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Abstract

This paper studies the behavior of singularly perturbed nonlinear differential equations with boundary-layer solutions that do not
necessarily converge to an equilibrium. Using the average for the derivative of the slow state variables and assuming the boundary-
layer solutions converge exponentially fast to a bounded set, which is possibly parameterized by the slow variable, results on the
closeness of solutions of the singularly perturbed system to the solutions of the reduced average and boundary-layer systems over
a finite time interval are presented. The closeness of solution error is shown to be of order O( y/€) where ¢ is the perturbation
parameter. Moreover, under the additional assumption of exponential stability of the reduced average system, practical exponential
stability of the solutions of the singularly perturbed system is provided.
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1. Introduction

The singular perturbation method is a common technique
to analyze a two-time-scale system via the behavior of two
auxiliary systems, namely the reduced (slow) system and the
boundary-layer (fast) system. Two-time-scale systems arise in
a variety of engineering and applied science applications such
as electro-mechanical systems [1], power electronic systems
with DC-DC or PFC converters [2], combustion engines [3],
classical mechanical and quantum mechanical systems [4], fast
sensors and/or actuators [1] and complex systems, such as net-
works consisting of many agents [5].

The study of singular perturbation systems was started in the
mathematical literature by Tikhonov [6, 7] and was followed
by [8-11]. In general, the results using the singular perturba-
tion method either relate the stability properties of the original
system with the above-mentioned auxiliary systems or show the
closeness of solutions of the original system to the solutions of
the auxiliary systems; see e.g. [1], [12, Sec. 11] for results on
stability and closeness of solutions of the classical singular per-
turbation with applications to systems and control problems.
It is usually assumed in the classical singular perturbation re-
sults that the solutions of the boundary-layer system converge
to a unique equilibrium manifold. The case where the solutions
converge to a bounded set, e.g. a set of limit cycles, has been
studied using the averaging method [13, 14]. In these results,
the derivative of the slow state is averaged over a finite or in-
finite time interval and the behavior of the reduced averaged
slow system, together with the behavior of the boundary-layer
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system, is used to describe the behavior of the full-order sys-
tem. This idea can be found in the work of Gaitsgory ef al.
[15-17], Grammel [18-20], Artstein et al. [21-24], Teel et al.
[25], and others [26, 27].

The problem of exponential stability of this general class
of singular perturbation is not well studied in the literature.
Among the above-mentioned results, Grammel showed in [20],
using a trajectory-based proof, that under the exponential sta-
bility of the origin of the reduced average system and under
some other conditions on the system model, the slow state of
a delayed singularly perturbed system is exponentially stable.
Howeyver, the behavior of the fast state and also the closeness
of solutions of the singularly perturbed system to the solutions
of the reduced average and boundary-layer systems when the
reduced average system is not exponentially stable are not stud-
ied in [20]. Furthermore, some of the assumptions in [20] are
strong and not satisfied even by linear systems.

This paper studies non-delayed singularly perturbed systems
and presents results on both the stability and closeness of solu-
tions. In particular, it is shown that under the exponential stabil-
ity of the boundary-layer system and some other conditions on
the system model and over a finite time interval, the solutions to
the singularly perturbed system are approximated by the solu-
tions of the reduced average and boundary-layer systems when
the perturbation parameter, &, is small. Although Grammel did
not study closeness of solutions in [20], Teel et. al presented
a closeness of solution result in [25] which can be applied to
a general class of singular perturbation systems. However, the
order of magnitude of error is not studied in [25]. Compared to
[25], we propose stronger conditions on the system model and
obtain stronger closeness of solution results; we show under our
conditions that the approximation error is of order O( y/€). If
the reduced average system is also exponentially stable, then it
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is shown that over the infinite time interval, the fast and slow
states of the singularly perturbed system are both practically
exponentially stable.

An abbreviated conference version of this paper has been
presented in [28]. This paper has the following key additions
over the conference version. It includes complete proofs which
were not included in [28]. It also studies a more general case
where the reduced average system is defined as a differential
inclusion, while [28] assumes the reduced average system is
defined as a differential equation. A new section has also been
added to the paper that studies the practical stability of the sin-
gularly perturbed system over an infinite time interval. More-
over, some of the assumptions in the conference version such
as the global Lipschitz assumption of the average system and
the forward invariance assumption of a closed set of initial con-
ditions with respect to an auxiliary slow system are relaxed in
this paper.

The structure of the paper is as follows. In Section 2, the gen-
eral singular perturbation problem is explained and some of the
main assumptions on the system model are presented. Section 3
contains the main results of the paper. A numerical example
is presented in Section 4 with concluding remarks provided in
Section 5.

Notation:
e Br(0) denotes a ball of radius R > 0 centered at the origin.

e [12, Definition 10.1]: A function 6,(g) is of order
0O(62(¢)), denoted by 6, (¢) = O(82(¢)), if there exist pos-
itive constants k and ¢ such that

51(&) < Koa(e)l, Vel <. 0

If 5, (¢) and 6> (&) are continuous at & = 0, then (1) implies

that
0
lim sup| 1@ <o )
e—0 [02(8)]
e The standard Euclidean norm is denoted by | - ||. The dis-

tance between a point x and a non-empty set A is denoted
by d(x,A), i.e.

