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Abstract

The aim of this paper is to investigate, in a bounded domain of R?, two blend-
ing sums of univariate and bivariate C! quadratic spline quasi-interpolants.

The main problem consists in constructing the coefficient functionals as-
sociated with boundary generators, i.e. generators with supports not entirely
inside the domain. In their definition, these functionals involve data points
lying inside or on the boundary of the domain. Moreover, the weights of
these functionals must be chosen so that the quasi-interpolants have the best
approximation order and a reasonable infinite norm.

We give their explicit constructions, infinite norms and error estimates.
In order to illustrate the approximation properties of the proposed quasi-
interpolants, some numerical examples are presented and compared with
those obtained by some other trivariate quasi-interpolants given recently in
the literature.
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1. Introduction

The reconstruction of volume data is an active area of research, due to
its relevance to many applications, such as scientific visualization, medical
imaging and computer graphics (see e.g. Niirnberger et al. 2005 and the ref-
erences therein). These reconstructions require an appropriate non discrete
model of the given gridded volume data. Standard approaches use trivari-
ate tensor-product of splines (see e.g. Barthe et al. 2002; Meissner et al.
2000), like trilinear continuous splines and triquadratic and tricubic smooth
splines. Other approaches, proposed in the last years, consist in trivariate
macro-elements (see e.g. Lai and Le Méhauté 2004, Lai and Schumaker 2007,
Chap.18, Schumaker and Sorokina 2005; Schumaker et al. 2009 and the ref-
erences therein), in the local reconstruction of volume data by using splines
given in Bernstein-Bézier form (BB-form) (see e.g. Nirnberger et al. 2005;
Rossl et al. 2004; Sorokina and Zeilfelder 2007) or in trivariate box splines
(see e.g. Entezari and Moller 2006; Entezari et al. 2008, 2009; Kim et al.
2008; Remogna 2010b,c).

In this paper, following the method proposed in Delvos and Schempp
(1989, Chap.6), we investigate blending sums of univariate and bivariate C*
quadratic spline quasi-interpolants (abbr. QIs) whose data points are inside
or on the boundary of the domain Q of R?. In Sablonni¢re (2003a,b) the
author proposes a blending sum of univariate and bivariate C!' quadratic
QIs using different types of B-splines, with multiple knots and with supports
included in 2. Instead, here we use generators of one type, which is an
advantage from a computational point of view, and with supports overlapping
(). The main problem consists in finding the coefficient functionals associated
with boundary generators involving, in their definition, data points inside or
on the boundary of the domain.

First, in Section 2 we define the blending sum of a univariate QI and
a bivariate one, and, in Section 3 we present several ways of constructing
quasi-interpolants on bounded domains of R and R%. Then, in Section 4 and
5 we introduce three different types of quadratic QIs on uniform meshes of a
bounded interval of the real line and on a uniform criss-cross triangulation of
a bounded rectangle, respectively. In Section 6, we study trivariate blending
sums of univariate and bivariate QIs defined in the previous sections. In
order to define these trivariate blending sums, special tensor products of
univariate and bivariate C! quadratic B-splines are used and they yield to
C"! trivariate piecewise polynomials of degree four. Finally, in Section 7, we



present some numerical examples illustrating the approximation properties
of the proposed trivariate quasi-interpolants.

2. Construction of trivariate blending sums of quasi-interpolants

In this section we define the blending sum of a univariate QI and a bi-
variate one.

Let Q" € R and Q" C R? be bounded domains. Let {B,(z,%), o € F},
F C 72 be an appropriate set of bivariate B-spline functions spanning a
space of bivariate splines of degree p defined on a uniform triangulation of €’
of mesh size h > 0, and let {B,(z), a € F}, F C Z, be an appropriate set
of B-spline functions in one dimension, spanning a space of splines of degree
p defined on a uniform partition of Q" of step-length h.

We consider bivariate and univariate quasi-interpolants (see e.g. de Boor
2001, Chap.12, Lyche and Schumaker 1975, for the univariate case and de
Boor et al. 1993, Chap.3, for the bivariate case), Pf(z,y) and Pf(z), of the

form
=t F)Balr,y) = > wun(HBuplz,y), (1)

acF (i,9)EF

=D i(f)Bi(z). (2)

keF

where the coefficients {yo, @ € F} and {fix, k € F} are local linear func-
tionals which are combinations of values of f at some points lying in a neigh-
bourhood of the support of the corresponding B-spline. More specifically,
given the sets of data points {M,, o € Fy} and {uy, k € F,} (Fyy C 72,
F,, C 7 finite sets of indices), we consider coefficient functionals of type

pa(f) = Z 0a(B)f(Mps), 0a(f) €R, (3)
BeF,

k(f) = Z e(B) f(ug), ar(B) €R, (4)
BEFy

where F, C Fy and Fj, C F,. Furthermore, the QIs P and P are exact on
some polynomial space P,[z, y] and P[], respectively.

