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The discs of a small copy of the Mandelbrot set M have antennas or shrubs as

the discs of the whole M, with the obvious difference that the shrubs of the small copy

are prolonged with what we name tendrils. There are beautiful decorations in the
tendrils, named by us multiple-spiral medallions that are formed by an infinite number
of baby Mandelbrot sets. The computer graphics and the external arguments theory are
two invaluable tools to study the structure of these decorations. In this work we
conjecture that the baby Mandelbrot sets of a multiple-spiral medallion have a “parent”
and a “gene”. This conjecture allows us to write the binary expansions of the external

arguments of the baby Mandelbrot sets in an easy and structured way.
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1. Introduction

The multiple-spiral medallions are beautiful structures of the Mandelbrot set
that are very difficult to discover using only mathematical tools. However, they are
evident using computer graphics. In this work we use computer graphics to analyze the
structure of the multiple-spiral medallions, and the external arguments theory to explain

how they are mathematically organized.

When the boundary of the Mandelbrot set M is explored, crossing the filaments

or shrubs of one of its discs, small copies of M that we call midgets are found out. By

increasing the magnification of the observation tool, the boundary of one of the midgets
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can be explored. Now, midget shrubs are extended in tendrils. These tendrils are born of
both the tips of the midget shrubs and the cusp of the midget cardioid. In addition, small
objects embedded in the tendrils, which can not be seen with the current magnification,
are glimpsed. By increasing the magnification, these objects, that we call multiple-spiral
medallions and that are a generalization of the known cauliflowers located at the
tendrils of the cusp of the midget cardioid [1], can be explored. A multiple-spiral
medallion is formed by an infinite number of baby Mandelbrot sets arranged in spirals
of multiple branches. By using the Douady and Hubbard external arguments theory, in
this paper we state two conjectures that allow to formulate the external arguments of the
baby Mandelbrot sets of a multiple-spiral medallion as a function of the external
arguments of the root points of both a midget (that we call parent) and a disc (that we
call gene). According to Douady, Buff, Devaney and Sentenac [1] “Baby Mandelbrot
sets are born in cauliflowers”. Colloquially, we can complete the statement of Douady
et al. with “... and baby Mandelbrot sets have a parent and a gene that are the same for
each cauliflower (multiple-spiral medallion)”.

In the 80's Douady and Hubbard were the authors of the external argument

theory in the Mandelbrot set M [2, 3]. Douady divulged this theory [4] by considering a

capacitor made of a hollow metallic cylinder whose axis is an aluminum bar shaped in

such a way that its cross-section is M. Under proper conditions, an electric field is
obtained that defines equipotential lines enclosing M. Following the electric field, one
gets field-lines, called the external rays of M. Each external ray starts at a point x on

the boundary of M, and reaches a point y of the cross section of the cylinder. The

position of y is identified by an angle, called the external argument of x with respect to

M.

In Fig. 1 the Mandelbrot set is shown with some of its equipotential lines and
external rays. The rational numbers in the figure correspond to the values of the external
arguments of the points of M where the external rays land. As is well known the unity

for external arguments is the whole turn, not the radian. It is often useful to consider the

binary expansion (sequence of binary digits) of a rational external argument [5]. So, we



have & =.0001 and ¢ = .001. As is known, the binary expansion of a rational number

with odd denominator is periodic, and the binary expansion of a rational number with
even denominator is preperiodic.
A key point in Douady and Hubbard’s study of the Mandelbrot set is the

theorem that every parabolic point, ¢ =1/4, in M is the landing point for exactly two

external rays with external arguments which are periodic under doubling [6]. As is well

known, a point is parabolic if and only if it has a periodic orbit with some root of unity

as multiplier; i.e., it is a cusp point or a tangent point in M. The external arguments

corresponding to the two external rays landing at the same parabolic point must have
the same kneading sequence [5]. As is known [5], the kneading sequence of an external

argument K (8) is given by

L if2"60 1,2 mod 1
R if2"60 5,4 mod I
0 if2"6=% mod 1
0 if 2"6 =21 mod 1.

n-th entry of K (9) = (1)

For example, the external arguments of the two external rays landing at the tangent

point of the main cardioid with the upper period-4 disc of M are -+ =.0001 and

15
+=.0010 (see Fig. 1) and we have K (%) =K (%) =LLL [. In this work we will write
the binary expansions of the external arguments of the two external rays landing at a

parabolic point as the pair (51, 52) with .6, < .6, .