d(x,A) = inf | x — y|. 3)
yeEA
e The Hausdorff distance of compact subsets A and B of a

compact metric space X is denoted by di(A, B) and is de-
fined as

du(A, B) := max < supinf |x — y|,supinf |x — y|| ; .
xeA YEB yeB X€A

2. Preliminaries

Consider a singularly perturbed system

x = f(x,z¢),

&z = g(x,z,€),

x(0) = xo, (4a)
z(0) = zo, (4b)

where € > 0 is a small perturbation parameter, and x € R" and
z € R™ are respectively the slow and fast variables. Define the
Jast-time variable T = t/e. Then in the 7-domain, (4) can be
written as

dx
== ef(x,z,€), (5a)
dz
i g(x,z,€). (5b)

Following the standard procedure for the analysis of the sin-
gularly perturbed systems, we decompose the system into two
auxiliary reduced-order systems (namely, the boundary-layer
system and the reduced system), each one associated with a dif-
ferent time scale, and then prove a certain stability property for
the singularly perturbed system, or a closeness of solution re-
sult, using the stability properties of the reduced-order systems.
These types of results are usually valid when the perturbation
parameter ¢ is sufficiently small.

Letting € = 0, (5a) becomes dx/dr = 0 which implies that
the slow variable x is fixed, i.e. x(7) = xo, V7 > 0. Then the
boundary-layer system is obtained by setting € = 0 in (5b) as

@
dr

where z;,(7) denotes the state of the boundary-layer system and
x(T) = xo is treated as a fixed parameter.

Unlike the classical singular perturbation problem, we as-
sume the solutions to the boundary-layer system, denoted by
&(1, X, 20), or by ¢, (1) for the ease of notation, do not neces-
sarily converge to a unique equilibrium, but may converge to a
bounded set. For example, the solutions to the boundary-layer
system may converge to a set of limit cycles parameterized by
the slow variable x. We denote this set throughout the paper
by H, where the sub-script x is used to highlight the fact that
H, is, in general, parameterized by x. We formally state this
assumption and some other assumptions on the system model
below. But we first define an auxiliary signal &.(7) which will
be used later in the proof of Theorem 1 and the definition of
the signals A;(f) and &;(¢) in (24) and (25), and has properties
which are given below in Assumption 1, item 2.

Denote the solution of (4) by (x:(f),z(t)) where the sub-
script € shows the dependence of the solution on €. The signal
&.(1) is defined for t € [#;,141] as

= g(-x’ Zb’o)’ Zb(O) = 20 (6)

60 = &0 + [ FEWrl.0ds @

where &:(0) = xo and y.(¢) :
solution to

ey(t) = 8(ée(n),y(1),0),  y(1) = z:(1)- ®

Note that &.(¢) is a continuous-time signal, however y.(7) is
piecewise continuous as its value at time instants #; changes to
Z¢(#7). More information on how the time instants # are chosen
will be given in Section 3.1.

[t1,ti:1] — R™ is the unique

Assumption 1. There exist &1 > 0 and compact sets Bg(0) <
R™ and M < R™ such that



1. f(x,z,&) and g(x, 7, &) are Lipschitz on Bg(0) x M x [0, &1].

2. For any given T > 0 and for all t € [0,T], there exist
initial condition sets Br(0) < Bz(0) ¢ R" and M <
M < R™ such that the solutions to (4) and (7) satisfy
x6(1),&:(t) € Bg(0) and z.(t) € M.

3. For any given x € Bg(0) and any initial condition zo € M,
a bounded set H, to which the solutions of the boundary-
layer system (6) converge exists and satisfies H, — M.

4. For all xy, x; € BR(0), there exists a constant Ly > 0 such
that

du(Hy,, Hy,) < Ly|x1 — x2. ©)

Assumption 2 (Boundary-layer solutions). The solutions of
(6), denoted by ¢, (7, x,20), converge locally exponentially fast
to H, stated in Assumption 1. More precisely, there exist con-
stants ry > 0 and By > 0 and a forward invariant set M, stated
in Assumption 1, with respect to (6) such that for all x € R" and
all initial values 7o € M,

d(¢b(T9 x’ZO)9 Hx) < rye_ﬁ“Td(Zo, HX) (10)

The above assumption will be used to guarantee the existence
of set-valued averages and also in the closeness of solutions and
stability analysis. We define the following set-valued averages
which depend on the forward invariant set M < R™.

Definition 1 (Set-valued average [20]). For T > 0 and x € R",
the finite-time average Fq(x) is defined as

Fr(x) = conv <U {% fo(x,¢b(s,x,zo),0)ds}> , (1D

20EM 0

where x is treated as a parameter and conv(S) denotes the
closed convex hull of a set S.

Proposition 1 ([20, Proposition 2.4.]). Under the Lipschitz
condition of f and g in Assumption 1 and the forward-
invariance property of M in Assumption 2, for any x € R",
there is a convex compact set F,,(x) < R" with

dy(Fr(x), Fa(x)) = 0, asT — 0. (12)

Furthermore, the set-valued mapping F,,(-) takes nonvoid,
compact, convex values and is upper semi-continuous.

Remark 1. 7o define the reduced average system, it is not re-
quired to know the set H,. The structure of the fast dynamics
is also not directly employed in the definition of Fy and F,,,
namely, the set-valued maps F1 and F,, are stated in terms of
the integrals of the fast dynamics mapped by the function f.

Remark 2. A condition for the existence of the set-valued map
Fo,(x) is given in Proposition 1. The set-valued map F,, is de-
fined via the convergence of the integrals in Definition 1; how-
ever, it can also be obtained via averaging the slow subsystem
over invariant measures from the limit occupational measures
set constructed for the boundary-layer system (6). The reader
is referred to [29-31] for more information.