From the expressions (1) and (2), after some algebra, we get the following
expressions for P and P

Pflz,y)= Y, [(May)Lap(zy),  Prz)=> flux)(f)Li(2),

(4,)EF M kEF,



where L; j(z,y) and Ly(z) are called quasi-Lagrange functions associated
with P and P respectively, and given by linear combinations of B-splines.
This form is more convenient for the definition of the trivariate blending
sum and it is useful to compute the infinite norm of the QIs. Indeed, the
infinite norms of P and P are equal to the Chebyshev norms of their Lebesgue
functions respectively defined by:

A= > |Ligl, A=) |L

(1,5)EF M keF,

and | Plloc = [1Allo. 1Pl = ||A]

Furthermore, according to classical results in approximation theory (see
e.g. DeVore and Lorentz 1993, Chap.5, Lyche and Schumaker 1975 for the
univariate case and de Boor et al. 1993, Chap.3, Dagnino and Lamberti 2001;
Foucher and Sablonniere 2008; Lyche and Schumaker 1975 for the bivariate
one) and, in view of the exactness of P on P,[z,y] and P on Pj[z], we have
that the rate of convergence is O(h?) for the two-dimensional case and O(h?)
for the univariate case, i.e.

If = Pflloe < KW (ISP, |If = Pl < ER2{[FP|,

for some positive constants K, K and sufficiently smooth functions f.
We define the trivariate extensions (Delvos and Schempp, 1989, Chap.6)
of the QIs P and P in the following way

P ZEy, Z fM(z] ( y)
ZJEFM
.T Y, 2 Zf x yvuk’ ( )
keF,

Now we construct the trivariate blending sum. Let Q = Q' x Q" and
let B x(z,y,2) = Bij(x,y)Bi(z), (i,j) € F, k € F be the tensor product
B-splines of degree p+ p spanning the tensor product spline space defined on
() on a partition obtained from the univariate and the bivariate ones.

We consider two bivariate QIs P, and P, exact on the spaces P, [z, y] and
P,, [z, y], respectively

Pif(z,y, 2 Zf (fﬂy)

(1,9)EF M

(l ])GF]M
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with p; < p and two univariate QIs P, and P, exact on the spaces P, [2]
and IP;,[2], respectively

Pif(zy.2) =Y fleyw)l(z), Pof(ey.2) =Y fleyw) L (2),

keF, keF,

with p; < py and we define (Delvos and Schempp, 1989) the trivariate blend-
ing sum B B B

R=PP,+ PP —PP.
It is a piecewise polynomial of degree p + p and it can be written in the
following form

Rf(x,y, Z) = Z f(M(i,j)’uk)L(i,j,k)<x7y72) (5)

(ifjfk)EFZWXFu
where the trivariate quasi-Lagrange functions are defined by
Lija(r,y,2) = L) () LY (2) + L) (2. 9) L0 (2) = L (@, 9) L) 2).

We recall that the operator R can be also expressed in terms of tensor product
B-splines B; ; x(x,y, 2).
We can state the following important properties of R.

Theorem 1. The operator R is exact on the subspace Pp = (Pp,[z,y] ®
Py, [2]) @ (Pp,[z,y] @ Py, [2]) of the space Pp,[x,y] @ Pp,[2]. Moreover the
infinite norm of R is bounded by

1Bl < 1Pl [[ P2l o + 1122l (| 22| + 122N 122l

Proof. Following the same logical scheme used in Theorem 4.1 of Sablonniere
(2003a), the exactness of R on the space Py follows from the definition (5)
and from the exactness properties of each operator Py, P, Py, Ps. O

Moreover, since P C P,[z,y, 2|, with ¢ = min{ps, p2}, standard results
in approximation theory (see also Demichelis and Sablonniere 2007, 2010 for
the case of trivariate blending sums of univariate and bivariate quadratic
QIs) allow us to deduce the following theorem, where

- wlpt) = max{lp(n) — ¢ 1.y € Q, Jr—y| < #} is the usual
modulus of continuity of ¢ € C'(2);

5



18] .

- w(D"f, h) = max{w(D’f,h), |B8] =1}

Theorem 2. Let f € C"(Q), r = 0,1,...,q. Then there exist constants
K, > 0 such that
If = Rfllo < Keh'w(D"f, h).

If in addition f € C9T1(Q2) then there exists a constant K, > 0 such that

If = Bflle < Kyah®™ max [|D7f]]_,.

