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On the well-posedness in the solution of the disturbance
decoupling by dynamic output feedback with self
bounded and self hidden subspaces

Fabrizio Padula, and Lorenzo Ntogramatzidis

Abstract

This paper studies the disturbance decoupling problem by dynamic output feedback with required
closed-loop stability, in the general case of nonstrictly-proper systems. We will show that the extension
of the geometric solution based on the ideas of self boundedness and self hiddenness, which is the one
shown to maximize the number of assignable eigenvalues of the closed-loop, presents structural differ-
ences with respect to the strictly proper case. The most crucial aspect that emerges in the general case is
the issue of the well-posedness of the feedback interconnection, which obviously has no counterpart in
the strictly proper case. A fundamental property of the feedback interconnection that has so far remained
unnoticed in the literature is investigated in this paper: the well-posedness condition is decoupled from
the remaining solvability conditions. An important consequence of this fact is that the well-posedness
condition written with respect to the supremal output nulling and infimal input containing subspaces
does not need to be modified when we consider the solvability conditions of the problem with internal
stability (where one would expect the well-posedness condition to be expressed in terms of supremal
stabilizability and infimal detectability subspaces), and also when we consider the solution which uses

the dual lattice structures of Basile and Marro.

I. INTRODUCTION

The disturbance decoupling problem (DDP) played a central role in the development of the
geometric approach in systems and control theory. Indeed, from the pioneering papers [1], [16],
it was recognized that geometry is a natural language for this type of problems; consequently,
the solvability conditions of the first disturbance decoupling problems considered in the literature
were expressed by means of inclusions involving certain subspaces.

The basic decoupling problem, consisting of the rejection of a disturbance from the output of a
system by means of a static state-feedback, was solved in [1] and, independently, in [16]], via the
introduction of controlled invariant subspaces. These subspaces were then found to be powerful

tools in the understanding of many system-theoretic properties of linear time-invariant (LTI)
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systems and in the solution of several control problems. The disturbance decoupling problem by
static state feedback with the extra requirement of internal stability of the closed-loop was taken
into account in [16] with the introduction of stabilizability subspaces. An alternative solution
to the same problem was suggested by Basile and Marro in [2], relying on the concept of
self bounded controlled invariance, which, unlike the stabilizability subspaces of [[16], does not
require eigenspace computation; in other words, the solution with self boundedness remains at
the fundamental level of finite arithmetics.

A key contribution to the understanding of the advantages deriving from the adoption of self
bounded controlled invariant subspaces in the solution of the disturbance decoupling problem by
static state-feedback was given in [9]], where it was shown that in the solution of this problem
there is a number of closed-loop eigenvalues that are fixed for any feedback matrix which
solves the decoupling problem; these unassignable eigenvalues are called the fixed poles of the
decoupling problem. It is shown in [9] that choosing a particular self bounded subspace, denoted
by 7, in [3]], is the best choice in terms of pole assignment, because it ensures that the maximum
number of eigenvalues of the closed-loop can be freely assigned.

For systems whose state is not accessible, a state-feedback decoupling filter cannot be imple-
mented. This led to the formulation of the disturbance decoupling problem by dynamic output
feedback. The first paper which provided a solution to this problem is [[12]]. Around the same
time, the same problem with the additional requirement of internal stability was addressed in
[L5] and [8]. In [4]], an alternative geometric solution was proposed for this problem which uses
self bounded subspaces, as well as their duals, the so-called self hidden subspaces. Again, the
importance of this solution lies in the fact that it does not require eigenspace computation. Even
more importantly, in [6] it was proved that this solution based on the idea of self boundedness
and self hiddenness, is still the best in terms of assignability of the closed-loop dynamics, see
also [I5] and [7]].

Most of the literature in geometric control has been developed for strictly proper systems,
i.e., for those systems which have zero feedthrough between the input and the output. For a
systematic and well-organized extension of the geometric approach for systems with a possibly
non-zero direct feedthrough term we refer to the monograph [14]. The disturbance decoupling
problem with dynamic output feedback and nonzero feedthrough has been completely solved
in terms of stabilizability and detectability subspaces in [13]]. More recently, the approach
based on self boundedness and self hiddenness has been generalized in [10] for the disturbance
decoupling problem with static state-feedback. In [10], the result of [9] on the fixed poles was
also generalized to nonstrictly proper systems.

A significantly more challenging task is the solution of the disturbance decoupling problem by
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dynamic output feedback for nonstrictly proper systems using the concepts of self boundedness
and self hiddenness. An issue of well-posedness arises in the case where the feedthrough
between the control input and the measurement output is non-zero. It was observed in [13]
that the solvability conditions, when dealing with the problem in its full generality, need to
take into account the well-posedness: this results in a condition that cannot be expressed as the
typical subspace inclusion of most control/estimation problems for which a geometric solution
is available. In this paper, we study the role that the well-posedness condition plays in the
disturbance decoupling problem by dynamic output feedback. We prove, in particular, that this
condition is invariant with respect to the stabilizing pair of self bounded and self hidden subspaces
involved in the solution of the disturbance decoupling problem. In other words, we show that the
well-posedness condition is disjoint, and therefore independent, from the remaining solvability
conditions of the decoupling problem. This new property is the key to a full generalization of
the solution of the disturbance decoupling problem by dynamic output feedback, as it shows
that the fundamental requirement of stability does not reduce the set of well-posed feedback
interconnections; therefore, choosing self bounded and self hidden subspaces does not impact on
the solvability of the disturbance decoupling problem by dynamic output feedback. Furthermore,
it also implies that the solution of [13|] can be conveniently re-written with a well-posedness
condition for the supremal output nulling and infimal input containing subspaces instead of the
corresponding stabilizability and detectability subspaces.

Notation. Given a vector space 2, we denote by 0, the origin of 2. The image and the
kernel of matrix A are denoted by im A and ker A, respectively. When A is square, we denote
by o(A) the spectrum of A. If A: 2" — % is a linear map and if ¢ C 27, the restriction
of the map A to _# is denoted by A| Z. If 2 =% and 7 is A-invariant, the eigenstructure
of A restricted to ¢ is denoted by o (A|_#). If #; and ¢, are A-invariant subspaces and
71 C 7, the mapping induced by A on the quotient space ¢,/ _#; is denoted by A|_#»/ 71,
and its spectrum is denoted by o (A|_#>/_#1). Givenamap A: 2" — 2" and a subspace . of
2, we denote by (A|.¥) the smallest A-invariant subspace of 2" containing . and by (% |A)

the largest A-invariant subspace contained in .7.

II. PROBLEM STATEMENTS

In what follows, whether the underlying system evolves in continuous or discrete time makes
only minor differences and, accordingly, the time index set of any signal is denoted by T, on
the understanding that this represents either R™ in the continuous time or N in the discrete time.
The symbol C, denotes either the open left-half complex plane C™ in the continuous time or

the open unit disc C° in the discrete time. A matrix M € R™™" is said to be asymptotically stable
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if o(M) C C,. Finally, we say that A € C is stable if A € C,. The operator & denotes either the
time derivative in the continuous time, i.e., Zx(t) = x(¢), or the unit time shift in the discrete
time, i.e., Zx(t) =x(t +1).
We consider the system X governed by
PDx(t) = Ax(t)+Bu(t) + Hw(t)
r: y(t) = Cx(t) +Dyu(t) +Gyw(t)
z(t) = Ex(t) + D u(t) + G,w(t),

where, for all 7 € T, the vector x(t) € 2" =R" denotes the state, u(r) € % =R"™ is the control
input, w(r) € #" = R? is the disturbance input, y(r) € # = R? is the measurement output and
z(t) € Z =R" is the to-be-controlled output. We consider also the regulator ¥, ruled by

5, - { Ip(t) = Acp(t) +Bey(t)
u(r) = Cep(t) +Dey(t),
where, for all r € T, the vector p(t) € &2 =R’ is the state of the regulator. We want to control
the system X with the regulator X such that in the closed-loop system the output z does not
depend on the disturbance input w.
We say that the feedback interconnection of system X with the regulator X, is well posed if
the matrix / — D, D, is non-singular, see [14, Chpt. 3]. In such case, the closed-loop system X,

can be written in state-space form as

~

5 { P5(t) :{ t(e) + Hw(1) 0
(1) = C2(t) + Gw(t),

where £(t) = [Z((?)} is the extended state, and the matrices in (I) are defined by

A+BDWC BC.+BD:W D,C,
BCWC Ac"l_BCWDyCC

H+BD.WG,
B.WG,

def

def

, HE

)

C=[E+D,D.WC D,C.+D.,D.-WDyC.], G=G,+D.DW Gy,

where W = (I —D,D.)~!.
The transfer function of the closed-loop system X; is

G.w(A)=C(AI-A)"'H+G,

where A represents the s variable of the Laplace transform in the continuous time or the z
variable of the Z-transform in the discrete time.

In this paper we are concerned with two problems:

April 27, 2021 DRAFT



w > p<
)
| Y. 3
e T

Problem [: [DDP BY DYNAMIC OUTPUT FEEDBACK]
Find a compensator X for ¥ such that the feedback interconnection of ¥ with ¥ is well posed

and the transfer function matrix G_,,(A1) of the closed-loop system X, is zero.

Problem 2: [DDP BY DYNAMIC OUTPUT FEEDBACK WITH STABILITY]
Find a compensator X for X such that the feedback interconnection of ¥ with X is well posed,
the transfer function matrix G;,,(24) of the closed-loop system X, is zero and all the eigenvalues

of A are in C,.

