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Abstract

The problem of distributed identification of linear stochastic system with unknown coefficient 8* over time-
varying networks is considered. For estimating 6*, each agent in the network can only access the input and
the binary-valued output of the local system. Compared with the existing works on distributed optimization and
estimation, the binary-valued local output observation considered in the paper makes the problem challenging. By
assuming that the agent in the network can communicate with its adjacent neighbours, a stochastic approximation
based distributed identification algorithm is proposed, and the consensus and convergence of the estimates are
established. Finally, a numerical example is given showing that the simulation results are consistent with the
theoretical analysis.
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I. INTRODUCTION

In recent years, the wireless sensor networks (WSN) [I], [2] have received much attention from re-
searchers of diverse areas, including consensus seeking [3]]-[6], multi-agent optimization [[7]-[9]], resource
allocation (RA) [10]], [L1]], and multi-unmanned aerial vehicle (MUAV) control etc. For WSNs, usually,
there is no central node where the collected data can be processed, but there are a number of senors,
called agents, which have limited capacity in computation, observation, and information communication.
The agents in WSNs are required to cooperatively accomplish a global objective by using their local
observations and information obtained from communication with their adjacent neighbors. Over the
centralized approach, the distributed approach has the advantages in robustness on network link failure,
in privacy protection, and in reduction on communication and computation cost, see, e.g., [3]-[9].

In this paper, we consider the distributed identification of linear stochastic systems with unknown
vector coefficient #* over time-varying networks with binary sensors. Each agent in the network is aimed
at estimating 6%, but it can only access the input and the binary-valued output of the local system. Due to
the limited sensing and computing capacity, each agent cannot identify 6* by using its local observations
only, while for identifiability it needs to exchange information with its adjacent neighbors.

The distributed identification problem has been studied in many works. The diffusion least mean square
(LMS) algorithm is proposed in [13]], [14], where the constant step-sizes are adopted and the mean-square
errors of estimates are derived by assuming that the regressors are mutually independent and Gaussian.
The distributed LMS algorithm is also considered in [15]], where the bounds for the estimation errors are
obtained. The stochastic approximation (SA) based distributed identification algorithms are introduced in
[16]]-[18], where the consistent estimates are derived for 6* by assuming stationarity of the observed data
and connectivity of the network. In all of the above works the traditional sensors are equipped in the
network. By this we mean that the sensors generate continuously varying observations. However, for recent
years, the quantized or binary-valued observations have attracted much attention in systems and control
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community, since such kind of sensors are usually with low complexity and with much less operational
cost in comparison with the traditional ones, and hence, they are more attractive for applications [19].
In most of these works the centralized estimation and control problems with quantized or binary-valued
observations are concerned, see [20]-[23]] and references therein. The distributed consensus of multi-agent
systems with quantized communications is studied in [24]], [32]. However, to the best of our knowledge,
the distributed identification problem with binary-valued sensors has not been discussed yet.

In this paper, the distributed identification of linear stochastic systems over time-varying networks with
binary-valued sensors is considered. First, the local excitation conditions on each agent in the network are
introduced to guarantee identifiability of the unknown coefficient #* of the system. Second, by transforming
the identification task to a root-searching problem, a distributed identification algorithm is introduced.
Each agent relies only on the input, the binary-valued output of the local system, and the information
derived from its adjacent neighbors. Third, it is proved that the estimates generated by the distributed
algorithm are of both consensus and convergence with probability one. Finally, a numerical example is
given demonstrating that the simulation results are consistent with the theoretical analysis.

The rest of the paper is organized as follows. The problem formulation and the distributed identification
algorithm are given in Section 2. The assumptions are introduced in Section 3 and the main results are
given in Section 4. A numerical example is presented in Section 5. Some concluding remarks are addressed
in Section 6. The basic convergence result for DSAAWET and a convergence result for mixing random
series to be used in the paper are given in Appendix.

TABLE I
NOTATIONS
[[v]l, [1 Al L2 norm of vector v, matrix A
m X m identity matrix
1 Vector or matrix with all entries equal
to 1l
0 Vector or matrix with all entries equal
to 0
xT Transpose of matrix X
col{z1,...,xm} col{z1,...,xm} = [x],...,z5]"
Ta(x) Indicator function, I4(z) =1 if
x € A, La(z) = 0 otherwise

® Kronecker product
E[] Expectation operator
Dy D. 2 (Iy - L) ® I with N the

number of agents in the network and [

the dimension of coefficient vector
sgn(-) sgn(x) =1if 2 >0, sgn(z) =0
otherwise
e; Vector with i-th entry being 1 and
others being zero

II. PROBLEM FORMULATION AND DISTRIBUTED IDENTIFICATION ALGORITHM

We first recall some basic concepts in graph theory which will be used in the paper. A time-independent
digraph G = {V, £} is called strongly connected if for any i, j € V, there exists a directed path from i to
J. A directed path is a sequence of edges (i,%1), (i1,12),- .., (ip—1, ) in the digraph with distinct agents
i €V, 0 <k <p-—1, where p is called the length of this path. A nonnegative matrix A is called doubly
stochastic if A1 =1and 174 =17,

In the paper we consider a network with N agents. The interaction relationship among agents is described
by a time-varying digraph G(k) = {V,E(k)}, where k is the time, V = {1,..., N} is the agent set, and
E(k) C V xV is the edge set. By (i,7) € £(k) we mean that agent j can receive information from
agent 7 at time k. Assume (7,7) € £(k) for any £ = 1,2,... Denote the neighbors of agent 7 at time



k by Ni(k) ={j € V : (j,i) € E(k)}. The adjacent matrix associated with the graph is denoted by
W (k) = [wi;(k)]Y;—1, where w;;(k) > 0 if and only if (j,1) € £(k), otherwise w;;(k) = 0.
The dynamics of agent ¢, ¢ =1,---, N is given by

Yik+1 = Cb?,k@* + di g1, (D

where 6* € R™*! is unknown for all agents, Gik € R1, Vik+1 € R, and d; ;41 € R are the input vector,
output, and noise of agent ¢, respectively. The measured output of agent 7 is given by a binary sensor

“ik+1 = H[yi,k+1<ci,k]7 (2)

where {c¢;  }1>1 18 a sequence of time-varying thresholds, which can online be tuned and will be specified
later on. For each agent i € V), the problem of distributed identification is to estimate 6* by using its
local input sequence {¢; ; }, the binary-valued measurements {z; ;11 }, and the information obtained from
exchange with its adjacent neighbors.

Note that the gradient of the L; minimization Ely; 1 — ¢} ,0] is E[—¢irsgn(yiks1 — ¢;40)] =
E[—¢ir(1 2L, , < ﬁkg])]. For the above identification problem, an intuitive distributed algorithm would
be:

1
0; o1 = Z wij (k)0; e+ E@k(l o 2H[%,k+1<¢fk9i,k}) )
JENi(K)

for all 2 € V, where the first term on the right hand is deemed as a consensus term while the second term is a

gradient descent and the indicators {H[yz-,H 1<¢Ek9i,k]}’f21 are in fact the binary-valued output measurements

of agent ¢ with the time-varying thresholds {c¢;; = ¢Zk9i,k}k21- Algorithm (@) is in fact a stochastic
approximation algorithm (SAA). For the classical approaches for theoretical analysis of SAA, c.f., the
ordinary differential equation method, some a prioir assumptions are required, such as the estimation
sequence being bounded, see, e.g., [29]. In order to avoid such assumptions, here we introduce a modified
version of (3) by using the expanding truncation technique in [23], [29].