We also introduce the concept of superconvergence. If we have a quasi-
interpolant P (P for the univariate case) exact on P,[z,y] (P5[z]), then (f —
Pf)is O(h?) ((f — Pf) is O(hP)) for sufficiently smooth functions. We say
that the QI satisfies superconvergence properties at a specific point M if
(f = PHM) = O(w) (f — Pf) s O(WPH)).

Therefore, if we suppose that the operators P, and P, show superconver-
gence properties respectively at the sets of points {M3} C {M,, o € Fy}
and {ui} C {uy, k € F,}, then the operator R presents superconvergence
properties on the tensor product grid of the points considered in the univari-
ate case and the points of the bivariate case, i.e. the set of points {(M}, u})},
and we have the following result.

Theorem 3. At the points {(MZ,u3)}, the operators R is exact on the sub-
space (Ppl [LL‘, y] ® Pﬁﬁ-l['z]) 2 (PPQ-l-l[xu y] ® ]P)ﬁl [Z]) Of the space Pp2+1[17,y] ®
]Pﬁ2+1[z]'

In Section 6, we apply the technique proposed in this section for the
construction of trivariate blending sums to the univariate and bivariate C*
quadratic QIs introduced in Sections 4 and 5, respectively, and constructed
using the methods proposed in Section 3.

3. On the construction of quadratic spline quasi-interpolants

In this section we introduce general methods that will be applied in Sec-
tions 4 and 5 for the construction of univariate and bivariate quadratic QIs,
respectively (for the bivariate case see Remogna 2010a).

The construction of such coefficient functionals is related to the differ-
ential quasi-interpolants (abbr. DQIs) Q, Q exact on Py[x,y] and Pofz],

6



respectively, defined by (Sablonniere 2003a, Schoenberg 1973, Chap.2 for the
univariate case and Sablonniere 1982, Chap.6, for the bivariate case)

Qe = Y (fl0) - G as@) Bale) )

a€Z?

Q1) = X (£09 - 51w Bt )

kEZ

By convenient discretisations of (partial) derivatives in (6) and (7), some
quasi-interpolants based only on function values are proposed in Sablonniere
(2003a,b).

If we use these QIs in a bounded domain, the coefficient functionals as-
sociated with boundary generators (i.e. B-splines with supports not entirely
inside €2) make use of data points outside €2 (see Foucher and Sablonniere
2008 for d = 2). In order to use only data points inside or on the boundary
of €2 we have to define new coefficient functionals for boundary B-splines.

Thus, we propose two different methods of constructing boundary func-
tionals: one method leads to an operator called near-best and the other leads
to an operator that exhibits superconvergence properties at some specific
points of the domain.

3.1. Near-best quasi-interpolation operators

The near-best quasi-interpolation operators are obtained by minimizing
upper bounds of their infinite norms. This method is described and used in
Barrera et al. (2003, 2008, 2009); Ibanez (2003); Remogna (2010a,c).

From (3) (similarly for the univariate case (4)), it is clear that, for || f|le <
land a € F, |pa(f)] < ||loalls where oy, is the vector with components o, (3),
from which we deduce immediately

< < <
PA < " lalf)] Ba < maxpo(£)] < max ouls

aclF

therefore
[ Ploe < max|[|oglf1.
acl

Now we try to find a solution o € R 4(Fa) of the minimization problem
(see e.g. Barrera et al. 2003, Ibdanez 2003, Chap.3)

ok ]|y = min {||oa]]1; 04 € Reard(Fo) V7 5 = b},

7



where V0, = b, is a linear system expressing that P is exact on Py[z,y|. In
our case we require that the coefficient functional coincides with the differ-
ential one for f € Py[x,y]. This problem is a [;-minimization problem and
there are many well-known techniques for approximating the solutions, not
unique in general (see e.g. Watson 1980, Chap.6). Since the minimization
problem is equivalent to a linear programming one, here we use the simplex
method.

3.2. Quasi-interpolation operators with superconvergence properties

These quasi-interpolants are constructed in such a way that a phenomenon
of superconvergence occurs at some specific points of the domain.

If we construct an operator P exact on Py[z, y], then f — Pf is O(h?) for
sufficiently smooth functions. If we want superconvergence, i.e. f — Pf =
O(h') at some specific points, we have to require that, for f € Pslx,y],
the quasi-interpolant P f interpolates the function f at those points. So we
impose Pf(M) = f(M) for f € Ps[z,y|\P2]x, y] and M specific point of the
domain.

This leads to a system of linear equations with free parameters which are
determined by minimizing the infinite norm of the functional and solving the
corresponding /{-minimization problem.

The same technique is used for a univariate QI P exact on Py[z].

