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Abstract

This paper is concerned with a class of highly nonlinear hybrid stochastic differential delay equations (SDDEs). Different from
the most existing papers, the time delay functions in the SDDEs are no longer required to be differentiable, not to mention
their derivatives are less than 1. The generalized Hasminskii-type theorems are established for the existence and uniqueness
of the global solutions. Comparing with the existing results, we show our new theorems are much more general and can be
applied to a much wider class of highly nonlinear SDDEs. Further sufficient conditions are also obtained for the asymptotic

boundedness and stability.
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1 Introduction

This paper is concerned with a class of highly nonlinear
hybrid stochastic differential delay equations (SDDEs)

dx(t) = f(a(t),z(t — o), r(t),t)dt (1.1)
+ g(x(t), z(t — ), r(t), t)dB(t) '

on t > 0. Here the state x(t) takes values in R? and
the mode r(t) is a Markov chain taking values in a fi-
nite space S = {1,2,--- , N}, B(t) is an m-dimensional
Brownian motion, f : R x R? x S x R, — R? and
g:RIXRIXS xRy — R¥*™ are referred to as the drift
and diffusion coefficient, respectively, while §; is a map-
ping from R to itself and stands for the time delay at
time t. Further details on the notations will be explained
in Section 2. The high non-linearity means that the co-
efficients f and g do not satisfy the linear growth con-
dition (see, e.g., [10,11,16,18]). The SDDEs have been
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studied by many researchers. For the general theory of
hybrid SDDEs, including the stability theory, we refer
the reader to, for example, [5,8,9,17,21-24,29]. More ref-
erences can be found in the book [20].

In general, the time delay is a variable of time in many
real-world SDDE models (see, e.g., [6,20,26,30-33]) and
that is why a time-varying function d; is used to stand for
it in the SDDE (1.1). There are already many results on
the existence-and-uniqueness theorems and asymptotic
properties. For example, the Hasminskii-type theorem
was established in [7] (i.e., the cited Theorem 2.9 in this
paper), which forms the foundation for several recent pa-
pers on stochastic stabilization [3,9,13,15,29]. However,
a condition which was frequently imposed in many exist-
ing papers is that the delay function §; is differentiable
with its derivative being bounded by a positive num-
ber less than 1 (i.e., Assumption 2.1 below). This con-
dition has been imposed only because of the mathemat-
ical technique used—the technique of time change but
might not be a natural feature of SDDE models in the
real world (see, e.g., [8,19]). For example, piece-wise con-
stant delays (e.g., (1.2)) or sawtooth delays (e.g., (5.16))
occur frequently in sampled-data controls or network-
based controls where delays are commonly referred to
as fast varying delays (no assumptions on the delay-
derivatives) (see, e.g., [6,31]). A simplest example for
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the piece-wise constant delays is the case when the time
delay in a network is larger during business hours than
other time. Such a time delay can be described by a
piecewise constant function

Z Al 13 () + dolg1 3 641) (1), (1.2)
k=0

where d; > do > 0 are two numbers, the time unit is
one day and [0,1/3) and [1/3, 1) stands for the business
and no business period per day, respectively. But, even
such a simple delay function is not differentiable. These
show clearly that there is a need to replace the differ-
entiability condition on the time delay function d; with
a weaker condition in the study of SDDEs. One of our
key aims in this paper is to establish such a weaker con-
dition (namely, Assumption 2.2). We will demonstrate
in Section 2 that this proposed weaker condition covers
many discontinuous or sawtooth delays. The study be-
comes more challenged when both coefficients f and g
do not satisfy the classical linear growth condition. The
key contributions of this paper are:

o There is few result on the SDDE (1.1) when the delay
function only satisfies the proposed weaker condition
while both coefficients f and g are highly nonlinear.
The conditions in the recent paper [3] are still stronger
than ours (see the comparisons in Section 2.3).

e The existence-and-uniqueness theorems are estab-
lished in terms of general Lyapunov functions and are
much more general than that in [3]. They will form
a foundation for further study of SDDEs when the
delay functions are not differentiable.

e The study of the long-time properties of the solutions,
including whether the LaSalle-type asymptotic sta-
bility (Theorem 4.1) still holds under the proposed
weaker conditions, presents a real challenge in math-
ematics. There is no LaSalle-type result in [3].

2 Existence and Uniqueness
2.1 Notation and assumptions

Throughout this paper, unless otherwise specified, we
use the following notation. Let R¢ be the d-dimensional
Euclidean space and |z| denotes the Euclidean norm of
r € R% Let Ry = [0,00). Let AT denote the transpose
of a vector or matrix A. Let |A| = (/trace(AT A) be
the trace norm of a matrix A. For h > 0, denote by
R‘Z) the family of continuous functions ¢ from
with the norm ||| = sup_,<, <o l¢(u)]-
Denote by C(R% R ) the family of continuous functions
from R to R, . If both a, b are real numbers, then aAb =
min{a, b} and a Vb = max{a,b}. If A is a set, denote by
I 4 its indicator function; that is, [4(z) = 1if z € A and
0 otherwise. Moreover, a := x means that denote x by a
while x =: a means z is denoted by a.
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Let (2, F,P) be a complete probability space with its
filtration {F; };>0 satisfying the usual conditions (i.e., it
is increasing and right continuous while Fy contains all
P-null sets). Let B(t) = (Bi(t), -, Bm(t))T be an m-
dimensional Brownian motion defined on the probability
space. Let r(t), t > 0, be a right-continuous Markov
chain on the same probability space taking values in
a finite state space S = {1,2,---, N} with generator
I' = (vij) Nxn given by

P{r(t+A) = =41 ="

trlt &) = jirle) = i} = {1+mA+o(A) iti = j,
where A > 0. Here ;; > 0 is the transition rate from
i to j if ¢ #£ j while v;; = —Zj# vij. We assume that
the Markov chain r(+) is independent of the Brownian
motion B(-) under P.

Consider the nonlinear hybrid SDDE (1.1). As pointed
out in Section 1, the following differentiability of the
delay function §; has been imposed in many existing
papers.

Assumption 2.1 The delay function § : Ry — Ry is
differentiable and its derivative is less than 1. That is

d—‘st§5<1, vt > 0.
dt

One of our key contributions in this paper is to replace
this assumption by a much weaker one.

Assumption 2.2 Let hy be a non-negative constant.
The time-varying delay 6; is a Borel measurable function
from Ry to [h1,00) and has the properties that

—h:= inf (t—§;) > -0 (2.1)

0<t<o0o

and

- M
h := limsup ( sup M) < 00, (2.2)
A0+ \s>-n A

where Msao = {t € Ry 1t — 6, € [s,s + A)} and p(-)
denotes the Lebesgue measure on Ry .