The reduced average system (or what is called the reduced
system in the rest of the paper) is defined by the following dif-
ferential inclusion

13)

We make the following assumptions on the set valued mapping
Fay.

).Cav € Fav(xav), xav(0> = X0.

Assumption 3. There is a function y(T,x,z) with
limg—, o ¥(7, x,z) = 0 such that
Ay (Fr(x), Fa(x)) < ¥(7,x,2) (14)

forall x € Bg(0), z€ M and T > 0.

Remark 3. Since Bg(0) and M are bounded sets, there exists a
function y(T), with limy_,o, ¥(T) = 0, such that y(7,x,z) <
¥(T) Vx € Bg(0), z € M. Therefor, (14) can be written as

dH (FT(.X?),FW(X)) < 7(7)

Assumption 4 (Lipschitz continuity of Fy,). The set-valued
mapping F,, is Lipschitz on Bz(0) for some R > R. !

5)

The assumptions in this paper are generally standard in sin-
gular perturbation literature. As stated earlier, the exponential
stability assumptions are used to establish the main result of the
paper. While Assumption 2 is stronger than asymptotic stability
assumptions considered in [25], we obtain stronger results than
asymptotic stability ones. Unlike the classical singular pertur-
bation results, the boundary-layer solutions are assumed here
to converge to a family of bounded sets. Hence, we consid-
ered Assumption 3 and 4 which are similar to the assumptions
in [20, 25].

Throughout the paper, we denote L > 0 as the Lipschitz
constant of f(x,z,&) and g(x,z,&) on Bz(0) x M x [0, ;] and
denote L,, > 0 as the Lipschitz constant of F,,(x) on By(0).
We also define the bound P such that

If(x.z.8)] <P, (16)

for all x € Bg(0), z € M, & € [0,&] and all ¢ € [0,T]. The
existence of P can be concluded from Assumption 1.

lg(x,z, &) < P,

3. Main result

3.1. Closeness of solutions over a finite time interval

In this subsection, we analyze the closeness of solutions of
the singularly perturbed system and the reduced and boundary-
layer systems over a finite time interval. This result is indepen-
dent of any stability properties of the reduced system (13).

1132, Definition 4, Chapter 1]: A set-valued map F,, from a metric space
X to a metric space Y is locally Lipschitz if for any xo € X, there exist a
neighborhood N(xp)cX and a Lipschitz constant L,, = 0 such that
Vx,x' € N(xo), Fay(x) © B(Fao(xX'), Lay||x — X|)
where B(K,a) := {x € X | d(x,K) < a} . Fy4 is Lipshitz with Lipschiz
constant Ly, if

Vx, X' € X, Fay(x) © B(Fap(¥'), Lav|x — X'])-



We aim to investigate the system on a finite time horizon ¢ €
[KT, (k+1)T] where k € Z, T > 0 and 1o := kT. We divide this
time interval into sub intervals of the form [, 7] which all
have the same length &5 ., except possibly the last interval with
length smaller than or equal to the length &S, and the index /
is an element of the index set I, = {0,1,---,|T/&S .|}, where
|-| denotes the floor function. The last time in the sequence is
equal to (k + 1)T.

In order to state the main result of this subsection, we first
highlight that the set H,, which is parameterized by x, is the
set to which the solutions of the boundary-layer system con-
verge (note that x is fixed for the boundary-layer system). Given
a solution of the singularly perturbed system (x.(t),z.(¢)) for
t = 0, we use H,, @ to refer to time-varying sets where, at
each time instant ¢ = t*, the set H, () is the set to which
the solution of the boundary-layer system with the fixed value
of x = x.(#*) converges.

Theorem 1 (closeness of solutions over a finite time). For any
given finite T > 0, consider a K, function ¢(S) given by

q(S) — SeTL(1+SLeSL) (17)
and define the map & — S ; as >
Se=q (e, (18)

Let Assumptions 1-4 hold. Then there exists a sufficiently small
& > 0 such that for for every (xo,z0,€) € Br(0) x M x (0, £],

(i) given the solution (x.(t),z:(t)) of (4), there exists a solu-
tion x4,(t) of the differential inclusion (13), such that for

te[0,T]

|x5(2) — xav ()| < K (&), (19)
where K(g) : Rog — Rsq satisfies lim,_o K(g) = 0.
Furthermore,

d(z(1), o) < rye™ B0 (20, Hyy) + Fle) - (20)
where F(g) : Roo — Rog satisfies lim,_,o F(g) = 0.

(ii) if there exist e* € (0,&], ¥ > 0 and a; : a1 > 2 such that
forSe = S x, the function y(S ;) satisfies

¥(5.) < remn TSt ), @1
then

[xs(t) = xa ()| = O(Ve) (22)

holds for € € (0,&*], uniformly on t € [0,T]. Moreover,
givenanyt, : t, € (0,T), there exists €** < &* such that

d(2:(1). Hy, () — d(¢s(1/2), Hy,)| = O(Ve)  (23)

holds uniformly on t € [t,, T| when ¢ € (0, **].

ZNote that ¢(S) is invertible as it is a Koo function. Combining (17) and
(18), we obtain that £~ 1/4 = §,eTLU+SsLe*Y) | This definition is inspired
from [19] and is slightly different. The map € — S, cannot be defined similarly
to [19] as the definition in [19] does not guarantee the order of magnitude of

error is O( 4/€).

