arXiv:2212.12155v2 [math.OC] 29 Jun 2023
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Abstract

Mean-field theory has been extensively explored in decision analysis of large-scale (LS) systems but traditionally in “pure”
cooperative or competitive settings. This leads to the so-called mean-field game (MG) or mean-field team (MT). This paper
introduces a new class of LS systems with cooperative inner layer and competitive outer layer, so a “mixed” mean-field analysis
is proposed for distributed game-team strategy. A novel asymptotic mixed-equilibrium-optima is also proposed and verified.
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1 Introduction

This paper is inspired by (dynamic) decision of large-
scale (LS) systems for which the most salient feature, in
linear-quadratic (LQ) setting, is existence of sufficiently
many negligible agents interacted among their states
or objectives via empirical state-average or control-
average. Weakly-coupled LS systems have been found
broad applications across economics, finance, biology
and engineering. Interested readers may refer [10], [12],
etc. For LS systems with highly complex interactions,
mean-field theory provides an effective scheme to study
its decision asymptotically as population size N — oc.

In principle, decisions of LS systems can be classified
into mon-cooperative game or cooperative team, relying
on coalition structure formalized by involved agents in
underlying population. Accordingly, mean-field game
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(MG) or mean-field team (MT) arise naturally when
studying LS asymptotically. Along game-line (MG), all
agents, {A;}Y,, are non-cooperative with competitive
objectives {J;}2¥, thus some Nash type equilibrium
should be analyzed. There have accumulated vast liter-
ature on MG study, see e.g. [2], [3], [B], [6], [8], [@9], [10],
[12], [I4], [15], [21]. Parallel to game, MT forms another
appealing line along which {A4;}, are cooperative to

same team (social) objective js(o]\c[) = Y. J;- MT has
also been extensively explored from a wide range of per-
spectives, e.g., [I1], [16], [17], [22]. All aforementioned
(MG, MT) attempts, albeit well explored, have only
been built on a “pure” basis whereby all LS agents are
purely cooperative or competitive. However, in reality,
LS system often displays some “mixed” behaviors in its
agents’ organization with combined game and team. To
be explained later, pure basis seems over idealized to
fit reality, so some expanded analysis on more realistic
mixed basis is strongly suggested.

On one hand, from a “practical” viewpoint, various real
environments suggest LS to display some “mix” decision
patterns. Indeed, mixed LS come often from economics,
engineering, or management, etc., when two or more
competitive networks co-exist, e.g., duopoly market with
distributed franchisees; adversarial networks with oper-
ation knots (e.g., [], [7]). Specifically, a mixed basis is
well-posed whenever classical two-person game or gen-
eral multiple-person-game are framed with decentralized
decisions on their distributed sub-units. By this, original
two (multiple) persons or entities still play game, while
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all sub-units within each entity formalize two (multiple)
teams. So a “mixed” basis arises with tangled game and
team. On the other hand, from a “mathematical” view-
point: conceptually, any LS decision can be captured by
its underlying coalition matrix (to be introduced in
Section 2.3), an N x N matrix satisfying given block
structure properties. Exactly, MG and MT are captured
by its two extreme cases: identical and one matrix, re-
spectively (C; and Cj). However, besides them, there
exists other types coalition matrix which should fea-
ture other meaningful LS decision patterns. More gen-
eral mixed structure can be identified using other vari-
ants of coalition matrix.

Motivated by above discussions, this paper formulates
and analyzes a certain type of mized game-team problem
involving two levels of interactions: cooperative inner
layer for weakly-coupled agents and competitive outer
layer between sub-systems. This yields an adversarial LS
networks with complex interactions inside and outside.
Accordingly, our main contributions are as follows:

(1) A new Miz game-team is introduced and studied,
which offers a more general LS setting including
those classical ones on mean-field game and team.

(2) A coalition matrix representation is formulated to
characterize competitive and cooperative structure
among weakly-coupled decision makers. Specif-
ically, classical MG and MT correspond to two
extreme cases of such coalition structures.

(3) A bilateral person-by-person optimality condition
and bilateral variation decomposition are proposed
for the first time to design distributed strategy.
Wellposedness of associated consistency condition
(CC) is also discussed under mild conditions.

(4) A new notion of asymptotic mixed-equilibrium-
optima is proposed to mixed LS study, and verified
to the derived distributed mixed-game-team strat-
egy asymptotically.

The remainder of this paper is organized as follows. Sec-
tion 2 gives some preliminary notations and a general for-
mulation of mixed game-team via coalition matrix. Sec-
tion 3 makes some synthesis analysis on variation decom-
position. Section 4 aims to some distributed mixed strat-
egy design via a bilateral auxiliary problem and result-
ing CC system. Asymptotic mixed-equilibrium-optima
is studied in Section 5. Section 6 concludes this work.