4. Quadratic spline quasi-interpolants on a bounded interval

Let Q" = [0, m3h] be a bounded interval of the real line endowed with
a partition 7y, into mg subintervals of length h. We denote by Sz(", 7,,,)
the space of C! quadratic splines on this uniform partition. This space is
generated by the (m3 4 2) quadratic B-splines { By, k € A”} (de Boor, 2001,
Chap.9), (Chui, 1988, Chap.1), where A” = {k, 0 < k < m3+1}, with simple
knots {kh, —2 < k < m3 + 2}.

We use the set of (mg + 2) data points {ug, k € A”} defined by

1
ug = 0, uk:<k—§>h,k:1,...,m3, Umgt1 = M3h, (8)

and we denote the values of a function f at these points by fi = f(ux).
In this space we consider three distinct univariate operators. The first
one, S, is related to the well-known Schoenberg-Marsden operator (see e.g.



Marsden 1975). The other two operators @; and @, are related to the uni-
variate operator Sy proposed in Sablonniere (2003a), exact on Py[z] and de-
duced from (7) by replacing the second derivative by a second order divided
difference based on three consecutive points. It has the form

Q f=) ( P2 fk L fk+1)> By. (9)

keZ

Using the two different strategies introduced in Section 3, we construct
boundary functionals associated with the B-splines whose supports are not
entirely inside the interval €.

In the interior of the domain, i.e. for & = 2,...,m3 — 1, the quasi-
interpolants @, and Q, make use of the same inner functionals given in (9).

4.1. The Schoenberg-Marsden-like operator Sy
The Schoenberg-Marsden-like operator is defined by

Sif = Z Ye(f)Br = Z frLy,
ke A" keA

with coeflicient functionals

Yo (f) =2fo = f1, Mollee =3, Fmst1(f) = 2fimat1 — frmss [|[Tmg+1lloc =3
Wk(f):fkv ||’7/€||00:17 k:1,...,m3,

ensuring the exactness on P;[z] and quasi-Lagrange functions given by

Lo = 2B, L, = By — By,
Lk:Bk7 k:2,m3_1,
ng = Bm3 - Bm3+17 Lm3+1 = 23m3+1'

4.2. The near-best operator Q;
Now we define a QI exact on Py[z]

Qi f = Z fir(f) By, = Z fLy,
keA" keA"

where the boundary functionals are functionals of near-best type (see Section
3.1). For example, in order to construct the coefficient functional fig, we
consider a 4-point linear functional of the form

fo(f) = aifo+ asfi + asfo + asfs.

9



We impose fio(f) = (f — %f”)(—%), for f =1, 2, 22, obtaining the exactness
on the space Py[z]. This leads to the system:

a1 +as+as+ay =1, as + 3as+ das = —1, as + 9az + 25a4 = 0,

whose solution depends on the parameter ay

7 8 3+5 1 10
a1 = - — =a a9 = —— a a3 = — — —Aay.
1 3 347 2 9 4, 3 6 3 4

Minimizing the norm ||fig|| We obtain

23 o —0. a 5 " 3
ar = — g —= -, = -,
1 15 ) 2 ) 3 6 4
with ||fio]|eo ~ 2.67.
Following the same logical scheme we construct the other coefficient func-
tionals:

To(f) =2fo—2fo+ & fs  |iollo = & ~ 2,67
m(f)=2sf+3fo—5fs |ille=2=125
umg(f) = 7fm3 + gt = L fmgey A lloo = 2 = 1.25
Fong11(f) = B fng 11 = g st + 15 Fms—20 Nimyralloo = § = 2.67.

[e]

For k =2,...,mg — 1, the fi;’s are defined by (9), i.e

ialf) = 2fe = g0+ i), el =3 =15

The quasi-Lagrange functions Lg) are

L) =8B, L) =iBi—{By L =-1By+iBy+ B - 1B,
LY = 1B, + 3By — 1B, — 1B, + 3By,
LS) = %Bk—%(Bk—1+Bk+1)> k_4,...,m3—3,

Lfv}bifQ = leg 3+ 5Bm3 2 — éBmS 1— le + %BmSH’
L%%—l - le3 2+ Bm3 1 _’(_1) Bm3 - Bm3+17
Liny = IBy, — ;Bmg,l, LY 1= 2B

10



4.3. The operator Qs with superconvergence properties

The second QI exact on Py[z], is defined by Foucher and Sablonniere
(2000)
Qaf = Y M(N)Br= > AL,
keA” keA”

where the boundary functionals are choosing to induce superconvergence at
the knots 7,,, and the midpoints {ug, & € A"} defined by (8) (see Section

3.2). The corresponding quasi-Lagrange functions L,(f) are
Ly = —2Bi+ 2B, LYY =-1B,+ 2B - LB,