III. GEOMETRIC BACKGROUND

Consider a quadruple (A,B,C,D) associated with the non-strictly proper state-space (contin-

uous or discrete-time) system

Px(t) = Ax(t) + Bu(r)

{ y(t) = Cx(t)+Du(t)
We denote by % the reachable subspace of the pair (A, B), which is the smallest A-invariant sub-
space containing the column-space of B, i.e., Z = (A|imB). We denote by 2 the unobservable
subspace of the pair (C,A), which is the largest A-invariant subspace contained in the null-space
of C, ie., 2 = (kerC|A). A subspace ¥ is said to be an (A,B)-controlled invariant subspace
if, for any initial state xy € ¥/, there exists a control function u such that the state trajectory
generated by the system remains identically on ¥'; equivalently, ¥ is (A, B)-controlled invariant
if the subspace inclusion A 7" C ¥ +im B holds. The control function that maintains the trajectory
on ¥ can always be expressed as a static state feedback u(¢) = F x(¢). The condition of (A, B)-
controlled invariance can be equivalently expressed by saying that there exists a feedback matrix
F such that (A+BF)¥ C . In this case, we say that F is a controlled invariant friend of
V. A subspace ¥ is said to be an (A,B,C,D)-output nulling subspace if, for any initial state

xp € 7V, there exists a control function u such that the state trajectory generated by the system
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remains in ¥ and the output remains identically at zero; equivalently, ¥ is (A,B,C,D)-output

3

holds. The control function that maintains the trajectory on # can again be expressed as the static

nulling if the subspace inclusion

YV C (¥ ®0y)+im

C

state feedback u(7) = F x(t). The condition of (A, B,C, D)-output nullingness can be equivalently

expressed by saying that there exists a feedback matrix F such that

A+BF
C+DF

VYV CV D0y.

In this case, we say that F' is an output nulling friend of ¥ . It is easy to see that if F is an

(A,B,C,D)-output nulling friend of ¥/, we have also the inclusion (in the complexification of

2)
ker(C+DF)(AI-A—BF) )27 (2)

for all A € C, see [13]]. We denote by Fuscn(?) the set of (A,B,C,D)-output nulling friends
of 7.

It is easy to see that the set of (A,B,C,D)-output nulling subspaces is closed under addition.
Thus, we can define the largest (A,B,C,D)-output nulling subspace ¥}, (also referred to
as the weakly unobservable subspace), which is the set of all initial states for which a control

function exists that maintains the output identically at zero. The sequence of subspaces (¥%;);en

)

is monotonically non-increasing and converges to ¥}, ., in at most n— 1 steps, i.e., %) D ¥ D

given by
=2

-1
A
=[] (ronrvi

e DV =Yhy1=... implies VJ.p =V, with h<n—1.

Given an (A,B,C,D)-output nulling subspace #', we can define the (A,B,C,D)-reachability
subspace Zy on ¥ as the set of points that can be reached from the origin by means of control
functions that maintain the trajectory on 7" and the output at zero. Given an output nulling friend

F of ¥, we can determine % as
Hy =(A+BF |V NBkerD).

The eigenvalues of A+ BF, for F that varies in §pcp)(? ), can be divided into two multi-
sets: the eigenvalues of the mapping A+ BF |7 and the eigenvalues of A+ BF | % In turn, the
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eigenvalues of A+ BF |7 can be divided into two multi-sets: the eigenvalues of A+ BF | %y
are all freely assignable with a suitable choice of F € §uzcp) (7)), whereas the eigenvalues of
A+BF | 76 are independent from F € § 4 5cp) (7). Likewise, the eigenvalues of A+ BF | h/
are all freely assignable with a suitable choice of F € §u5cp)(7), whereas the eigenvalues of
A+ BF| % are fixed for all F € §upcn) (7). The fixed poles of ¥ can be defined as the
unassignable eigenvalues of A+BF with F € Fupcn)(?), ie.,

def % ,V
Gixea(¥) & o <A+BF‘ 7/+%) Wo <A+BF‘%) .

It is easy to see that Ofxeq(?') can be alternatively characterized as

VNXE
Ry

Cfixed(?V) =0 (A-l—BF ’ %) Wo <A -i-BF‘ ) , FeSupcen(?), 3)

see 6], [O]. We say that ¥ is
o internally stabilizable if there exists F € Fapcp)(?) such that 6(A+BF|7) C C,, or,
equivalently, if 6(A+BF | ) C Cy;
o externally stabilizable if there exists F € §upcp(?) such that 6(A+ BF | %) C C,, or,
equivalently, if 6(A+BF|5%) C C,.
An (A,B,C,D)-output nulling subspace that is internally stabilizable is also referred to as an
(A, B, C, D)-stabilizability output nulling subspace: specifically, an (A, B,C, D)-output nulling sub-
space ¥ is an (A, B,C,D)-stabilizability output nulling subspace if there exists F € §pcp)(?)
such that 6(A+BF|7') C C,. The set of (A,B,C,D)-stabilizability output nulling subspaces is
closed under addition, and thus it admits a maximum, that we denote by ¥}, -, .: this subspace
can be interpreted as the set of all initial states for which an input function exists that maintains
the output at zero and the state trajectory converges to the origin.
An (A,B,C,D)-output nulling subspace % for which an output nulling friend F exists such
that the spectrum of A+ BF | is arbitrary is called an (A,B,C,D)-reachability output nulling
subspace. The set of (A,B,C,D)-reachability output nulling subspaces is closed under addition,

and thus it admits a maximum, that we denote by %[, ;. ,: there holds
'%Z;.B.C.D) C %:,B,C,D).g C af/(X.B.C.D)-

The subspace %, ;  is also the output nulling reachability subspace on Y5 ; . 1, i-€., Zy . p) =

Ry

Gben)” This subspace can be interpreted as the set of all initial states that are reachable from

/V*
the origin by control inputs that maintain the output at zero. The spectrum of A+ BF | ﬁ
““(A,B,C.D
is the invariant zero structure of the system, and it is denoted by Z, 5 c p).

We say that an (A, B,C,D)-output nulling subspace ¥ is (A,B,C,D)-self bounded if, for any

initial state xo € 7/, any control that gives an identically zero output is such that the entire
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state trajectory is forced to evolve on 7. In terms of subspace inclusions, ¥ is (A,B,C,D)-self
bounded if one of the following equivalent conditions holds:

D ¥V 2 Y scnNBkerD;

2) V2R pen);
It follows immediately that %, ;) and ¥} 5, are (A,B,C,D)-self bounded subspaces. If 7
and ¥ are (A, B,C,D)-self bounded subspaces and #; C %5, then every (A, B,C, D)-output nulling
friend of 73 is also an (A,B,C,D)-output nulling friend of 71, i.e., Susco(%2) C Susco ().
In particular, since %[, ;- p) € ¥(x 5c.0)» €Very (A, B,C,D)-output nulling friend of 7}, ., is also
an (A,B,C,D)-output nulling friend of %, 5 -

Moreover, the intersection of (A, B,C, D)-self bounded subspaces is (A, B,C, D)-self bounded.
Thus, if we define @,z to be the set of (A,B,C,D)-self bounded subspaces, then @, zcp)

admits both a maximum, which is ¥}, ., and a minimum, which is %[, ;. ;-

Most of the results on conditioned invariance are introduced by duality. We recall that the
dual of a quadruple (A,B,C,D) is the quadruple (A",CT,B",D"). A subspace .7 is said to
be a (C,A)-conditioned invariant subspace if the subspace inclusion A (. NkerC) C .% holds.
The (C,A)-conditioned invariance condition can be equivalently expressed by saying that there
exists an output-injection matrix G such that (A+GC).¥ C .. In this case, we say that G is a
conditioned invariant friend of .. A subspace . is (C,A)-conditioned invariant subspace if and
only if £+ is (AT,C")-controlled invariant. A subspace .7 is said to be an (A,B,C,D)-input

containing subspace if the subspace inclusion
(A B] ((y@%)mker[ C D ]) c

holds. A subspace .Z is (A,B,C,D)-input containing if and only if .Z+ is (AT,C",B",D")-
output nulling. The condition of input containingingness can be equivalently expressed by saying

that there exists an output-injection matrix G such that

A+GC

(SeU)C ..
B+GD

In this case, we say that G is an (A,B,C,D)-input containing friend of .. It is easy to see that
if G is an (A, B,C,D)-input containing friend of .%, we have also

im((A1-A-GC)"'(B+GD)) C.¥ “4)

for all A € C in the complexification of 2", see [13]. We denote by &, zcpn(-7) the set of
(A,B,C,D)-input containing friends of .. The set of (A, B,C,D)-input containing subspaces is

closed under intersection. Thus, we can define the smallest (A, B,C, D)-input containing subspace
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S ascp (also referred to as the strongly controllable subspace). The sequence of subspaces

(-#1)ien given by

Sy =0,
S = A B]((%@%)mker[c D])

is monotonically non-decreasing and converges to . ;- in at most n—1 steps, i.e., . C
A C...C =S pp1=...implies S ;) = S, with h <n—1. There holds also S} ;. ,, =
v + |
( (AT,CT,BT,DT)) .
Given an (A,B,C,D)-input containing subspace . and a corresponding (A,B,C,D)-input
containing friend G, we define the (A, B,C, D)-detectability subspace associated to it as

24 =(S+C 'imD|A+GC),

and is the orthogonal complement of the reachability subspace on .. The eigenvalues of
A+GC, for G € &, 3cp) (), can be divided into the eigenvalues of the mapping A+ GC|.7
and the eigenvalues of A+ GC| % In turn, the eigenvalues of A+ GC|. can be divided
into two multi-sets: the eigenvalues of A+ GC| (.Y N2) are fixed, whereas the eigenvalues of
A+ GC| % all freely assignable with a suitable choice of G € &, 53¢ (7). Likewise, the
eigenvalues of A+GC | % are fixed, while the eigenvalues of A+ GC| % are freely assignable
with a suitable choice of G € &, 3¢ (). The fixed poles of .7 are defined as the unassignable
eigenvalues of A+ GC with G € &, 30/ (), ie.,

Giixed (-) “:“o(AJrGC‘%) L+JG(A+GC‘5”QQ>,

or, which is the same, as

Gixed(F) = 0 (A +GC‘ ) wo (A+GC ‘ 2),  GEBuuen(P).