The distributed identification algorithm in this paper is given by:

oio =0, &i,k = max 0jk, “4)
JEN; (k)
£,k+1 :{ Z wij(k>9jvkﬂ[0j,k:5'i,k}
JEN; (k)
1
+E¢i,k(1 _QI[[yi,k+1<¢Zk€ivk})} Loy n=614]5 (®))
Oi o1 =0i 1o, l1<6:4)s (6)
Tik1 =0ik + Loy, (1>6,405 (7

where {0; ;. }r>1 is the estimation sequence for §* at agent 1.
Noting that 1 — 2]1[%_716+1 <6To0in] = sgn (Y k+1 — qﬁfk@k), the algorithm (3)) can be rewritten as follows:

§,k+1 :{ Z wz’j(k)ej,kﬂ[oj,k:&i,k}
JEN;(k)

1
+ E¢i,k5gn(yi,k+l - Cb;fkelk)} ) H[oi,k:@-,k}' (®)

Remark 1: Note that from the algorithm @)—(7), the estimate 6, ,,, at agent i only relies on its local
observations {¢;, z;x} and the information 6, ,j € N;(k) obtained from its neighbors. The algorithm
@) is a DSAAWET given in [25]], where for expanding truncations the sequence of positive numbers
increasingly diverging to infinity is denoted by { M} },>1, but here it is taken as { M}, = k}x>1. So in (€)
and (@) M, turns to be ;. By introducing the expanding truncation technique into the algorithm, the



conditions for its convergence can significantly be relaxed, for example, the martingale difference sequence
(MDS) conditions on observation noises and the boundedness assumption on the estimation sequence
[30]], being not required.

III. ASSUMPTIONS ON NETWORK SYSTEMS

The following assumptions are imposed on the network systems.

C1) Foreach agenti € V, {¢; s }x>1 is strictly stationary with the density function ¢;(-) and is an a-mixing
with mixing coefficients {«(k)}r>; satisfying a(k) < Cp} for some C' > 0 and 0 < p; < 1. Further,
supy, ||@i k|| < M < oo for some constant M > 0.

C2) The matrix E[Y"7 | ¢;4¢7,] is positive definite for all k.

C3) For any ¢ € V, {d,} is a sequence of independent and identically distributed (iid) random variables
with the distribution function Fj4(-) and the density function f;,4(-). Further, it is assumed that
F; 4(0) = %, fia(+) is continuous, f;4(0) > 0, and the sequences {¢;x} and {d; .1} are mutually
independent.

C4) For the time-varying network (), £(k)), the following conditions are assumed.

a) The adjacent matrices W (k) are doubly stochastic for each k£ > 0;

b) There exists a constant 0 < x < 1 such that w;;(k) > , whenever j € N;(k) for all i € } and
k> 0;

¢) The digraph G, = {V,E} is strongly connected with £, = {(j,7) : (j,7) € E(k) for infinitely
many indices of k};

d) There exists a positive integer B such that

(j,i))eEk)UEk+T1)U---UEE+B-1)

for any (j,7) € £, and any k > 1.

Remark 2: If C4) holds, then by Proposition 1 given in [7], there exist constants ¢ > 0 and 0 < py < 1
such that

ch(k, s) — %117“ <cphT T V>, )
where
O (k, s) £ W(k)---W(s)Vk>s and ®(k,k+1) £ Iy.
Set
Y = col{yip, ... yni} € RV (10)
Ok = [Prns .- Ona] € RPN, (11)
N
£(0) 2> Elgiisgn(yiper — 67,0)], (12)
=1
() £ E[¢; psgn(yies1 — 0] 40)], (13)
Oii1 = Gi s (Yigor1 — D) xbik), (14)
and

€ k+1 é@,ksgn(yz’,kﬂ - ¢Z}ﬁi,k>
— E[¢s ksgn(yip1 — Cb;rk@zk)] (15)

By C1) and C3), the functions f(6) and f;(0) are free of time k.
Before proving strong consistency of the algorithm {@)—(Z), we show the following technical result.



Lemma 1: Assume that C1)-C3) hold. Then 6* is the unique zero of f(#): f(6*) = 0.
Proof: We first show f(6*) = 0. By (I2) and (1), we have

N
f(0) = ZE[¢i,kSgn(yi,k+1 - ¢Zk9)]

1=1

N
= Z E[Cbi,ksgn(dLHl - ¢Zk(9 - 9*))]
i=1

I
WE

E(pixE[sgn(di g1 — &1 (0 — 67))|ik]]. (16)
1

(2

Since {¢;x} and {d; 11} are mutually independent by C3), it holds that

Efsgn(d; js1 — ¢} (0 — 0%))|dix]
=(Efsgn(dis1 — y" (0 = 0)])ly=or.,

+00 ol (0-67)
:/ fi7d(x)dx—/ fia(x)dz
¢ ) -

Z?jk (6—6~ oo

1= 2F,4(67, (0 — 07)), a7)

where F;4(-) and f;4(-) are the distribution function and the density function of d,;, respectively.
Combining (16) with (I7) we obtain

N
F0) =D Elpir(l — 2F;a(6](0 — 0"))]. (18)
i=1
From (I8) and C3) we know that f(#*) = 0. Next, we show that 6* is the unique zero of f(-).
Define

G(0) & Bllyrs1 — o1 0|1, (19)

where 1, and ¢;, are given by (I0) and ().

As mentioned above — f(6) is the gradient of G(6) denoted by VG(0) [26]. Since G(6) is convex and
0* is a root of VG(0), to prove the uniqueness of the root it suffices to show that the Hessian matrix
of G(6) is positive definite at 6, or equivalently, to prove that the Jacobian matrix of — f(6) is positive
definite at 6*.

Calculating the Jacobian matrix of —f(6) at 6%, by (I8) we have that

af(o N
2 g = S Bl 25010 - )

0=0*
N
— B> 6100 2ral¢u(0 — )|
z;l
=E>_ ¢ixdiy - 2fia(0)]. (20)
=1

Set a = min;—;,_y fi.4(0). By C3, a > 0. From (20) and by C2) it follows

_9f(9) ’
00 lo=o~

.....

N
> 2a- B[ il > 0.
=1



Hence, 0* is the unique zero of f(6). O

Remark 3: Assumption C2) requires that E[> N ¢ik®; ) is positive definite, which is in fact an
identifiability condition for #* in the distributed identification framework. It is clear that this condition
does not ensure that 6* is identifiable for each agent i € ) based on its local observations {¢;x, z;x}
only. To see this, let us consider a network system with N = [, i.e., the number of agents is equal to the
dimension of unknown parameter #*. For each i € V), let

_ T p*
Yik+1 = ¢,~7k9 +d; j11,
¢i,k = W; k€,
Rik+1 = H[yi,k+1<ci,k]7

where {w; }r>1 is a sequence of iid random variables with zero mean and finite variance, and {w; j }r>1
and {w; 1 }x>1 are mutually independent for any 7 # j. It is directly verified that the matrix E[>_Y Gik®y ]
is positive definite, while for each agent i based on {¢; i, 2; x11}. only the i-th elements of §* is identifiable.