LéQ) = —éB:s + %Bz - %Bl + %1307 L:(%Z) - _%B‘l + %Bff‘ - %BQ T ﬁBl N ﬁBO’
L’(i_l) = %Bk_%(Bk—l_’—Bk—Fl)v ]{3:4,...,7713—3,

2
Lé%_Q = _%Bm:a—?» + 237713—2 - %Bm:%—l + %Bmd - 4_1[)Bm3+1’
L’”’Q’B*l = —%Bm372 + ZBmsfl - zlleS + %B2m3+17
Lﬁng - _%Bm?)—l + lsfsBm?) - %Bmﬁh Lfniﬂ = _éBm:a + %Bmzﬁ-b

For the operators above introduced, the following results are immediate:

e the infinite norms of S;, @, and Q, satisfy

_ - 19 - 73
H&M:L|@mm:EzL%J@ﬁm:@zL@
e in view of the exactness of Q,, v = 1,2, on Py[z], we have that the rate
of convergence is O(h?), i.e. for a function f € C3(Q2”) then there exist

positive constants K,, v = 1,2, such that
If = @ufll, S B[O, v=12

5. Quadratic spline quasi-interpolants on a bounded rectangle

Let ' = [0,mh] x [0,mzh] be a rectangular domain divided into mymq
squares, each of them subdivided into 4 triangles by its diagonals. We denote
by So(, Ty ms, ) the space of C! quadratic splines on the triangulation 7, m,
of ' obtained in this way. This space is generated by the (m; + 2)(msy +
2) scaled translates of the classical Zwart-Powell quadratic box spline (ZP-
element) {B; ;, (i,7) € A’} (de Boor et al. 1993, Chap.1, Chui and Wang 1984,
Chui 1988, Chap.3), where A" ={(4,7), 0<i<my; +1,0<j <my+ 1}.

11



The set of data points {M; ;, (i,7) € A’} is formed by the centers of the
squares (mjmgy points), the midpoints of boundary segments (2(m; + ms)
points) and the four vertices of €'. These points are defined by M, ; = (s;,t;)

where o .
s0=0, s;=(—3)h, 1<i<my, Smqp1=mah,

to=0, t;="(j—3h 1<j<my lm=mah.

The values of the function f at those points are denoted by f; ; = f(M; ;).

As in the univariate case, we define three different quasi-interpolants.
The simplest one, S, is a bivariate extension of the Schoenberg-Marsden
operator (Chui and Wang, 1984; Sablonniere, 2003a,b). The other two kinds
of operators, constructed in Remogna (2010a), are related to the operator Ss,
proposed in Sablonniere (2003a,b), exact on Py[z,y] and obtained from (6)
by replacing the Laplacian A by its five points discretisation. The operator
Sy has the form

(10)

Qf= ) (; i~ 1(J‘}-Lj + fivrg + fig—1 + fm'+1)> By (11)

(i,5)€Z2 8

Using the two different strategies introduced in Section 3, we have con-
structed in Remogna (2010a) the boundary functionals, associated with the
box splines whose supports overlap with €.

5.1. The Schoenberg-Marsden-like operator Sy
The first operator is defined by

Sif = Z i, (f)Bij = Z fiiLig,

(i,j)eA! (i,j)eA!

with v ;(f) = fij, |Vijllco=1fori=1,....,mq, j=1,...,my and

Yo.0(f) = 4foo—2(fro+ fo1) + fir, 00l =9
Yio(f) = 2fio— fir, |iolle =3 i=1,...,my.

For the three other edges and vertices of €' we have analogous formulas.
These coefficient functionals are constructed in order to ensure the exactness
on the space of bilinear polynomials, Py[x,y] spanned by {1, z, y, zy}.
We can express the quasi-interpolant S;f by means of the quasi-Lagrange
functions L,. After some algebra, we get in the neighbourhood of the origin

Loo=4Boo, Lio=2B19—2Bog, Li1=DBi1+ Boo— Bio— Boa-

12



Along the lower edge, for ¢ = 2,...,m; — 1, we get:
Lio=2B;o, Liy = Bi1— Bip,

and analogous formulas for the three other edges and vertices of €. For the
pairs (¢,7) withi=2,...,m; —land j =2,...,myg — 1 we have L, ; = B, ;.

Studying directly the Chebyshev norm of its Lebesgue function defined
by A =3 jyear |Lijl, We obtain

151llee = Al = 1.