Remark 2.3 Let us make some useful remarks. We first
point out that under Assumption 2.2 we always have
h > hy and h > 1. In fact, condition (2.1) implies that
—h < 0—469 < —hy and hence h > hy. But we will
explain why h > 1 after the proof of Lemma 7.1 in the
Appendix. We next highlight that Lemma 7.2 in the
Appendix shows that our new Assumption 2.2 is indeed
weaker than Assumption 2.1. Moreover, we are going to
demonstrate that many time-varying delay functions in



practice satisfy Assumption 2.2 but not Assumption 2.1.
Due to the page limit, we only discuss two cases.

Case 1. Consider the left-limited-right-continuous piece-
wise constant function

[e.¢]
0 =D mili b)), 20, (2.3)

where {t;}r>0 and {my}r>0 are two sequence of num-
bers such that to = 0, infy>¢(tx+1 — tx) > 0 and

0< hy:= 1nfmk<supmk— hy < 0.
k>0

Letting k = inf{k > 0: ¢, > ho}, we have

—h:= inf (t—0;) = min (¢ —my) > —hy > —o0,
0<t<oo 0<k<k

namely, (2.1) is satisfied. We claim that h defined by
(2.2) obeys h < [(ha — h1)/A*] + 2, in which A* =
infr>0(tg+1 —tx) > 0 while [(ho — hq)/A*] is the integer
part of (hy — hy)/A*. To show this, let s > —h and
A € (0,A*) be arbitrary. We need only consider the
case when M, A # (); otherwise u(My A) = 0. Let @ =
inf{t € M, a}. It is easy to see that @ € M a. Identify
the unique k > 0 such that t; < a < tch. Then s <
a — 0z < s+ A, which implies that a > s + hy. Let
= [(hg — hl)/A*] + 2. Then

t 2t,;+1—|—nA*>s—|—h1+nA*

kE+14n

and, whenever ¢ > ¢; .

t—0;>8+h1 +nA* —hy > s+ A.

This shows that My A C [t,t; whence

Fl4n)
M A = Uk+"Ma AN [t tet)-

But it is easy to see that p(Ms a N[tk tkt1)) < A. Thus
w(Ms A) < nA. As this holds for arbitrary s > —h and
A € (0, A*), we have

/’L(MS,A
A

ﬁ:limsup(sup )>§n<oo.

A—0+ s>—h

That is, (2.2) holds with A < [(ha—h1)/A*]+2. We have
therefore shown that the function ¢, defined by (2.3)
satisfies Assumption 2.2, but it is not differentiable so
cannot satisfy Assumption 2.1.

Case 2. Consider the function 6; from Ry to [hy,00)
which obeys the Lipschitz condition

|0, — 65| <Ot —3), VO<s<t<oo, (2.4)
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for some constants hy > 0 and © € (0,1). We claim
that this function satisfies Assumption 2.2 with h = d
and h < 1/(1 — ©). In fact, it follows from (2.4) that
0t — 0g < Ot for all t > 0. Hence

—h= inf (t—08)>

0<t<o0o

inf (t — Ot — (50) = —(50,

0<t<o0

namely h < &g. On the other hand, —h < —{y, i.e.,
h > 69. We must therefore have h = §5. Wenextlet s > 0
and A € (0,1) be arbitrary. Still let a = inf{t € M, A }.
Obviously, @ € M, A, namely s < a —6dz < s+ A. If
t>a+ A/(1—0), then

and hence t — 0, > s+ A, ie, t ¢ M. In other
words, we have shown M, o C [a,a+A/(1-0)), whence
w(MsaA)/A < 1/(1 — ©). As this holds for arbitrary
s> —hand A € (0,1), we see from the definition A (i.e.,
(2.2)) that h < 1/(1 — ©). On the other hand, there are
many functions which satisfy (2.4) but are not differen-
tiable so they cannot satisfy Assumption 2.1.

It is time to impose some conditions on the coefficients
f and g.

Assumption 2.4 The coefficients f and g are Borel
measurable functions and, for each positive constant a,
there is a positive constant K, such that
(@, yit) = (29,6, 1)V |g(z,y,1.1) — 9(2,7,4,0)
< Ko(lo =2 +ly - 9)

for thosex,y, z,y € R% with |z|V|y|V|Z|V|7| < a and all
(i,t) € S x Ry. Moreover, sup(; yyesxr, (1£(0,0,4,8)| v

|g(0,0,14,t)|) < oo

To solve the SDDE (1.1), we also need the initial data

{z(t): —h <t <0}
={&@): —h <t <0} € C([—h,0;;RY), (2.5)
r(0) =ro € S.

But, without additional conditions to Assumptions 2.2
and 2.4, the solution of the hybrid SDDE (1.1) with
the initial data (2.5) may explode to infinity at a finite
time. To state the additional conditions we need a few
more notations. Let C(R? x [—h 2_ ) denote the
family of all continuous functions from R x [—h, ) to
R, . Denote by C%!(R? x S x Ry ;R,) the famlly of all
continuous non-negative functions V(z,14,t) defined on
R? x S x R, such that for each i € S, they are con-
tinuously twice differentiable in x and once in t. Given
V e C*'(R? x S x Ry;R,), we define the function



LV :RYxR?*x S xR, — R by

LV (xz,y,i,t) = Vi(a,i,t) + Vyp(z,4, ) f(z,y,4,t)

1
+ §trace[gT(as, Yy 0y ) Vo (2,4, t)g(2, y, 4, )]

N
+ Z’YUV(‘xa]? t)a
j=1

where V; = 0V/0t, V, = (OV/0xq,--- ,0V/0z4), Viw =
(82V/8xi8mj)dxd. Let us emphasize that LV is defined

on R x R? x S x Ry while V on R? x S x R,. With
these notations we can state our another assumption.

Assumption 2.5 There are three functions V €
CPHRIx SxR;Ry), Uy, Uz € C(RY x [—h,00); Ry),
and three positive constants c; (1 < j < 3), such that

Jm (o) = @0
Uy (z,t) < V(x,i,t) (2.7)

for (z,i,t) € R™ x S x R4, and

Lv(xvyviat) S cl[l + Ul(mvt) + Ul(yvt - (St)]
— CQUQ(LL', t) + C3U2(y, t— (St) (28)

for (z,y,i,t) € R x RY x S x R.

It should be pointed out that there are many SDDEs that
satisfy Assumption 2.5. For example, in the paragraph
below Theorem 2.10 we will show that if the coefficients
of an SDDE satisfy (2.23), then the SDDE satisfies As-
sumption 2.5.

2.2  Global solution

In this sub-section we will establish two new theorems on
the existence and uniqueness of the global solution. The
reader will see that hy > 0 or h; = 0 makes a significant
difference and hence we carefully distinguish them.