IV. STRONG CONSISTENCY OF DISTRIBUTED ESTIMATION ALGORITHM
We have the following main result.
Theorem 1: Assume C1)-C4) hold. Then for any ¢ € V), the estimates {0; ; }x>1 generated by @)—(7)
are of both consensus and convergence, i.e.,
lim 6, =0" as. Vie. 21

k—o00

As indicated in Remark [I the algorithm {)—(7)) is a DSAAWET [25]]. However, the proof of Theorem [I]
is not a straightforward application of the general convergence result of DSAAWET. See [25] or Theorem
in Appendix. We first establish Lemmas

o In Lemma [2| we first analyze the truncation numbers of agents and show that the differences of

truncation numbers among agents are bounded.

« In Lemmas[3H4] we first show that there exists convergent subsequences {6; ,, }x>1,7 € V of {0; x bi>1,1

V generated from the algorithms (@)—(7)), and then analyze the asymptotical properties of estimates
among the convergent subsequences.

o In Lemma [§l we prove the noise condition required by assumption A4) of Theorem [2| given in

Appendix.

o In Lemma [6l we show that the number of truncations in the network is finite and in Lemma [7] we

establish the consensus of the estimates.

Then based on Lemmas we can prove Theorem [Il

Let us denote by 7; , e inf{k : 0, = m} the smallest time when the truncation number of agent i
reaches m, by 7., =S min,cy 7; m, the smallest time when at least one of agents whose truncation number
has reached m, and by 0}, = max;cy 0 the largest truncation number among all agents at time k. Define
%j,m e miH{Tj’m, Tm+1}.

The following lemma follows directly from [23]].

Lemma 2:

i) (Remark 3.1 in [25]) For {0; s }r>1,7 € V generated by (3)-(6) with any initial values, it holds that:
Oi1 =0 when o501 > 0. (22)
i) (Lemma 4.2 in [25]) Assume C4) holds. Then
Tim <Tm+B(N —1) VjeVand m > 0.

iii) (Lemma 5.5 in [25]) Assume C4) holds. If limy_,., 0, = 0 < o0, then there exists an integer ko > 0
such that

ojr=0 Vje€Vand k> k.



Define
("‘)k é COI{QLk, cey GN,k}a

;N
0, = N ; 0; e
and
011260, —(1® )by

Lemma 3: If C1) and C4) hold, then for {O;}>; generated by @)—(7), there exists some bounded
subsequence {O,, };>1 with o;,, = 0, for any i € V and all sufficiently large k.

Proof: The following analysis is carried out on a fixed sample path.

If limy,_, ., 0 = 0 < 00, then by iii) in Lemma [2] there exists a positive integer k( such that there is no
truncation for all agents in the network for k& > ko, i.e., 0, = o for k > ko and Vi € V, and hence the
estimation sequence {Oj}x>1 is bounded.

Next, we consider the case where lim;_,., 0;, x = 0o for some iy € V.

By C4) d) it follows that iy € N;(k) U Ni(k + 1)N;(k)---UN;(k+ B —1) Vi € V, say, ip € N;(k +
), 0 <1< B-—1.Then 0,44, = 51\{1;(1}3{ ) Ojk+l = ikt and hence limy_,o 0, = oo Vi € V and

JEN; (k+
limk_m O = OQ.
Set D2 (N — 1)B and ¢, £ /ND. It suffices to show that for all sufficiently large m > my = D,
Oirmip =M Vi€V (23)
and
107,.+p]| < ¢ (24)

Set {k = 7,,}m>1, Which is, in fact, a subsequence of the positive numbers. For sufficiently large
m > mg and any ¢ = 1,..., D, let us show that the following assertions take place:

1) For any agent ¢ with o;;, = m it holds that
Oikrq =m and ||0; 4]l < g <m. (25)
2) For any agent j with o;;, < m it holds that
Tjktqg <M (26)
and
116, k+4/] < q whenever o;;i, =m. (27)

We prove 1) and 2) by induction. We first show 1) for ¢ = 1.



Noting k = 7,,,, by the definition of 7,,, we know that 0, < m and 0, ,_; < m for any j € V. Noticing
o, = m for agent 7 and @), we know that &; , = m. Since 0; x_1 < 0;, by it follows that 6, , = 0.
Then from (3) we obtain

z/',k-l-l :{ Z wij(k)ej,kl[[%,k=6i,k}

JEN; (k)
1
+ E¢i,k(1 - 2H[yi,k+1<¢g:k€i’k})} ' H[ai'k:&i'k]
= Z wij(k)ej,kl[[crj,kZCATi,k]

JEN; (k)
1
+ Eqbz,k(l - 2H[yi,k+1<¢zjk9i,k})
= Z wij<k)‘9j,k1[[0j,k:6i,k]

JEN;(k)
1
+ E@,ksgﬂ(yi,kﬂ - ¢1Tk92k) (28)

For j € N;(k), if 0, = 0;, = m, then by noting that 0;,_; < m and (22, we have 0;; = 0, while if
0jk < Oik, we have I, —5, .1 = 0. Hence from (28) we obtain
1
£,k+1 = E¢i,ksgn(yi,k+1 - ¢1Tk92k) (29)
Assumption C1) indicates that {supy, ||¢;x||}r>1 is bounded and hence limy_,o 1||®:x]| = 0. So there
exists a sufficiently large &y such that

1
EH@,MI <1 VieV Vk> k. (30)

Noticing &k = 7,, > m, M,, = m, and my = D, from 29)-(30Q) it follows that for sufficiently large
m Z (m() V k‘o)

1
167 ]l < E||¢i’k|| <1<m, (€29)

for agent i with 0;, = m. Hence by (6) and it follows that 0; x4y = 0;,,, and 0411 = Gy, = m,
which by noticing guarantees that ||6; ;11|| < 1. Thus we have proved 1) for ¢ = 1.

Next, we prove 2) for ¢ = 1.

For agent j with 0;; < m, by definition of k£ = 7,,, we know that 7;;, < m.

If 6, = m, by noting o, < m, from (§) it follows that ¢’ , ., = 0 and then from (@) 0 11 = G = M.
If 6, < m, then from it follows that 041 < 0 + 1 < m. Thus in the case 0;; < m we conclude
that 05 k+1 S m.

Noting 0, < m and @22), if 0,11 = m, then we have that 0; ., = 0. Therefore, 2) holds for ¢ = 1.