To prove Theorem 1, we need to define some auxiliary sig-
nals A,(t), d;(t) and D;(r). We define these signals for ¢ €

[t1, t141] as
Ai(r) := max [x(s) — &s(s)]) 24)
di(1) = max |xs(s) —&x(n)l, (25)
Dy(r) := max |z(s) = ye(s)]- (26)

n<s<t

We state the following lemmas which gives the limit value of
S ¢ and the upper bounds for A;(¢) and D,(t) over a finite time
interval. The idea for the lemma is taken from [19].

Lemma 1. For any given L > 0 and T > 0, the map € — S,
defined in (18) has the following properties

lim S, = oo, (27a)

e—0

lim e/*s, = 0. (27b)
Proof. See the Appendix. O

Lemma 2. Consider S . defined in (18) and suppose Assump-
tion 1 holds for (xo,z0,€) € Br(0) x M x (0,&]. Then for
t € [kT,(k + 1)T] where k € Z, the signals Ai(t) and Dy(t),
l € I, defined respectively in (24) and (26) are upper bounded
by A(g) and D(g) defined as

Ae) = (268.P + TL(eS P + ) (1 + 5,Le%") )
y eTL(lJrSgLeSE")’ (28)
D(g) := S.L(A(g) + &SP + ¢) eSeL, (29)

Furthermore, A(g) and D(g) are of order O( \/€) and therefore
converge to zero as € — 0.

Proof. See the Appendix. O
We are now ready to state the proof of Theorem 1.

Proof of Theorem 1. (i) By Assumption 3, we obtain for all [ €
I and for any given initial conditions xo € Bg(0) and zo € M
that

T=l111/8
d (Sif f(&:(11), ys(£7),0)dr, Fav(gg(t,))> <7(Sy).
e Jr=t/e

(30)

Note that ¢, (7) is a solution in the fast-time domain while y,(¢)
is the solution in the slow-time domain. So by a change of
variable s = 7, the inequality (30) can be written as

d (eég L“:tlw F(&:(1),y.(s),0)ds Fav(fa(tl))> < 7(S5).
(31

Then we choose a v; € F,,(&.(#)) for I € I, and obtain that

1 T1+1

F(&(0),5(5),0)ds —vi| <¥(Sp).  (32)
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Define a new family (17;)e;, < R”" by
M1 i= 1+ &S ey, Mo = Xo, (33)
and define a piecewise interpolating curve by

ng(l‘) =1+ Vl(t — tl) (34)

fort € [#,1;41] and [ € I... Using (7) and (33) we have
&2 (tr) — i
141
J f(fg(t,),yg(s), O)ds — &S,y

]

[€:(tiv1) — g | <

+

(32)
—

< [és()

and we obtain by induction that

[€(ar) —mill <

—ml +&S:¥(Se), (35)

TY(Ss), (36)

foralll e I..

Inequality (36) implies that, for a sufficiently small &,
the signal 7.(f) remains in Bz(0) and therefore we can
use the Lipschitz property of F,, in Assumption 1. Given
ne(t) defined in (34), we can calculate an upper bound for
d(7s(t), Fav(n:(1))) as follows

d(r]s( ) av(na(t)))
< (Vl, ( s(t))) + dH(Fav(fs(tI»’Fav(nl))

+ dH( aw(M)s aV(ns(t)))
< Ly Ty(Se) + LyyeS P, 37

where we use the fact that d(v;, F,, (fg(tl))) = 0 for v, €
Fa(é:(1;)). Then according to Filippov theorem [33, Theorem
11.3.9], there exists a solution x,,(¢) : [0,T] — R" to the dif-
ferential inclusion (13) such that

[ (1) = 2 (0)] < €7 (Jx0 = o]
T
+ f d(ng(s), Fav(ng(s)))e_L”“Sds>
0
1 — —L,,T
% < eL"“T(z—>(LavT77(SE) 4 Lavé‘SgP)
‘av
< TeboT (Lm,T«y(sg) + LaveSgP), (38)

aT

where we used the fact that 1 — e™*" < aT for all a > 0 and

T = 0. We now estimate an upper bound for ||x () — x4, (?)].
e (2) = xan (1) < [xe(2) = £e ()| + [€e(2) — £2(n)]
+ [a(0) — mll + [ — m(1)|
+e(1) = xa ()] (39)

From (24) and Lemma 2, for any [/ in the index set I, the first
term on the right hand side of (39) is less than or equal to A(g).
The rest of the terms can also be upper bounded, respectively
using (7), (36), (34) and (38) as

|x:(1) — xan (1) < K(e), (40)

where K(&) is

K(g) := A(e) + &SP+ Ty(S:) + &Sev

4 TeboT (Lava(Sg) + LaveSgP). (1)

Finally, we conclude from Lemma 1 and Lemma 2 that
lim,,0 K(g) = 0.

We now study the behavior of the solution of the fast state,
z¢(t), and calculate its distance to the set Hy ).

Define () as the solution to the following system for ¢ €

[t1, 11,
e3(1) = g(xe(0),5(1),0);  3(n) =z(n). 42
Using the triangle inequality, we obtain for 7 € [f;, #/,1] that
d(2e(1), Hyy () < d(ye(t), Hyy(r)) + [126() = ye (1)
< Hys( ) yr(t)H + d()_’s(t)’ng(r))
+ Hze( ) - ys(t) H
< [ve(t) = 3o () + d(3e(2), Hy, (1)
+ du(Hy, (1), Hy (1) + ||26(1) — ye(1)]. (43)

We now find an upper-bound for the terms on the right-hand-
side of the last inequality in (43).