2. Multiple-spiral medallions
As is well known, the discs attached to the main cardioid of M have antennas
[7], filaments [8] or shrubs [9]. In Fig. 2 (a) we can see a general view of M and the

shrub (1/3) i.e. the part of the Mandelbrot set attached to the Myrberg-Feigenbaum point

of the disc with rotation number 1/3 is pointed out [7].



We name midget to a small copy of M in M. Let us consider the period-4

midget representative of the branch 1 of the shrub (1/3) [9] that is inside the small

square of Fig. 2 (a). For our convenience, in Fig. 2 (b) we show a magnification of this

midget up to a similar size to M of Fig. 2 (a). The two external rays landing at the cusp

of the cardioid of the midget have external arguments with binary expansions

(.0011, .0100). As we can see in Fig. 2 (b) the discs attached to the cardioid of the

midget have similar shrubs to the Fig. 2 (a), but with the particularity that they are
prolonged in what we name tendrils, in such a manner that a tendril is just born at each
one of the tips of the midget shrubs. Inside a shrub, the tendril that is born in the first tip
[9] is the longest, and the tendril that is born in the last tip [9] is the shortest. On the
other hand, there are two very notorious tendrils that emerge from both the tip of the
midget main antenna and the cusp of the midget cardioid. Note that the second tendril is
the only one that is born at a parabolic point of the midget. Obviously, these two
tendrils are a part of the branch of the shrub that supports the midget itself that is the
branch 1 of the shrub (1/3) [9].

The midgets located at the tendrils are surrounded by beautiful decorations with

central symmetry. In Fig. 3 we show a detail of the tendril from the cusp of the midget

(.001 1 .0100) . As is well known, this midget is the biggest of all the midgets located

out of the real axis of M and, for convenience, we have used this midget to make most

of the numerical simulations in this work.

According to Douady et al. [1], when one looks closely to M at the

neighborhood of the cusp point of a midget cardioid ¢, #1/4, one can observe a
sequence of small copies of M in M, baby Mandelbrot sets, tending to the cusp point.

In Fig. 3 no sequence of baby Mandelbrot sets is detected, due to its small size, but
however we can observe a sequence of decorations a, b, ¢, d, ... named imploded
cauliflowers [1]. In the limit, when the size of decorations tends to cero, the scaling
constant of these decorations is equal to unity (they are equally spaced and they have

the same size) as it was found in another context [10]. Baby Mandelbrot sets are also

midgets, but in this work we will use “midget” to designate a generic copy of M and



we will use “baby Mandelbrot set” to designate a copy of M that is inside of a

decoration located in a tendril of the midget. As is known, cauliflowers present a binary
structure with infinite levels [11]. Note, as seen in Fig. 3, that there also are cauliflowers
on the tendrils of the shrubs of the discs that converge on the cusp of the midget
cardioid as the series m, n, o, ... orp, q, 1, ....

In Fig. 4 (a) the tendrils of the shrubs converging at the tangent point of the

cardioid of the midget (.0011, .0100) with the disc of rotation number 1/2, near the

parabolic point (.001 10100 .0100001 l) , are shown. As can be seen in the magnification

inside a circle, the midgets of these tendrils are also surrounded by decorations

according to [12]. Likewise, in Fig. 4 (b) the tendrils of the shrubs converging at the

tangent point of the cardioid of the midget (.0011, .0100) with the disc of rotation

number 1/3, near the parabolic point (.001 100110100 .00110100001 1), are shown. As

can be seen in the magnification inside a circle, the midgets of these tendrils also are
surrounded by decorations.