Next, we assume that 1) and 2) hold for ¢ = 1,...,p with p < D. We now prove that they are also
true for ¢ = p + 1. We first consider case 1). From the inductive assumption we have o0; 1, <m, i € V,
and hence oy, < m. For the agent ¢ with 0; x1, = m, we have &, ,, = m. Then by (8), we have

g,k+p+1 = Z wij(k + p>9j7k+:01[[0j,k+p=m}
JENi(k+p)
1
+ m¢i,k+psgn(yi,k+p+1 - ¢Z:k+p‘9i,k+p)- (32)
By the inductive assumption and (32) and noticing that W (k + p) is doubly stochastic, we have

1
167 4 pial | <2+ k—_|_p||¢i,k+:n||’ (33)



Similar to (30) we know that for sufficiently large kq,
1
k+p
which incorporating with (33)) implies that for sufficiently large m > (mg V ko)

||92,',k‘+p+1|| <p+1<m= a\i,k—irp- (34)

From the algorithm (6)-(7) by we know that 0; 311 = 0}, and 0;1p41 = Giprp = m. So, we
have proved that 1) holds for ¢ =p + 1.

We now show that 2) holds for ¢ = p + 1. By the inductive assumption we have o, < m. For the
case 0jy4p = m, similar to (32)—(34), we can show that 2) holds for ¢ = p+ 1 if 044, = m.

For the case 014, < m, we consider two cases: 0; x4+, = m and 0,4, < m. For the case 7; x4, = m,
since 0 j1p < 0jxip, Dy (B) we have that 07, ., = 0 and by (@) we have 0111 = Gjk4p = m. For
the case 74+, < m, by (@) we have that 0 ;1,11 < 7, k1p + 1 < m. Therefore, for the case 01, <m
we have that 0; ;4,11 < m.

If 0kipt1 = m and 044, = m, then by 1) for ¢ = p+ 1, we know that ||, pioi1|| < p+ 1. If
0jktpt1 = m and oj 4, < m, then by (22) we conclude 6; ;4,+1 = 0. Thus 2) holds for ¢ = p + 1.

We now have proved (25)—(@27), from which we conclude that 7;,,,+1 > k + D for any ¢ € V and all
sufficiently large m > (mg V ko). Since k = 7,,,, by the definition of 7,,,1 we have 7,,.1 —7,,, > D. By ii)
in Lemma 2] we obtain 7; ,,, = min(7; ,,,, Tm41) < 7+ D for any i € V, and hence either 7, ,,, < 7, + D, or
Tma1 < Tm + D. However, the last inequality is impossible, because we have proved that 7,,, .1 — 7,,, > D.
Hence we obtain 7;,, < 7, + D for any ¢ € V, from which it follows that o, . yp > m by noticing
Oiz:,, = m. On the other hand, from 7,41 > 7, + D it follows that 0;,,,.p < m for any 7 € V. The
above analysis yields that 0; .,,.p = m for any ¢ € V.

Define the subsequence {0; -, +D }m>(movke) Of {0ik}r>1, @ € V. From (23) and it is seen that
[16;i.7+p]| < D Vi €V for all large enough m > (mg V ko) and

161,01l < VN max |6, 0]l < VND.

biripl| <1 VieV V> k,

This is (24), and Lemma [3 is proved. O
The following result characterizes properties of {O,,,m = mng,--- ,m(ng,T)} along the bounded

subsequence {O,, },>1 generated by the algorithm.

Lemma 4: Let {O,, }1>1 be a bounded subsequence generated by @)—(7) with o;,, = 0,,, Vi € V.
Assume that C1), C3), and C4) hold. Then there exist constants ¢; > 0, ¢co > 0, and M/ > 0 such that
for sufficiently large £ and small enough 7" > 0,

1Oms1 — On, || < T + Mg, (35)
Hem—i-l — an H S C2T (36)
for m = ng, -+ ,m(ng, T) where m(k,T) = max{m : > ", % <T}.
Proof: For simplicity of notations, we set
ap = z and  Ojji1 = Girsg(Yigr1 — Of pbik)-

Since {©,, }r>1 is a bounded subsequence with o;,, = o, Vi € V, from @)-() we know 0;,, =
Oin, Vi €V and derive

/ —
0; nppr1 = E  wij(nk)Bj.n, + A Oyt
JEN;(ng)

If there is no truncation at time n; + 1 for any agent ¢ € V, then

/
i1 = 0, 1 = E Wi (1) 05y, + Ay Oy 415



and (@)—(7) can be rewritten in the compact form:
@nk—l—s—l—l :(W(nk + S) ® Il)®nk+s
+ ank+s(F(@nk+s) + an+s+1) (37)

with s = 0, where F(©y) = col{fi(01x),-.-, fn(Onk)}, € = col{ery,...,enx} With f;(-) and €,
defined by and (I13), respectively.
Since {O,, }x>1 is bounded, there exists a constant C' > 0 such that

O]l <C, k=1 (38)
Define
co = 2VN maxEl|¢i || + 1, (39)
M =14 C(eps +2), (40)
Hy = max{||[F(©)]] : [|O]] < M{ + 1+ C}, 41
e 2 H + ¢ (3 + C(lpz_i-;j)) and ¢y £ Hi/—%co, 42)
where the constants ¢ > 0 and 0 < p, < 1 are given in (9).
Select 7" > 0 small enough such that
al < 1. (43)
For any k > 1, define
s Zsup{s: np < s <2m(ng, T) | 1©;—0, || < et THM,
ng < j <s}h (44)
It is clear that s; > ny, and from (38) and @3), for any £ > 1 and n; < s < s;,
10:]] < e+ Mg + [[On, ]| < Mg+ 1+ C. (45)

In the following we will show that s, > m(ng,7') Vk > 1. Assume the converse: there exists a
subsequence of {ny, sx}, for simplicity of notations, denoted still by {n, sy}, such that

s <m(ng, T). (46)
We first show that there exists an integer k; > 1 such that for all k£ > k;
Sk < Top, +1- 47)

To prove 7)), we consider two cases: 1) limy_,, 0x = 00 and 2) limy_,o, 0 = 0 < 0.

For Case 1), since the truncation bounds {M}} used in DSAAWET is a sequence of positive numbers
increasingly diverging to infinity as mentioned in Remark [Il there exists a positive integer k; such that
M,, > My + 1+ C for all k£ > k;. Hence, from {@3) we know s, < To,, +1. For Case 2), since
limy_, 0 = 0 < oo, there exists a positive k; such that o,, = o for all £ > k;, and hence Top,+1 =
T,4+1 = oo. This implies @7).

From 7)) it follows that (37) holds for s : 0 < s < s, — ny — 1.



