P >~ 0
such that

ATP+PA+a,P<0 i=1,...,N (17)

with o = 4 & >0 z'fAi is Hurwitz
o; =0 ifnot

Assumptions 2 and 3 allow to impose a performance
constraint and in particular to specify a decay rate in-
dex. The switched and adaptive stabilizing control law
is given in the following Theorem.

Theorem 4 Consider the switched affine system (7)
with unknown parameters p and let ¢ = (x5, x§) with
x§ = ¢1(x5,p). Assume that Proposition 3 is satisfied.
Under assumptions 1, 2 and 3, for all 2§ € X¢(&)|q,
with &€ > 0, the feedback law defined by

o*(2,2%,p) € arg milg(i — 2T P(Aii +b; + Gip) (18)
1€

ensures global asymptotic stability of the equilibrium

point ¢ = (¢1(x5, p), x5).

PROOF. For a given x§ and an estimated value p of
p, denote by w = (& — ¢) (see equation (13)). For A\¢ =
Ba(x5,p) € A (€) (see equation (14)), we have by (17) :

20T PAN)w + a(A)w” Pw <0 (19)
. N N 3
with a(A®) =Y. Afay.

By assumption 1, as A(\¢)2¢ + b(A¢) + G(A\®)p = 0, it
follows :

20T P(A(A)Z + b(X®) + G(A*)p) < —a(A)w” Pw

N
Z 22wl P(Aii 4 b + Gip) < —a(X)w? Pw

i=1

As a(X) = Zivzl A¢q; cannot be zero by Assumption 2,
we can conclude that the control law (18) leads to:

2WT P(Ageit 4 by + Gorp) < —a(A)w? Pw  (20)
<0, ifw#0. (21)

Consider the Lyapunov function
V(x,2°) = (x — 2°) T P(x — z°).
Using (&, #¢) instead of (z,z°) and taking into account

the dynamics of ¢ (see (15) and (16)), the directional
derivative in a direction specified by A is given by:

V(@ &% N) = 20T P(AN)E 4+ b(N) + G(\)p
+(L(A) — PL(N))Ce)
91
op )
;]

Therefore, adding to both sides of the inequality (20)
the term:

with & =

2wT P(Ly» — ®L,.)Ce,

we obtain:
V(i 2%0%) < —a(\)w! Pw + 20T P(Ly- — ®L,.)Ce
As e converges exponentially to 0 for any switching rule,
and thus, particularly for the switching rules (18), with
¥ = min;7y;, there exists K > 0,

le()|l < Ke™7*?|leqll-

Hence:

V(@jﬁg*) < _a(j\e)wTPw + 2Bmaz||w]|
X(IToe )+ || 222522 | 1L, 1)
< [ICl| K e~/ jeo]

with Bpqz the maximal eigenvalue of P. A sufficient con-
dition to guarantee

. e
V(a,i%0%) < —%wTPw <0
is
5max - "a¢1(x§7)"
w|| >4 ——— max(||L;|| + || —=—= L,
[Jw| o B (1Ll op OOII )
x [|Clllleol| K e~ 7"/ (22)

where S,,;n is the minimum eigenvalue of P and

Qmin = min  a(A).
AEAH(E)

Note that ayni, > 0 for £ > 0 under Assumption 2 and
by definition of A% (¢).



As there exists n(x§, &) > 0 such that

Hadn(x& )

oy || < 05,0

we can conclude that there exists a constant M (z§,£) >
0 such that if

lwl| > M (a5, €)e™ 72 |leo|

then R
. N
V(#,8%0%) < —%wTPU} <0.
As we can claim that

Veq, Ve > 0,3t;, such that Me_fyt/2||eo|| <€Vt > tq,

we necessarily have V(#,3¢;0%) < —%sing Py < 0,
for all w such that ||w|| > € and ¢ > ¢;. This means that
for any w(0), there exists to such that

lw(®)] < e

for all t > t5. We can conclude that w converges asymp-
totically to 0. As e converges also to zero, we have

i‘e
I —x— 1= [ 1]

5
with 2§ = ¢1(z§, p) because p — p.