In Fig. 5 we can see with more detail each one of the decorations corresponding

to Figs. 3 and 4. These decorations belong to the tendrils of the midget (.001 1, .0100)

but similar decorations appear in the corresponding tendrils of others midgets. We name
multiple-spiral medallions to these decorations due to its shape. Near the cusp of the
midget there are cauliflowers [1, 11] that we name single-spiral medallions. Near the
tangent point of the midget cardioid with the disc of rotation number 1/2 there are
embedded Julia sets [12] that we name double-spiral medallions. Near the tangent point
of the midget cardioid with one of its discs of rotation number 1/3 there are decorations
that we name triple-spiral medallions. And so on. Also note that there are decorations
near the midget main antenna tip, although in this case we can not see spirals but linear-
like structures that we name carrots or non-spiral medallions.

As is pointed out in [11] a Douady cauliflower, i.e. a single-spiral medallion, can
hardly be seen as a medallion when the period of the central baby Mandelbrot set is low

(see, for example, the single-spiral medallion with central baby Mandelbrot set

(.plgl, D, gz) at the lower right corner of Fig. 9). The same occurs with the double,



triple...-spiral medallions. However, although the spirals can be difficult to see, a
multiple-spiral medallion with central baby Mandelbrot set of low period has the same
structure that one with central baby Mandelbrot set of higher period, as we can see in
Fig. 6.

The complexity of the Mandelbrot set is so extraordinary that any attempt to
order its hyperbolic components must necessarily be partial, above all when the
approach is completely experimental by using computer graphics. In this case there are
infinite decorations on a tendril and we will only consider the structural ones which are
the biggest. Examples of structural multiple-spiral medallions are the series a, b, ¢, d, ...

m,n,o,..andp, q,r, ... (Fig. 3).

3. Binary expansions of the central baby Mandelbrot set of a multiple-spiral
medallion

Let us consider a multiple-spiral medallion on a tendril of a midget that we name
parent (;1, p_z) The parent is located at a branch of the shrub [9] that emerges from
the Myrberg-Feigenbaum point of the period doubling cascade of a disc that we name
gene (E], g_z) Note that g_1 < ;1 < p_2 < g_2 because the parent is inside the wake of

the gene (see Fig. 7). Let .p_D be ;1 or p_2 and let .g_D be El or g_2 According to our

observations we enunciate the following

Conjecture 1

The binary expansions of the central baby Mandelbrot set (E, E) of a

multiple-spiral medallion can be obtained by a composition of the binary expansions of

the parent and the gene in the form

(-bp -b2)= -PePo--- P& -PPo-+- Po&o |» 2

1 1

with the ordering of Table I. The index i is the number of p ’s before g .



Let us note that Table I is strongly ordered in the sense we will see next, and
therefore it is immediate to find the binary expansions of the central baby Mandelbrot

sets of the multiple-spiral medallions. For example, let us consider the case i=3.

Firstly, we write the binary-ordered series of 2* binary expansions (1) .p,p,p,g, , (2)

.npng, . 3 .ppp.g ., ... (A5 .p,p,p,g , (16) .p,p,p,g,. Secondly, we reorder
cyclically these binary expansions in pairs according to Fig. 8; i.e., we form the pairs of

binary expansions (1, 16), (2, 3), (4, 5), ... (14, 15). Obviously, by generalizing, firstly

we write the binary-ordered series of 2 binary expansions (1) .p,...p,p, g, (2)
%.f_/

1

DD &> (3) p PPy & s - (2i+l_l) Py PoPr 81 s (2i+1) Dy---P2D, &, > and

secondly, we form the pairs of binary expansions (1, 2™"), (2, 3), (4, 5), ...
(271 =2, 2" -1).

Let us consider two particular cases. Firstly, when the pair of binary expansions

of the central baby Mandelbrot set has the form |.p,p,...p, g, PPy P& |=

1 1

(.Zigl, .p_zigz) the corresponding multiple-spiral medallion is a single-spiral

medallion or cauliflower (Fig. 8). Note that the binary expansions (.plgl, .p2g2),

(.plplgl, .p2p2g2) and (.plplplgl, .p2p2p2g2) respectively are on the top of the

columns of Table I. Secondly, when the pair of binary expansions of the central midget

has the form ( plp_zi g5, D> ;li gl) the corresponding multiple-spiral medallion is a non-

spiral medallion or carrot (Fig. 8). Note that the binary expansions (.plgz, .ngl),

(.plngz, .pzplgl) and (.plpzngz, .pzplplgl) are on the (2" +1)th rows of Table 1.