Iy (6) — 5:(0)]
B2 < 2 (sE3el5).0)) = (1), 5.(5).0 ) s

~x

€y
H N(COEOIEYE —ms)u)ds
B < S.Ldn) Juyg — 5(s)|ds
< S.Ldjt) e, (44)

where the last inequality is obtained by applying the Gronwall-
Bellman inequality. To upper-bound the second term on the
right-hand-side of (43), we use Assumption 2. Note that y.(¢)
is the solution to (42) and is different from ¢, (¢/e) which is the
solution to the boundary-layer system (6). Indeed, the signal
J<(¢) is defined such that its value at the time instant #;, [ € I, is
equal to z.(#;) and changes according to (42) over the interval
[#,11]. However, over this time interval, (42) can be repre-
sented as a boundary-layer model of the form (6) with x.(z) as
the frozen parameter and possibly with a different initial con-
dition. Hence, from Assumption 2 3 the second term on the
right-hand-side of (43) can be bounded as

d(3.(1), H re PUed(5.(0), Hy )
@ rye—ﬁ‘"’/8d<zs(tz>,Hw,)), 45)

for ¢ € [#;,#41]. The third term can also be bounded using (9)
in Assumption 1 as

() <

dH( xe(17) Xs(t)) < LHHXS(tl) - xr(t)H

3Note that T = t/e as we are writing the equations in slow-time domain.



<Ly f £ Coo (). 20(5). &) s
< &S.LyP. (46)

where we assumed a bound P for the norm of f as explained in
(16). Finally, the last term is bounded using (26) and Lemma 2,

() = y: ()| < D(e). (47)
So (43) can be written as

d(ZS([)’ng(z)) <S.L dl([l) &Sl + ryeiﬂyt/gd(z(e(tl%ng(zz))
+&S.LyP + D(g). (48)

Define D(e) as
D(g) := S .Ld(t)) " + &S .LyP + D(e). (49)
Then for ¢t = 1,51, (48) can be written as that
d(zs(tis1), Hy (1, ) < rye PSed(20(t1), Hyy () + D(e). (50)
Choose 6, € (0,8,) and € > 0 such that*

1
e S < —. (51)
Ty

Then

d(ze(tr1), Hy ) < € P75 (2,(1)), Hy, 1)) + DV(e),
(52)

and we obtain by induction for all [ € I, and all ¢ €
(0, min{&, £}] that

d(Zs(tlJrl)vHxs(l/H)) < ef(’“)(ﬁ"*d")sfd(zg,on)
1
+ ﬁ(g) Z e_k(ﬁy_‘sy)sa‘
k=0

= e~ (HFDB=0)52 (79, H,))
1= B DS,

+ Do) )
and also obtain for 7 € [#, f;41] that
d(ze(1), Hy, (1)) < rye_ﬁvssd(zs(tl)’ng(n)) + D(e)
2 < rye PSee B8 (70, H )
n 1 — e—(ﬁ,\'_‘sy)lss N
BySe____—
+ D(&)rye oG0S, + D(e)
< rye*(&*‘?v)t/gd(z(),[_]m)
) | e Bas.
PySe
+ D(g)rye [ oG55, + D(¢),
(54)

“Note that there always exist some 0y and € that satisfy (51) as according to
(27a), limg_,0S s = 0 and thus for any ry, one could choose & sufficiently small
such that e =957 is less than or equal to 1/ry.

where we used [ = 1,/(eS ;) and t; < t < t;1. Define F(¢) as

N rye_ﬂrsf
Then we obtain that
d(ze(1), Hy ) < rye” B m0)%d (20, Hy,) + F(s),  (56)

where lim,_,o F (&) = 0. The proof of the first part of the theo-
rem is complete.

(@i1) In order to prove the equality (22), we show that each
term of K(g), defined by (41), is of order O(/€). Since P,
vi, Ly, and T are bounded, it suffices to show A(g) and ¥(S )
are of order O( /). From Lemma 2, A(g) is of order O( /).
Furthermore, we obtain using Lemma 1 that

Y Ss . — Sel
lim 2 8e) a1 y(Sa)SgeZTL(IJrSSLe‘ )
=0 4/€ =0
EL < lim 2o ATE(1sae)

E—>
=0, (57)

which means ¥(S.) is of order O(+/€). Hence, equality (22)
holds uniformly for 7 € [0, 7] and for all £ € (0, &*].

In order to show the equality (23), we have from (10) and
(56) that

d(ZE(I)’ ng(t)) - d(¢b(t/s), on)
< rye”B0ed(z0, Hy ) + F(8) + rye P2d(z0, Hy, )
< 2rye” B2 4 (2, Hy ) + F (). (58)
For any given ¢, € (0, T), choose £** such that®

1

(By — 6y)t, = £ In( ). (59)
Then for all € € [0, £**], we have
e~ Br=o)t/e = (B—b))t/e Ve, (60)

which means the first term of (58) is of order O(+/¢). Fur-
thermore, the term F(g), defined in (55), is of order O(1/€) as
D(g) = O( /) (the proof is similar to the proof of Lemma 2)
and

rye PrSe
lim(1+ ———— ) =1 <. 61)
e—0 1 — e_(ﬁy_‘;y)ss

This completes the proof. O

3.2. Practical exponential stability

In this subsection, we study the stability of (4) over the infi-
nite time interval. To this end, we require an additional stability
condition on the reduced system which is stated below.

STt is always possible to choose an &** for any given 7, > 0 as

: o 1 _
lim e 0 ™% In( 8**)—0.