Next, we investigate the property of the noise sequence {¢; s+1}. For n, < s < s;, we have

s
A >

m Am € m+1
T

m=ng
'S Lioussentvians - 00
ST o i,k SEN\Yi k+1 i, kVik
m=ng
- E[@,ksgn(yi,ml - Cb;fk@zk)” H
1 <1 1 < 1
<= —Pimll + 7 —El[¢;
<7 D Nl + 7 X —Elgul
m=ng m=ng
m(nva) m(nva)
1 1 1 1
<= — || Pi,m = —E||¢;
<z > b+ Y —Eldul
m=nj m=nj
S S [ I
m=ni
2. — —E| ;. 48
+2: % D, —Ellou (48)
m=ng

We first analyse $°7(%T) L(|smll — Ell¢imll]. By C1), {¢s}e>1 is an a-mixing process. For any

m=ny

constant € > 0, by boundedness of ||¢; ;|| we have

[e.e]

1 o
—s (El(limll = Eldi,ml)|**€) 7
m=1
= 1
m=1
From (@9) and by Theorem 3] in Appendix we have
=1
> —llléimll — Ellgiml] < oo as., (50)
m=1 m
and hence
Jm > [ il ~ Elliml] = 0. (51)
m=ng

For the second term in (48)), we have

2= —E|d; 1l < 2E|@; 1]l 52
T Z - ikl < 2E[ @il (52)
m=ny
Combining (48)), (31)), and (52) we obtain
, J |
limsup 7l D —eimiall < 2ElIginl | (53)

m=ni



and for sufficiently large k > ky,

1
— elm < 2E||¢ik|| + —= 54

mnk

from which we conclude that for sufficiently large k > kq,

| Z Amemat|| < T Vs :ngp < s < . (55)
m=ni
Define
Zsk-l-l £ (W(sk) ® Il)@sk + ask(F(@sk) + 6sk-‘,-l) (56)
and
) K |
Zort &~ Zar. (57)

It is clear that Z;, ;1 coincides with O, ,, if there is no truncation at sj + 1.
T T
Multiplying (37) by % from left, by noticing 2% (W (s) ® I;) = 121 Vs > 0 for any doubly
stochastic W (s), we derive

1721,
enk—l—s—l—l :enk+s + ank+sT(F(@nk+S) + 6“k+3+1)

for 0 < s < s, —n; — 1, and hence
17 eI ¥
v > an(F(On) + ems1)-

m=ny

0,, =0,, +

Then, from (36) and (37)) it follows that

1" 21,
Rsp+1 = st + Task (F(@Sk) + €8k+1)

1791 &
:an—|— N

am(F(®m> + €m+1)' (58)

m=ng

From this, by (33) and the definition of s, it follows that

||Z5k+1 - nk”
T Sk
R S n(F(O0) + e
m=ng
Z 0| F ()] + —|| S e
= m=ny,
—O( ) (59)

for all sufficiently large k > k.
By noticing (W (k)@ L) --- (W(s)® 1) = &(k,s) ® I, for k > s, from (37) it follows that

®sk = ((I)(Sk, nk) & Il)@nk

+ ) (s, m + 1) L) (F(O) + €mpn). (60)



Settlng ZJ_,Sk-i-l £ Zsk-i-l - (1 ® Il)zsk-i-la by (E]L (@)9 and (@D we have
ZJ-,Sk-l-l :(W(sk) ® Il)@5k + ask(F(@sk) + €5k+1)

117
- T X Il (@sk + ask(F(@Sk) + €5k+1))

=[(®(sk,np) — %nT) 2 1)0,,

+ szk am (P (s, m + 1)—%11T) ® L]F(On)

1
+ ) anl(®(sp,m + 1) =5117) ® Leyu . (61)
from which and by (), (38) and it follows that

||ZJ_sk+l|| <Ccpsk+1 nk_l_ Z a’mHlCPSk m

m=ng

Sk 1
H1) D aml(@(sk,m+1) — NuT) @ L]emsl. (62)

m=ng
Let us estimate the last term on the right hand side of (62). Set ', £ 3" _| a,,€,11. By (33) we derive
ITs — Tyl < T Vs :ing < s < sp. (63)

We have the following equalities,

s

Z am(P(s,m+ 1) @ I})€n11

m=ny
s

- (P(s,m+1) L)), — T'ypy)

= (@(s,m+1) L)Ly, = ppm1)

m=ni

— Z (s,m+1) L)1 —Tn1),

m=ng

from which it follows that

I am(®(s,m +1) © L)emsl|

m=ny
<[IPs = Tpal
s—1
+ > [@(s,m+1) = @(s,m+2)| - [T = Ty i |

m=ng

<aT+ 3 (o™ + oot ™ T

m=ng

c(p2 +1)
L —po

<coT + col Vs :ng <s < s (64)



From (33) and (64) it follows that

: 1
| Z am[(®(s,m + 1) — NIIT) ® Ljemi ||

m=ng
1
<(2+ C(1p2 i ))COT for sufficiently large & > k. (65)
— P2
From (62) and (63) we further obtain
c(ps +1
|Zeausall < Copa 14 (24 L2 Dy (66)
— P2
for sufficiently large k > k.
Since Zs, 11 = Z1 5,41 + (1 @ 1))z, 41, we derive
||ZSk+1 - @nk ||
:H(l ® ll)25k+1 + ZJ—75k+1 - @J-,nk - (1 ® Il)enk ||
NZL sl F 1O Lne | + VN 2401 = O, - (67)
Noticing [|© .|| < 2C VEk > 1, from (59) and (66) we know that for sufficiently large k > k;
HZSk-i-l - ®nk||
c(p2+1) Hy+co
<Cecpy+ 14 24+ —-=2—L)eeT + VN T +2C
P2 ( 1— s ) 0 \/N
=T + M, (68)

where M and c¢; are defined by and (40). Therefore,
| Zspall < N[Ol + Mg+ T < Mg+ 1+ C.

This means that for the algorithm ()—(Z)), there is no truncation at s, + 1 for sufficiently large k > k.
Therefore, (37) holds for s = s, — ny and O, . = Z,, 1, for sufficiently large k& > k;. Hence, from (68)
we obtain

H@Sk"l'l - @”kH < M(/] + clT7

which contradicts with the definition of s, in (44)). Thus we have proved that s > m(ny., T') for sufficiently
large k£ > k;. Consequently, from we know that (33) holds for sufficiently large k.

Since s > m(ny, T), similar to (39) it can be proven that (36) holds for sufficiently large k. This
finishes the proof. ([

For the observation noises {¢; ;} defined by (13), the following result takes place.

Lemma 5: If C1), C3), and C4) hold, then for any convergent subsequence {O,,, };>1 of {O},>1 with
Tiny = On, Vi €V, it holds that

m(ng,Ty)

3 %emﬂjj =0 VI € [0, 7). (69)

m=ni

lim lim sup —
J70 koo j

Proof: Since {O,, } is a convergent subsequence, by definition we know that {6, } is also convergent.
Denote by § the limit of {6, }, i.e., ,, — 0 as k — oo. Let {T};},51 be a sequence of positive numbers
tending to zero with 7; > T;.;. Let {\,} be a nonincreasing sequence of positive numbers with \,, — 0
as n — oo such that ||, — 0| < A;’C. Denote by S a countable set dense in R'. Let {#(n)},>1 C S be
a sequence satisfying [|6(n) — || < 2.
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We rewrite the noise €; ,,41 as follow:

€1 = € (1) F €1 (1) €0 (W) F (70)
where
i1 (1) = DS (i1 — G nbin)
- ¢i,msgn(yi,m+l - Qf:me(n))a (71)
62(,2r)n+1(n> = Qi mSEN(Yim+1 — ¢Zm9)‘€:€(n)
- E[¢i,msgn(yi,m+l - Qf:me)] G:G(n)’ (72)
62(,3r)n+1(n> = E[¢i,msgﬂ(yi,m+1 — ¢Z:m9)] ‘0:9(11)
— Elgimsgn(Yims1 = $ind)]| . (73)
and
65,4731-1—1 = E[¢i,msgn(yi,m+l - ¢27:m9)] ’9:5
~ Eldumsen(vimi — 50| (4)
To prove the lemma it suffices to verify (69) with €, replaced by 65};)1 410 h=1,---, 4. We first

consider the case h = 1. From the definition of 621,?1 +1(n), it follows that

m(ng,Tj)

1 1 -
T —Qim | S Yim - imeim
TjH Z m¢’ [g(y, +1 Cb m)
m=ng
— sen(ime1 — F,,00)||
m(nk,Tj)
1 1
:Tj Z E(bz,m [1 B 2H[yi,m+1<¢zm€i,m]
m=ni
-1+ QH[yi,m+1<¢Zm0(n)}] H
m(nk,Tj)
2 1
:T] Z EQSZ,WL |:]I[yl,m+1<¢zjm91,m]
m=ni
Tyt | (75)
For m = ny,--- ,m(ng, T;), a direct calculation leads to
|I[[yi,m+1<¢g:m6i,m} o I[[yi,m+1<¢g:m6(n)}|

SH[yi,m+1<¢zjm€i,m7yi,m+12¢zjm9(n)]

+ H[yi,mﬂ >¢] 0 0imYi,m1<9] ,,,0(n)]

=I
[67 . (61.m—0(n) >y 1 —67,,0(n) 20]

I
T 05 ms1 6T, 00267, (05, —0(n))]

<I 76
= [lys.mr1 =67, 01167, (01m—0(m))]] (76)



and
16,00 — 0| -
<N0sm = Ol + 10, — O + 116 =0
<[|0im = Omll + [0 — Ony | + ([0, = Ol + {16 — O(n)]|

where the last inequality follows from Lemma ] and the fact that ||6,, — 0| < A% and [|0(n) — 0| < 22.
Similar to (62) we see that there exist positive numbers c¢3, ¢4, ¢5, and py € (0,1) such that
101 svall < e3ps™ ™ + ¢y SUp ay, + 5T (78)

m>ng
for sufficiently large k and Vs : ny < s < m(ny, TJ) Since 0 < pp < 1, for any fixed T > 0, there exists
an integer m’ > 0 such that pJ* < Tj. Since m(ny, Tj) —ny, — oo as k — oo, we have ny+m’ < m(ny, T})
for all sufficiently large k, and
1© 1L sq1ll <ca sup am, + (c3+ ¢5)7;

m>ng

§C4CLn,c -+ (03 + C5)Tj (79)

for n, +m’ < s < m(ng, Tj).
We now consider 621,2 +1(n). From (Z3) it follows that

1
Tj Z aei,m—kl(n)H
m=ng
ng+m’ m(ng,Tj)
2 "X 2 7
<= —||$imll + 7 —||@iml
T‘j mzz;zk m T‘] m:%;-m’ m
l . 80
[y, 41=67 L 0 I6T,, (s —0 ()] (80)
Noticing that the integer m’ does not depend on k and ||¢; ;|| is bounded, we conclude that
np+m’ 1
lim su —diml|l = 0. 81
s 3. il

We now focus on the second part of (80). From (77) and (Z9) we have the following chain of equalities
and inequalities,

m(ng,T})

2 1
T, 2 o l9iml [yi.ms1-67,, 01 <1167, (s8]

2 1
T, 2 | %iml [yt 4167, 01 < 16511102, ri=6 ()]

-1
[||yi,m+1—fi)g:m@(”)”S”(i?i,mH' ((C2+CS+C5)Tj+C4ank +An,, +>\n):|
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m(ng,T}j)

2 1
== 3 —{lsunl

J m=ng+m/
1
[li,im+1 67,000 |l 6s.m 1 ((c2+eaes) Ty+eaang +Any+An ) |

—E(ll¢im

["yi,7n+1 —¢Zm9(n)||§||¢¢,m||~ ((02+C3+CS)Tj+C4ank +Any, +>\n)] ) }
m(ng,Ty)

2 1
25 Ly,
+ > —E(l[dim]

J m=ng-+m’
I ) 82
[yims1 =67, 00 <1 6imI- ((catea+es) Ty+caan, +Ang +3n ) | (82)
Similar to (30), we have that
m(ng,T;)
) 2 1
timsup | = 3" {llgiml
k—00 ir] _ ,m
m=ng+m
I
[yt ms1 =67, 0 1<l 6s.mll- ((c2-+eses) Ty caany +An +An ) |
—E(||¢iml
1 )}
[15.m 187, 0 ssm - ((czestos) Trtcsantaman )|
=0. (83)
Since {¢; k. }r>o is strictly stationary and bounded, for the last term in (82) we have
E(|liml

1 )
(s, 4167 8@ 1<l 5. |- ((e2-+es-+es) Ty eaany +2m, +2n )]

< CEI
= 7 i1 =07, 0 <161, mll- ((catestes) Ty tesany, +Any +An ) |

e I
/Rl /R L1157 (6= ~6(m) 41| <llsl|- ( (caea+es)T +eatmy +An, +2n )|
- qi(8) fia(t)dsdt, (84)

which, by the dominated convergence theorem, converges to zero by letting £ — oo, then j — oo, and
finally n — oo. From (84) and noticing S+ L < Tj, we have

m=ng+m/’

m(ng,Tj)

1
lim lim sup — —E( Oim
Jim timsup e 30 B (ol

(85)

8 )=o.
[||yi,m+1—¢;,m9(")|| <ll¢i,ml- ((C?FC3+C5)TJ‘+C4C”%+)‘%+>‘””

Combining (Z3)), (81), @3), and (83)), we obtain that
1 m(ng,Tj) 1
lim limsup — ‘ Z —e§},31+1(n)H = 0. (86)

J=0 koo A — m



For 6227?1 +1(n), similar to (30) we can prove that

[e.e]

1
S [Gusenvins: — oL0(n)
k=1
— E[¢srsgn(yipr1 — ka@(n))])] < oo as. Vn> 1. (87)

From this by the definition of 6527?1 +1(n), it follows that

lim i — —@ 1=o. 88
JLIEO 121_?01;_1) Tv] || m;k mez m+1 | ( )

For 62(?21 +1(n), similar to (Z3), (Z6), and (83), we obtain that

3
Tj ) Z m zm—l—l(n)H
m=ng
2 1
<< —E{i i ) _}
=T, 2 mEloal [llyi 2= ¢1.101<l11.1]-10(n) 0]
m=ni
< ; _ _
_QE{ H¢ZJHH[|%‘,2—¢L19|<|¢i,1||'|9(")—9||]} =0 (89)
by letting first £k — oo and then n — oco. From (89) it follows that
m(ng,T;) 1
lim limsup — —e® = 0. 90
Jj—00 k—>oop T] H m;k m Zm+1|| ( )
Finally, for egfl,)n 41, carrying out a treatment similar to that for (80), we can prove that
lim limsup — —ei4m H = 0. 91)
Jj—o0 k—>oop i m;k m +l
Combining (86), (88), (90), and (@T)) leads to (69). O

The next lemma shows that the truncation number of the distributed identification algorithm is finite,
and hence the estimate sequence {6; ;. };>o is bounded for any agent i € V.
Lemma 6: If C1)-C4) hold, then

lim 0, =0 < 00 a.s. 92)
k—o00

Proof: From Lemma [3] we know that the estimate sequence {O;} generated by (@)—(7) contains a
bounded subsequence {O©,, } with 0;,, = 0, Vi € V. For this bounded subsequence {O,, }x>1, there
exists a constant ¢y such that ||©,, || < co. Thus, {6, } is also located in the bounded set {f € R’ : ||4|| <
CO}.