Theorem 2.6 Let Assumptions 2.2, 2.4 and 2.5 hold
with hy > 0. Then the SDDE (1.1) with the initial data
(2.5) has a unique global solution x(t) on [—h,o0) and
the solution has the properties that, for all’ T > 0,

sup EU;(z(t),t) < o0 (2.9)
0<t<T

and

T
IE/O Us(z(t),t)dt < oo.
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Proof. Assumptions 2.2 and 2.4 guarantee that the hy-
brid SDDE (1.1) with the initial data (2.5) has a unique
maximal local solution, denoted by z(t) on [—h,es),
where e, is the explosion time (see, e.g., [20]). We need
to show eo, = 0o a.s. For each integer k > ||£]|, define
the stopping time

Ok = o Nnf{t € [0,ex) : |2(t)| > k},

where throughout this paper we set inf § = co. As oy, is
increasing, it has a limit and we set 0., = limg_, o 0.
Obviously, 04 < ey a.s. We divide the whole proof into
three steps.
Step 1. Restrict ¢ € [0, h1]. Noting that —h <t —46, <0
we see x(t—0;) = £(t—0;) which is already known. By the
generalized It6 formula (see, e.g., [20]) and Assumption
2.5, we have

EUL (x(t A oy),t A oy) — V(£(0),70,0)

tAok
< E/ (01[1 + UL(2(5), 8) + Ur(a(s — 85), 5 — 35)]
0
— e3Us(2(s), 8) + c3Us(a(s — 85), 5 — 55)>ds. (2.11)

This implies
tAT
]EUl(x(t/\ak),t/\Uk)—l—cQE/ Us(z(s), s)ds
0

tAo
< B+ clE/ Ui(x(s),s)ds, (2.12)
0

where (7 is a positive number defined by

hi1
B =VIEO 0,0+ [ (ali(€ls = a5 -3)
0
+ c3Us(&(s — d5), 8 — (55))ds +c1hy.

In particular, it follows from (2.12) that
EUl((E(t AN O'k), tA O’k)

tAok
<p1+ clE/ Ui(x(s), s)ds
0
¢
<pBi1+c1 / EU(x(s A o), s A og)ds.
0

An application of the well-known Gronwall inequality
yields

BU (z(t A og),t Aoy) < Brectm =: B, (2.13)
for all t € [0, hy]. Define py, = inf|;|—p >0 Ui(z,t). By
Assumption 2.5, p, — oo as k — oco. Moreover, it follows
from (2.13) that

prlP(or < hy) <EU(2(hy A o), hy Aog) < Bo.



Letting k — oo we see that P(oo < k1) = 0 and hence
Ooo > hi a.s. We can now letting & — oo in (2.13) to
obtain

sup EU;(z(t),t) < Ba. (2.14)
0<t<hs

Setting t = h in (2.12) and then letting k — oo we also
get

hy hy
CQE/ Us(x(s),s)ds < By + cl/ EU;(x(s), s)ds.
0 0

This, together with (2.14), yields

h1
E/O Ug(ﬂ?(S),S)dS < (51 + C1h152)/€2 = (3. (215)

Step 2. Restrict t € [0,2h1]. Noting that (2.11) holds for
t € [0,2h4] as well, we see from (2.11) that

tACk
EU(z(t A og),t A o) +CQE/ Us(x(s), s)ds
tAok 0
< Bs4+ clE/ Ui(z(s), s)ds, (2.16)
0
where
2hy
By = V(£(0), 70,0) + clE/ Us(a(s — 84), 5 — 8,)ds
2h1 0
+03E/ Us(x(s — 0s),s — ds5)ds + 2¢1hy.
0

We need to show 84 < oco. In Step 1, we showed that up
to time hy, 2(t) has properties (2.14) and (2.15). We also
observe that —h < ¢ — §; < hy whenever ¢ € [0,2h4]. In
other words, we already have z(t — d;) from Step 1. By
Lemma 7.1,

2hy e
/0 Ui(z(s — 0s),s — 05)ds < h[h Ui(x(s), s)ds.

Consequently, using (2.14), we have

2h1
E Ui(z(s —0s),s — 05)ds
0
0
Sl_z/ U1(&(s), 8)ds + hhy By < co. (2.17)
—h

Similarly, using (2.15), we can show

2h,
E/ Us(x(s — 0s), 8 — d5)ds

0
0
S}_LE/ Us(&(s), s)ds + hf33 < oo. (2.18)
—h
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We therefore have 5, < oo0. We can then show
from (2.16) in the similar fashion as in Step 1 that
Ooo > 2h1 as., supgc,<opn, EUI(2(t),t) < oo and

]EfOZh1 Us(x(s),s)ds < oo.
Step 3. Repeating Step 2 for t € [0, 3h,] and then [0, 4h4]
etc., we can show that o, = 0o a.s. and assertions (2.9)
and (2.10) hold. The proof is therefore complete. O

Theorem 2.6 requires h; > 0. This is in general a natu-
ral condition as d; stands for the time delay and in many
practical situations we do have hy > 0. Nevertheless,
there are some situations where h; = 0, for example,
hybrid pantograph SDDEs in which the time delay func-
tion §; = ot on ¢ > 0 for some constant o € (0,1) (see,
e.g., [2,7,25]). A natural question is: what may happen
if hy = 07 The following theorem shows that Theorem
2.6 still holds but we need require co > c3h.

Theorem 2.7 Let Assumptions 2.2, 2.4 and 2.5 hold
with hy = 0 and co > c3h. Then all the assertions of
Theorem 2.6 still hold.

Proof. We still use the same notations as in the proof
of Theorem 2.6. Fix T' > 0 arbitrarily. Observing that
(2.11) holds for all t € [0,7T] and k > ||£|| and applying
Lemma 7.1, we obtain easily from (2.11) that

tAo
EUL(z(t Aog),t Aog) + (ca — c;;ﬁ)E/ Us(z(s), s)ds
0

< Bs+er(1+hE / " U (a(s), 5)ds, (2.19)
0

where
65 = V<6(0)7T0a 0) + CIT

0
+ h/_h[clUl(f(s),s) + c3Ua(&(s), s)]ds < oo.

It then follows from (2.19) that
EUl({E(t A\ Uk;), (AN O’k)

t
<Bs+ci(l+ E)/ EU1(s A ok), s A oy)ds.
0

An application of the Gronwall inequality yields
EUy (z(t A og),t ANog) < Bret HMT .— g (2.20)

for ¢ € [0,T]. In the same way as we did in the proof of
Theorem 2.6, we can hence show that oo, > T a.s. Since
T > 0 is arbitrary, we must have 0., = 0o a.s. Letting
k — oo in (2.20) we obtain assertion (2.9). Setting t =T
in (2.19) and then letting £ — oo, we get the other
assertion (2.10). The proof is therefore complete. O



2.8 Comparisons

Let us compare our new theorems with some known re-
sults to see the advances we have made so far before we
develop our further results. The first known result to be
compared is the main result in [7]. The assumptions im-
posed in [7] are Assumption 2.1 and the following one.