As is known, the external arguments of the tangent point of the midget cardioid

(.;1, p_z) with the period-2 disc have binary expansions ( DDy D> pl) [11]. Then, for

example, a central baby Mandelbrot set like (.pl pziplgz, Dy pzinglj is a good



candidate to be the center of a double-spiral medallion. Likewise, taking into account

that the external arguments of the tangent points of the midget cardioid (;1, p_2) with

the two period-3 discs are ( D.P\Pys -DiDs pl) and ( D2P P> -PaDs pl) we can show, for

example, that the baby Mandelbrot set (.plp1 pziplgz, D\ Dy pzinglj is a good

candidate to be the center of a triple-spiral medallion. And so on.

Example 1
In Fig. 9 the external rays of the central baby Mandelbrot sets of the multiple-

spiral medallions, i <3, corresponding to the parent (;1, p_z) = (.001 1, .OlOO) and the
gene (El, g_2) = (W, m) are shown. To see the central baby Mandelbrot sets better,

they are surrounded by a small circle. The external rays are drawn starting from a

program due to Jung [13].

Example 2

Let (;1, p_z):(m, M) be the parent and let (El, g_2)=

(.0101 10, .01 1001) be the gene. We calculate the binary expansions of the central baby

Mandelbrot sets in the following cases with i =10 :

(a) Non-spiral medallion

(.01011 01100 011001, .01100 01011 010110],

(b) Single-spiral medallion

(.0101110 010110, 01100 011001),

(c) Double-spiral medallions

(.01011 01100 011001 , 01011 01100° 01100 01011 OlOlle,

(.OIIOO 01011 011001 , .01100 01011 01100 01100 010110),



(d) Triple-spiral medallions

(.01011 0101101100 01011 011001, .01011 01011 01100 01100 010110),

0101101100 01011 01011 011001, .01011 01100 01011 01100 010110 ,

(.01100 0101101100 01011 011001, .01100 01011 01100 01100 010110),

01100 01100 01011 01011 011001, .01100 01100 0101 I’ 01100 0101 10).

The period of these central baby Mandelbrot sets is 56. Unfortunately, the Jung’s
program [13] only works up to period 30 and, in this case, we can not draw the external
rays to verify the above calculations. However we have verified that in each one of the
pairs of binary expansions of this example the two binary expansions have the same

kneading sequence.

4. Binary expansions of the non central baby Mandelbrot sets of a multiple-spiral
medallion

A multiple-spiral medallion is constituted by an infinite number of baby
Mandelbrot sets. In this work we will only consider the structural ones corresponding to
the biggest baby Mandelbrot sets. The central baby Mandelbrot set is surrounded by the
multiple-spiral medallion itself, and the other baby Mandelbrot sets are surrounded by
smaller medallions that we name baby medallions (Fig. 5). In the center of a baby
medallion there is a baby Mandelbrot set that can be seen with the appropriate

magnification.

Let us consider a structural multiple-spiral medallion near a parent (;1, p_z) in
the wake of a gene (El, g_2) Let (b_l, b_2) be the binary expansions of its central baby
Mandelbrot set and let (E, Fz) be the binary expansions of one of its structural baby

Mandelbrot sets. Let .p., .g5, b, and B, be .p, or.p,, .g or.g,, b or.b,, and

E or E respectively. According to our observations we enunciate the following
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Conjecture 2
Each one of the two binary expansions of a non central baby Mandelbrot set of a
multiple-spiral medallion can be obtained by a composition of the binary expansions of

both the central baby Mandelbrot set and the parent in the form

Bo=bopopa... . (3)
%{_/

J

The index j is the number of p ’s behind b .