Remark 2 If Assumptions 2 and 3 are not satis-
fied (for example if the matrices A;, i = 1--- N
are not Hurwitz then it is possible to weaken these
assumptions by an alternative design of P. Assume
that there exists a polytopic approzimation Apory
{CERm |V7’E{17 7m}7 <i207 Z?ilglzl} Ofthe
set A (&) such that :

a) A"(€) C Apory C A,
b) A(v;), i =1, -+ ,m are Hurwitz,

where the v;’s, i = {1,--- ,m} denote the vertices of
Apoty (as the verticesv; , i =1,---,m of Apory belong to
A, there exists A(v;) € A, A(vi) =32, nAjAj, 0=
1,--- ,m and the expression A(v;) is well defined).

Now, if there exists a matriz P > 0 such that
A(w)TP+ PA(v) +a,,P<0,i=1,---,m

for given «,, > 0 then using this matriz P, the same
steps of the proof of Theorem 4 can be applied to obtain
the global stability property. The only difference concerns

equation (19) where a(X¢) must be replaced by apmin =
min; o, (since A° € Apory ).

We give in the next Theorem the expression of the adap-
tive stabilizing control for the polytopic version of (7)
defined by:

&(t) = A(N)x(t) + b(A) + G(\)p (23)

and where the control is now the adaptive and embedded
control A(t) € A.

Theorem 5 Consider the relazed affine system (283)
with unknown parameters p and let x° = (x5, xz5) with
x§ = ¢1(x§,p). Assume that Proposition 3 is satisfied.
Under assumptions 1, 2 and 3, for allx§ € X°¢(§)|, with
&€ >0, the feedback law sat(X*) (see (5) for definition of
sat) given by:

sat(V (3, p)) = 4 0oy~ ARVED)

Ay + 1T aKy(@,p),
with y(&,p) = BT (2,p)P(& — 2°), the columns of matriz
B(z,p) given by B;(2,p) = (A;i—AN)T+(b;—bn)+(G;—
GN)p, fori =1,--- , N—1 and P satisfying (17), ensures
global asymptotic stability of the equilibrium point x°.

PROOF. We only provide a sketch of the proof since
the steps are similar to the proof of Theorem 4. Apply-
ing the same type of calculus used in the proof of Propo-
sition 1 allows to establish the dynamics of w = & — z¢
when a control A is applied:

W= AN) (& — 2°) + B(&,p)(A — Ay vy + D(N)Ce

with columns of matrix B(Z, p) given by B;(Z,p) = (A;—
AN)Ii'+(b1 7bN)+(G1 *GN)]a fori=1,--- ,N—1,
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D) =YL, Mi(Li — ®L;) and @ = [ %p ]

Consider once again the Lyapunov function
V(z,2%) = (x — 2°)T P(x — 2°)

using (&, 2°) instead of (z,z°). The directional deriva-
tive of V in direction provided by the proposed feedback
sat(A*) leads to:

V (&, &% sat(\*)) = 20T PAA)w

—2ay™(2,p) Ky(Z,p) + 2wT PD(sat(\*))Ce
with y(2,p) = BT (2,p)P(& — £¢) and where « is pro-
vided by the function sat(A*) (see (5)).

% 3 APy (x5, .
As [|D(sat (NN < max(IZ]) + || 22552 | 1L, it

appears that equation (22) is easily achieved and the
proof follows the same steps as in Theorem 4.




The conditions on ¢ in Assumption 1 can be relaxed as
follows.

Assumption 4 We assume that the application ¢ =
(¢1, d2) in Assumption 1 is no more valid for all p but
only for allp in a closed convex domain, denoted P(x2, &)
function of xo and £&. We also assume that the nominal
value of the parameter p belongs to 75(39575) (where P
stands for the interior of P) and X = ¢a(x§,p) € AT ().

Proposition 6 Under assumption 4, Theorem 4 and

Theorem, 5 hold true if the estimated values (&5, ) are
such that

where IIp is the orthogonal projection of p on P(x§,§).