Assumption 2.8 There are three functions V €
C*Y(R" x S x Ry;Ry) and U, Uy € C(R™ x
[—h,00);Ry), as well as three positive constants c;

(1 <35 <3)withca > c3/(1 —0), such that (2.6) holds,

Ui(z,t) < V(x,i,t) < Usy(z,t), (2.21)

for (x,i,t) € RT x S x Ry, and
LV (x,y,i,t) < c1 — cUs(x, t) + c3Us(y,t — 0;) (2.22)
for all (z,y,i,t) € R x RY x S x R

By Lemma 7.2, under Assumption 2.1, the delay function
d; satisfies Assumption 2.2 with Ay = 0, h = Jp and
h < 1/(1 —¢). We hence set h = Jp in the initial data
(2.5). We cite the following theorem from [7].

Theorem 2.9 ([7, Theorem 4.3]) If Assumptions 2.1,
2.4 and 2.8 hold, then there is a unique global solution
x(t) to the hybrid SDDE (1.1) with any initial data (2.5)
(in which h = dg).

This theorem is one of the existing results used fre-
quently. In particular, it forms the foundation for several
recent papers [5,13,15,29]. Comparing our new Theorem
2.7 with Theorem 2.9, we see the significant advantages:

e Theorem 2.7 does not require the delay function &;
to be differentiable. Conditions (2.7), (2.8) and ¢z >
csh in Theorem 2.7 are weaker than conditions (2.21),
(2.22) and ¢ > ¢3/(1—0) in Theorem 2.9, respectively.

In other words, Theorem 2.7 is much more general than
Theorem 2.9.

It is also useful to compare our new Theorems 2.6 and 2.7
with each other. As pointed out before, in many practical
situations, we have h; > 0 as d; stands for the time delay.
In these situations, Theorem 2.6 is applicable without
condition ¢y > csh, which is of course a great advantage.

Let us now compare Theorem 2.6 with a very recent
result from [3] which is cited below.

Theorem 2.10 (/3, Theorem 2.4]) Let Assumption
2.4 hold. Assume that 0; is a Borel measurable func-
tion from Ry to [hi,h] and satisfies (2.2), where
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0 < hy < h < oo. Assume also that there exist positive
constants p, q, aq, g, oz with p A ¢ > 2 such that

. q—1 .
fo(xay77'at) + T‘g(x7yaz7t)‘2
<z + |y*) — azlzlP + aslyl?

(2.23)

for all (z,y,i,t) € R* x R4 x S x Ry. Then there is a
unique global solution x(t) to the hybrid SDDE (1.1) with
any initial data (2.5).

Comparing Theorem 2.6 with the one above, we see
that Theorem 2.6 allows §; to be unbounded while the
one above needs d; to be bounded. Moreover, letting
V(z,i,t) = |z|? we can easily show from (2.23) that
there are three positive constants ¢, ¢co, c3 such that

LV (2,y,4,t) < ex(|z]? + [y|7) — ea|2|TP72 + c3]y| P2

for (x,y,i,t) € R x RY x § x Ry. In other words, As-
sumption 2.5 holds with Uy (z,¢) = |z|? and Us(x,t) =
|z|97P=2. We hence see that Theorem 2.6 is a generali-
sation of Theorem 2.10.

3 Boundedness

In the previous section, we have not only established the
generalized Hasminskii-type theorems on the existence
and uniqueness of the solution to the SDDE (1.1) but
also obtained the useful estimates (2.9) and (2.10) on
the solution in terms of U; and Us. If we know a bit
more on Uy and Uy, for example, Uy(x,t) = |z|? and
Us(z,t) = |z|97P~2 as in the end of last section, we then
see from (2.9) and (2.10) that

T
sup Elz(t)|? < oo and / E|x(t)|7TP~2dt < oo,
0<t<T 0

respectively, which are the familiar moment estimates.
In this section, we will establish more useful estimates
on the solution in terms of U; or Us,. Please also note
that we will no longer distinguish hy = 0 and hy > 0
as all the results from now on will hold as long as h; >
0. Moreover, unless otherwise specified, we will fix the
initial data (2.5) arbitrarily and will not mention it.

Theorem 3.1 Let Assumptions 2.2, 2.4 and 2.5 hold ex-
cept condition (2.8) is replaced by the following stronger
condition

LV (z,y,i,t) < c1 — coUs(x,t) + esUs(y, t — 6:) (3.1)

for (z,y,4,t) € RT x R x S x Ry with co > czh. Then
the solution of the SDDE (1.1) has the property

¢
lim sup %/ EUs(x(s),s)ds < S — (3.2)
0

t—o0 B Co — Cgh



Proof. By the generalized It6 formula and condition
(3.1), it is straightforward to show that

t
0 <EV(£(0),79,0) + c1t — CQE/ Us(x(s), s)ds
0
t
+ 03]E/ Us(z(s — ), 8 — 05)ds
0

for t > 0. Applying Lemma 7.1 we obtain

(c2 —Cgﬁ)/o EUs(z(s), s)ds
0

SEV(5(0)7T070)+C1t+037LE/hUz(ﬁ(s),s)ds. (3.3)

Dividing both sides by ¢ and then letting ¢ — oo yields
the required assertion (3.2). O

The theorem above holds no matter §; is bounded or
not. In many practical situations, §; is bounded. In this
case, we can show a better result.

Theorem 3.2 In addition to the same conditions im-
posed in Theorem 3.1, we assume that §; is bounded from
above by a constant ho(> hy) (i.e., & < hg forallt >0)
and, moreover, there is another positive constant cq such
that

V(xz,i,t) < cs(1 4 Us(x,t)) (3.4)

for all (z,i,t) € R x S x R,. Then the solution of the
SDDE (1.1) has the property that

limsup EU; (x(t),t) < 1

t—o0 g

(c1 +e1¢4), (3.5)

[ainy

where €1 > 0 is the unique root to the following equation

¢y — €104 — heget 2 = 0. (3.6)
Proof. Observe that the right hand side of equation (3.6)
is a strictly decreasing continuous function of ¢; > 0
which has value ¢y — hez > 0 when 1 = 0 and tends to
—00 as €1 — oo. Equation (3.6) must therefore have a

unique root €1 > 0.

By the generalized 1t6 formula and conditions (3.1) and
(3.4), it is not difficult to show that

e 'EU: (2(t), t) — V(£(0),70,0)
SE/O 6615(61 + 164 — (CQ - 5104)U2(:C(5)75)

+esUs(z(s — 85), s — 55))515. (3.7)
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But by Lemma 7.1 and the boundedness of §;, we can
derive

t
/ e Uz (x(s — ds), s — d5)ds
0

t
<esrhz / 170Uy (x(s — 04), s — 0s)ds
0

¢
<hesthz / e °Us(z(s), s)ds.
—h

Substituting this into (3.7) and making use of (3.6), we
obtain

eV EU, (x(t),t) — EV(£(0), 70, 0)

1 _ 0
S;(cl +e1¢4)ett + czhet1h / e U (&(s), s)ds.
1 —h

This implies the required assertion (3.5) immediately. O

In applications, it is easier to verify the following as-
sumption than Assumption 2.5 as there is no need to
find the functions V, U; and Us.