Assumption 5. The reduced system (13) has a unique equilib-
rium point at the origin which is uniformly exponentially stable
with a domain of attraction containing Bg(0). In other words,
there are constants r, > 0 and 3, > 0 such that for all initial
conditions xo € Bg(0), the trajectories of (13) satisfy

% (0] < 727 x0]. (62)

We are interested in conditions under which the exponential
stability properties of the boundary-layer system (6) and the
reduced system (13), stated respectively in Assumption 2 and
Assumption 5, guarantee practical exponential stability of (4).
We propose the following theorem.

Theorem 2 (Practical exponential stability). Adopt the hypoth-
esis of Theorem 1 along with Assumption 5. Then, for each
6 > 0, there exists an £* : 0 < &* < & such that for € € (0, &*]
and for all initial conditions (xo,z0) in Bg(0) x M,

[xe ()] < re ™" |xo] + 6,
d(z(t), Hy (1) < rae #%d(20, Hy,) + 6, (63)
forallt > 0, where (xg(t), zg(t)) denotes the solution of (4).

Proof. By virtue of Assumption 5, there exist positive constants
rc and B, such that | x4, (1) < ree™||xo||. Let 5, be 5, € (0,8:)
and choose 7T such that

1
e T < - (64)

By applying Theorem 1, we have |x.(f) — x,,(¢)| < K(&) for
all 7 € [0, T]. Hence, we can upper bound | x.(7)|| as

[x(0)]

< xe(t) = xan (O] + [xa(1)]]
< ree P xo| + K(g), Vte[0,T].  (65)
Using (64) and (65), we have

[x(T)] < =P |xo| + K (o). (66)

Since x is assumed to be in Bg(0) (i.e. ||xo| < R), we obtain
from (66) that x(T) is also in Bg(0) if

e BITR 4 K(g) < R. (67)
We can choose ¢, as the maximum value that satisfies
K(s) <R (1 - e*@f&v”) . (68)

Then for all & € [0,&,], (67) holds and therefore x(T) is in
Bgr(0). We can now consider x.(kT), k € N, as a new initial
condition for the system for ¢ € [kT, (k + 1)T] and obtain from
(66) that

e ((k + DT) | < e @27 | (kT)| + K (e). (69)

Note there always exists T that satisfies (64) which might be large if r, is
large or if d, is too small.

Then we obtain by induction that
e ((k + DT) | < em G EEDT g |
k
+ K(g) Z e~ (B0l
=0

_ ef(ﬁxfﬁx)(kJrl)T”xOH

1 — ef(ﬁxf‘SX)(lH’l)T

tKE) Ty (T0)
and for any 7 € [kT, (k + 1)T], k € Z, we have
e (D) < ree P D, (KT + K (e)
< rxe_ﬂx(t_kT)e_(’B”_d“)kTH)COH
1 — e_(ﬁ.x_(sx)kT
_ﬂx(t_kT) _—
+ ree K(e) =T + K(e)
< ree” B0 g |
1— ef(ﬁxfék)kT
—pB.(1—kT)
+ K(g) <1 + ree =T ) . (7D

Since kT < t < (k+1)T we have e~ Fx'=0KT) < = (=01 and
therefore (71) can be written as

e ()| < rxe Voo

[ %o
+ K(e) (1 + rxe—ﬁdf—kT)ll__ee__%) . (72)
Define K (&) as
R(e) := K(e) (1 + m) . 73)
Then we obtain for all # > 0 that
ls(r)]| < ree™ P70 xo | + K(e), (74)

where lim,_,q K(g) = 0.

We now study the behavior of the fast state, z:(¢). Using (53)
in the proof of Theorem 1, we obtain for t = T (or [ + 1 =
T /€S ;) that

d(z:(T), Hxa(T)) < ei(ﬁyi&v)T/Ed(ZO’ H,,)
1= e BT S
+ D(e T oG os. (75)
Similarly to the calculations for the slow state, we first choose
&, such that for all € € [0,&,], the signal z.(T) does not leave
the set M. To this end, we use (75) and the fact 7 that there
exists R, > 0 such that d(zo, H,,) < R;, and choose ¢; as the
largest value that satisfies

A

1 _ e*(ﬁy*é\')T/Ez
ite v BT e,
Dle) TGy <k (1 p ) (76)

Mt is assumed that the initial condition zo and the set H,, are in the compact
sets M and M, respectively. Since M M, the distance d (2o, on) is bounded.



Then d(z,(T), H,,(r)) < R, and we can consider z((k — 1)T)
as an initial condition for the system on the time interval ¢ €
[(k—1)T,kT], k € N, and obtain by induction that

d(z:(kT), H, 1)) < e” Bm0kT e (20, Hy,)
R 1 — ef(ﬁ,\ —6,)kT /&

T e 7

Repeating the derivation that led to (54), it can be shown for
t € [kT + t;,kT + t;11], k € Z, that

d(z6(1), Hy (1)) < rye Ped(zo(kT + 1)), Hy, (474+1)) + D(&)
< rye PiSee B0 4 (7, (KT), Hy (i)

) | e
—BySe
+ D(g)rye oG oS, + D(¢g)
(77) < rye_ﬁ‘sge—(ﬁv—ay)(lssg+kT)/sd(Z0’HXO)
X | — o~ (B—0)kT/e
_ﬁvss _l(ﬁ»"_5,\')ss
+ D(&)rye e =~y
i | =S,
_ﬁyss
+ D(&)rye [ =G, + D(e).
(78)