Ly
S+ 2

We say that the (A, B,C,D)-input containing subspace . is

o internally detectable if there exists G € &, 5 p)(-) such that 6(A+GC|Y) C C,, or,

equivalently, if 6(A+GC|/NZ2) C Cy;

o externally detectable if there exists G € &, 3cp) () such that 6(A+ GC| %) C Cg, or,

equivalently, if 6(A+GC|%%) C C,.

An (A,B,C,D)-input containing subspace that is externally detectable is also referred to as
an (A,B,C,D)-detectability input containing subspace: specifically, an (A,B,C,D)-input con-
taining subspace .¥ is an (A,B,C,D)-detectability input containing subspace if there exists
G € G pcp () such that 6(A+GC| %) C C,.

The set of (A,B,C,D)-detectability input containing subspaces admits a minimum, that we

L
denote by A ;. p - there holds S, = (/y(:T,CT,BT,DT),g) .
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FIXED FIXED FREE FREE
OV +2%# OV +% OL2y O 2~
FREE FREE FIXED FIXEDS (O 5
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O O 7 O O
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Zap.cp)
O %y OF A O sn2 O s n2
FREE FREE FIXED FIXED
O 0z O 0y O 04 O 0

Fig. 1. Hasse diagrams of output nulling and input containing subspaces. All the subspaces refer to the quadruple (A,B,C,D),
but the pedix (43¢ p) has been dropped for the sake of readability.

An input containing subspace 2 for which an (A,B,C,D)-input containing friend G exists
such that the spectrum of A+ GC| % is arbitrary is called an (A, B,C, D)-unobservability input
containing subspace. The set of (A, B,C,D)-unobservability input containing subspaces is closed

under intersection, and thus it admits a minimum, that we denote by Q@_’B_’C_D): there holds
* * %
tsﬂ(A.B.c.D - yA.B.C.D - "@ABCD)'
There holds also 2, ;. ,, = Z.o* . The spectrum A+ GC | yA BED) coincides with the invari-

(A,B.C,D) (A,B,C,D)

V
ant zero structure of the system, so that Z zcp) = 6(A+BF | j#2°%) = 6(A+ GC| y”cm).
(A,BC.D) (A.BC.D)

Finally, we recall that 2, , ., is the dual of %[, ), 1-€., 20, pcp) = ('%AT,CT,BT,DT))L'

We say that an (A,B,C,D)-input containing subspace . is (A,B,C,D)-self hidden if one of
the following equivalent conditions holds:

) & C S pen+CimD;

2) y C QABCD
Thus, 2, ;¢ p) and A} 5 are (A, B,C, D)-self hidden subspaces. If .} and .%; are (A, B,C, D)-
self hidden subspaces and .#] C .%%, then every (A, B,C, D)-input containing friend of .77 is also
an (A,B,C,D)-input containing friend of .73, i.e., & pcp)(L1) C Bpcep (). In particular,
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11

every (A,B,C,D)-input containing friend of .7, is also an (A,B,C,D)-input containing
friend of Zf, ;)

Moreover, the sum of (A,B,C,D)-self hidden subspaces is (A,B,C,D)-self hidden. Thus, if
we define W, ¢ p) to be the set of (A,B,C,D)-self hidden subspaces, then W, 3¢ ) admits both

. o ok - o
a maximum, which is 2, ; ., and a minimum, which is . ;. .

We recall also the two well-known identities
%&.B.C.D) = %(:.B.C.D) H‘ZZ.B.C.DV

* * *
Q(A,B,C,D) = W(A,B,C,D)—F‘Sﬂ(A,B,C,D)‘

IV. DUAL LATTICE STRUCTURES

The following results extend the classic results that relate the concepts of output nullingness
and input containingness, see [3, Chpt. 5].

Lemma 1: Let ¥ be an (A, B,C, D)-output nulling subspace and let . be an (A, B,C, D)-input
containing subspace. Then, . O BkerD and ¥ C C ~imD.
Proof: We have

BkerD=[ A B]((O%-@%)ﬁker[C D])Q[A B]((Y@@/)ﬂker[c D])Q&”,

which proves the first. The second can be proved by duality. |
Theorem 1: Let ¥ be an (A, B,C, D)-output nulling subspace and let . be an (A, B,C, D)-input
containing subspace. Then:
e VN7 is an (A,B,C,D)-output nulling subspace;
e V+.7isan (A,B,C,D)-input containing subspace.
Proof: We prove the first. Let us consider x € ¥ N.%. Since x € ¥, there exist x, € Z and

o € % such that [é} X = [Jﬂ + [g] ®, which can be written as the two equations

Ax = x,+Bo, 5)
Cx = Dow. (6)

Since x € .7, there exist x; € 2 and u € % suchthat [ A B | [ﬂ =x, and Cx+Du =0, which

can be written as
Ax+Bu = x;, (7)
Cx+Du = 0. (&)
Subtracting (§)) to (@) gives x; —x, = B(® —u), and subtracting (@) to (8) gives D (w —u) =0,

so that x; —x, € BkerD C .. It follows that x, € .. From (GH6), it follows that [é} X €
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12

(7NS)@0y) +im [g], and since x € ¥ N.#, the subspace ¥ N.7 is (A,B,C,D)-output
nulling. The second can be proved by duality. |

We now consider the two quadruples (A,B,E,D;) and (A, B H |,E,[ D, G, ]). We denote
by (#)ien and (¥%)ien the two sequences that converge in at most n— 1 steps to Yspep, and
Y x s w.£p, 6.))» Tespectively. Similarly, we denote by S ;. and A 1 41z (p, ¢, the corre-
sponding smallest input containing subspaces, and by (.%)icn and (%);cn the two sequences
that converge in at most n—1 steps to Sz, and S gy 210, 6,))» Tespectively. In general,
Viapeny S Vs nep. 6o A4 L5y S s nep, 6. indeed, % C 7 and .7 C .7 for all
i € N. However, when the inclusion im gz C (YA pep) ®02)+im [ gz] holds true, we have
¥;=7; for all i € N, [10, Lemma 3]. Even if we still have .#; C .¥; for all i € N, the identity
¥+ 5’7] = ”/7,-—1— 5’7] = ”/7,-—1— 52] holds for all i, j € N, as the following result shows.

Lemma 2: Let im [g ] C (Wt prpy ©05)+im [ gz} hold. Then,

Vit T =i+

for all i, j € N.
Proof: We start proving by induction that ,Y?] C Yabeny —1—% for all j € N. The statement
is trivially true for j = 0. Suppose that .%; C Vianeny T .7 for a certain i € N, and we prove
that .7, C YanEDy —|—,Y?,-+1. Let x € ,YZ,-H. There exist x| € .%, u € % and w € # such that
x=Ax| +Bu+Hw and Ex; +D,u+G,w = 0. From im [g] C (Wl prp, ©0) +im [5] we
can find two matrices M and N of suitable sizes such that H =V M+ BN and G, =D_N, vwhere

V' is a basis matrix of ¥}, ., . We can rewrite the previous two identities as

x=Ax;+Bu+(VM+BN)w

and
Ex;+D,u+ (D,N)w=0,
1.e.,
x=Ax;1+B(u+Nw)+VMw
and

Exi+D;(u+Nw)=0.

Since x; € ,YZ, - ”//(:737E7D1> —i—%, from the inductive assumption, we can write x| = x, + x5, where

Xy € V5, and x; € 7, so that
x=Ax,+Axs+B(u+Nw)+VMw

and
Ex,+Exs+D,(u+Nw)=0.
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Let F € §upen)(Yipep,))- Adding and subtracting BF x, in the right hand-side of the first

equation and D F x, in the right hand-side of the second equation gives

x = Axg+Bu+Nw—Fx,)+(A+BF)x,+VMw,
0 = Exg+D,(u+Nw—Fx,)+(E+D,F)x,.