PROOF. AsP(z$,€) is closed and convex, the orthog-
onal projection IIp of p on P(x§,§) is continuous. We
consider the function ¢ and we use the projection II
such that p — ¢;(2§,1Ip), ¢ = 1,2 for z§ fixed. As
A = (x5, TIH) € AM(€), we see that

i’? = d)l (157 Hﬁ)
= —Cy AT B(A) + G

where the matrix Cy, is such that x; = Cy, (21, x2). The
last right term is well defined since A(\°) is invertible.
Thus, the projection II allows the computation of an es-
timated point (¢, A¢) for all ¢. Of course, the obtained
estimated operating point ¢ = (&$,x5) with a projec-
tion of p is not an equilibrium point of the system when

p ¢ P(x5,8).

As p € P(a5,€) where P stands for the interior of P,
the convergence to zero of the error e for any switching
rule and the continuity of ¢ ensure that there exists a
time ¢, (eg) such that \* = ¢o(5,p) € AM(€) and p €
P(x§,€) for all ¢ > t; as soon as p is close enough to
p. For all t > t1, IIp = p and one concludes the proof
following similar steps as in the proof of Theoreom 4 and
Theoreom 5.

4 Application to DC-DC power converters

The theoretical approach we propose is applied to a DC-
DC power converter subject to load and input variations.
The so-called Flyback converter is depicted in Fig. 1 and
it is composed of passive components (a resistor R, an
inductor L, a capacitor C), a transformer and two types

of switches: a controlled switch (transistor S) and an un-
controlled switch (diode D). The behavior of the Fly-
back converter implies switching among three different
modes summarized in Table 1 and the operating domain
of the converter is the first orthant. The Mode S =1

X
S
Fig. 1. A Flyback converter
Table 1
Possible mode of functioning
Mode S D
1 1 0
2 0 1
3 0 0

and D = 1 does not appear for physical reasons. Indeed,
if D = 1, the current i, passing through the diode is pos-
itive and this means that the current i; is negative. As
S = 1 means that the current i; is positive this means
that it is impossible to have both S = 1 and D = 1.
The switching rules between the three modes are sum-
marized in Fig.2. If only Mode 1 and Mode 2 are active

S=0

Fig. 2. Flyback modes and switching rules

during the cycle, the converter works in CCM (Contin-
uous Conduction Mode). If Mode 3 is active, the sys-
tem works in DCM (Discontinuous Conduction Mode)
and this means that all the energy stored during Mode
1 in the inductor is transferred to the capacitor during
Mode 2.

We recall that only Mode 1 and Mode 2 can be directly
controlled. It is possible to have Mode 3 activated for
physical reasons but its activation cannot be controlled.



The design of a stabilizing switching control law that
takes into account these three modes is very challenging.
We first explain how the approach we propose in this
paper can be applied when the converter works in CCM.
The DCM phase is discussed at the end of this section.

The Flyback converter in the CCM mode is a switched
affine system given by:

T = A,z + Byu,

where z(t) € R™ is the state, u(t) € R™ is the input
considered as fixed (u(t) = V¢) and cannot be used as a
control variable. Therefore, denoting b, = B,u allows to
use the framework developed in this paper. The control
is the switching rule ¢ : R® — K which indicates the
active Mode at each time instant. The state vector z7 =
[ir,vco] is composed by ip (the inductor current) and
ve (the capacitor voltage). Based on Fig.1 and using
Kirchhoff’s laws, the sets A = {Ay,--- ,Anx} and B =
{B1, -+ ,Bn} with N = 2 are given by:

00 0 —m
A1: _1]7 A2: ne _f]a
RC ‘C RC

1 0

By=|Y|, By= .

0 0

The interest of considering unknown parameters appears
when robustness issues are formulated. For example, a
lack of measurement on the input voltage and the output
load can be represented by two parameters that can be
linked to the resistor R and the voltage u as shown in
Fig. 3 and 4. The voltage parameter ps allows to identify
the input error directly as explained in (25), and the
current parameter p; allows to identify the output load
as explained in (24).