Assumption 3.3 There exist non-negative constants
P, q, 0o, a1, g, a3 with p > 2, ¢ > 2 and as > ash such
that

; g—1 .
fo<x7yalvt) + T'g(xayal7t>|2

<ag + ar (o + [y*) — aofzl’ + aslyl”

(3.8)

for all (z,y,i,t) € R x RE x S x R

Letting V(x,i,t) = |z|? and using Assumption 3.3, we
can easily show that

Lv(x7 y’ 7:7 t)

< alol™2 (a0 + ar(ja? + [yf?) — azle]” + aslyl?)

for all (x,y,14,t) € R x R x S x R,.. By the well-known
Young inequality, we can further show that

LV (,y,i,t) < qaglz|9™? + 201 (q — 1)|#]? + 201 [yl

-2
~qfan - B2 e PO

|y|p+q72'
p+q—2 p+q—2

(3.9)

Given as > ash and ﬁ72 1, we can find g5 > 0 suffi-
ciently small for co > c3h, where

Cy = q(OZQ —



It then follows from (3.9) that

LV (z,y,i,t) < qaolz|?? + 201 (g — D]z|? + 201 |y|?
— (2 +e2)]x[PTI72 4 (c3 — eo) [y[PT 2
<ecp — 02|ac|p+q_2 + 03|y|p+q_2, (3.10)

where

€1 1= sup (qa0|x\q72 +2a1(q — 1)]z|? — 52|x\p+q*2>
rcRd

+ sup (2alyl? = ealyl?*2) < .
yER4

In other words, we have shown that (3.1) holds with
Us(x,t) = |z[PT972. Noting that |z|? < 1 + |z|P+9—2
for all 2 € R?, we also see that (3.4) holds with ¢4 =
1. Moreover, letting U;(z,t) = |x|?, we naturally have
(2.6) and (2.7). By Theorems 3.1 and 3.2, we obtain the
following useful corollary.

Corollary 3.4 Let Assumptions 2.2, 2.4 and 3.3 hold.
Then the solution of the SDDE (1.1) has the property

1 t
lim sup 7/ E|z(s)[PT72ds < oc. (3.11)
t—o00 t 0
If, moreover, §; is bounded, then
limsup E|z(t)]? < oc. (3.12)

t—o0

4 Stability

In this section we will discuss the stability of the
SDDE (1.1). For this purpose we naturally assume that
£(0,0,i,t) = 0 and ¢(0,0,4,t) = 0 for all (i,t) € SxR,.
The SDDE has therefore its equilibrium state 0.

Theorem 4.1 Let Assumptions 2.2, 2.4 and 2.5 hold ex-
cept condition (2.8) is replaced by the following stronger
condition

LV(I,y,Z,t) < *CQUQ(I7t)+C3U2(y7t75t) (41)

for (x,y,i,t) € RIXRIXSXR | withcy > czh. Moreover,
assume that there is a continuous function Us : R* — R,
such that Us(x) = 0 if and only if x = 0 while Us(x) <
Us(z,t) for all (z,t) € R x R, . Then the solution of the
SDDE (1.1) has the property

lim z(t) =0 a.s. (4.2)

t—o0

Proof. The proof is very technical so is divided into four
steps.
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Step 1. By condition Us(z) < Us(z,t), we can easily
derive from (3.3) (bearing in mind ¢; = 0) that

IE/OOQ Us((t))dt < o. (4.3)
This implies

/000 Us(z(t))dt < 0o a.s. (4.4)
and

1itn$g}f Us(z(t)) =0 a.s. (4.5)

Step 2. We claim

sup |z(t)] < 0o a.s. (4.6)
0<t<o0o

If this were not true, then g3 := P(Q1) > 0, where

O ={we: sup |z(t,w)| =occ}.
0<t<o0

Set Bz = V(&(0),70,0) + csh [°) Ua(&(s), s)ds and
choose a number fg > 207 /e3. Define the stopping time
o =inf{t > 0: Ui(z(t),t) > PBs}. Recalling (2.6), we see
that 0 < o < oo for all w € 1. We can then find a suffi-
ciently large number 7" such that P(0 < o < T') > 0.5¢3.
On the other hand, in a similar way as we did in the
proof of Theorem 2.7, we can show

Br > EUr(x(T'Ao), Tho) > BsP(0 < o <T) > 0.555¢s,

which is in contradiction with g > 237 /e5. We therefore
must have (4.6).

Step 3. In this step we are going to show

lim Us(x(t)) =0 a.s (4.7

t—o0

If this were false, we can find a number £4 > 0 such that
P(Qs) > 3ey, (4.8)

where Qo = {w € Q : limsup,_, . Us(x(t,w)) > 2e4}.
Define a sequence of stopping times:

1201 :mf{t Z Vop—1 - Ug(lli )) S 64}, k = 1,2, tee

vy =inf{t > 0: Us(x(t)) > 2e4},
(t
Vok+1 :mf{t Z ok © Ug(l’(t)) 2 254}, k= 1,2, AN

By (4.5) and the definition of 3, we see that vi(w) <
oo for all £ > 1 whenever w € Q3. Moreover, by (2.5)



and (4.6), we can choose a positive number a = a(ey)
sufficiently large for

P(Q23) > 1 — ey, (4.9)
where Q3 = {w € Q :sup_j, ;. |2(t,w)| < a}. Define
one more stopping time 1, = inf{t > 0 : |z(t)| > a}.
Obviously, 1,(w) = oo whenever w € Q3, while

P(QQ n Q3) > 2ey4. (410)
With these notations, we can derive from (4.3) that

00 > ]E/OOO Us(z(t))dt

Vag

[sS)
> ZE{I{V%—1<OO, Vo <00, ﬂazoo}/ Ug(a?(t))dt}
k=1 V2Kk—1
> &4 ZE[[{V2k:—1<OO, na:oo}(V2k - V2k_1)i|’ (411)
=1

where we have noted from (4.5) that ve;, < co whenever
vor_1 < 00. To make our notations more simple, we

set fr = f(x(t),x(t — ), r(t),t) and g = g(x(t), z(t —
§¢),7(t),t) for ¢ > 0. In view of Assumption 2.4 and
£(0,0,4,t) =0, g(0,0,4,t) = 0, we see

Ife? V9] < 20°K, := K ift <1, (4.12)

Also set Ay, = {ng A var—1 < oo} for k > 1. By Holder’s
inequality, Doob’s martingale inequality and (4.12), we
derive that, for any 6 > 0,

E[IAk S |z(Na A (Vak—1 + 1)) — (00 A V%fl)ﬂ

NaN(Vak—1+t) 2
<2E IAk sup ‘/ fsds’ ]