2 Problem formulation
2.1 Preliminary

Throughout this paper, | denotes the Cartesian prod-
uct. R"*™ and S™ denote the sets of all (n x m) real ma-
trices and all (n x n) symmetric matrices respectively.
For a vector or matrix A, AT denotes transpose of A.
We denote || - || as the standard Euclidean norm and (-, -)
as the standard Euclidean inner product. For a vector
v and a symmetric matrix S, [[v[|3 = (Sv,v) =0T Sv.
S > 0 (> 0) means that S is positive (semi-positive) def-
inite, and S > 0 means that, S —el > 0, for some € > 0.
Moreover, we suppose that (2, F,P) is an com-
plete probability space, and W = (Wy,---,Wy)
is a N-dimensional standard Brownian motion de-

fined on it. {F(t)};>0 is the natural filtration gener-
ated by W;(s),0 < s < t,1 < i < N, augmented
by all the P—null sets of F, and F := {F(¢)};>0.
{Fi(t)}+>0 is the natural filtration generated by
Wi(s),0 < s < t, augmented by all the P—null
sets of F;, and F; = {Fi(t)}z0, 1 < @ < N.
For a generic Euclidean space & and filtration K,
we introduce the following spaces: L*°(0,T;&) =
{x:[0,7] = &| « is bounded and deterministic}
C([0,T);€) = { : [0,T] — &|  is continuous},
L2(0,T;&) = {x: [0,T] x Q — &| & is K-progressively

1
measurable, ||z| 2 := (EfOT||x(t)H2dt) F < oo}.

2.2 Large-scale system with weak-coupling

In this paper, on (Q, F,F,P) we consider an LS system
with N agents, denoted by {A; }iez,andZ = {1,--- ,N}
denotes the index set of the agents. The aggregation of
all agents is denoted by A := {A4;};cz. The state process
of the i*" agent A, is modeled by a controlled linear SDE
on finite time horizon [0, T':

Si: dai(t)=(Aizi(t) 4 Bius (t) + Fa ™) (1)) dt )

+0idWi(t)7 xl(()):gh
and for the sake of notation simplicity, we denote u :=
(uy, - ,uy)and x := (x1, -+ ,xn). Then § := {S; }ier
form a weakly coupled LS system, since each agent A;
is coupled with the others via (™), and A; could only
provide weak influence to the others at O (i) order. To
evaluate each control law u;, we introduce the following
individual cost functional:

Ji(&osu) =T;(6os uiu_y)
T
%E{/O [lext)—n:c(m(t)éﬁui(t)ngi}dt}, @)

where u_;, = (u1, -+ ,uj—1,U41, " ,un). LS sys-
tem (1)-(2) is in linear quadratic (LQ) setting that
is well documented in mean-field literature (e.g. [2],
[10], [22], etc). Henceforward, for notation simplicity,
we will drop t if no confusion. For i € Z, the decen-

tralized admissible strategy set for the i** agent is

given by U; = {ul|uZ € LzzF,- (0, T Rm)}; the centralized
admissible strategy set for the i*" agent is given by
us = {u|u € L2(0,T; Rm)}.

For LS (1), centralized decision on full information F be-

comes inefficient due to coupling. Instead, we prefer de-
centralized one on distributed [F; via mean-field scheme.



Along this line, recall the well-studied MG and MT:

MG: inf Ji(u;;u_y);

N N
MT: (i)nfuN T W) =>"Ti(w), uN =]t
ul)e i=1 i=1

MG, MT are both decentralized on L]%-i (0, T;R™) or
Hf\il L (0, T;R™). So, they differ from mean-field-type
control ([I], [18], etc.), still centralized on F. But, MT
alms to unified team cost Jsé\c,) by cooperative team-
decision u = (uy,- - ,up), whereas MG to competitive
J; by individual w;. Our inspiration is to recast MG,
MT from a coalition matriz insight.

2.8 A coalition matriz representation

First, we introduce nominal cost vector J := (J1,- -+ , In)T
formalized by all {7;}Y,. For fixed A;, we call J; its
principal cost, while {7y }x£; marginal costs. Next, set
effective cost vector K := (Ky,-+- , Kn)T with K; the ef-
fective cost really “targeted” by A;. In general, IC; # J;.

By matrix operation, K = C-J for some coalition matriz
C = [¢; 5]1<i,j<~ for which some typical forms are listed
below as C1-Cs:

N N, St S,

. ' i s [l !
1 (1) | ! R Nl{ Iy, olyn,| 5,1 "

11 -
0 -0 11

B : . } Blyynyt Iy,
vo b | B
(Cy) (Co) (Cs) (Ca) (Cs)

Fig. 1. C—form coalition matrices.

Notably, all coalition C—forms above share a common
block feature: the diagonal “covered” by 1 < n, < N
square one matrix 1 (i.e., all entries are 1) of possible
varying sizes (e.g., $1,- - , Sn,) as exhibited by the gen-
eral C;. Noting Cs nests Cy if n, = 2, s1 = Ny, s9 =
Ny = N—Nj and properly setting its off-diagonal blocks;
C, further nests C3bya=8=—-1land Co by a = 3 =
1(n.=1, sy = N);also, Cs nests C; byn. = N, s; = 1.
The meaning of “coalition” is illustrated by classifica-
tions below:

— MG ¢ (non-cooperative) { A}V ;
C=Cy=1y= Ki=JT) =D &)

— MT & (cooperative) {A;} Y ;.