Clearly, (A+BF)x,+VMw € ¥{;,,, and (E+D;F)x, =0. Defining @ =u+Nw—F x, and
& =Ax;+Bo, since Exg+D,® =0 with x; € 5’2—, it follows that £ € 5’241. Thus, x € 5’241 +
YA s£p, as required. We have proved that I C YVasenyt #; for all j € N. Clearly, YVasenyt
‘EZJ C Visen,) +<5’?j for all j € N. Since 1,5, = Y15 n12.p. 6.)> W€ have VX 5y 51p. 6.y T
i €V pep, +-7; for all j € N. Since we showed that ¥} s 41210. ¢.)) T 2 Yrpeny T
we get Vi pppy+ = Visen, +; for al j € N. Finally, since ¥%; 2 ¥5,,, for all i € N,
then ¥ +.7; = ¥; +.7; for all i, j € N. |
Following the notation of [3], we denote

def

def *
7/’" o ‘@(A[BHLEJDz Gz))

* * .
- 7/(A,[B H)E,[D; G;]) N ‘gﬂ(A,[B H)E.[D; G;]) — mmq)(A,[B HJE|[D; Gz])*

If im [gz] C (YA prp) D0y)+im [gz} , then we have 7, = ¥} ;o ) VS 15 e p. 6.y IN ViEW
of Theorem

We now consider the two quadruples (A,H,C,G,) and (A,H , [g} , [g; D We denote by
(#)ien and (¥)ien the two sequences that converge in at most n— 1 steps to Viinca, and

v -

7/(Z’H7[CHGyD’ respectively. Similarly, we denote by (.%});eny and (.%);en the two sequences

EILG
that convezrge in at most n— 1 steps to Z;HCG},) and 5”@ #[S][2])’ respectively. In general,
HC, 1SS
C Shuca, When the inclusion ket E G, ] 2

Tanigyg)) € Thneo 4 g a)
(S*@#)Nker[ C G, ] holds, we have .7; = .7 for all i € N from the dual of [10, Lemma

3]. The following result can be proved by dualizing the proof of Lemma
Lemma 3: Let ket E G, | 2 (S e,y ©@#)Nker[ C G, |. Forall i, j € N there holds

YN =7n7;

Following the notation of [3]], we denote

S =20 e)
Yage1e) T hag e = ¥ an g [2))

If kerfl E G, |2 (’ZZ,H,C,G);) @ )Nker| C Gy ], we have .#j = 7/(:*’[2“3)]) ‘f‘ty(Z.,H.c,Gy)'
The proof of the following result is straightforward. )
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Lemma 4: The following inclusions hold:
. AV(ZH[EH?;)Z]) C Nisepy) € Vammep. e
y(*AH[lgHg)zD C ty(:,y,c,cy) C ‘Sﬂ(:,[BH],E,[DZ G.))»
® ‘Sﬂ(:,H,C,Gy) - 4//(X,B,E,DZ) = y@H[EHgi]) - %X,[BH],E,[DZ G])®
Lemma 5: Let Sy ¢ 6,) © V(A 5., Then, the subspace ¥, + 7 is (A,[ B H |.E,[ D, G ])-
self bounded, and the subspace ¥#;,, N.%) is (A,H , [ } [G D self hidden.

G;
Proof: We find

I+ Im= (7/(: BH|.E.[D; G;]) ﬁ5”(:,[1%1],5,[01 GZ])>

g ien g 2)
= ((%:,[BH],E,[DZGZ])m‘gﬂ(:,[BH E,[D; G]) )+5ﬂ<:H[§] [%D)
+77

(. [E1[2])
= [(%:,[BH],E,[DZGZ])—i_y@_ [C] [Gz])) (jﬂ* BH],E,[D; G;])
g g 2)

_ * * *
- (%A'r[BH]va[DZGZ]) QZAﬁ[BHlva[DZGZ])) +/y<

An[6)[9))
€12])’ ©

el LG,

= Int 7/(:.}1

in view of the modular rule [14} p. 16] and Lemma/dl We show that ¥;,+.%y is (A, B H ,E,[ D, G, ])-

output nulling. The inclusion

A H
€1 Tl  Vanlgl gy ®Ov=2)Tim | G
E G.

implies [A] Y wicy ) S Vfone ][g,])@0f>+im[H},whiChin turn leads to m Yone) @) €
(”f/(:H[ 1@ @OJ -|—1m[ g] Adding this to [A] Vi S (Vm @O;)-ﬁ-lm[ J (since ¥, €

(A|B H).E,[D; Gz 1) yields

A "
e | Ut g )
S (O gy 1) 20 70|, g, "o

Thus, ¥, +-%uis (A,| B H |,E,[ D, G, ])-output nulling. The fact that ¥, -|—“V* w[E[9]) is
’ E G
self bounded follows immediately from the inclusion %#;, + ”//< w[C)[ ) = 2 Vi 2 Vi s me . 6.

[ B H ]ker[ D, G, ]. The second statement follows by duality. [
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Corollary 1: Let Sy c6) € V(i prp,- The following results hold:
e Ifim [gz} C (YA pep) ©0s)+im [gz] , then ¥, + % is (A, B,E,D;)-self bounded.

o Ifker[ E G |2(Hince)®W )Nker[ C G, |, then %,,NFy is (A,H,C, Gy)-self hidden.
Proof: Recall that im [gz} C (Y prp,) D0x)+im [gz} implies im [gz} C(¥n®04)+im [gz]

from Theorem Ol Using this inclusion into (I0) we obtain

£ | 0% gz

S Ut 7 fe) o) ©02) +im b G

= (U4 7y g) @07 +im b | ]
= (Ot g ) ©0) i b e
(Ot ) 200 +im| > |

We also need to prove that ¥, + Sy 2 V3., N BkerD;: this follows from %, + Sy 2
Yasepy) [ B H |ker[ D, G, ]. The second can be proved by duality. |

V. PROBLEM SOLUTION

We begin by first presenting the following result, see [13, Lemma 3.2]. The proof can be
carried out along the same lines of the proof of [14, Lemma 6.3]. The next few preliminary
results involve integers ny,np,m,p € N\ {0}, a field IF, a subspace .# of F"2 and a subspace
A of F™. We also consider the matrices A € F"*"2 B € FM>*" and C € FP*™,

Lemma 6: There holds A.# C .4 +imB and A (.# NkerC) C .4 if and only if there exists
K € R™<? such that (A+BKC).# C .V

Lemma 7: Let ¥ be an (A,B,E,D.)-output nulling subspace and let . be an (A,H,C,Gy,)-

input containing subspace. If

9

(a) im g C (¥ ®0,) +im

Z

D,
(b) ker[ E G, |2 (S @¥)Nker[ C Gy |,
() S CY,

then there exists an output feedback matrix K such that

A+BKC H+BKG,

LWV D0.,. 11
E+D.,KC G,+D.KG, (F&W) SV D02 an
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Conversely, if K exists such that holds, then (a-b) hold.
Proof: We prove that if (a-c) hold, then K exists such that holds. Since ¥ is (A,B,E,D;)-
output nulling, we have [2] VYV CV B0y +im [ gz}. Combining this inclusion with (a) yields

[2 (b;j (VaeW)C ¥V &0y +im [gz}. From (c), we also have
A H . B
= : 12

Similarly, since .7 is (A, H,C, Gy)-input containing, we have [ A H | <Y@V/ﬂker[ C G, ]) -

p ol (Fewnkelc G,1)Cs®0,. Again, from (©)

. Taking (b) into account gives [ E G.

we obtain

A H
E G,

<5’697/ﬁker[ C G, ]) CYa0,. (13)

We can now apply Lemma [6] considering the two inclusions (I12) and (I3), i.e., by considering
A— [2 g],§—> [gz],é—ﬂ C G, ], as well as the subspaces .# =. G# and N =V ©0,.
Thus, there exists K € R”*™ such that

<AH B

E G, D,
which is exactly (II). We now prove the converse. Let K be such that (1)) holds. Let S be a

_|_

K[C G, ]) (FeW)C Va0,

basis matrix of . and V be a basis matrix of ¥". We can re-write (L)) as

A+BKC H+BKG, S 0 1%
E+D,KC G, +D,KGy || 0 I 0

X (14)

for some matrix X of suitable size, which gives the two equations H +BK Gy, =V X and G, +
D, K Gy = 0. These can be rewritten together as [gz] = [H X+ [gz} (=K Gy), so that (a) holds.
From we also find

S0

(B G|y Y

+D.K[C D, | 0 1

§ O] —0. (15)

Let [)yc] €/ @W Nker[ C Dy |. Then there exists 1 such that [Jﬂ = [g (1)} 7. Multiplying (I3)
by n, since [}] €ker[ C Dy |, we find [ E G, ][}] =0, so that (b) holds. |

Example 5.1: The existence of a matrix K satisfying for an (A,B,E,D;)-output nulling
subspace ¥ and an (A,H,C,Gy)-input containing subspace .” does not imply the condition
& C Y. Consider for example

000 -1 0 1
o= 188 om [} e[
0-11 0 0
110 _loo _ |-
[010]’Dy_[0 0]’ Gy_[o

C
E =1[100], D,=[0 1], G, =1,
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with the subspaces ¥ = span{ [é} ) [El))]} and ¥ = span{ [(%)] } One can easily verify that
K= [i j] satisfies (L)), and that ¥ and .¥ are, respectively, (A, B, E,D;)-output nulling and
(A,H,C,Gy)-input containing; in addition, 7" satisfies (a) and .7 satisfies (b) of Lemma [7|
However, clearly (c¢) is not satisfied in this case.

The following result contains the generalization of a fundamental property to the case where all
the feedthrough matrices are allowed to be nonzero. The major technical difficulty is the fact that
in this case, the well-posedness needs to be taken into account. In other words, while showing
that the conditions of the following theorem are sufficient for the existence of a decoupling filter
only requires more convoluted matrix manipulations with respect to the strictly proper case, the
necessity needs to be addressed more carefully.

Theorem 2: Problem [Il is solvable if and only if there exist an (A,B,E,D,)-output nulling
subspace ¥, an (A,H,C,G,)-input containing subspace .# and a matrix K € R"*? such that

(i)im[H C(¥Y®0y)+im ;

G, z

(i) ker[ E G, ]2 (S@#)nker[ C G, |;
(iii) .7 C 7V

(iv) I+ K Dy is non-singular, and K satisfies

A+BKC H+BKG,

C O¥ o 1
E+D,KC G,+D,KGy (FeW) SV 80y (16)

Proof: (If). We define the compensator matrices as

Ac = A+GC+ (B+GD,)(I+KD,)"'(F-KC),
B. = (B+GD,)(I+KD,) 'K -G,

C. = (I+KDy)"Y(F-KC),

D. = (I+KD,) 'k.

7)

a

where F € §upep,) (7). so that [2:;;] YV CV @©0y, and where G € &0, (), so that

[A+GC H+GG, (&%) C.7. Using these matrices in (I)) and using the matrix inversion

lemm, after some lengthy but standard matrix manipulations we obtain

i_| A+BKC B(F—KC) 5 _ | H+BKG,
(BK—G)C A+GC+BF —BKC |’ (BK—G)G, |’
C=|E+D.KC D, (F-KC)], G=G,+D.KG,.