0<t<6 W AV2k—1

NaA(Vak—1+t) 2
+2E{[Ak sup gsdB(s) }
0<t<6 o A\V2k —1
NaN(v2r—1+6)
gzoﬁ[uk / | fs\st}
NaA\V2k—1
naA(V2k—1+9)
+8IE[IAk/ |gs|2d3}
Na AV2k—1
<2K(0+4)0. (4.13)

Given Us is uniformly continuous in the closed ball S, :=
{zr € R" : |z|] < a}, we can find a positive number
b =b(e4) > 0 so small that

|Us(z) — Us(y)| < eqif |z —y| <b, 2,y €Sp. (4.14)

We then choose 6 = 6(e4, a,b) > 0 sufficiently small for
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2K (0 4+ 4)0 < b2e4. Tt then follows from (4.13) that

IP’(Ak

ﬁ{ sup |z(ng A
0<t<0

< 2K (0+4)0

S— ¢

(vor-1 + 1)) = 210 A va-1)| = b})
< &4.
Consequently

P({l/zk—1 < 00, 1) = 00}

N { sup |x(vog—1 +1t) — x(vop—1)| > b})
0<t<0

:]P’({na A Vgg—1 < 00, 7)q = 00}

N { sup [o(na A (Vo1 + ) = 2(na A va-1)| = 0} )
0<t<o

<P (Ak

N{ sup [o(na A (a1 +1) = 2l A vaa)| 2 b))

0<t<60
<e4.

Using (4.10), we further derive

P({Vqu < 00, 1q = 00}
N { sup |x(vag—1 +1t) — x(vegp—1)| < b})
0<t<0
=P({rax-1 < 00, 1a = 00})

*P({Vqu < 00, 1) = 00}
N { sup Ja(var-1 +) = (vay-1)| > b})
0<t<0
ZP(QQ N Q3) — &4 > E4.

Set

0 :{ sup |Us(z(van_1 + 1)) —

Us(z(vap_1))| < 54}.
0<t<0

Making use of (4.14), we moreover have

P({ng,l < 00, Mg =00} N Qk>
ZP({VQk—l < 00, 1 = 00}
N { sup |z(vak—1 +1) — 2(vap-1)| < b})
0<t<0
264. (415)
Observing

Vor (W) —vor_1(w) > 0 if w € {vap_1 < 00, N4 = 00Ny,



we derive from (4.11) and (4.15) that

00 >€4 ZE[I{uzk,1<oo, na:oc}(VQk - V2k—1)]
k=1

€4 Z E I:I{V2k—l<00y Na=00}NQk (var — V%—l)}
k=1

%)
264GZP({V2k_1 < 00, Mg = OO} n Qk)
k=1

o0
2649 E €4 = OQ,
k=1

which is a contradiction. So (4.7) must hold.

Step 4. Finally, we can show assertion (4.2). If this were
false, then there is an Q4 C Q with P(€4) > 0 such that

limsup |z(t, w)| > 0, Yw € Qy.

t—o0

This, along with (4.6) and (4.7), implies there is some
w € 4 such that

sup
0<t<oo

|z(t,@)| < oo and tlgglo Us(z(t,w)) =0, (4.16)
while there is a subsequence {x(tx, @) }x>1 of {x(t, @) }i>0
such that

|z(ty, @) > e5, VE>1,
for some €5 > 0. Since {z(tx, @) }x>1 is bounded, we can
find its subsequence {x(ty,)}r>1 which converges to z.
Clearly, |z| > e5 so Us(z) > 0. However, by (4.16),

Us(z) = kli_)r{)lo Us(z(ty,w)) = 0.

In other words, we have a contradiction. The required
assertion (4.2) must therefore hold. The proof is com-
plete. O

Theorem 4.1 reveals that the solution will converge to 0
but does not show the convergence rate. With a slightly
different conditions we are going to show the exponential
convergence rate.

Theorem 4.2 Let Assumptions 2.2, 2.4 and 2.5 hold
except condition (2.8) is replaced by (4.1) with ca > czh.
Assume also that §; is bounded by a constant ha(> hy)
(i.e., 6¢ < hg for allt > 0) and, moreover,

V(z,i,t) < Us(x,t) (4.17)

for all (z,i,t) € R x S x R,. Then the solution of the
SDDE (1.1) has the properties that

lim sup % log(EU: (x(t),t)) < —€6 (4.18)

t—o0

10
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and

1
limsup — log(Uy (z(t),t)) < —eg a.s.

t—o0 t

(4.19)

where g > 0 is the unique root to the following equation

Co — &g — E63656h2 =0. (420)

Proof. Obviously, the positive root to equation (4.20)
exists and is unique. The first assertion can be proved in
the same way as Theorem 3.2 was proved so the details
are omitted. To show the second assertion, it is sufficient
to show

sup e“tU (z(t),t) < 0o a.s.
0<t<o0

(4.21)

If this were false, then e7 := P(25) > 0, where

Qs ={weQ: sup e'U(x(t,w),t) = oo}.
0<t<o0o

Set Bg := V(£(0),70,0) + c3heshz f_oh Us(&(s),8)ds .
Choose a number 19 > 289/e7. Define the stopping
time p = inf{t > 0 : e*5*Uy(z(t),t) > Bio}. Obviously,
0 < p < ooforallw € Q5. We can then find a sufficiently
large number T such that P(0 < p < T) > 0.5¢7. On
the other hand, by the generalized It6 formula and con-
ditions (4.1), (4.17) etc., it is not difficult to show that

]E<686(P/\T)U1 (x(pAT),pA T)) —EV(£(0),19,0)
pNT

gE/O eEGs( — (ca — 6)Ua2(2(s), 5)

+eaUs(a(s — 0,5 — 68))ds. (4.22)

But by Lemma 7.1 and the boundedness of d;, we can
derive

pAT
/ eEGSUQ(iE(S _ 55)’ s — 55)d8
0
pNT
<erte [ e U a(s = 6.),5 - 6)ds
0
B pNT
<hesohs / €= Up(x(s), s)ds.
—h

Substituting this into (4.22) and making use of (4.20),
we obtain

E(e= U (x(p AT),p AT)) < Bo.
This implies 0.5e7819 < B9, which contradicts the fact

B1o > 289 /e7. We therefore must have (4.21) and hence
the second assertion (4.19) follows. O



To obtain a useful corollary, we impose a new assumption
which can be verified more easily in applications.

Assumptlon 4.3 There exist siz positive constantsp, q,
aq,--- a4 withg > 2, a1 > ash, as > cuh and such that

) qg—1 .
fo(%y,th) + T|g(xay7lat)|2

< —olz)® + asly)® — aslzl” + aslyl?