So, different C—forms induce different coalitions among
{A;}XY,. Here, we do not distinguish more subtle ez-
ogenous or endogenous coalition formation (e.g., [13],
[20], [23]) as they are economics biased. We observe
C1, C; as exactly two extreme C—forms which are lead-
ing to “pure” MG or MT. But various other C—forms
1 < n. < N do exist such as C3 — Cs which should
connect to other meaningful structures beyond “pure”

game/team. In fact, by setting Z; = {61,--- ,0n, }, Zo =
{01,---,9n,} and N1 + Ny = N, where 6;, ¥; are all
positive indexes for 1 < i < Np, 1 < j < Ny, we may
proceed more along typical Cy :

C= C4 - ’C,L =
30 = TN a2, g = 3" g,
=G
ng)x = ‘Z?)’(SN) +6‘7§%)’5N)7 ~73)’<SN) = Z jk’
keZo

where o, § € R. For k = 1,2, let w,(CN) = %, then

V) = (7T§N),7T§N)) is a probability vector represent-
ing the empirical distribution of Z; and Zs. Thus, the
original LS system divides into two sub-systems: LS1 :=
{Ak}rkez,, LS2 := { Ay }rez,. All agents inside LS1/LS2
aim the same cost so formalize two cooperative inter-
nal MTs. LS1 and LS2 remain competitive outside if
a < 0, f < 0; while cooperative outside if « > 0, 8 > 0.

2.4 Mized game-team via coalition

Now, we are ready to formally introduce the “mixed”
game-team (Mix) via coalition matrix representation
C, as

LS1: inf ini)x(ul;uz),

u; (H)eU®
u; = ( ,uk,"')|keIu U(l) = H Uy;
. keZ,
(Mix)
LS2: inf Jgi)X(UQ; uy),
uz(1)eU®
Uy = (- up, e )|kez,, UP = H U,
keZs

(6)
To better illustrate the categories of LS1 and LS2, we
need rewrite the dynamics S; in (1) as the following ho-
mogeneous form:

dai (1) = (Alzz-(t)+Blui(t)+F1x(N)(t)) dt
Yoy ()dAWi(t), zi(0)=&, e,

du; () = (Ang (t)+ Byu; (t) + Foa™) (t)) dt
+oa(t)dW;(t), x;(0)=n;, Jj€Is,

where (M) (\) = % (Zz‘ezl xi(~)—|—2jez2 xj()) For
the sake of notation simplicity, we denote x; :=
(Toy, 5 Toy, )y X2 = (Tgy, -+, Tyy, ). We also rewrite
the individual cost functionals (2) as



Ji(a1(+), uz(+)
- %IE/O [Hx,-(t) frlx(N)(t)Hél+|lui(t)lﬁz1]dt7
Jj(ui(-), uz(:))
- %E/O (I3 (8) = T3 ™ @)1, + 1w (1)1, | e

(8)

The agents in {A4;},e7, and {A4,},ez, are cooperative

respectively and their social cost functionals J SI)X, J gl)x

are given by (5). We impose the following general as-

sumptions, which are commonly used in LQ models, on

the coefficients:

(H1) Ay, Fy, Ty, € R™™™ B, € R™™ g, €
L>(0,T;R™), k=1,2.

(H2) Qr €S™, R, € S™, Qr >0, R, >0, k=1,2.

(H3) {&}Y1, are independent identically distributed
(i.i.d) with mathematical expectation E&; {n; };Vél are
i.i.d with mathematical expectation En.

(H4) There exists a probability mass vector © =
(m1,m2) such that lim 7N = 7. min 7, > 0.

N=+oo 1<k<2
Thus, we can propose the following homogeneous mixed
game-team problem:

Problem 2.1 Find a centralized strategy set (uy,02),
where uy = (g, , - ~,1_L9N1), Uy = (Uy,, - 76191\/2)7 u; €
U, uj €U;, i €1y, j €Iy, such that

inf J( ) (ul,ﬁg),

w eUM mix

LS1: J( ) (111,112)

(Mix)
inf me)x(ul, UQ).
us cu®)
9)

(Mix) is meaningful, not only in mathematics as verified
by coalition arguments above, but also in practice as
supported by real motivations (see [4], [7], etc).

LS2: J( ) (ul,u2)

mix

3 Variation synthesis analysis

Initially, we synthesize all response components for J Sl)x

n (9), from a bilateral viewpoint of LS1, LS2. In what
follows, we only focus on the viewpoint of LS1, and the
similar argument can be applied to LS2.

3.1 Variation decomposition

Let u;, us be centralized optimal strategies of the
agents in 7y, Zo. We now perturb u; and keep
Ui = (U, ,Ui-1,Uit1, " ,Ugy, ), Uz fixed. For
k # i, denote the perturbation du; = wu; — Uy,
6z = i — Ty, 6x) = T — T, 62NV = L > ke, uT, 0Tk

and 5‘7510C(N) 5];9” are the first variations (Fréchet

differentials) of Js})’ém, Js%)’c(N) w.r.t. du;. Therefore,

dox;(du;)= [ 102 (du;) JrBl(SuerFl(;x(N)((Su )}
dx;(0)=

Aoy (du;) = [Aléxk (0u;)+ Fy 62N (m)} dt,

0z, (0)=0, k € Th, k #1,

oy (du;) = [Azéack Su;) + Fyda®) (5%)} ,

0z (0)=0,

Then we derive the following lemma.