O

Fig. 3. Parameter p; to estimate R

To model the lack of measurement on the input volt-
age and the output load, the parameters given by (24)
and (25) are virtually added to the Flyback converter as
shown in Fig.5. This modified converter is a parameter
dependent switched affine system given by:

i = Aoz + Byu + G,p,

P2

o

L VL

i =%

U =1u—p3

Fig. 4. Parameter p2 to estimate 4

+
%Hg Ve__—C P Vg

YiC

Fig. 5. Flyback converter with parameters estimation

with p the vector of unknown parameters and

0 =L
G1=[1 L]7G2=
= 0

The application of the approach proposed in this paper
and in particular the use of the observer allows to esti-
mate the unknown parameters and gives a key informa-
tion related to the steady state point which is not known
a priori. This is clearly of practical interest and relevant
for DC-DC power converters when the load or the input
voltage are subject to variations.

4.1 Simulation results in CCM

The Flyback converter described by Fig. 5 depends on
five parameters that, for simulation purpose, have been
considered with the following nominal values : V, = 28V,
R =750, L = 200uH, C = 2.6uF and n; = 2. Let
the target point be x§ = 15V. We first present the sim-
ulation results in the case where the Flyback converter
works with its nominal values to make a comparison be-
tween the switched based control o of Theorem 4 and the
embedded based control A of Theorem 5. With a7 = 0,
ag = 772 the solution of the LMI conditions (17) is:

p 3.2170 —0.0032

—0.0032 0.0418
The additional parameter k; in the expression \; =
A{ — k;y; can be used to meet some performance re-
quirements. Fig. 6 shows the transient for three val-
ues of this parameter k; = 3.1077, 1.107%, 7.107% and
also the transient corresponding to the switched case.
These simulations are obtained using a control A and a
Pulse-width modulation with a frequency f; = 10 M H z.

D iR

R



The switched control is simulated with a sampling time
T. = i in order to have for both ¢ and A\ a similar

number of switchings.

Compared to the switched based control, a better tran-
sient can be obtained using the control A and an appro-
priate choice of k1. The ability to tune the smoothness
of the embedded control using the gain k; is clearly of
practical interest to meet performance requirements and
not only stability properties. One can notice that large
values for k; lead to a saturation of the control and tends
to recover the switched case. Conversely, very small val-
ues correspond to an open loop control A(t) & A¢ for all
t. Obviously, the later is not suitable. To ease the pre-
sentation and comparison with the adaptive strategy, we
decided to keep in the sequel only the simulation results
of the embedded control A with kq = 1.1076.

Current

Voltage

L L L L L L L L L |
0 0.1 0.2 0.3 0.4 05 0.6 0.7 0.8 0.9 1

Embedded based control & Switched based control (mean value)

Fig. 6. Start-up transient: Plot 1 shows the current x1, Plot
2 shows the voltage z2. Plot 3 shows the control (in average
for the switched based control case). Switched based control
(Blue); Embedded based control (Purple, k1 = 3.1077)(Red,
k1 = 1.107%)(Yellow, k1 = 7.107°). Time is given in (ms).

Now in order to show the effectiveness of the proposed
adaptive design, we assume that R and V., may change
and we do not measure these parameters. We use as a
scenario a piecewise constant function with variations
between 502 and 1002 for the load, and variations be-
tween 20V and 40V for the input. First, let us show that
all the required assumptions are satisfied. Assumption 2
is obvious. To show that Assumptions 4 is also satisfied,
notice that for a given z§ and p, the functions ¢;,7 = 1,2
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are provided by the relations:

(z§ + Rp1)(Ve + nxt)

x] = ¢1($§,p) =

TLR(pQ - Ve)
and
A = pined
A = po(a5,p) = etnes (26)
A5 =1-X¢

Note that the above relations for ¢;, i = 1, 2 are deduced
from equation 0 = A(A®)x® + b(A°) + G(A°)p assuming
the pair (2§, A°) as the unknowns and (p, z§) are fixed.
For a given & > 0, the set A* () is determined by