Set v() = Eljys — ¢70||;. Since v(f) is convex, there exists a positive constant ¢; > ¢y such that
max|jg||<c, V(0) < inf)jg|=c, v(#). Since in Lemma [I it is shown that J = {6}, there exists a nonempty
interval [0y, 6] € (max||g|<¢, v(0), inf}g)=, v(#)) such that d([d;, 2], v(])) > 0.

We now prove

Assume the converse that limy .., 0 = oo. Carrying out a treatment similar to the proof of Lemma
5.4 in [25], we can prove that {0, } starting from a point in the set {6 € R' : ||0]| < ¢y} crosses the
boundary {6 € R': ||f|| = ¢,} infinitely many times. Therefore, for the nonempty interval [d;, 5], there
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are infinitely many crossings {v(6,,),...,v(6,,)}. Here by “crossing [01,d2] by {v(0yn,),- .-, 0(0m,)}
we mean that v(6,,) < 01,0(0,,,) > 62, and 07 < v(0;) < b2 Vs :ny < s < my,.
Set
Oijr1 = fi(Oik) + €i i1

So, the algorithm @)-(7) is a DSAAWET given in Appendix. Since a; = ¢, Al) in Theorem 2 in
Appendix is satisfied. Noticing f;(0) = E[p;xsgn(yie1 — ¢;40)] Vi € V, by and C3), we see
that f;(0) is continuous. Hence A3) required by Theorem [2] in Appendix holds true. Since f(0) =
SN E[érsgn(yigss — ¢l0)] and J = {6*}, by setting v(6) = E||yrr1 — ¢} 0|1 it is seen that A2)
is satisfied. Further, in Lemma [3, we have proved that the noise sequence satisfies along the indices
{ny} of any convergent subsequence {O,, } with o;,, = 0,, Vi € V. Then similar to the proof of Lemma
5.3 in [25], we can show that any nonempty interval [0y, 2] with d([dy, d2], v(.J)) > O cannot be crossed
by infinitely many sequences {v(6,, ), ..,v(0m,)}. This yields a contradiction.

Thus, the number of truncations must be finite and hence (92)) holds. O

The following lemma shows that consensus of the distributed identification algorithms can be achieved.

Lemma 7: (Consensus of Estimates) If C1)-C4) hold, then

|©Lk]| —0 as kK — oo as. 93)

Proof: From Lemma [6l we know that, for (@)—(7) the number of truncations is finite. Then by iii) in
Lemma[2]it follows that there exists a positive integer o such that 6, = 0, = o forany k > ky = BD+7,
and any ¢ € V. So for any k > kg, the algorithm {@)—(7) can be rewritten as:

1
Op1 = (W(k) @ 1)O; + E(F(@k) + €k41)- 94)
Pre-multiplying both sides of (04) with D, = (Iy — %) ® I;, we obtain that
1
Ol 1 =D (W(k)o1)O) + EDJ_(F(@k) + €pg1)- 95)

Set
U(k,s) £ [DL(W(k)@L)]- - [DL(W(s) @T)] Vk >,
U(k—1,k) = Iy,
Since {W (k)}r>1 are doubly stochastic, it directly follows that
1
U(k,s) = (®(k,s) — NnT) ®1,

1
U(k,s)Dy = (®(k,s) — NuT) @I Vk>s.
By this and (93)), we have
O k+1

k
1
=W (k, ko)Op, + Z E‘I’(k —1,m)D . (F(Or) + €r11)

m=ko

(@ (k, ko) — %nT) 210y,
k
£y %[(@(k S 1m)— %m) 2 L]F(O,,)

m=ko

1 1
+ D @k = Lm) — 117 © Llepa. (96)
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By the continuity of F'(6) and the boundedness of {©;} established in Lemma [6l and by noticing (9)),
it follows that there exist positive constants ¢}, ¢,, ¢5 and 0 < py < 1 such that for all k£ > ko

18 L jall S5 + ¢ Z —Pz

mko

+ ¢ Z _,02 ™lemtall- (97)

m= ko
Noticing that 0 < p; < 1 and ¢, is bounded, we have that
k

1
DA 0, (98)
m=k0
and
G G
= k—m _ = k—m
> = " lemall =0 (Z — b )QOO' (99)
m=ko m=Kko
From @7)-@9), we conclude that © ; = 0. This finishes the proof. O
—00

We now prove the strong consistency of the estimates generated by @)—(7).

Proof of Theorem [I:: For (21)) we only need to show that A1)-A5) required by Theorem 2l in Appendix
hold true.

In the proof of Lemma [6] we have verified A1), A2), and A3). Note that C4) coincides with A5) given
in Appendix. Thus, it remains to verify A4).

By the boundedness of {¢; ;+1}, it follows that

1
]}Lrgo A 0. (100)

So A4) a) is satisfied. We now verify A4) b).

For agent ¢, denote by {6;,, } any convergent subsequence of {6;;}. By Lemma [6] we have shown
that along indices {n;} the estimate sequence {©,, } is bounded, and for sufficiently large k£ we have
Ojng = On, =0, 7 € V. So, (33) and (36) in Lemma M can be applied for the indices {n;} considered
here.

Similar to Lemmal[3}, denote by f the limit of {6 ,, }, and S a countable set dense in R'. Let {#(n)},>1 C
S be a sequence tending to  such that ||6;,,, — 0| < [|0(ng) — 0. Let {\,} C S be a sequence of positive
numbers with \, — 0 as n — oo such that ||§(n) — || < 22. Let {T};},;>1 C S be a sequence of positive
numbers tending to zero with 7; > T} ;. We rewrite €; ;,41 as

Cimp1 =i (n)Fem (n) el (n) el (101)

k

where

1
62(,731—1—1(”) :¢i,msgn(yi,m+l - ¢Z:m927m)

— PimSEN(Yimr1 — gb?m@(n)), (102)
€2 1(n) =i mSe(Ysmir — OL0(n))
— E[imSgn(Yims1 — OLn0(n))], (103)

e () =E[¢s msg(Ysmi1 — 610(n))]
— E[¢smSg(Yimt1 — Prmb)]s (104)
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and

Ez(jlr)n+1 :E[(bi,msgn(yz,mﬂ - ¢Z:m§)]