Lemma 3.1 5«]5”2%(5%) can be represented as

530 (5u;) =E /T[(él,ami>+<92,5ui>+<@37 3 5xk>
. k€T, k#i
+ (6, ;,_,m>+k 121: <@’§,5xk>+k;2 {0k, 5w ) |dutet,
where (10)

sli = ]E/OT [<@1 — (:)1,533¢>+<@3 - (:)3, Z 537k>

k€T ki
+<@4 — 64, Z (533k>} dt

keZo

&L Zkezy Tk
Ny

<N>r2TQ2r2f<N>> ,

x
(N) Zkezy Tk <N>F1TQ1F15(N>>

= Q1% — (Qlfli(N)+1" Qim UV)r‘TerU—C(N))

(F Qs 7T(N) 2kezy Ik
N2

N1
ng)FQTQQFZi(M) ,

(N) ZkeTy Tk
N2

—a{MpT erli“\’))

k _
O = aQa2Ty,

O3 = <Q1F1E(N)+F Qimy

Q ) ZREIQ T
2 TN,

4= —a <Q2F25(N)+F2TQ2W —WéN)FgQQFQi(N)>

1T Qi n (N)ZkEIl Ty
N1
©2 = Ry, 95 = Q1 %k,
5 s _ T _ T _
©1 =Q1%; — <Q1F1m+1“1 Qimimy —m 'y Q1F1m)
T - T _
—a (Fg Qomamy —mal'y Q2F2m) )
T _ T _
= - (Q1F1m+F1 Qimimy —mTy Qlflm)

T _ T _
—a (Tg Qamomg —mal'y Q2F2m) s

@
w

O4=—«a (Q2F2rﬁ+F§Q27\'Qﬁ12—W2F2TQ2F2I?1)
7(FTQ17r1rh177r1FTQ1F1ﬁ1) .

Here, m;, my and m = mym; +memy are mean-field

(MF) approximations ofN > kez, Ths 1\}2 > kez, Tk and

W) | respectively.

3.2 Bilateral duality

Lemma 3.2 5'];11235(5“2) can further be represented as



T
6']%31(6“4) = / [<él +7I'1F1T]Epk +mo Fy Ep<2)*
0

41 F}

T ( ) +712F2 p * oy > + (©2, du;) ]dt

+el+estes,

where

Amn [T (8 F nms0) (60 3 dnma)

_l'_i

keI, k#i kETy

Ny kez <6§’ N1(5:vk—z§€1>’*>

Iy,k#i

L5 (6 Mot o)t

kEI

; 2kez k¢'P§cl> 1
sézE/O <7r1F1T(71’ ‘ f]Ep,(v)*>

N1

T (zk%?p](f) _Epgf)*) +7r1F1T (P(l) —p(l)*)

+7T2F2
2
+7r2FéT (p(g) —p(2)*) ,(5$i>dt,
and
dxgel)v*: [Alxl(:)’*+W1Fl(6mi+x(l)’**+x<2)7**)i| dt,
d:l);f)’*: |:A2£Bl(62>’*+7T2F2(6$i+$(1)’**+$(2)’**)] dt,
da(D)* = [Alx(l)’**+7r1F1 (:c(l)’**+$(2)’**+6xi)]dt,
dz(@)* = [A2x<2)’**+7r2F2(:c(1)’**+$(2)’**+5zi)] dt,
770 =0, 2?7 (0) =0, #*(0) =0, @ (0)=0,
dp\) = — (e +ATp{Y) dt+aNawi+ 30 ot} awy,
k' #k
P = — (ef+aTpP) dt+aPawy+ 37 o) awy,
k! #k
It _ Crezy ki Fi ch ) Prezy Fa pi )
dp’ = —(@3+7r1 lle +72 ?Vz
+A1Tp(1)+7r1F1Tp(1)+W2F2Tp(2))dt+2q(1/)dwk/,
i 5 CFTRD s pT®)
ap? = _(@4+7r1 kezl,x;z 1Py g kez?\rzz Px
+m Bl pM tma Y p® 443 p3) )ae+ 3707 aw,
p () =0, pP (1) =0, pM (1) =0, (1) =0,
P s dpl)” = - (©k+ATp)") deaV"aw,
PO 4" = — (O +ATHD") dor ol awi,
P . dp(l)* [®3+7r1F1TEp(1>*+ﬁ2Fng§€2)*
+(A1 +m1 Fy )p<1)*+7r2F2Tp(2)*] dt
PO dp®* = — [Outm FTEp(V" 4o Ff Ep?”
i FFpW* 4 (mo P + AT ) p®] at
P (1) =0, PP (1) =0, pV*(T) =0, p@*(T) =0,

An asymptotic “Fréchet response” holds for §Ji(l) =

(11)

lim 63 (0u;):

mix

LS1: 67 =(0'(z;, m, P*),6z;)+ (01 (w;), sus)

(12)
with Ot = R, @; and ©F isrevised on ((:)1, O3, 04, @k @k)

Here, m := (ITI, m, ﬁ12)7 f,* — (ﬁél)*’ﬁ(l P(2 P 2)*)

4 Distributed design
4.1 Auziliary control

Motivated by (11), we introduce the following auxiliary
problem for ¢ € Z5:

Problem 4.1 Minimize J;(u;) over u; € U; where
dmiz(A1$¢+B1ui+F1ﬁl)dt+O'1dWi, .’Ei(O):fi, 1 €1,
1 T
Jfl)(ui)ziE/ (Q1xi, i) +2(S1, zi) + (Rius, us)|dt,
0
S1 =*(Q1F1ﬁ1+r{Q1mﬁl1*7T1F1TQ1F1TT1)

—« (PgQgﬂgl’ﬁg—ﬂ‘zrgQZPQm) + m Y ]Ep(l)*
+moFy ]Ep( 4 FIpW* oy B p®*.