5.2. The near-best operator ),

Now we define a QI exact on Py[z, y]

Qif = Z 1 (f)Bij = Z fi,jLz(‘,lj)7

(i,j)eA (i,j)eA!

where the boundary functionals are of near-best type (see Remogna 2010a
for detail). By the functional definitions, after some algebra, we get the
quasi-Lagrange functions L,(ll), with

(1) o 3 1

i = §Bz',j — é(Bi,jfl + Biji1+ Bic1j + Biy1))

for the pairs (i,j) with i =4,...,m; —3 and j = 4,...,ms — 3. The other
LZ(-}j)-splines have particular definitions. In the neighbourhood of the origin
we have

Ly = 2Byo + 3(Bio+ Boy), Ly =0,
ng = _glJB0,0 + %Bzo — %30,1 + %BI,O, Lga = %Bg’o + 13—03071 — %BI,O,
Lgli - %BLI N %BO’O’ Lél} = _%Bw + %BZI + %LBI,I - %32,2 - 1_1631,2 - %Bo,l,
Lgli = —2B11+ £Bs1 — §Bs2 — 15 B2,
ng = —35(Boz + Bag) — 35(Bs1 + Buig) + §(Biz + Bay) + 15Boo
—5(Bos 4 Bsg) — §(Bas + Bsy) + 5 Bay,
Lél% = 3B32— §Bs3 — §Buo — §Bao — 35Bau + §Bs1 — 15B1s + 15 Boz

_éB4,2 - 1_72.83,0 — 1_16B471 —_ %B2:27
Lél% = —3(Bsz+ Bog) + 35(Bso+ Bog) = 15(Biz + Baj) + 583
_1_16(31,4 + Bayj) — %(33,4 + By 3).
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Along the lower edge, for i = 4,...,m; — 3, we have:

(1) _ 23 1 _ 7 1
L@o - 1_531'70a Li,l - gBi,l - §Bi,27

LYy = —LBio— Y(Biro + Bivro) + 2Bi1 — 5 (Bi1a + Bisia)
+35 Bz 2 (Bz 1,2 + Bz+1 2) Blg,
Lgl?)) = 1 B 16(Bic11 + Bij11) — 831,2 + 2B

é(Bz 1,3 + Biy13) — §Bia,

and analogous formulas for the three other edges and vertices.

5.8. The operator Qs with superconvergence properties
The third QI, exact on Pylx, 3], is defined by

Qf = Y Nj(NBij= > fiLl),

(1,5)eA’ (i,5)€A

where we choose boundary functionals inducing superconvergence at some
specific points (see Remogna 2010a for detail). Using the notations given
in (10) these specific points are (see Fig. 1): the vertices of squares V,; =
(rh,lh), r =0,...,mq, [ = 0,...,mg, the centers of squares M,; = (s,,1),
r=1,...,my, |l = 1,...,mg, the midpoints C,; = (s,,lh) of horizontal
edges V,_1, V., m=1,...,my, Il = 0,...,mg, the midpoints D,; = (rh,t)
of vertical edges V,;_1V,;, 7 =0,...,mq, l =1,...,my. We remark that if
A" = Z? the quasi-interpolant defined by (11) is superconvergent at these
points (Foucher and Sablonniere, 2007).

Viciy Cr Vi

D, 1,0 M., oD,

Vicig—r Crmr Vi

Figure 1: Points where the operator ()2 shows superconvergence properties.
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We can express the quasi-interpolant ()5 f by means of the quasi-Lagrange
functions LY with

3 1
Lgi‘) = §Bz’,j - é(Bi,jfl + Bijw1 + Bic1j + Biyij)
for the pairs (i,j) with i =4,...,m; —3 and j = 4,...,ms — 3. The other
Lg?j)—splines have particular definitions. In the neighbourhood of the origin
we have

Ly = Y8R, — 4By, LU =8B~ BBy, — 5B,
Lé?& = — LBy — &B11+ 2By — 5 Bs1 — 55 B2 + DB,
Li(f()): 112341+ 23OBO1+ 2Bs0 — 1321—%33,1,
sz()) = 224300 + 3 B40 12031 0— B - 1—1233,1 - ﬁBm,
Lﬁ = -8By — 40(31,0 + Bo,a) + 2OB1,1 — 2(Bayo + Bo2),
Lgi = —4731 0— 3Bso— B3 — 5 Bi1 + 2By 4 £ By — 5:B12 — £ B2y,
L:(azi = 5303 Bzo B3 — 1Bio — B0y + 15811+ £Bs1 — £ B3,
L% = 3;;30 o+t 3 (Bo 1+ Big) + %(33,0 + By3) — %Bm - %(31,2 + Bs1)
(Bl 3+ Bs1) — —(323 + B3,2) + %Bz%
L:?% = 160300 + $Boo+ $Buo — 57821 — 3;B41 — §Bs1 — 15802
+4OBL2 B2,2 —342 + B32 1Bs 3
L% = —5(Bso+ Bogs) + 35(Bs1 + Bis) — §(Bsz + Bas) + 3Bs3
—5(Bsa + Byg).
Along the lower edge, for i = 5,...,m; — 4, we have:
Lz(‘?o) = %B@O B (Bz 11+ Bit11),
and for i =4,...,m; — 3:
Lz(,zl) = —2B;o— 1(Bic10+ Bit10) + £Bi1 — §Bia,
LEQ) = %(Bz 10 + Bit10) — GBz 1= 24<Bi—1,1 + Bit11) + gBi,z
é(Bz 12+ Bit12) — 13137
L§23) = 4031,0 + 4031,1 éBz,z + ng‘,s - %(Bifl,?; + Biy13) — %Bi,4~