A E01—¢
Xo=1-\

since only A; is not Hurwitz. Then from (26), it is simple
to check that if P(x§,£) is defined by:

P(x5,8) = {p €R*: Ip1| < pr,es
—nas <py < (1= E)Ve — Enag}

where py, .. is chosen arbitrarily large, then A € A% (¢)

and x§ is well defined for this set P(z§, ). Moreover, as

% is given by:
P

Ve4naxs
991 — n(p2 —Vj)
ap _ (z5+Rp1)(V4nas) |7
nR(pz—Ve)?

it is well defined on the set P(x§,£) and (10) is clearly
satisfied by compacity of P(z$, §). Hence, Assumption 4
is satisfied for our application.

We solve the LMI conditions of Proposition 3 and we
obtain the following gains L; with 73 = v = 3.3 X 10%:

362 20
3 20 1589 .
L; =10 , 1 €K
243 —3152
—3152 —243

Applying the adaptive control of Theorem 5, using
Assumption 4 instead of Assumption 1 and thanks to
Proposition 6, we obtain the results depicted in Fig.7.

We start the scenario of the simulation with the nomi-
nal values (ie Vp = v = 28V and R = 75{2) to see the
behavior of the closed loop system in the case where all
the parameters are perfectly known. The variations of
R and V, are introduced after 0.5 ms. From 0 to 0.5ms,
the reference z§ is reached for both the adaptive control



2§, x1, & and 7
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x4, T2, £ and To
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Fig. 7. Plot 1 shows respectively the current reference (Blue),
the current x1(Yellow) when the adaptive embedded control
A is used, its estimation &; (Red) and the current z; (Purple)
when only the embedded based control X is used without
load and input estimation. Time is given in (ms). Plot 2
shows the voltage x2 using the same convention. Plot 3 shows
the variation of the estimated value p1 (respectively p2) of
parameter p1 (p2). Finally, Plot 4 shows the load R and input
V. variations.

(Theorem 5) and the non adaptive one (the embedded
control A\ with k; = 1.107%). After 0.5 ms, stability is
preserved by these control laws in the presence of load
and input voltage variations. However, a huge steady
state error appears when using the non adaptive law. Us-
ing the control proposed in Theorem 5, the parameter p
converges to a new value each time R or V. changes and
these changes have limited effect on the controlled out-
put z2. The adaptive embedded control A rejects nicely
the perturbations induced by the parameter variations
and allows the controlled output x5 to follow its refer-
ence while the current z; adapts its value to support
these variations.

4.2 DCM mode case

The proof of global asymptotic stability of the proposed
adaptive control laws (see Theorem 4 or Theorem 5) as-
sumes that the DC-DC converter does not operate in
the DCM mode (The uncontrolled Mode 3 is never ac-
tivated). This means that the control law is established
with K restricted to the set {1,2} instead of {1,2,3}. To
prove stability when the converter enters in DCM mode,
one has to take into account the fact that the uncon-
trolled mode (Mode 3) may appear when z; = 0, even-
tually many times, in the switching sequence. This mode
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is characterized by:

RC

Denote the derivative of V() in the direction d by:
V(x;d) = 2(z — )T Pd.

and by f;(z) = Ajx + B;V. + Gip, i = 1,2, 3.

For the case of switched based control as the one given
by (3), we refer to two studies in the literature tak-
ing into account the DCM mode. The first one is dis-
cussed in (Beneux et al. 2017b) where we prove that
Mode 3 may only occur along the line A := {z : z; =
0} when V (z; f3(x)) < 0 which preserves the stability
property. The second study in presented in (Theunisse
et al. 2015) where it is shown that a sufficient condi-
tion for the stability in DCM can be obtained by defin-
ing a Krasovskii regularization F(x) = {fi(z)} and
Fa(z) = co{f2(x), f3(x)} and fulfilling the following re-
lation: )

Z.rgg(gg}gé) V(x;€)) <0
along the line A.