(4.23)

for all (z,y,i,t) € R x R x S x Ry

This looks similar to Assumption 3.3 but is different. In
particular, p is positive here but may not bigger than 2.
Letting V(x,i,t) = |z|?, we can show in the same way
as (3.9) was shown that

LV(.’IJ, y»%t) < _d1|x|q + d2|y‘q

— aglz[PTIT? 4 agly PO, (4.24)
for all (z,y,i,t) € R x R? x S x R, where
C_kl = qo1 — (q — 2)&2, C_MQ = 20[2
s — qas — (g — 2)ou __ pgos (4.25)
° P ptq-27 ptq—2

Given that oy > ash, oz > ash and h > 1, we see
@i > agh and az > agh. Define Uj(z,t) = |x\q and
Us(x,t) = agl|z|? + ay|z|PT972. Then (4.17) holds while

541‘3'}|q + @3|x|p+q—2 > CgUg(.l“,t)

where ¢y = (a1/a2) A (@3/a4). It is easy to see ca > h.
It then follows from (4.24) that

LV(m, Y, ia t) S _CQUQ(xv t) + UQ(ya t— 525) (426)
This means that (4.1) holds with ¢3 = 1. The following
useful corollary hence follows from Theorem 4.2.

Corollary 4.4 Let Assumptions 2.2, 2.4 and 4.3 hold.
Assume also that §; is bounded by a constant ha(> hy).
Then the solution of the SDDE (1.1) has the properties
that

lim sup flog(]E|:c( )9) < —es (4.27)
t—o0
and
. 1
lim sup glog(|x(t)|) < —eg/q a.s. (4.28)
t—o00

where eg > 0 is the unique root to the following equation

ey — g — he®s"2 =, (4.29)

11
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in which cog = (5[1/5[2) A\ (543/5(4) and aq, - -

defined by (4.25).

, 0y are

5 Examples

Let us discuss two examples in this section to illustrate
our theory.

Example 5.1 Many practical systems may experience
abrupt changes in their parameters. In this example,
we will illustrate how our new theory established in the
previous sections can be applied to study such systems.
For illustration, we only consider a 2-dimensional hybrid
SDDE

da(t) = f(x(t), 2(t — 61),r(t))dt
t

+gla(t).alt = 5. r(0)d o1

B(t)

on t > 0. Here B(t) is a scalar Brownian motion, r(t) is
a Markov chain on the state space S = {1,2} with its

(—33
generator I' =
1

), while §; is defined by (2.3)

and hence satisfies Assumption 2.2 in view of Case 1 in
Section 2. Moreover, f, g : R? x R?2 x S — R? are define
by

flz,y,1) = (—aux? + a1221Y2, a21X2Y1 — a22$§)T7

F(2,9,2) = (=112} + b1oz1yo, boroys — bosa3)”,
9(2,y,1) = (a1321 cos(y2), azswz sin(y1))”,
9(2,y,2) = (bisz1 sin(ya), bazza cos(y1))”,

where all parameters aq1, b1 etc. are positive numbers.
This is a simple version of the hybrid SDDE food chain
model (see, e.g., [1,16]). The coefficients f and g satisfy
Assumption 2.4 obviously. Let ¢ > 2 be arbitrary. It is
almost straightforward to show

‘ q—1 .
SCTf(I,y,Z,t) + T|g(z7yvl7t)|2
arla*ly] — azlz]* + asly|?

<
< (a3 + 0.5a1/az)|y|* — 0.5a2|2|*,

(5.2)

where a1 = a2 V az1 V bia V boy, as = 0.5(&11 N a2 N
b11 AN bgz) and az = O5(q - 1)(&13 vV a3 vV b13 V b23)2. In
other words, Assumption 3.3 is satisfied. By Corollary
3.4, we can hence conclude that for any given initial data
{z(t): —h <t <0} € C([—h,0];R?) and r(0) = 1 or 2
(please note h is defined in Case 1 in Section 2), there
is a unique solution to the SDDE (5.1) which has the
property that limsup,_, . E|z(¢)|? < oo for any ¢ > 2.

Example 5.2 Many practical systems may experi-
ence abrupt changes in their structures. For example,
a stochastic population system (see, e.g., [1,16,22,23])



may change from a delay geometric Brownian motion
in the dry mode to a delay Lotka-Volterra equation in
the rain mode; a stochastic financial system (see, e.g.,
[4,12,27,28]) may switch from a geometric Brownian mo-
tion to a constant elasticity of volatility (CEV) process.
In this example, we will illustrate how our new theory
can be applied to study such type of hybrid systems. To
make it more understandable, we consider the SDDE
(1.1) with a two-state Markov chain, namely, r(t) there
is a Markov chain on the state space S = {1,2} with

—Y12 712

Y21 —721
21 are positive numbers. We assume the coefficients f
and ¢ satisfy Assumption 2.4 while the delay function
0; satisfies Assumption 2.2 and is bounded. Assume in
mode 1, the coefficients satisfy

its generator I' = ( ), where both ;2 and

2‘TTf(xaya 17t) + 3|g($, Y, 17t)|2 S all‘x|2 + a12|y|2

(5.3)
while in mode 2,
227 f(2,,2,t) + |g(w,y, 2, )|
<ao1|7|* + azly® — asslz|* + az4ly|? (5.4)

for (x,y,4,t) € R? x R? x S x R, where a;1,as; € R,
ai12, a9, a24 € Ry and ags > 0. We need some conditions
on these parameters. First of all, we assume that

2a11 + a12 < 12, a23 < Va1,

5.5
aii1az1 — ai1y21 — a217y12 > 0. (5.5)

These guarantee that the 2x2-matrix A := —diag(a11, as1)—

I is non-singular as its determinant |A| = aj1a91 —
ai1y21 — 21712 > 0. Set

(01,00)" = A7 (1,17, (5.6)

namely

01 = (712 + 721 — a21)/|A|, 62 = (712 + 721 — a11)/|A|.

They are both positive by condition (5.5). To apply The-
orem 4.2, we define

. 01)z)% + n|z|*
V(z,i,t) = {Q;lZ’IZ 2]

for (z,i,t) € R? x S x Ry, where 7 is a positive free
parameter to be determined later. Making use of (5.3),
(5.4) and (5.6), we can easily show that

ifi=1,

ifi =2, (5:7)

LV (z,y,1,t) < —|z|> = n(mz2 — 2a11 — aya)|z|*

+ 01a12|y]? + naialy|* (5.8)

12
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and

Lv(x7y72vt) < —‘(E|2 - (a23 - 77721)|35|4

+ 92a22|y|2 + 02a24|y|4 (5.9)
for (x,y,t) € R x R? x R,.. Condition (5.5) guarantees
that there is a unique n > 0 such that n(vy12 — 2a1; —
a12) = az3 — 1Y21, namely

= Y12 + 721 Ci%?an —an’ (5-10)
It then follows from (5.8) and (5.9) that
LV (z,y,i,t) < —|z|? — npi|z|*
+ (01a12 V 92agg)|y\2 + (naja vV 92a24)|y\4 (5.11)
for all (z,y,i,t) € R x R? x S x R, where
_ag3(y12 — 2a11 — a12) (5.12)

Y12+ 921 — 2a11 — a2

We now impose additional conditions on the parameters

1
L, m
h91 h??

Ui
, Qg < =——.