Analogous formulas exist for the three other edges and vertices.

For the operators above introduced, the following results are valid:
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e the value of the infinite norm of () is less than 2, and that of ()5 is less
than 3 (see Remogna 2010a);

e in view of the exactness of @,, v = 1,2, on Psy[z,y|, we have that the
rate of convergence is O(h?), i.e. for a function f € C3()') then there
exist positive constants K, v = 1,2, such that

If = Qufll < K1 max |1D°f|l,, v=1.2

6. Trivariate blending sums of C! quadratic spline quasi-interpolants

In this section, we apply the technique and the results of Section 2 to
study trivariate QIs on a parallelepiped ©Q = [0, m1h] x [0,mah] x [0, mzh]
which are blending sums of trivariate extensions of univariate and bivariate
QIs defined in Sections 4 and 5.

We divide © into mymgms equal cubes (see Fig. 2(a)) and each cube
is subdivided into 4 vertical prisms with triangular horizontal sections (see
Fig. 2(b)). Thus, we obtain the partition Pp,, m = (mq, mg, m3), that is the
tensor product of a uniform criss-cross triangulation of [0, mh] x [0, mah]
and a uniform partition of the segment [0, msh].

Figure 2: The parallelepiped 2 divided into equal cubes (a) and the subdivision of a cube
into 4 vertical prisms with triangular horizontal sections (b).

For the projection Q' = [0,m1h] x [0, mgh] of Q on the zy—plane we use
the notations of Section 5, and for the projection Q" = [0, m3h] of Q on the
z—axis we use the notations of Section 4.

The set of data points is given by {(M; ;, ux) (i,7) € A', k € A"}, where
(M; j,ug) = (8;,t5,uy), with s;,t; defined by (10) and uy by (8).
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We consider the two families of univariate B-splines { By, k € A"}, defined
in Section 4, and of bivariate box splines {B; ;, (i,7) € A'}, defined in Section
5. Therefore the spline space Sz 2(€2, Pm) is generated by the (my + 2)(maq +
2)(ms + 2) tensor product B-splines

B@j’k(I,y,Z) = Bi,j(xay)Bk<Z>v IS A7

Their properties are immediate consequences of properties of bivariate and
univariate B-splines; in particular they are positive and form a partition of
unity on €.

Given the trivariate extensions of bivariate and univariate QIs

Slf(x,y,z) = Z f(xayauk)Lk<Z>7

ke A"

QU x?/; foy7uk (Z>7 U:]-az

keA”

51 l’ Y,z Z f Szatjaz 7](1‘ y)

(3,7)€A’

Qv xy, Z fSZ,t],Z (1‘ y) U:1,2

(i,5)€A!

we define the trivariate blending sums
Rv = SlQU + Qvgl — 5151, vV = 1,2

which are trivariate piecewise polynomials of degree four. Setting

L) (2,9, 2) = Lij(a,y) LY (2) + L) (2, y) Li(2) — Lij(x,y) Li(2)

we obtain
§ fsut]auk ”k
(i,5,k)€A

From Theorems 1, 3 and 2, we can state the following results

Theorem 4. The operators R,, v = 1,2, are exact on the 16-dimensional
subspace (P11[z,y] ® Pylz]) & (Palz,y] ® Py[z]), spanned by monomials {1,
T, y, 2, 12, Y%, 22, vy, xz, yz, ¥z, 12, y’z, y2?, wyz, xyz2*}, of the 1§-
dimensional space Po[x,y] @ Py[z]. Moreover their infinite norms satisfy

55 265
|1 R < 1 ~ 4.58 and ||Ry| < Ty ~ 5.52.
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According to the superconvergence properties of the univariate and bi-
variate operators @, and @, the operator R, presents superconvergence
properties on the tensor product grid of the three points of each interval
considered in the univariate case (see Section 4) and the nine points of each
square of the bivariate case (see Section 5), i.e. the operator Ry presents
superconvergence properties at the points