(27)

Here, we focus on the embedded based control of The-
orem 5 and we show that stability property is also pre-
served when the DCM mode occurs. To this end, we first
recall the following result.

Proposition 7 When x € A, the vector field f5(x) sat-
isfies:

(28)

{ f3(@) = vf1(@) + (1 =) fa(@)

; __ nxzatpo
with y(x2) = Y en s

where fi(z) = Ajx + Byu+ Gip, i = 1,2,3. Moreover,
the function 7y is a monotonically increasing function of
o and upper bounded by the value 1.

PROOF. The relation is easy to check, see (Beneux
et al. 2017b).

Let AT(z) = {A € A: [10]f(z,\) > 0withz € A},
where f(x,\) = A fi(z) + Aaf2(x). This set defines the
set of admissible controls along A (any A ¢ A1 (z) is such
that @1 < 0 and leads to 1 < 0 which is not allowed by
the diode). It is simple to show using Proposition 7 that
the set AT (z) is characterized by:

A1 € [max(0,y(z2)) 1]
Ao=1-X\

We are now in position to state the following result.



Proposition 8 The embedded control preserves global
asymptotic stability when Mode 3 is activated.

PROOF. If y(x2) > 0 then, by linearity of the deriva-
tive and using (28), the relation (27) reduces to:

min( max V(;¢)) = min(V(z; fi(2) <0 (29)
and if y(z2) <0,
min( max V(;¢)) = min(V(z; fi(«))) <0. (30)

Note that the above relations are always satisfied:
Eq. (29) as proved in (Beneux et al. 2017b) since if
V(z; f3(x)) > 0 then V(z; fi(z)) < 0 and Eq. (30) by
definition of V (it involves only modes 1 and 2).

Denote by 1 the embedded control (n = sat(\) obtained
from (6)). Following the value of y(x2), we have two
cases.

o If y(x2) < 0, the control domain is not modified since
AT (x) = A(x) and the diode cannot be blocking when
applying the embedded control A. Thus, Mode 3 will
not occur and by Theorem 5, V(z; f,,(x)) < 0 where
fo(z) = 21:1,2 ni fi(z).

o If v(z3) > 0, Mode 3 occurs only if n ¢ A (z), or
equivalently, only if the first component of 7 satisfies

0<m <~v(z2) (<1)

Therefore, if Mode 3 occurs, two cases must be distin-
guished from the relation (29):

a) If § = 1 where S = argmin;—; 5(V (z; f;(z))), we
have clearly

V(x; fi(x)) < V(s f3(2) < V(w; fy(2) < 0.

The inequalities are obtained by linearity of the
derivative since 1 > 7(z2) > m and using (28).
The strict inequality is obtained from the global
stability property of the control n.
b) If S = 3 then therelation (29) implies V (z; f3(z)) <

0.

As a conclusion, in both cases V(z; f3(x)) < 0 and the

embedded control strategy of Theorem 5 preserves sta-

bility when the DCM occurs.

Finally, we illustrate this discussion in Figure 8 with a
step variation leading to a transient in DCM mode. As
expected, Mode 3 appears when the current 1 vanishes,
and stability property is preserved.
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Current x,

E 1 1 1 1 1 1 1 i
0.45 0.5 0.55 0.6 0.65 0.7 0.75 0.8 0.85

Voltage xo

Fig. 8. DCM transient. Plot 1 shows the current z; (yellow),
Plot 2 shows the voltage x2 (yellow) when a step variation
of the reference (blue) leads to DCM mode.

5 Conclusion

In this paper, it has been shown that an adaptive and
switched-embedded based control can be designed to sta-
bilize switched affine systems with unknown parameters.
The results have been applied to a DC/DC Flyback con-
verter where some of the parameters are not known (in
practice, the load and/or the input voltage). The pro-
posed simulations confirm the interest of our approach.
Moreover, it has also been shown that stability of the
adaptive and switched control is preserved when the dis-
continuous conduction mode occurs.
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