Define F(¢) as

_ . 2ryePSe
F(e) := D(e) {1 e }

(79)
and note that for kT + #; < t < kT + ;4 (i.e. kT + [eS; <
t < KT + (I + 1)&S,), we have (I +leSe)/e < odt/e and
e HUT+I+1)eS:) /e < o=Bit/e S0 we obtain for 7 = 0 that

d(z:(t), Hy 1) < rye”B701%d(z0, H, ) + F(g),  (80)

where lim,_0 F(e) = 0. Given &, choose &* €
(0, min{ey, &, &, &y, &, }], where ¢ is defined in (51), such that
K(e*) < ¢ and F(e*) < 6. Note that according to Theo-
rem 1 and the definition of D(g) given in (49), it is possible
to find such an £* as D(e) and A(g) converge to zero as & — 0.
Hence, the proof is complete and the singularly perturbed sys-
tem (4) is practically exponentially stable with r| = r,, 1, = 1y,
i =B — 6xand By = B, — 6. =

Remark 4. Grammel has proposed an exponential stability re-
sult for delayed singularly perturbed systems in [20]. Com-
pared to [20], we have relaxed the assumption which required
that the origin is a uniform equilibrium point of the slow system
(ie. f(0,z,&) = 0 forall z € M) [20, Assumption 2.5]. We
further studied the behavior of the fast variable 7 and showed
that the closeness of solution error is of order O( \/€).

4. Simulations

In this section, we present a numerical example in which the
solutions of the boundary-layer system converge to a limit cy-
cle. Consider the following system

X=—x— ((21 + sin(x))2 + z%)(x + &)

&1 = 7o + &x (81)

£z = —z1 — sin(x).

By writing (81) in 7-domain and letting € = 0, the boundary-
layer system can be written as

dx

— =0 82
dr (822)
dz;

= 82b
s (82b)
d

_dZ: = —z; — sin(x). (82c)

The solution to (82) from initial conditions z; (0) and z,(0) is
@b(1) = [21(7), 22(1)]" where
21(1) = ¢; cos() + ¢ sin(r) — sin(x)

2(7) = —cysin(7) + ¢; cos(7), 83)

in which x is constant according to (82a) and c; and ¢, are de-
fined as
c1 = z1(0) + sin(x)

84
C) = 22(0). ( )

Using (83) and (84), the set H, to which the solutions of the
boundary-layer system converge is

H,= {zl,Zz Lz +sin()) + 2=+ &
— (21(0) +5in(x)* + Z(0)}. 5

Note that H, is parameterized by both x and the initial condi-
tions of the system. Indeed, H, is a circle in the z-plane whose
radius and center depend on x, z;(0) and z,(0).

The distance between the boundary-layer solutions and the
circles comprising the set H,, centered at (— sin(x), 0) with ra-

dius ¢ + 3 = (z1(0) + sin(x))2 + 23(0), can be obtained as

d(ep(7), Hy) = \/(Zl(‘l') + sin(x))2 +23(7) - \/m

BUE 0, (86)

So Assumption 2 holds for any compact set M.

We now define the reduced system and check the validity of
the assumptions on this system. From Definition 1, F-(x) can
be written as

Fr(x) = conv ( U {% erf(x, oo (s, x,zo),O)ds}>

Z0eEM

—x (1 + conv <z0LeJM {% LT(c% + c%)ds}))

—x (1 + conv < U {c% + c%})) . 87)
20EM

Choose F,,(x) as

Fu(x) = Fz(x). (88)



Then Assumption 3 holds with y = 0. Also Assumptions 4 and
5 hold as F,,(x) is Lipschitz and the reduced average system
(13) with F,,(x) defined in (88) is exponentially stable.

It is straightforward to choose compact sets Bg(0), Bz(0),
M, M and a positive constant &; such that Assumption 1 holds.
For example, let & = 0.1, R = land M = {z € R? : 0.5 <
|z < 1}. Then for any given T > 0 and for all t € [0,T],
|xc()| and |£,(¢)| are in Bg(0) with R = 1, and z,(¢) is in
M := {z € R? : 0.5 < ||z] < 3}. Therefore the second con-
dition of Assumption 1 is satisfied. The rest of conditions in
Assumption 1 also hold for these sets.

So all conditions of Theorem 2 hold and we conclude
that | x,(¢)| and d(z.(r), H,,(;)) converge exponentially fast to
neighborhoods of zero, and the size of these neighborhoods
shrinks to zero as € — 0. This is shown in Figure 1 and Fig-
ure 2 where the trajectories of (81) are depicted for & = 0.1 and
& = 0.01. The set H, ;) in Figure 2 is

ng(,) = {Z],ZQ : (Z] + Sil’l(xg(t)))z + Z%

= (21(0) + sin(xo))2 + Zg(O)}. (89)

time (s)

Figure 1: The slow part of the solution of the full-order system (4) for different
values of .

0.1
€=0.1
- - N\ N\ N
~ 005 / \\// \\1/ NN
=
=
X0 \
=
€=0.01
0.05
3 4 5
time (s)

Figure 2: The distance between the the fast part of the solution of the full-order
system and the set H,, (¢) for different values of ¢.

5. Conclusion

In this paper, we have studied the behavior of a general sin-
gularly perturbed system with solutions of the boundary-layer
system converging exponentially fast to a bounded set. We used
averaging to eliminate the fast oscillations of the fast state, and
presented results on the behavior of the singularly perturbed
system based on the behavior of the average and the boundary-
layer system.