The mean-field terms m, mi, mo, p,(cl)*, p,(f)* will be
determined by the CC system later. Similarly, for j €
s, by following the procedure in Section 3, we can also
introduce the following auxiliary problem

Problem 4.2 Minimize J;(u;) over u; € U; where

dz; = (Asz;+ Bau;+ Fam)dt+o2dW;, x;(0)=n;, j € La,
J§2>(uj):%EAT[<Q2mj,l'j>+2<52,l'j>+<R2uj7uj>}dt’
Sa =—(Q2F2m+F2TQ27r2m2_71-2p2TQ2F2m)

—a (FlTQlﬂlﬁh—mflTQJlrh) + m FIEp
+m FTEpD* 4wy B p@* 4y FE O,

where the limiting duality on éu; yields parallel P =
(73,21)*, 2O 73,?)*, P2)%). Here, it holds that

73]22)* :dﬁf)* __ (é]g+AT A(2)*) dt_'_A(z)*de’

P s dp)" = = (Ok+ATp)") de+q " awn,

PO . gp@= = [®4+7r2F2T]EA( oy FTERD*
+(A§+7r2F2T) P pm B A(l)*] dt

PO, gy — _ [é3+7r2F ( )* tmy F Eﬁ,(cl)*
+W2F;ﬁ<2)*+<ﬂ1FfF+Aip) ﬁ(l)*] dt

B () = 5 (T) = pO(T) = pI(T) = 0,




and

@»

4= - (Q2F2m+FgQ2W2ﬁ12—7T2F§Q2F2ﬁ‘l)
-8 (FlTQ17T1ﬁ11—7r1F1TQ1F1ﬁl) ;

é:a =-p (Q1F1m+F?Q1W1m1*W1F?Q1F11ﬁ>
- <F5Q2ﬂ2m2*ﬂ2FgQ2F2ﬁ1> )

OF = QoTy, OF = BQ1Tk.

The above analysis constructs a bilateral auxiliary con-
trol problem

(Bilateral auxiliary problem)

coinf JY(u;m, PY),
Ai: | inf S (wim, BT (13)

A; Zuj(ll')lé/{ J( )(uj;m,P ).

Then, upon distributed U; or U, two generic A;, A; aim

to optimize J; ™ or J Applylng standard L(Q method,
under some mild (say, convexity) condition, above bilat-
eral auxiliary problem can be solved with optimal pair
(#;(0;), w;) for Ay, (&;(u;), @;) for A;, which depend on
(m,P*) or (m,f’*) by (13). Note that m is not speci-
fied yet. By stochastic maximum principle, we have the
following result for the bilateral auxiliary problem:
Proposition 4.1 Under (H1)-(Hj), Problem 4.1-4.2
are both uniquely solvable, and the optimal auxiliary con-
trols u;, u; are determined by the following Hamiltonian
systems

di;=(A1&;+ B1u;+ Fym)dt+o,dW;, (0)=&;
dit; = (Agitj+ Byit; + Fom)dt+o2dW,,  #;(0)=n;,
dyi=— (ATyi+ Q12 +51) +2:dWi,  yi(T)=0,
dy;=— (AQTyj+Q2ij+SQ)+zdej, y; (T)=0,
Ryt +BTy; =0, Ryiij+BYy; = 0.

4.2 Consistency condition

This sub-step aims to synthesize all generic behav-
fors {#;(;(m, P*))}iez, in LS, {#;(0;(m, P ))}jez,
in LS2, to match aggregated m across LS. Noting
LS1 itself is homogenous (although LS is not), opti-
mal auxiliary controls {i;};cz, are thus symmetric
and so is {&;(%;)}iez, . Parallel holds for {Z;(u;)};ez,-
Then, applying de Finetti’s theorem to realized
{2 (0 (m, P*)) biez, . {2;(0;(m, P ))}Jelza we yield
a bilateral fixed-point CC equivalence (noticing that
m = (m, m;,my) ):

LS]. ﬁlle(i'l('L_l/ 0

So m can be specified. The CC system is given by

dx = (AX+BU+FEX) dt+0’1dWi+0'2de,
dy = (Ax+By+f‘Ex+ﬁ]Ey) dt+z,dW;+zodWj,

T
Ru+B'y =0, x(0)=x0, y(T)=0,
(15)
where
x = (8,8;), ¥ = (i, pD", p@*, p%, pO gy p@r p0r 5@ ey

xo = (&,m;), z1 = (2:,0,0,4¢"7,0,0,0,0,0,¢"7),
2, = (0,0,0,0,¢,2;,0,0,477,0), u= (w1,

Ay B, w Py mo Py .
a=(v2)B=(%5)F=(2nzn) r=(V2)
-Q 0 B, 0
) 0 0 o
0 0 0 o
-Q 0 0 o
A= 0 QQV']*B o 5 10'1:(7,’)702:(,32),
0 0 0 0
0 0 0 o
0 -Q [
-8Q, 0 0 0
H T 0 0 0 0 0 0 0
Pl 0 0 0 0 o o 0
o o o o 0 0 o o
—-AT o 0 0 0 0 0
B— 0 0 0 o —-Al o § 0 0 0 0
0 0 0 0o 0o -a o o
0 0 0 o o o o o
0 0 0 o o o o o
0 0 0 0 0 0 0 0 —-A7 0
0 0 0 o 0o o0 0 0 0 —Al
7 (@D AT Q—m, TT Qi Ty —ams T QuT2) (@i Hal) Qo—m I QuT, —am,IT QuTy)
7 (@D AT Q—m, TT QI Ty —am, T QuT2) w0 (@i T Hal] Qu-m I QuT) —am,IT QuT,)
(DT Qe Qo To—m I QT —amy TT QuTy) 72 (aQaTotal] Qu—m, TT Qi Ty —amsTf Q,T,)
0 0

and the mean field terms are determined by m; = Ez;,
my = E.’ffj
Proposition 4.2 If Riccati equations
P+P(A+F)— (ﬁ+B) P-PBR!B7P
- (AHT“) =0,
K+K (A -BR'B"P)-(B+PBR 'B") K
+KBR 'B"K+PF-F-HP =0,
P(T)=0, K(T)=0