!Given matrices P,Q,R,S of conformable sizes such that P, R and P+ QRS are invertible, there holds (P -+ QRS)’1 =
PP loR'+sP Q)" lsp L.
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Defining e = x — p, we obtain

[@x(z)] _ [ a+BF BKC-F) || 20) |, | H+BEKG, "
PDe(t) | 0 A+GC || elt) H+GG, |")
A1) = [E+D.F D,KC—F)] Zﬁii 4 (G +D:KG,)wl).

We now show that the transfer function G;,,(4) is zero:
-1
Al—A—BF —B(KC—F)

0 Al—A—-GC

H + BKG,

G.w(A)=[ E4+D,F D,(KC—F) ] H+GG
y

+G,+D.KG,

= (E+D,F)(M —A—BF)"'(H+BKG,)
+(E+D,F)((AI —A— BF))"'(BKC — BF)(Al — A — GC)™'(H + GG,)
+D.(KC—F)
= (E+D;F)
+(E+D.F)(Al —A—BF) (Al —A— BF)(Al — A — GC)"'(H + GG,)
—(E+D.F)(AI —A—BF) (Al —A—BKC)(Al— A — GC)"'(H + GG,)

—~

A —A—GC)'(H+GGy)+ G.+D.KG,

Al—A—BF)™'(H + BKG,)

—~

+D,(KC—F)(Al —A—GC)'(H+ GGy) + G, + D.KG,
=(E+D.F)(Al—A—BF)"'(H+BKGy)+E(A —A— GC)'(H + GGy)
—(E+D.F)(AI —A—BF) (Al —A—BKC)(Al— A — GC)"'(H + GG,)
+D.KC(Al —A—GC)™'(H+ GGy) + G, + D.KG,

= (E+D.F)(Al —A—BF)'(H+BKGy)+ (E + D.KC)(Al —A— GC)"'(H + GGy)
Ti(2) ()
—(E+D-F)(Al —A—BF)™ (Al —A— BKC)(AI — A — GC)"\(H + GG,) + G. + DK G,
73(2) T
where we have used the identity BKC—BF = (Al—A—BF)—(AI—A—BKC). Now, (16

is equivalent to

(A+BKC).7 CV, (18)
(E4+D,KC).% =0y, (19)
m(H+BKG,) C 7, (20)

G,+D;KG,=0. 1)

Eq. 20), together with the inclusion

ker((E+D,F)(AI-A—-BF)"') 27, (22)
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see @), yields im(E+D,F)(AI—-A—BF) ' (H+BKG,) C(E+D,F)(AI-A—BF)™' ¥ =0,
which proves that 77(A) is zero. Similarly, (I9) with

im((AI-A-GC)"'(H+GG,)) C .7, (23)

see (@), yields (E+D,KC)(AI—A—GC) ' (H+GG,) C(E+D;KC).? =04, so that T»(1)
is zero. From (I8) and . C ¥ we find (AI—A—BKC). C V. Using this with and

gives
(E+D,F)(Al—A—BF) "(AxI —A—BKC)(AI —A—GC)"'(H+GGy)
C(E+D,F)(AI-A—BF) Y (AI-A—BKC).¥ C(E4+D,F)(AI—-A—BF) ' ¥ =0,.

Thus, 73(A) is zero. Finally, from we find 7y = G, + D, K G, = 0. It follows that G, ,,(1) =0.

(Only if). Let A, B¢, C. and D, exist such that / — Dy D, is non-singular and G ,,(A) = 0. This
implies that G =0, and there exists an A-invariant subspace 7 such that imH C .% C kerC, see
[14] Thm. 4.6]. We start proving that ¥ = p (JA ) is (A, B, E, D;)-output nulling, where p denotes
the projection on 2~ (see Appendix A). Let x € #'. There exists p € & such that [;] €7

Since .# is g—invariant, we have A [;} € .7, ie.

Ax+BDWCx+BCep+BD.-WD,Ccp c f
B-WCx+Ac.p+B.WD,Cep ’

which implies Ax+BD.W Cx+BC,p+BD.W DyC.p € p(.#). On the other hand, since .# C
kerC, we have also C [;} =Ex+D,D-WCx+D,Ccp+D,D-WD,Ccp=0,. We can write
these two equations together as

A
E

B

Z

~

x+ (DeWCx+Cep+D:WDyCep) €p(I) D0,

so that [2] XEP (ﬁ) @0, +im [ll)j .Thus ¥ =p (ﬁ) is (A, B, E, D;)-output nulling as required.
Now we prove that . =i(.%) is (A,H,C,G,)-input containing, where i denotes the intersection
(see Appendix A). Let [] € /@ ¥ Nker[ C G, ]. We need to prove that [A H ][] €
7. Since x € . = i(ﬁ), we obtain [,] € 7. and since .# is A-invariant, we find Z[g} =
[Ax;?vl‘zccwxcq € .. Since .# C imH, we can write Hw € .7, i.e., [Hz%g@} w € .7. From
the last two relations we find

Ax+BD.-WCx+Hw+BD.W Gyw
B:W Cx+B.W Gyw

Since [;,] € ker[ C G, |, the latter can be simplified to [AXT)HW] €.7,ie,[A H] [n] €

o~

i(f) =7, as required.
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Now our aim is to show that (i-iii) are satisfied. Since ya O imH, it follows that p (JA )2
p(imﬁ ), see Lemma [8, which can be rewritten as ¥ DO im(H -l-BDcWGy). This inclusion
together with G =0 leads to ¥ D im(H +B®) and G, +D,® = 0, where ® = D, W G,. Denoting
by V a basis matrix of ¥/, in view of the these equations there exists a matrix X such that
H+Bd=VX and G, +D,P =0, i.e., [éj = [‘6] X+ [DBZ] &, so that (i) is satisfied. Since
C.I = 04, then (E +D,D, WC) (ﬂ) Og),‘ see Lemmal[@l Since G = 0 then (E—i—‘PC) S =0y
and G, +%¥G, = 0. Let Q be a full row-rank matrix such that kerQ = .%’; we obtain kerQ C
ker(E —i—‘I’C), so that a matrix K of suitable size exists such that @Q = E +W¥C. Thus E +
YC=0Qand G, +¥YG,=0,ie,[E G, |=0[Q 0]|-¥[C G, ], which another way
of writing kerl E G, ] Dker[ Q 0 ]Nker[ C G, ]. Since kerf[ 0 0 | =7 @ ¥, we obtain
ker[ E G, |2 (S @#)Nker[ C Gy ]. We have proved (i-ii). The proof of (iii) follows from
(SI) Cp(S).

From Lemma [7] there exists K € R™*? such that (I1)) holds. We show that one of such K is
also such that /+ K D, is non-singular. Let K = D.W. From the matrix inversion lemma, /+K D,
is non-singular. It remains to prove that K satisfies (I1)). Rewriting (1)) using K = D.W gives

A+BD:WC H+BD:WG,

SEW)CYV &0,
E+D,D;WC G,+D,D.WG, (LW )V &0,

Let [,] € @ % . We want to prove that

Av+BD.WCv+Hw+BD.W Gyw
Ev+D,D.WCv+G,w+D,D.W Gyw

EV B0y. (24)

. PN ~ . o~ ~ Av+BD.WC
Since ve . =i(.#), we have [,] € .. Since .# is A-invariant, we find A [ ] = [EVV:D_D_WCVV}

. It follows that Av+BD.WCv € p(j) = ¥. Moreover, since imH C .7, we have

~

Hw+BD:-W Gyw
B.-WGyw

€

In particular, Hw+BD.W Gyw € p(ﬂA ) = ¥. We have proved that, in (24)), there holds Av+
BD-WCv+Hw+BD-W Gyw € p(ﬂA ) = ¥. Since the system is disturbance decoupled, the
feedthrough G, +D,D.W G, is zero. Hence, it remains to show that Ev+D,D.-W Cv = 0. This
follows from the fact that C.7 = 0, so that C [(V)} =0, which gives Ev+D,D.WCv = 0. |

Remark 1: The statement of Theorem [2] involves conditions that are not independent. Indeed,
Lemma [7] showed the relationship between (i-iii) and condition in (iv). Thus, if the necessity
and the sufficiency statements are kept separate, some of the conditions in the statement of
Theorem [2] are absorbed into the others. However, we prefer this way of presenting this result,

because it displays the symmetry between the two implications of the statement.
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Remark 2: The well-posedness condition on the invertibility of the matrix 7+ K Dy, is essential
in the nonstrictly proper case. Indeed, there are cases where the entire set of all possible K
matrices satisfying renders / + K Dy, singular. Consider for example

0 00 0 0 10

A = 000},3:[10},H:[01},

-100 0 -1 10

¢ = [_01 (1) (1)}’ Dy:[(l) —1] Gy _[—01 —01}’

E = [oo0 1], D,=[-10], G,=]o 0], —span{{—il]},
and ¥ = R3. Subspace ¥ is (A,B,E,D;)-output nulling and .¥ is (A,H,C,G,)-input-input
containing, and they satisfy (i-iii) of Theorem 2l Thus, a matrix K exists that satisfies (LI). One
can easily see that the set of all matrices K for which is fulfilled is given by K = [;1 /ﬂ’
where «, 3 are free parameters. Clearly, I + K Dy = [g 70/3]’ which is singular for every choice
of a, .