Taking into account conjecture 1, any of the binary expansions of a non central

baby Mandelbrot set can be written as

B = DoPoee Po80 PP Do (4)

L J

For a given value of j, we can write 2/*' binary expansions .ED and calculate the

corresponding kneading sequences in order to group the 2/*' binary expansions in 2’
pairs having, each one of them, the same kneading sequence. In this way, we can obtain
the pairs of binary expansions of all the non central baby Mandelbrot sets of a given
multiple-spiral medallion.

Using this procedure we have obtained Tables II and III in the single-spiral and
non-spiral medallion cases. Note the clear orderings of the binary expansions of the non
central baby Mandelbrot sets in cauliflowers and carrots, due to the fact that these

multiple-spiral medallions are on the tendrils that mark the axis of quasi symmetry of

the parent. Indeed, if we write the binary-ordered series of 2/*' binary expansions (1)

bp...pp, 2 bp..pp,, B bp..pp, ... (277=1) b p,..pp, (27"

J J J J

b, p,...p,p,, the column j of Table II is formed by the pairs (1, 2), (3, 4), (5, 6), ...
%T_/

J

(27" =1, 2"") and the column j of Table III is formed by the pairs (1, 2/*"), (2,
27" -1), (3, 27" =2), ... (27, 2/ +1). Note that the ordering of the pairs of binary
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expansions in Table II is the same that the ordering of the pairs of binary expansions of
Fig. 10 in [11].

If we observe, for example, the top of column 1 of Tables II and III we can see

two pairs of binary expansions (ﬁ, b, pz) and (ﬁ, b, pz) with a same first value

and a different last value, what seems a contradiction. It is due to a notation effect,
because the binary expansions of the central baby Mandelbrot sets 171 are different in

cauliflowers and carrots. This apparent contradiction can appear in other cases.

Example 3

In Fig. 10 some sketches of the location of the binary expansions

Lo=bpps.--ps (j<3) of the baby Mandelbrot sets inside of multiple-spiral
%(_/

J

medallions corresponding to the parent (;1, .p_z):(.OOll, .OlOO) and the gene

(.El, g_z) = (W, W)) are shown in the cases:

(a) Non-spiral medallion with period-51 central baby Mandelbrot set

(. D s Dopr glj , located at —0.168988004 +1.042370722 i .

(b) Single-spiral medallion with period-59 central baby Mandelbrot set

(.E” g P g j located at —0.1543869 +1.0308295 .

(c) Double-spiral medallion with period-135 central baby Mandelbrot set

16

(.plpz P2y .plpzlénglj,locatedat ~0.16092059 +1.03663239 i .

(d) Triple-spiral medallion with period-147 central baby Mandelbrot set

11

(.p]p]p2 PP .plplpzllplplnglj,locatedat ~0.15403780 +1.03692215 i .

5. Conclusion
The multiple-spiral medallions (msm) are structures of the Mandelbrot set with
central symmetry. They are composed by an infinite number of baby Mandelbrot sets

and are a generalization of the known cauliflowers or single-spiral medallions. As we
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show, the msm’s are in the tendrils of each midget of the Mandelbrot set. At the same
time, as is known, such a midget (parent) is located at a branch of the shrub that
emerges from the Myrberg-Feigenbaum point of the period doubling cascade of a disc
(gene). In general, a baby Mandelbrot set has a high period. Hence, we think that so far
the binary expansions of its external arguments could not be calculated and were
difficult to obtain by brute force because of the excessive number of bits. We have
conjectured that the pair of binary expansions of the central baby Mandelbrot set of a
structural msm can be obtained by an easy composition of the binary expansions pairs
of both the parent and the gene. In the same manner, we have conjectured that each one
of the binary expansions of a non-central baby Mandelbrot set of a structural msm can
be obtained by an easy composition of binary expansions of both the central baby
Mandelbrot set and the parent. Subsequently, we can group these binary expansions in
pairs having the same kneading sequence. These two conjectures allow us to write the
binary expansions of the external arguments of the baby Mandelbrot sets of a multiple-

spiral medallion in an easy and structured way.
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Table I. Binary expansions of the central baby Mandelbrot sets

of the multiple-spiral medallions when i < 3.