(16)

admit solutions P € C([0, T]; R10*2n) 'K e C([0, T]; R1Omx2n),

then Problem 2.1 admits a feedback form decentralized
control 1 = O©1x+ Oy (ExX—X), where 0 = (4, 4;),
x = (Z;,%;), and

0, =-R'B"P, ©6,=-R'B’K.

The realized state X = (I;, &;) satisfies the following dy-



namic

d; = (Asij+ Bty + Fod ™ ) dt+-oadWy,  &;(0)=n;.

For the solvability of (16), we have the following result
Proposition 4.3 Let ¥, ® be fundamental matrices

W — ({erg —%R’_‘Br) and® — ( A-BR B'P
A+F HiB
If

-1
[(OJ)e‘I’(T_t) (?)} c L1(07T;R10n><10n)7
-1
|:(O7 I)e‘b(Tft) <?>:| c Ll(o’ T, RlOnx 1077,)’

then (16) admits unique solutions P, K as

P(t) = — [(o, Ne¥ T4 (?)] - (0, 1)e¥ T (é >
K(t) =— [(0, 1)e®T-0 (?)] - (0,1)e®™=0 (é)

(17)
Remark 4.1 Actually, for different a and 3, we may
reach different kinds of mean field problems and find some
interesting phenomena. Details can be referred to Ap-
pendix A.

4.3 Distributed design

Thus, we can conclude the following procedure of deriv-
ing the mean-field strategy:

Step 1 By (17), the solution (P, K) of Riccati equations
(16) can be obtained.

Step 2 For any agent A; (or A;) in Zy (or Zy), besides
its own information, it still need the information of
another generic agent denoted by A; (or A;) in its op-
posite team Zy (or Z;). Then it can obtain its feedback
form mean-field strategy by

()=o) e (=) - (7))

where ©; = ~-R7'BTP and ©, = -R~'BTK.
Step 3 The realized states Z;, T; satisfy the following
bilateral closed-loop system:

BR-'B
—(PF—F—HP) B{PBR B’ |-

By 0
()10 2) (5 5) e
B 0 i\ _(~
o n)eei) () o
g1 0 fi fz
(@) (5)o- ()

Remark 4.2 [t should be noticed that there are MF
terms in Step 2-3. To break up this couple feather, we
should take the expectation to the system, which becomes
an ordinary differential equation (ODE). By solving the
ODE, we derive E(fﬂf) which implies the MF term, and

then we focus on the SDE without MF terms.

5 Performance analysis

We present (Mix) analysis in a three-step procedure
by highlighting its novelty via pairwise comparisons to
“pure” MG and MT. All limits below are in N — +o0
sense.

We continue to analyze the performance of (Mix)
strategy (a1, us) derived by Section 4, in an asymptotic
mixed-equilibrium-optima (AMEO) sense (it combines
equilibrium due to game, and (social) optima due to
team):

dp, A>0,s.t. LS1:
‘ mlx u13u2) - FJirilx(ulleQ)
=O(N; " +ex),
(AMEO ) dp, A>0,s.t. LS2:
~ 1 o
‘ng)x ap, uz) — EJ&)X(uhUz)
O(Ny* + e N
(18)
where ey = sup 7T](CN)—7T]€’.
1<k<2

AMEO poses an inside-outside-mized concept: social

(team) optima inside, and Nash (game) equilibrium out-

side (LSl,LS2) along perturbed Uy = (- g -+ )|kez,

Uy = I kez,. AMEO mainly 1ncludes three

sub—steps as belovv

(1) Study convergence behavior of realized empirical
LS1, LS2 averages to off-lined CC system (cf.(14))
in an L2-norm. A key point here is a refined bilat-
eral forward-backward SDE (FBSDE) estimates on
(uy,0).

(2) Estimate two upper bound(s) for candidate per-

turbation(s) (u;,Us) respectively subject to
T (@,02) < T (1), T2 (W, 82) <

J (@1, 02). Two keys: some tailor-made FBSDE

mix
stability estimates; Jr(il)
(Q, R) positiveness in (2).

convexity by underlying



(3) Formulate J Eil)x in (18) as a quadratic functional on
(u1,us) by specifying its second-order-operator(s)
for convexity, and first-order ones for gradient.
Its Fréchet derivatives to team-wise (uj,us), and
componentwise {ug}rez can thus be structured.
Then, AMEO can be verified by combining (U, Uz)
bounds in step (ii), a near-stationarity (asymptotic
zero Fréchet derivative) by step (i), and (uniform)

(1)

convexity of J ;.
Now, we give the main result of this work, whose proof
is based on some lemmas. Please refer to Appendix B-E

for details.

Theorem 5.1 Under (H1)-(H4), the mean-field strat-
egy (U1, 02) satisfies the following asymptotic optimality

1 L . ~ .
— (Jgi)x(uhug)—langi)x(ul,ug)> =O(N; * +en),
N1 u,
1 L . ~ .
— (Jgi)x(uhuz)—lanfji)x(ul,ug)> =O(N, * +€n).
N2 u,

(19)

Hence, (01,02) is an asymptotic Nash equilibrium for
the game between I, and Z,.