Remark 3: The if part of the proof of Theorem [2 offers a compensator structure which
involves a feedback matrix K such that is satisfied, an (A,B,E,D;,)-ouput-nulling friend
F of ¥ and an (A,H,C,G,)-input containing friend G of .. This, however, does not constitute
a parameterization of all the decoupling filters. Consider for example a system described by the

matrices

_ 10 _ | -1 _ |1 _
A= 30 =[] m=]s] c=11 o,
D, = Gy=1, E=[0 -1], D,=G,=0.
One can verify that the compensator described by A, = [0 0} B. = [1%] , Cc=1[0 3], D.=6
solves the disturbance decoupling problem. Inverting the last three equations of we obtain
K = D.(I-DyD;) ' =-6/5
F = (I-D.Dy)'C.+KC=]—-6/5 —3/5]

G = (I—Dch)*l(BDC—BC):[65].

However, when usmg these values in the first of (I7) we obtain A+ GC+ (B+ GDy) (I +
KDy)) ' (F-KC)= [}(1) 35}, which does not coincide with A, Q Hence, the decoupling filter
proposed here does not fall in the category of those obtainable as in the proof of Theorem [2|

Nevertheless, it is still true that a compensator in the desired form can always be found. Indeed,

ZNote also that matrix G is not an input containing friend of ..
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any (1 x 1) matrix K satisfies (L1)). For example, choosing K = 1/2 and the friends F =1 0 ]

and G =0, we obtain

A1 = A+GC+(B+GDy)(I+KDy) ' (F—KC) = [2(/)3 (1)]

Bey = (B+GDy)(I+KDy) 'K —G=— Hﬂ ,

Ce1 = (I+KDy) ' (F-KC) = 1ol
D.1 = (I+KDy) 'K =1/3.

In other words, if there exists a compensator that solves the decoupling problem, it may not
be obtainable in the way described in the proof of Theorem 2l However, we know that we can
always find . and ¥ as the intersection and projection of an invariant for the extended system
contained in kerC and containing imH and matrix K, and determining the friends of 7" and
. we can construct an alternative compensator that may not be the one we had originally. It
is now possible to better appreciate the role of condition (iv) in Theorem [2, which guarantees
that, even if the parameterization of the decoupling filters is not exhaustive, every controller is
associated to at least one feasible matrix K.

The solvability conditions of Theorem [2] can be also stated in terms of ¥}, ., , and ,YQXH’C’G},).

Corollary 2: Problem [Tl is solvable if and only if there exist a matrix K € R™*? such that

) im[g

z

- (%;B.E.DZ) ®©0y)+im

b

D,
(i) ker[ £ G |2 (Hinca) @ )Nker[ C Gy |;

(iii) ’ZZ.H.,C,G);) C %X,B.E.DZ);
(iv) I + K Dy is non-singular, and K satisfies

A+ BKC H + BKG,
’ (‘ZX,H,C,G‘:) D 7/) - 4//(:,3,5,07) S5 OJ (25)
E+D.KG, G.+D,KG, ? :

Proof: The sufficiency is obvious from Theorem 2l Let us prove the necessity. Let the problem

be solvable. In view of Theorem [2] there exist two subspaces ¥ and . and a matrix K satisfying

B
D, |’
ker[ E G, |2 (L @W)Nker[ C Gy = (Z:,H,C,Gy)@yﬂ>mker[ C Gy ],

‘Z:,H.C.Gy) CyCyC 7/(:,3,5,01)7

all the conditions in its statement. We find

H
im[ G ] C(7®0s)+im C (YA pepy) ®0z)+im
Z

Z

and
A+BKC H+BKGy
E+D,KC G,+D;KG,

A+BKC H+BKG,
E+D.KC G.,+D.,KG,

- 7/(:,3,5,01) D 03"

(Lhscoy @) C (LeW)CYV D0y
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VI. SOLUTION OF PROBLEM

We now consider Problem [2I Two necessary solvability conditions are the asymptotic stabiliz-
ability of the pair (A, B) and the asymptotic detectability of the pair (C,A) [14, Thm. 3.40]. These
are, therefore, standing assumptions for this section. The following result provides a solution
to Problem [2] in terms of the largest (A, B, E,D;)-stabilizability subspace and of the smallest
(A,H,C,Gy)-detectability subspace, see [13, Thm. 4.1].

Theorem 3: Problem [2] is solvable if and only if there exist a matrix K € R"*? such that

) im[g

Z

- (%X,B,E,Dz)g ©04)+im

b

D,
(i) ker[ E G, ]2 (ZX,H.C.Gy).gGBW) Nker[ C Gy E
(iii) ’ZZ.H,C,G);).g C %:,B,E,DZ).g;

(iv) I + K Dy is non-singular, and K satisfies

A+BKC  H+BKG,
E+D.KG, G,+D.KG,

(ZX,H,C,Gy)g @ W) c %X,B,E,Dz),g S Ol

An immediate consequence is the following result.
Corollary 3: Problem [2] is solvable if and only if there exist an (A,B,E,D;)-stabilizability
output nulling subspace #" and an (A,H,C,G,)-detectability input containing subspace . and

a matrix K € R™*? such that

2

(i) im g C ¥ @0y +im

Z

Z
@) [E G ](F@W ket C Gy ) =0u;
(i) S C 7
(iv) I + K Dy is non-singular, and K satisfies
A+ BKC H+ BKG,
E+D.KG, G.+D.KG,
Proof: (Only if). It follows directly from Theorem [3, by taking ¥ = ¥{{,,, . and ¥ =
y‘k

(AH,C,Gy)

(If). Since ¥ is internally stabilizable, in view of the stabilizability of the pair (A,B), ¥ is also

(L eW)C Y B0y (26)

8"

externally stabilizable; thus, there exists an output nulling friend F of ¥ such that A+ BF is
asymptotically stable. Likewise, since .7 is externally detectable, the detectability of the pair
(C,A) ensures that .# is also internally detectable; it follows that there exists an input containing
friend G of .% such that A+ GC is asymptotically stable. We can therefore follow the same
steps of the proof of Theorem 2l and we obtain that a matrix K exists such that (26) holds.

Defining the compensator matrices in the same way as in the proof of Theorem 2| we obtain
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that the eigenvalues of the closed-loop system are 6(A+BF)Wo(A+GC), and G;,,(A) is zero.
|
We now generalize the solvability stated in terms of self bounded and self hidden subspaces,
namely ¥}, +.% in place of .7}, -, and ¥}, in place of ¥3; . , ). The first and more important
step, which arises in the nonstrictly proper case, is to prove that the well-posedness condition
does not change if we choose these self bounded and self hidden subspaces instead of ‘gﬂ(X,H,C,Gy)
and Y151 p,)-
Theorem 4. Let Problem [1] be solvable. The set of matrices K that satisfy (23) coincides with
the set of matrices K that satisfy

A+BKC  H+BKG,
E+D.KG, G.+D.KG,
Proof: Since S, 06 C S and V3,0 2 Fu+ Vi, if K satisfies (27), it also satisfies (25)

since

(SuDW) C(Su~+Vm) B0s. 27

A+BKC  H+BKG,
E+D.KG, G.+D.KG,
C (fyM + 7/m) S Of C Ai/(:,B,E,DZ) s> O?Z

A+BKC  H+BKG,

(SmeW)
E+D.KG, G.+D.KG,

(Z:,H,C,Gy) D W) -

We now prove that if K satisfies (23), it also satisfies (27). Let K be such that (23)) holds.

Proving that K also satisfies amounts to proving the four inclusions

(A+BKC) S € o1+ Vi, (28)
im(H 4+ BK Gy) C .Sy + ¥, (29)
(E+D.KG,).%s =0, (30)
G.+D.KG,=0. 31)

Note that trivially holds because K solves Problem [I] (see proof of Theorem [2)). Consider
(30). We show that (E +D K Gy) S, ¢, = 02 implies (E + D, K Gy) S = 0. Recall that

=57 c1 [Gy v c1 [Gy :y:,H,C,Gy 7 c1[6y1)?
(nls ()T (amlgl [2]) TR T il [2))

[E G, El|G; El|G;

where the last equality follows from the fact that Problem [lis solved. From (E +D;K Gy) %} . G =

0 and Lemma [T]
-1
(E+D.KGy) Sy = (E+DZKGy)”//<1H7[C] o) € (E+D.KG,) ({ < ] im[ CG?i D

| G,

We prove that
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1
ie., [g} im [g}] C ker(E+ D, KGy). Let x be a vector of the left hand-side, so that [g} x€e

im [gy] , so that there exists w such that Cx = Gyw and Ex = G,w. Thus,
(E—i—DZKGy)x =G,w+D,KGyw= (G,+D.KG,)w=0,

as required. Consider (29). We need to prove that im(H +BK Gy) C ¥}, .., implies im(H +
BK Gy) C Sy + V. Using the last inclusion S+ 2 ¥ 35,5, N[ B H |ker[ D, G, ]in
the proof of Corollary [Tl we only need to prove that im(H+BKG,) C[ B H |ker| D, G, ].
Let x € im(H + BK G,). There exists w such that x = (H+BKG,)w. Let g = KGyw, so that
x=Hw+Bg and from (iv) we also have G,+ D, K G, = 0. Multiplying this by w gives G,w+
D.g=0. Therefore, x=[ B H ] [%], where G,w+D,g=0. Thusxe [ B H |ker[ D, G, ]
as required. We now prove (28). We have to prove that (A+BKC) .7, c6,) € ¥\ psp, implies
(A+BKC) Sy C Sy + Vm. Recall again that, since Problem [I] is solved,