i=1 i=2

i=3

(-p1g1v .p2g2) P1P81> -P2P28»

D\PPi8is -PrPrPr8» )

YLVLVLELY -plplngl)

PiPiP28rs PP P&

( )
(pe: pa) (pmrg ppg)

(-

(-

PP>8rs -PaP1& )
DD\ &> 'pzngl)

)
)
P1P2P>8>s 'p2p1p1g1)
)

PP P\&ys -PrPiP28

PP P85> -PaPr P18

(-
(-
(-
(Pr.piger PiPPag:
(-
(-
(-
(-

)
PPrD18>s -pzpzngl)
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Table II. Binary expansions of the baby Mandelbrot sets of

the single-spiral medallions when j<3.

J=1 Jj=2 Jj=3

( P> 1p2) \P1Drs - 1p1p2) PP Ds - 1p1p1p2)

bppyps - lplpzpz)

b,p\p,, - 2p1p2) bp,pp, - 1p2p1p2)

(2

(.21 Ba22)  (BiP2pr. Bipops)
(
(2

LD Dys - 2p2p2) bp,p,p,; - 1p2p2p2)

b,pipyp)s - zplplpz)

b,pipyps - zplpzpz)

b,p,p,p,, b,p,p,p, )

(4
(
(
(
(
(
(
(4

D2 Do D> - 2p2p2p2)
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Table III. Binary expansions of the baby Mandelbrot sets of

the non-spiral medallions when j<3.

j=1 j=2 j=3

('blpli' -bzpz)

bppp, b

hP2PrPs

bppp,, .

b,p,p,p,

bpp,p,

b,p,p,p,

( )
(822 221)  (Bipi22e Do)
( )
( )

bpp,p,,

b,p,p,p,

b,p,p,p,

b p,p.p,, -

b,p,p,p,

bp,p,p, -

b,p,p,p,

bp,p,p,, -

(
(
(
(
(.22
(
[
[

)
n)
)
)
)
n)
)
)

b,p,p,p,

16



17

Figure captions

Fig. 1. External rays and external arguments in the Mandelbrot set.

Fig. 2. (a) General view of the Mandelbrot set. (b) Magnification of the midget

(.001 1 .0100) showing its shrubs (gross lines) and tendrils (thin lines).

Fig. 3. A detail of the tendrils in the cusp of the midget (.001 1, .0100) . The midgets of

the tendrils are surrounded with decorations.

Fig. 4. Tendrils of the midget (.001 1 .OlOO) . (a) Near the tangent point of the cardioid
with the period-2 disc. (b) Near the tangent point of the cardioid with a period-3 disc.

Fig. 5. Multiple-spiral medallions in the Mandelbrot set near the midget

(5011, 5100).

Fig. 6. Multiple-spiral medallions with low period central baby Mandelbrot sets. The

parent and the gene are, respectively, (;1, p_z) :(.0011, .0100) and

(.El, g_z) :(.W, W)) (a) Non-spiral medallions. (b) Single-spiral medallions. (¢)
Double-spiral medallions. (d) Triple-spiral medallions.

Fig. 7. Examples of the parent and the gene of a multiple-spiral medallion. (a) The

parent is in a primary shrub. (b) The parent is in a secondary shrub.

Fig. 8. A sketch of the ordering of the binary expansions pairs of the central baby

Mandelbrot sets of multiple-spiral medallions.

Fig. 9. External rays and binary expansions of the central baby Mandelbrot sets of

multiple-spiral medallions, i <3, surrounding the parent (;1, p_2) :(.0011, .0100).

The gene is (El, g_z) :(.W, W))

Fig. 10. Location of the baby Mandelbrot sets with binary expansions .b,p.pg... Py
%(_/

J
(j <3) inside of multiple-spiral medallions. (a) Non-spiral medallion; (b) Single-spiral

medallion; (¢) Double-spiral medallion; (d) Triple-spiral medallion.
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