Proof For L? bounded candidate 1i;, by letting du; =
u; —u; we have

3O

mix

(g, i1a) — TV

mix

Here, (Myti; + My, -) is the Fréchet derivative of Js((l,\i)
on ;. Due to the linearity, we also get

Jf‘ii)x(ﬁh ﬁ2) _Jl('ii)x(ﬁlv ﬁ2)
N,

=2 (Myii+ My, du}) + o(du),
i=1

where du = (0,---,0,1; —;,0,---,0). Based on the
synthesis analysis in Section 3, we derive

(Mot + My, 6ul) = 832 (du;)

=E /OT [<(:)1 —|—7r1F1TEp§€1)*+W2F5Ep§€2)*+w1Ffp(1)*
tmo FY p®)*, 5xi> + (Og, 0u;) |dt+e} +eb+el

= el febtel.

By virtue of some FBSDE estimations, we obtain

—~
—
—

IW (@, dy)— I

X mix(

0

IN

g

uy, i)

|e§+a§+eé‘ = NlO(Nfi +en)-

M=

<

K3

Il
_

The first equation of (19) is established. Applying similar
argument, we obtain the second one. O

(ﬁl, flg) = 2<M21~11 +M1, (5111>+O((5L11).

6 Conclusion

This paper investigates a new class of “mixed” mean-
field analysis. The C4—type coalition matriz analysis is
related to game-team problem. A novel bilateral person-
by-person optimality is introduced and wellposedness of
related CC system is investigated. Game-team strategies
are designed and a novel asymptotic mixed-equilibrium-
optima is proposed. An interesting work for further
study is to consider the Cs—type game-team problem
referred in this work.
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Appendix

Appendix A: Some cases for different o and g.

(i) Assume a=/ = 1, then the cost functionals of Prob-
lem 2.1 reduce to

7O _ 3@

= T+ TG,
which leads to a combination of traditional social optima
problems.
If we further assume A; = Ay := A, By =
F1:F2 = F, Q1:Q2 = Q, R1:R2 = R, Fli
Iy:=T,¢&andn (1 <i<Ng,1<j<Ny)areiid
<

and denoted by (1 < k < N), in this case we derive

p* = p@* = U = 5(2* .= p* We also obtain that
(:fia ai7 yi»pl(‘l)*7p§‘2)*)v (i‘ju ﬂj? yjupg ) ﬂp_§2) ) are homo-
geneous.
(ii) Assume o = 8 = —1, then the cost functionals of
Problem 2.1 reduce to

1 2)
I, = TN — g2 38 = gEM - gL,

which leads to a combination of two social optima prob-
lems (inside) and a zero-sum problem (outside). This
mix problem can be viewed as a development of two-
person zero-sum game problem where two-person be-
comes two-team (e.g. [19], etc ). If we further apply con-
ditions on the coefficients, one may simplify the CC sys-
tem and details are omitted.

(iii) Assume a=1,5 =0, or «=0,8 = 1, then the cost
functionals reduce to

I = TEM + g2, = JEM,
or
(1) — 7L (N) (2) jz +7L J(N)

which leads to two classes of social optima. It means one
group focuses on a social optima in itself manner; while
the other group would like to consider both intra-group
and inter-group cooperations.

(iv) Assume a=—1,8 =0, or « =0, = —1, then the
cost functionals reduce to

O _

mix

3@ _

= JuM—g2™ g8 = g2 M),

* This document supplies appendices of the paper “Linear
quadratic mean-field game-team analysis: a mixed coalition
approach” by Huang, Qiu, Wang and Wu, submitted to Au-
tomatica.
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or

I = gL, = J2MN gL,

which means one group focuses on a social optima in
itself manner; while the other group would like to col-
laborate within the group itself and compete with the
former group.

le

It should be noticed that, as a special case if N = 2,

Slo’(SN) =T, SQO’C(N) = Ja, and a group referred above

becomes an agent. Thus above problems turn out to be
optimal control problem, two-person social optima, etc.

Appendix B: Estimation of mean field coupling.

Lemma 6.1 Under (H1)-(H{), it holds that
1 B 2
|7 27—l =
k€T,
1 ) 2
|7 2 7= me] . =
k€T,

NP+ ey,

Nyt +eR).

Proof The dynamic of the realized state average is
dz V) = (Alzfc(N') +B1a™) +F17T(N)i‘(N')

Z Jlqu

+F17r( )x(N)> dt-l—

dz . (Aﬁ ) 4+ Byl ,>+F27T§ Jiuv,) (20)
+Fy 7T( )i (N)) dt—|— ZUgdWJ,
TW0)=¢, M (0)=;,
where z(V) .= ]\1f ZkeI Ty W) = N%Zkezz Tk,
~(N,) .

u ﬁZkeI i, W) = Ni,zkell ug. The dy-

namic of the mean field is
= (Alﬁll +Bl]Eﬁl +F17T1ﬁ'11 +F1’R'2ﬂ12)dt
mo = <A2m2 +BQEUJ + Fymim;, +F27T2m2)dt
m; (0)=E¢, m»(0)=En.
By applying Cauchy inequality, BDG inequality to the

difference of (20)-(21), for some positive constant K
which is independent of Ny, s, it holds that

(21)



E sup [#)(s) — i (s)]?
0<s<t
<k [(E sup 5 () — ma ()P as+ O + ),
E sup [#)(s) — ma(s)]?
0<s<t
<K / B sup 1) (1) = o) s +O(N; ™ + &)

By applying Gronwall’s inequality, we have

E sup [|2™)(t) —mi(t)]? = O(N; ' + €X),
0<t<T

E sup [N () —ma(t)]? = O(N5 ' + ).
0<t<T

Appendix C: Perturbations estimation.