5.13
hel ( )

a1 < Ao <

R,
With these conditions, we see from (5.11) that

LV(J?,y, ’L,t) S _|]"|2 - 771|33|4 + 772(|3/|2 + 771|y‘2)7
5.14

where N2 1= (01(112 \ 02(122) \ [(77(112 \Y 920,24)/771] < 1/}_1
Define Uy (x) = (01 A 02)]z|?> and Us(z) = [01 V b V
(n/n)](|z]? + m|z[*). Tt is easy to see that Uj(z) <
V(z,i,t) < Us(z) while it follows from (5.2) that

LV (x,y,i,t) < —coUs(x) + c3Us(y), (5.15)
where ¢ = 1/[01 V 02 V (n/m)] and cs = na2ce. We have
co > hcg as 13 < 1/h. Applying Theorem 4.2, we can
conclude that under the conditions specified above the

SDDE (1.1) is exponentially stable both in mean square
and with probability 1.

We perform a computer simulation for the scalar SDDE
(1.1), where the coefficients

f(z,y,t,1) =05z, g(z,y,t,1) =02y,
flz,y.t,2) = =2(z + 2%), g(z,y,t,2) = 0.6y

for (z,y,t) € R x R x Ry, B(t) is a scalar Brownian

—4 4
, while

motion, the generator of r(t) is ' = (
1 -1



the delay function has the form

8= [(0.140.05(t — 2k)) Ijo oot 1) (1)
k=0

+ (0.15 — 0.05(t — 2k — 1)) I 1ok 41,206+1)) ()] (5.16)

In view of Case 2 in Section 2, we see that §; is not only
bounded but also satisfies Assumption 2.2 with Ay = 0.1,
h=0.1and h < 1/(1 —0.05) = 1.052632. Tt is easy to
see that (5.3) and (5.4) hold with a1; = 1, a;2 = 0.12,
as1 = —4, ase = 0, azs = 4 and agy = 0.36. These pa-
rameters satisfy condition (5.5). We can then compute
01 = 0.8181818, 0, = 0.3636364, n = 1.449275, n; =
2.550725 and check condition (5.13) is satisfied. Accord-
ingly, the solution with the initial data z(t) = 1 + sin(t)
for t € [-0.1,0] and r(0) = 1 will tend to 0 exponen-
tially with probability 1 (and in mean square too). The
computer simulation (Figure 5.1) using the truncated
Euler-Maruyama method (see, e.g., [14]) supports the
result.

Q : [ ) ]

- T T T T T T
0 2 4 6 8 10

t
e I
1 - J\\,\

e O

S T T T T T i
0 2 4 6 8 10

Figure 5.1: Computer simulation of the sample paths of
r(t) and x(¢) using the truncated Euler—-Maruyama method
with step size 0.0001.

6 Conclusion

In this paper we have studied a class of highly nonlinear
hybrid SDDEs. One of the main advances we have made
is that the time delay functions in the SDDEs are no
longer required to be differentiable, not to mention their
derivatives are less than 1. This is significantly different
from the most existing papers, though the very recent
paper [3] already tackled this problem initially. We made
a comparison between the results in [3] and our new re-
sults in Section 2.3 and demonstrated that our new re-
sults are much more general. The other main advance
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we have made is that the coefficients of the hybrid SD-
DEs are allowed to be highly nonlinear, namely, they do
not have to satisfy the classical linear growth condition
but satisfy the generalized Hasminskii-type conditions
in terms of Lyapunov functions. Comparing with the ex-
isting results in Section 2.3, we showed that our new
theorems are much more general and can be applied to
a much wider class of highly nonlinear SDDEs. We have
also established several new theorems on the asymptotic
boundedness and stability for the hybrid SDDEs. We
have discussed two examples in Section 5 to show that
our new theory can be applied to study many practical
systems that may experience abrupt changes not only in
their parameters but also in structures.

7 Appendix

In this Appendix, we present two useful lemmas which
were used before.

Lemma 7.1 Let Assumption 2.2 hold. Let p : [—h,0) —
R, be a continuous function. Then for any T > 0

T _ fT=hm
0 —h

This lemma was essentially proved in [3]. But our As-
sumption 2.2 is more general than the corresponding as-
sumption in [3]. We hence give the proof to make our
paper more complete.

ptydt. (7.1

Proof. Fix T' > 0 arbitrarily. By Assumption 2.2, for any
€ > 0, there is a positive number A such that
M
sup #( S,A)

<h+e VAc(0,A).
s>—n A

(7.2)

Note that —h <t — 0, <T — hy for t € [0,T]. Let u be
any large integer such that A := (T — hy + h)/u < A.
Set t, = —h + vA for v =0,1,--- ,u. By the definition
of the Riemann-Lebesgue integral, we have

u—1

T
/0 o(t — §;)dt = lim Z w(My, A)p(ty).

U—»00
v=0

But, by (7.2), u(My, o) < (h+¢)A. Hence

u—1

/T o(t — 0t)ds < lim Z(ﬁ +e)Ap(ty)
0 U—r 00

v=0

—(+e) [ o

—h

(7.3)

Letting € — 0 yields the required assertion (7.1). O



If we let ¢(t) = 1 for all t > —h, this lemma shows that
T < h(T — hy + h) for any T > 0, which implies h >
limy_, oo T/(T—h1+h) = 1. In other words, Assumption
2.2 forces h > 1 inexplicitly. Our next lemma shows that
Assumption 2.2 imposed in this paper is weaker than
Assumption 2.1 which was used in many existing papers
(see, e.g., [2,7,16,25]).

Lemma 7.2 If 6; satisfies Assumption 2.1, then it sat-
isfies Assumption 2.2 with hy = 0, h = &y and h <

1/(1 - 5).

Proof. If §; satisfies Assumption 2.1, then it is easy to
deduce that hy = 0. Let 1, = t — §; for ¢ > 0. Then
dn:/dt =1 —dd;/dt > 1 — 6 > 0. This implies that 7 is
a strictly increasing continuous function on ¢t € R, and
7 — 00 as t — oo. Hence, by the definition of A (i.e.,

(2.1)),

—h= inf (t—08)=—&

0<t<oc0
as required. Moreover, for any s > —h and A > 0, there
is a unique pair of numbers 0 < t; < ts < oo such
that n;, = s and 0, = s + A while n, < s for t < ty;
s<m<s+Afort; <t<tyandmn >s+Afort>ts.
In other words, we have M; A = [t1,t2]. On the other
hand,

to

A =nfts) ~n(tr) = [ (dni/t)de

ty

> /t2(1 —8)dt = (1 —6)(ta — t1).

1

These imply p(Msa) = ta —t1 < A/(1 - 5). By the
definition of h (i.e., (2.2)), we see that

T . /J/(Ms A) 1
h = limsu ( su : ) < =
A—>O+p szPh A 1-6

as required. O
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