6. Appendix

Proof of Lemma 1

Consider the definition of S, in (18) and note that as € goes

Sel . . . . .
to zero, SgeTL(”SELe ) goes to infinity which implies that S .

goes to infinity. Therefore lim,_,¢ S, = co.
To show that lim,_,o £'/4S . = 0, observe that

. 18) .. _ Sel
lim £'/4S, D Jime TL(”SELE ) ) (90)
e—0 e—0
. . . . — SelL
Since lim. ¢S, = o0, we obtain that lim, ,ge ™" (15.Le%:0)

=0.

Proof of Lemma 2.

Consider A(¢) and d;(t) defined in (24) and (25) and note
there is a bound P on the norm of f (see (16)). Then for t €
[#, t141], we have

dy() = max [xs(s) — &:(a)|

= max |xe(s) — €e(s) + &c(s) — €(t) ]
< z,nglilét ”xe(s) - é:s(s)” + z,nglilét ”‘fs(s) - gs(”)“

<mm+mufuwwm%wﬁwm

n<s<t .

< A1) + S.P. ©1)
From (4b) and (8) we have
Jeet) — (0] =
[ (o090, 2609).0) — (6 (0). 22050, 0) )]

i

&

Then using the Lipschitz property of g in Assumption 1, we
obtain

l s
am=£%;f(ammaw@—AMM%®ﬂW“

L 5
<£%2L(mw—@mnﬂaw—k®-“Vs
D st +e) + 5 [ Dilsds 0

and by applying the Gronwall-Bellman inequality [12,
Lemma A.1] we have

Dy(t) < S L(d(t) + &)e**". 93)



Also from (4a) and (7) we have

max [x.(s) — &) < (o) — & (0)]
b max | [ (70000.2009)8) = 7(E().04().0) ) ds

(94)

and thus we obtain using the Lipschitz property of f in As-
sumption 1 and the Gronwall-Bellman inequality that

A1) < N(1y) + Lft (di(s) + Di(s) + €)ds

L

t

N f (dils) + &) (1 + SoLeSt) ds
i

OO < M) + €S ,L(eS,P + €) (1 + S oLeST)

t
+ L(1+S.Le’") J Ay(s)ds

1
< (M) + 8SoL (25 P + &) (1 + S,Le" )

eaSgL(lJrSgLeSEL)

Gronwall-Bellman

95)

Specifically, for t = #;;, we have

A(tr41) < (Al(n) + &S L(eS:.P+¢) (1 + SgLeS”L) )

eaS;,L(lJrS;,LeSSL) ' 96)

From the definition of A;(#;) in (24), we have A;(t;) < Aj—1 ()

and therefore (96) can be written as

Alts)) < (A,,l (1) + &S L(eS P + &) (1 + S ;L") )

esSgL(lJrSgLeS"L) ‘ ©7)

We can now find an expression for A;(#41) using the initial
value Ag(#;) which can be upper bounded as follows:

Ao(11) = max |xe(s) — &s(s)]

0<s<n
S
J;)

where we assumed a bound P for the norm of f as explained in
(16). So using (96) and (98), we obtain by induction that

A(t)

where A(g) is defined as (28). Also from (91), (93) and (99),
we obtain that

max
0<s<n

< 2eS.P,

(F(re5)s2e(5),) = F(Ec), 32(5),0) ) ds
(98)

< Afnr) <Ae), Viel, (99)

Dl(l) < D[(ll+1) < D(é‘),
with D(¢) defined in (29).
To show that A(g) = O(+/€), we split the right hand side of

(28) into the following three terms and show that they are all

Viel, (100)

10

O(+/€). We use (2) to check the order of magnitude of each of
these terms.

ZSSEPeTL(1+S5LeSEL)
7

) Jim 2614p — 0,
e—0

(i): lim

e—0

(101)

1 Sel
(ii) :  lim —TL&S P (1 + S Le’") CTL(14sL0e)
£—! &
(13)
= P;—»o \[sS ln< ig ) 7S,
. 27
:pg%—gs‘/“sgln (51/458 Do, (102)
where we used the fact that lim,_, xln -=0.
o s.Ly TL(1+8,LeSe")
(iii) :  lim —TLe (1 + S ,Le*") e :

e—0

&

® Jim

1
. 81/45 X

1 ! 1
88 t gl/as
1
o 14 a@n
lim (58)28 S, In (81/45) 0. (103)

= O(+/€). We obtain from (18) that

We now show that D(¢)

1 1
Lt = —In|—— | — 1.
SelLe TL n<81/488>

Similarly to the above calculations for A(g), it can be shown
using (104) that the term (S .P + £)S .LeS*" in (29) is O( +/€).
We show below that S LeSs*A(g) = O(+/€). Equation (104)

implies that S ;LeS+A(g) = - In ( ) A(g) — A(g). Given

(104)

1
el/4s,
(28), we split In ( i, ) A(g) into the following three terms and
show they are O(/¢)

=2Plim —gl/“s In

e—0

(105)

1 @
<sl/4sg> -0

1 SeL
<T> TLeS P (1 +S,Le’")
D) 1
P11m VeS, ( (

P
8]/4S5 81/455
= Plim —e&'/s

1 1 2(27)
lim < s In s =0, (106)

where we used lim,_,o x(In 1)? = 0.

1
<81T4S8> TLe (1 + SSLES'F’L)

lim —

e—0 \/7

e

(i) :

rL(1+5,LeSe")

lim —

(iii) = lim \f



The proof of Lemma 2 is now complete.

eTL(1+SgLeSEL)
2
1s) . 1 1
2 v (n(3)) s,
= lim

L 1 el
lim T S, <1n (81/4S8)> 20. (107)

O
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