=V 1[Gy 7 1[Gy =77 yAHCG}
(a6 2]) T (amf)[2]) T (amfg)[2]) T
and

I+ V=V + /7/<Z,H,[C] [GyD

El'|G;

from the proof of Lemma [5l Thus

m+ Vm
= (Ship meiv- o) Vs men o) TV oo
(1 [2[2])
= (S ne00 62) "V(A,H_,[g]_, [?D) N Yo w2002 62)
(‘y* [B H).E,|D; Gz)) + /V(;H[g]{g)]>) N /V(X,B,E,DZ)'
Using these, we need to show that
(A'i‘BKC)(dV(A [ D AHCG}))

(5”* B H,E,[D; G;]) + V(A’H [C] {?D) N %X,B,E,DZ)‘

5]
This reduces to the four inclusions

(a) (A—l—BKC)”//* g&ﬂ* . G, + Y ,
(b) (A+BKC [C]’m) c; B CL )

) (A,B,E,D;)

(C) (A +BKC) y:HCG = ’ZA,[B H].E,[D; Gz]) + 7/<2H [c] [GyD
"OLEN| Gy

(d) (A+BKC)’y:HCG C 7/:350)
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Clearly (d) is satisfied because Problem [I] is solvable. We prove (b). The subspace 7 *
A

(uni51(2)

satisfies
A H
7 v 0, ®0, | +i
e ) g( (el [2]) &7 f)ﬂm &

E

of matrices & and ® of suitable sizes such that CV = G,0 and AV =V X +H®. It follows that
(A+BKC)V =VX+ (H+BKG,)0, so that

Let V be a basis matrix of ¥ A [Gy]) , so the latter inclusion ensures in particular the existence
AH,
H gl 6

A+BKC)VF oy YT e +im(H+BKGy).
AHBRO g [a]) 7 (ot [o) T )

El|G; El|G;

(5] [

* *
Y xpep,> 50 that (A+BKC) Ay@w[%][%
that im(H +BKGy) C[ B H |ker[ D, G |. Since S ;e 6 2B H ]ker[ D, G |
we have im(H +BK Gy) C 77} 15 uy£.p, c.))- Adding to both member of this inclusion the subspace

v gives
/)

(512

The inclusion 7* Gy ) C ¥k prp, holds from Lemma ], together with im(H +BK Gy) C

D C ¥\ prp.)- Now we prove (a). We have already shown

/V(:,H,[C]{G}'D +1I’I’1(H +BKGy> - ”V(* C]{G}’D -l-tgﬂ(:’w H).E[D: G2))*

El|G; H"[E G,

=

We have also shown that

(A +BKC) AV@,H,[E]{G}'D Q %(ZH[S][%D +1m(H—|—BKGy),
which readily gives

(A —|—BKC) V(;H[C][G)D - V({;H [C] {GyD +Z:,[3 H.E,[D; G:])*

EIl'|G; LET| Gy

Finally, we prove (c). We show in particular that
(A + BKC) ‘Z:,H,C,Gy) < 5”(:,[3 H).E,[D; GZ))* (32)

The inclusion (b) can be written a

T TeTpT
(A +C KB ) (:T,ET,BT,D;) c (:T,[cT ETLHT 6] 6] (33)
and (33) is equivalent to (32). From (32), it is trivial to see that (b) holds as well. [ |
Theorem 5: Problem 2] is solvable if and only if there exist a matrix K € R™*? such that

(A) im

H .
G ] C (Vi prp,) ®0x)+im

Z

B .
D, |’
3Recall that, if A € R™*" 9/ is a subspace of R" and .77 is a subspace of R, then A% C JZ is equivalent to Attt cayt.
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®) ket E G, ]2 (Zineay @) Nket € Gy );

(©) ‘Z:,H.C.Gy) C 7/(:,3,5,01);

(D) ¥, + Sy is an internally stabilizable (A, B, E,D,)-output nulling subspace;
(E) Sy is an externally detectable (A,H,C,G,)-input containing subspace;
(F) I+ KD, is non-singular, and K satisfies

A+BKC  H+BKG,

E+D.KG. G.4DKG, | Tancoy®¥) SV inrn)©02. (34)
K Gy 4 K Gy

Proof: (If) In view of Corollary [Il the subspace ¥, + S is (A,B,E,D;)-output nulling,
while .#)s is obviously (A,H,C,Gy)-input containing. Since, from (D)-(E), ¥}, + .y is an
internally stabilizable (A,B,E,D,)-output nulling subspace and .7}, is an externally detectable
(A,H,C,Gy)-input containing subspace, we can chose as (A, B, E, D,)-stabilizability output nulling
subspace the subspace ¥ = ¥;,+.%) and as (A,H,C, G,)-detectability input containing subspace
the subspace . = .#);. We show that the condition of Corollary [3 are satisfied with this choice
of . and #'. Condition (iii) is true by construction. Theorem [4] guarantees that condition (iv) is
also satisfied. Finally, in view of Lemma [7, the existence of a matrix K satisfying (iv) implies
that also conditions (i) and (ii) hold.

(Only if). We assume that Problem ] is solvable. In view of Corollary [3 there exist an
(A,B,E,D;)-stabilizability output nulling subspace #" and an (A,H,C,G,)-detectability input
containing subspace .# such that conditions (i-iv) in Corollary [3| hold. Since Shncay S
(minimality), ¥ C %2737,571)2) (maximality), and . C ¥, we find that (A),(B), (C) and (F) are
satisfied. Now we prove (D) and (E). To this end, we show that there exists an internally stabi-
lizable (A,B, E,D,)-self bounded subspace ¥ such that ¥, C ¥ C ¥, + .y and an externally
detectable (A,H,C, G,)-self hidden subspace < such that ¥%,N.%y C.¥ C .%y. Indeed, consider

Y Z (VO I+ TIu) + Y= (Y + V) V(I + F1),

T E (L + I In)) NS = (LN Fu) + (PN 1)

Since im [gz} C (Yrpep)®0s)+im [gz} , from Corollary [[lthe subspace ¥;,+-% is (A,B,E,D,)-
self bounded. Moreover, since ker[ E G, | 2 (S ycq,) @ W) Nker[ C G, |, then ¥, NSy
is (A,B,C,Gy)-self hidden. From [10, Thm. 2], ¥, is an internally stabilizable (A,B,E,D,)-
output nulling subspace, and, dually, .7/ is an externally detectable (A, H,C, G,)-input containing
subspace, so that (i) is proved. Since both ¥ and ¥;, are (A, B, E,D,)-output nulling subspaces,
so is also their sum ¥ + ¥,,. Moreover, ¥ + ¥, is also (A,B,E,D;)-self bounded; it follows
that the intersection ¥ = (¥ + %) N (¥m +-u) is (A, B, E,D,)-self bounded. Since ¥ + ¥, is
(A,B,E,D,)-self bounded and contains ¥, which is also (A,B,E,D;)-self bounded, an output
nulling friend F of ¥ + ¥, is also an output nulling friend of #. Since we can choose

F so that ¥ + ¥}, is internally stabilized, the same F stabilizes v internally, i.e., ¥ is an
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internally stabilizable (A, B, E,D,)-output nulling subspace. Dually, since both .# and ., are
externally detectable (A,H,C,G,)-input containing subspaces, their intersection . N .y is
also externally detectable. Moreover, .’ N.%) is also (A,H,C, Gy)-self hidden; thus, their sum
S = (S NIy)+ (YN Fu) is (A,H,C,Gy)-self hidden. Since .7’ N .Sy is (A,H,C,Gy)-self
hidden and contained in .#, which is also (A,H,C, G,)-self hidden, an input containing friend G
of . M. is also an input containing friend of .#. Since we can choose G so that .#’ N.%; is
externally detected, the same G renders .7 detected externally, so that .# is externally detectable.
From Theorem[9] im [gz] C (Yxpen,)®0x)+im [gz] implies im [ ] (Vm®04)+im [ }
and from its dual ker[ E G, ] 2 (S} 6, D )Nker[ C G, | impliesker[ E G, | 2 (Su®
#)Nker[ C Gy ]. It follows that im [gj C (Y ®0y)+im [gz] C (¥ ®0y)+im [gz] and
ker[ E G, ]2(Fu@W )Nker[C G, |2 (S @# )Nker[ C G, |. Finally, from .77 C ¥ we

also have the following obvious inclusions
SN S CYV AV + Vs
S NI C Su C Lu+ Vi,
which imply that .#’ 1.7} is contained in the intersection (¥ + 7,,) N (S + ¥m) = ¥; likewise

NV TV SV + P

imply that .#j; N ¥, is contained in the intersection ¥ = (¥ + ¥,,) N (%4 + ¥). Their sum
S = (S NSu)+ (FuNYy,) is therefore also contained in #. Thus, ¥ C 7.