- E[¢i,msgn(yi,m+1 - ¢,Tm92m)] (105)
The following proof is similar to that of Lemma [5l Here we only sketch the proof for egl,i +1(n).
For m = ny,--- ,m(ng, Tj), we have the following inequality,
16i.m — O(n)]]
L N N T
+ 10in, = Ol + 116 = 6(n)]]. (106)

By Lemma [7] we know that ||6; ; — 6| = 0. Let {vx} C S be a sequence of positive numbers tending
—00
to zero as k — oo such that [|6; , — ;|| < %. From (106) and (36), we obtain that

10i,m — O()|| <ym + 2T + Yoy + Any + A (107)
By using the same analysis as that for Lemma 3l we can prove that
1 m(ng,Tj) 1
Jlim llglsgpi!\ mZ;Lk —eimr (M) =0,
and further,
1 m(ng,Tj) 1
Jim limsup 7= | ij —cimiil| =0 Vi€V,

which implies A4) b).
Then by Theorem [2] in Appendix it follows that the estimates generated by @)—(Z) converge to 6*. [J

V. NUMERICAL SIMULATION

Consider a network G = (V, &) with V = {1,--- N}, N =100, and £ = G(N, py) being the Poisson
random grapll with designing parameter 0 < py < 1. We choose py = 6/N. Denote by N the neighbor
set of agent i and by n; the cardinality of N;. Set W (k) = [w;;];;—, Vk > 1 with w;; = -L if agent j is

in the set /V;. The dynamics of each agent ¢ € V is given by

T _
Yikt1 = Qi k0" + diky1, Zigks1 = Ly, ppi<einds

where y;, € R', 6* € R, | =8 and the j-th entry of 6* is (1 + 0.15)+/7.

Let {n;x}r>1, ¢ =1,---, N be sequences of i.i.d. random variables uniformly distributed over [—1, 1]
with {n; x }r>1 and {n;x}r>1 being mutually independent if i # j. At time k, for the regressor ¢;;, € R',
if ¢ mod [ # 0, then its ¢ mod [-th entry is set to be 7, ; and other entries are set to be 0, while if ¢
mod [ = 0, then its [-th entry is set to be 7, and other entries are set to be 0. Assume that {d; x }x>1,
i € V are sequences of i.i.d. random variables with Gaussian distribution A(0,0.09) and {n; s }x>1 and
{d; k+1}x>1 are mutually independent for ¢ # j.

Denote by {0;x}r>1,7 € V the estimates given by @)—(7) and by 0, = Z 0; . the average of
0i %, © € V. In Figure [I| the dashed lines denote the true values of parameters and the solid lines the
estimates for entries {6}, j =1, - ,l}x>1 of {0 }r>1. From the figure we find that the simulation results
are consistent with the theoretical analysis.

'For the details of Poisson random graph, we refer to [27].
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Fig. 1. Estimation sequences of Qi,j =1,---,L

VI. CONCLUDING REMARKS

The distributed parameter estimation of linear stochastic system over time-varying networks with binary
sensors is considered in the paper. Each agent in the network can only access the input as well as
the binary-valued output of the local system, but aims at estimating the global unknown parameters. A
DSAAWET-based identification algorithm is proposed and the consensus and convergence of the estimates
are established.

For future research, it is of interest to relax the technical assumptions adopted in this paper, in particular,
the boundedness assumption on the regressors. It is also of interest to consider the distributed identification
of nonlinear stochastic systems.

APPENDIX

For a time-varying network (V,&(k)), k > 1 with V = {1,--- N}, consider the distributed root-
searching of f(z) = Y.V, f;(z), on the basis of local observation f;(-) : R — R’ of agent i € V and the
information obtained from its adjacent neighbours.

Denote by J £ {x € R': f(x) = 0} the root set of f(-) and by x;;, € R! the estimate for the root of
f(+) generated by agent 7 at time k. The local observation of agent ¢ is given by

Oi k1 = filTik) + €ikt1, (108)

where ¢; ;41 is the observation noise. With {M,} being a sequence of positive numbers increasingly
diverging to infinity and z* € R' being a given point known to all agents, the estimates {z;; };>1 at agent
1 are generated as follows:

00 =0, 0ix = max oy, (109)
JEN;(k)
xé,k—i—l :{ Z wij(k)(xj’kl[[o'j,k:&i,k] + x*]:[[o'j,k<6'i,k]>
JEN; (k)
+ ak0i7k+1} ' I[[O'i,kza'i,k] + x*H[Ui,k<5fi,k}7 (110)
ikt =T lel,  1<Me, ) + 2 el L1505, (11D
T k+1 :&i,k + I[[||x;,k+1H>M&i,k]7 (112)

where ay is the step size.
The following conditions are used:
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Al) a, > 0,a; — 0,72 a = oo.
A2) There exists a continuously differentiable function v(-) : R! — R such that sup, (<d@y<rs T (T)va(x) <
0 for any 0 < 1 < 1y < 0o, where v,(-) denotes the gradient of v(-) and d(x,J) = inf, {||z — y|| :
y € J} and v(J) £ {v(x) : x € J} is nowhere dense. Further, 2* adopted in (IT0) and satisfies
that ||2*|| < ¢o and v(2*) < infjj;)=¢, v(x) for some positive constant c.
A3) The local functions f;(-) Vi € V are continuous.
A4) For any i € V, the noise sequence {¢; x41}r>0 satisfies
a) limy o ar€;p = 0;
b) limy,o lim supy_, o 7| Zzg’jf’ﬂ)ame@m\\ = 0 for any t, € [0,T], where m(k,T) £ max{m :
S a; <T} and {n;} denotes the indices of any convergent subsequence of {z;}.
AS5) For the time-varying network (V, £(k)), the following conditions are assumed.
a) The adjacent matrices W (k) are doubly stochastic for each k£ > 0;
b) There exists a constant 0 < x < 1 such that w;;(k) > , whenever j € N;(k) for all i € }V and
k> 0;
¢) The digraph G, = {V,E} is strongly connected with £, = {(j,7) : (j,i) € E(k) for infinitely
many k},
d) There exists a positive integer B such that (j,7) € E(k)UE(k+1)U---UE(k+ B — 1) for any
(7,i) € Ex and any k > 1.
Theorem 2: ( |25, Theorem 3.3])
Let {z;},7 € V be generated by (I09)-(112) with any initial value z; . Assume A1)-A3) and AS) hold.
Then X, , — 0 and d(zy, J) — 0 as k — oo on the sample path w for which A4) holds for all agents,
where x5, = % Zfil Tigy X = col{@1 g, ..., 2N}, and X | = X — (1 Q L)z,
Theorem 3: ( [28]) Assume {¢y}r>o With ¢y € R! is an a-mixing with mixing coefficients denoted
by {a(k)}r>o. Let { Hy(+) }r>0 be a sequence of functions Hy(-) : Rl — R and EH(¢;) = 0. If there exist

constants ¢ > 0 and v > 0 such that 3> (E|Hy(¢)[>+€) 7 < 0o and 2%, log k(log log k) (a(k)) 7 <
oo, then > 7 Hy(dr) < o0 as.
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