Lemma 6.2 Under (H1)-(HJ), for some positive con-
stant K which is independent on Ny, N, it holds that

<NK, J% (@

Jl('nl)x(u17 u2) mix il’z) S NK'

Proof For Jw

(1, 02), we have the following decompo-
sitions

1 T
Fiwra) = 5E [ [lleg = Tua 13 + o

1 T
Fy(urw)= 58 [ [l = Taa ™ + o

Jw (ul,fl2) = Tt (@, 82) +a g™

mix

T
1y | 13— i ]

~ ~(N) 2 ~ 12
[l = a2, + s 7] dt

(@1, 2)

K (S (T
<3 (ZE/O [Hi"i - rhl\2+Hrﬁ*i(N)IIQJrHﬁiIIQ]dt
=1
N. T
+aZE/ (12, - m|2+|m—f(N)||2+|aj|2}dt> :
j=1 70

By applying Cauchy inequality, BDG inequality and
Gronwall’s inequality, for some positive constant K
independent on N1, Ny we have

supE sup |Z;(t) —m(t)|* < K,
i€, 0<t<T
supE sup ||Z;(t) — m(t)|]* < K.

JET, 0<t<T

11

Combined with Lemma 6.1, it holds that
IW (&, 4,) < NK.

Similar argument can be applied to Jgi)x and we com-

plete the proof. O
Appendix D: Perturbations estimation.

Lemma 6.3 Under (H1)-(H4), since we are studying
the asymptotic optimality of (U, Us), it is sufficient only
to consider those admissible controls (Uy, Us) performing
better than (U, Uz). Specifically, (4, Uz) satisfies

N, T N, T
ZIE/ ||@;)|%dt < NK, ZE/ |i;]]2dt < NK.
i=1 v0 j=1 0
(22)
Proof Since u; performs better then u;, we have

N, T
SB[ sl < Z50 @ i) + a5 )
i=1 V0

_ng)x(ul,llg) me) (u1,u2) SNK
Similar argument can be applied to iz and the proof is

complete. O

Appendix E: Quadratic representation and
Fréchet derivatives.

For the sake of notation simplicity, for a matrix M and
positive number n; and ny, we introduce the following
notations

1 /M 0
diag,, (M) == : ( - > denotes an nq1 X n; size block
no\o M
diagonal matrix.
1 /M .. M
1n xn (M) := ( T ) denotes an n; X n2 size block
no \M ..M

1. n,

matrix generated by M.

Rewrite the problem as the following high-dimensional
type

N, N,
(AX+Biui+Bous) dt+» ojdWi+y ordW),

dX =
=1 j=1
T
Jr(m)x(ulvlm) E/ [<Q1X,X>+<R1u1,ul>+a <R2U2,U2>:|dt7
0

T
JC) (w1, u) = E/ [(@2X,X>+<Rzuz,u2>+6(Rlul,u1>]dt,
0



where

K= (3, %), = (U, eyt )y = (U st )

o o

B, = ("), B, = (uuh,&tmz,) ,R, = diag,, (R,), R, = diag,, (R.),
@‘f\h QH 2) @(\ 1) Qlll)

o= ( ) - ( : ) ,
Q Q® Qr Qr®

) - _ .
Q" = diag, (@) + L. (w;"F,’Q,F,+FIQ,+QF.+aﬁF;Q,FZ) ,

) .
= St (RUTIQE rariQ et ToTIQ)
@ = <t (70TIQ ‘@ +QrtaToTiQ
o = L (wrarearsrase T rar)
= 1 (7"T'Q+aQ.I.+T'Q+a Q.. ),
= -

o

rQ.r.),
Crar)

1
Q" = adiag,, (Q)+ - Lo (rf“”F,’Q.F.+aFfQ2+aQF,+a

1 , . "
@ = fdiag, (Q)+ Lo (57r;""1‘[QAI‘,+/3F,’Q,+13QF,+7FI an) :
) .
O = 1 MTTQ.L 4T Q, I +—TI.Q.l, ),
@ =1, 2(,8#. QI HTIQA QT+ TR )
0 = st (smimerrerasrier o)
= =L — ™ L 2L, - A )
= Sl (BT Q4T
1 v e
Q7 = diag,, (@) + Lo (BRTIQEATIQ QL+ oI )

Because of the game structure between Z; and Z,, for
agents in 7;, they are facing with the following social
optima problem

N, N,
dX = (AX+Byuy +Byiiy) di+ Y oldWi+ Y o2diW;,
i=1 j=1
. T
rrlllin Jl(m)x(ul7 us) :E/ [(le7 X)+(Ryuy,uy)
\ 0
+ <C¥R2ﬁg, l~12> :| dt.

Since some bounded linear operators (M, M, M) are
only dependent on the coefficients and t, we can rewrite
g

mix

as the following quadratic form

IU) (a1, ) = (Mauy, uy) + 2(My, w1) + M.

mix
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