We already observed that ., is externally detectable. We now prove that 7}, +.%) is internally
stabilizable. We use the change of coordinate given by a matrix T =[T; T, T3 T4 | such
that imTy =7,NSy, im[ T} T |=Vp,im| Ty T3 ]|=Su,im|[ Ty Tr» Tz ]|=Su+Vm We
now show that it is always possible to choose 73 in such a way that im73 C C~! imGy,. To this
end, we prove that im[ 7} 73 | =C !imG,+im7j, which means that it is always possible to

choose T3 in such a way that im73 C Clim G,. We have by definition

()
ngt2)

=)

+IE e
(e [)[2])

y*

(AHC,Gy)?
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,) is a consequence of Theorem In view of

where the equality Y(AH[ ‘) {G}] (hH.C.G
H gL 6
* C C] . |:y:|C —1: . . . C 1
Lemmal/ll we have 7/<AH[§H(G;§D - [E im .| € C™"im Gy, which implies /) CC™ " imG,+
‘Sﬂ(j,ﬂ,c,cy)‘ We find

VNS = 9?&,[3 HED; G) [ (V@’H’[C]{Gyb +‘5ﬂ(A,H,[C],[G}’D)

El|G; El|G;

= (Vs 10, 60N ip meio. ) 0 (7/(“, €1[%]) + ZZ,H,C,G),))

el 6,

= (4//(:,B,E,DZ) N ZZ,[B H).E,[D; Gz]) N (AI/@,H [C].[G}D +‘5ﬂ(:,H,C,Gy))7 (35)

el |G,
where we used Theorem [ and, again, Theorem [14. From
* * * *
7/AH e € Yanecy S Vs nemp. 6. = Vasen)
(1 [£2))

where the equality comes from Theorem[9 and since 7} ,, ¢ ) € #(1 3 p,)» We find ¥ <* a CHGyD +

El'l G,
S incey S Ve, We use this in (35) and obtain

In0Su = y@w H]E|[D; Gz W(:H,[g]{gy]) + ZXH@G}»)- (36)

Consider the other inclusion (together with Theorem[14) .7} ,, - 6, = 5/<* €] [Gy]) C S inec,) S
oLy AH, . W1,E,97
lel| G,
s m.£ D, 6.))- We can use the modular rule on (36) to obtain

7/m N yM = jﬂ(Z,H,c,Gy) + (jﬂ(:,[B H),E,[D; G7] N /V(:H [C] {Gy]>)7 (37)
"ULEP | Gy

where 2:7[3 H].E,[D; G] ﬁﬂf/(:H [c] [G},
"UlED| Gy

D C C7'imG,. Adding C~'imG, to both sides of (37) yields
(YmNIu) +C1imGy = S, 6+ C1imG,. Thus,

im[ I T3 ] = Su gC_limGy'i'<5ﬂ(fx,1ﬁl.,c.,cy)
= C 'imGy+ (YN Sy) =C 'imG, +im Ty,

so that it is always possible to choose T3 in such a way that im73 C C~!im Gy.

Recall that ¥}, + %y is (A, B, E, D;)-output nulling, see Lemmal[3} if we denote by %5, , .. the
output nulling reachability subspace on ¥}, +.%), there holds (%) + ¥#;,) NBkerD, = %*Vm 4y N
BkerD,. Again, since ¥;,+.%y is (A, B, E, D,)-output nulling, the subspace %*Vm +.9, 18 contained
in Z, 5 ¢ p,)» Which in turn is contained in #;,. Thus, im[ 7 7, T3 |NBkerD;=im[ T} T, |N
BkerD,. Then, we can also choose Ty so that im[ 7} 7, Ty | D BkerD,. Let Ay =T 'AT,
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Bi=T'B,H =T 'H, C;,=CT, E; = ET. Taking F| to be an (A,B,E,D,)-output nulling
friend of .y + ¥;,, we obtain

*  x * *
*  x * *
A1+BF; =
IR 0 0 Az Asyy+BypFy
00 O *

Since ¥, C ¥ C Sy + ¥, we can write ¥ = im[ T} T, |+T3X for a certain matrix X. In

the new basis, we can write

=

=im

©c O O 9~
o O ~ O
o X o o

Since ¥ is (Aj + B; F;)-invariant, there exists a matrix M partitioned comformably such that

* *x %k * I 00 I 0 0 M, M, M.

* *x % * 0171 0 _ 071 O M M. M

0 0 Ay * 0 0 X 00 X M21 Mzz Mzs )

0 O 0 A44 +B41F14+B4ZB4 0 O 0 0 0 0 31 32 33 5
M

from which we find A33X = X M33. Hence, imX is A3 3-invariant, and since v is internally
stabilizable, then imX is an internally stable A3 3-invariant.

Similarly, choosing a friend G of ¥, N.#); we obtain
* % Ap+GCi %

0 0
MGG T
33
0 % 0 *

Since .Sy NY, C .7 C .Sy, we can write . =imT; + T3 Y for a certain matrix Y. Since . C ¥,

then 73Y C T3 X; thus imY C imX. In the new basis, we can write

I 0
_ 00
0Y
00

From the (A + G C})-invariance of ., there exists a matrix N partitioned comformably such that

* * Ap+G,C; * I 0 I 0

0 * 0 * 00| |0 O0]|]| N, No
0 * A * oY | |0VY Ny Ny |’
0 % 0 * 0 0 0 0 |>———

N
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which yields A33Y =Y Nyy. Hence, imY is Asz-invariant, and it is externally stabilizable since
. is externally detectable. Now consider a further change of basis for As3 given by 7 =

[Ty T, Tz ], where Tj is a basis for imY, and [ 7; 75 ] is a basis for imX. Then

Aé3 * *
7! Asz T = 0 A%3 *
3

Since imX is internally stabilizable, A§3 and A§3 are stable; Since imY is externally stabilizable,
A%3 and A§3 are stable. It follows that As3 is stable, so that .#); + ¥}, is internally stabilizable.
[ |

CONCLUDING REMARKS

In this paper, we have developed a geometric solution to the disturbance decoupling by
dynamic output feedback for systems which are not necessarily strictly proper, using the notions
of self boundedness and self hiddenness. The building blocks of this solution do not require
eigenspace computations that are at the basis of a solution involving stabilizability and de-
tectability subspaces: the solution given here remains in the realm of finite arithmetics. The
crucial issue in the extension of the classical theory to the nonstrictly proper case is the well-
posedness of the closed-loop, which has to be handled separately from the other solvability
conditions. Importantly, in this paper we have showed that checking this condition for the pair of

subspaces ¥} 5 p.), and S o) - OF for the pair of subspaces ¥, + .7y and .y, is equivalent

to checking the same condition for the pair of subspaces ¥{1;; ., and G ;-
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APPENDIX A: PROJECTION AND INTERSECTION

Consider two vector spaces 2 and &. Let . be a subspace of 2 @ . The linear operators

p,i are defined as

p(7) = {xe %’EIpEBZ: (] e&”}

i(7) 2 {xe 2| [les},

where p(.) is referred to as the projection of . on 2" and i(.¥) is the intersection of .7

with 2. Tt is easy to see that p () and i(.%) are subspaces of 2. Both operators preserve
addition and intersection, and p (#'*) = (i(W))L, see [3, Prop. 5.1.3].

Lemma 8: Let # O im g;] Then, p(#) 2 imH,.

Lemma 9: Let # Cker| C; C, |. Then, i(#) C kerC.

APPENDIX B

In this Appendix, we recall some fundamental geometric results for a quadruple (A, B,C,D).

These are restatements or dualizations of the results in [6, Appx. A] and [10, Lemma 3], see

also [11, Sec. 5]. We begin by studying the inclusion imL C ¥}, - .
Theorem 6: [10, Lem. 3] Let imL C ¥}, . . The following results hold:

i) V(:,B,C,D) = 7/(:,[3 L],C,[D 0])>
ii) Pup e oy € Puscn);
ii) imLC ¥ V¥ e ®A,[B L|,C,[D 0)).

Theorem 7: [6, Prop. A.1] imL C V¥, ., if and only if imL C %, 51, cp o)
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Theorem 8: [6) Prop. A.3] If imL C ¥}, - ), the subspace %, 5 ,1cp o)) 15 the smallest of all
the (A, B,C,D)-self bounded subspaces ¥ satisfying imL C 7.

The following three results are a generalization of the last three: they are concerned with a
geometric condition in the form im [2} C (Yascp ©0y)+im [ g} which arises in the solution
of the decoupling of a measurable disturbance.

Theorem 9: Let im [2] C (Yascp ®0y)+im [g}. The following results hold:

i) V(K.B.C.D) = 7/(:,[3 L11C[D Ly])

i) CI)(A,[B L11.C.[D Ly)) C CI)(A,B,C,D);

iii) im [i;:| Q”i/@OJy—i—lm |:g:| VVECI) A[B L],C[D Ly))-
. [L

Theorem 10: im [Lj C (Yascn D0x )—l—lm[ ] if and only if im [L ] C (%5 11000 1) P
0)+im|5].

Theorem 11: If im [2] C (YA b ®0s)+im [g} , the subspace Z(, 5 1| c(p 1,) 18 the smallest
of all the (A,B,C,D)-self bounded subspaces ¥ satisfying im [2] C (¥ @0y)+im [g].

We now dualize all the previous results. The first three involve an inclusion .} ;. ) C kerM,

for some matrix M.
Theorem 12: Let ;. , € kerM. The following hold:

) Faser = (ol )’
D s [G)[5]) < Fiancor
iii) . CkerM V.7 E‘P( 5[C][2])"
Theorem 13: S p - ) © kerM iff Q( 5 (€] [2]) CkerM.
Theorem 14: If 7} ; - ,, C ker M, the subspace Q( 5 (<] [2])
self hidden subspaces .7 satisfying .7 C ker M.
Finally, we consider the generalization (7} 5, ® % )Nker[ C D | Cker[ M; M, ] of the
condition S} ;- ,) € kerM.
Theorem 15: Let (S pep @ % )Nker[ C D | Cker[ My M, ]. The following results hold:

) Sanco =7 la e (R])

ll)‘P( o 1“ DC (A.BC.D)>
lll) (Y@%)ﬂker[C D]ler[ Ml ]vyElP(AB[M}[DZD'

is the largest of all the (A,B,C,D)-

Theorem 16: (S ycpy®% )Nker[ C D | Cker[ My M, ]iff(QZAB[C} [D})@%)ﬁker[ C D]|C
My My

ker| My M, |.
Theorem 17: 1f (S} popy®% )Nker[ C D | Cker[ M; M, |, the subspace 27 ¢ p

(el 510D

the largest of all the (A,B,C,D)-self hidden subspaces . satisfying (¥ ®% )Nker| C D | C
ker| M| M, |.
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