Vij.kh) = (ih,jh,kh), 0<i<my, 0<j<my, 0<k<mg;
Vijsug) = (th, jhyug), 0<i<my, 0<j<mg, 1<k<ms;
M; ;, kh) = (si,tj,kh), 1<i<mi, 1<j<ma, 0<Ek<ms;
M, j,ug) = (sitj,u), 1<i<mi, 1<j<my, 1<k<mg (12)

Cij, kh) = (si, jh,kh), 1<i<my, 0<j<my, 0<k<ms;
Cijruk) = (si,jhyur), 1<i<my, 0<j<my, 1<k<ms;
D; ;,kh) = (ih,t;,kh), 0<i<my, 1<j<my, 0<k<ms;

(
(
(
(
(
(
(
(D

iy Uk) = (th,tj,ug), 0<i<mi, 1<j<my, 1<k<m;.

Theorem 5. At the points defined by (12), the operators Ry is exact on the
28-dimensional subspace (Py[z,y] @ P3[z]) @ (Ps[x, y]| @ P1[z]) spanned by {1,
x, vy, z, 22, Y%, 2%, xy, vz, yz, 3, 3, 23, 2y, wy?, 2%z, x2?, yPz, yiP,
ryz, B8z, w22, iz, y2?, 2yz, wyPz, xyz?, xyz2®} of the 40-dimensional space
Ps[z, y] @ Psz].

Moreover we deduce the following theorem.

Theorem 6. Let f € C"(2), r = 0,1,2. Then there exist constants K, > 0,
v =1,2, such that

If = Bofllo < Koph"w(D" [, h).

If in addition f € C3(Q) then there exist constants K,3 > 0, v = 1,2, such
that
If = Rofllss < Kosh® max || D7

7. Numerical Results

In this section we present some numerical results obtained by a computa-
tional procedure developed in a Matlab environment. These procedures are
constructed by extending those proposed in The MathWorks (2002), Dagnino
and Lamberti (2000a,b). We approximate the following functions:
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1. the smooth trivariate test function of Franke type

Ful@ g, 2) = 2eml0le—Pe-0) zel6<<x5>2+<yi>2+<zi>2>
L 10220 _ L oo 2e-22)
2 Y

on the cube [—3, 3

2. foz,y,2) = §tanh(9(z —z —y) + 1), on the cube [—3, 1]%,

3. the Marschner-Lobb function (Marschner and Lobb, 1994)

1 1]3
)

fg(l’,y,Z) =

/02 | 2
2(1—~1Fﬁl) (1 —sin%z—f—ﬁl (1+cos (27?52008 (%))))

B =1 and 5 = 6, on the cube [—1,1}?,

4 _ et the cube [0, 1]}

- falzyy, 2) = 0(c —2) sin7z, on the cube [0, 1]°.

For each test function, using a 130 x 130 x 130 uniform three-dimensional
grid G of points in the domain, we compute the maximum absolute error
Ef = maxqwyeq | f(u,v,w) — Qf(u,v,w)|, for @ = Ry, Ry, for increasing
values of my, mo and ms, see Table 1. In the table we also report an estimate
of the approximation order, rf, obtained by the logarithm to base 2 of the
ratio between two consecutive errors.

In Niirnberger et al. (2005) the authors propose a quasi-interpolation
method for quadratic piecewise polynomials in three variables in BB-form
and give some numerical results using the test functions fi, fo, f3. We denote
their quasi-interpolating spline by sq; and, in the fourth column of Table 1,
we report the corresponding maximum absolute error and the approximation
order estimate.

Furthermore, in Sorokina and Zeilfelder (2007) the authors propose a local
quasi-interpolation method based on cubic C! splines on type-6 tetrahedral
partition in three variables in BB-form and give some numerical results with
the test functions f; and f3. We denote their quasi-interpolating spline by scy
and, in the fifth column of Table 1, we report the corresponding maximum
absolute error and the approximation order estimate.

We can notice that the overall smallest error is obtained with the operator
Ry, although the bound for its infinite norm (and maybe also the infinite
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R.f Ryf sqf scy
mp = Mg = M3 Ef rf Ef rf Ef rf Ef rf
fi
16 6.5(-3) 3.3(-3) 4.3(-2) 4.3(-2)
32 81(-4) 3.0|23(-4) 3.8|1.1(-2) 2.0 1.1(-2) 20
64 9.5(-5) 3.1 | 1.8(-5) 3.7 ]28(-3) 2.0|28(-3) 2.0
128 8.4(-6) 3.5|1.9(-6) 3.2]6.9(-4) 2.0|6.9(-4) 2.0
f2
16 6.2(-3) 2.8(-3) 8.8(-3)
32 1.1(-3) 2.5(3.0(-4) 3.2|24(-3) 1.9
64 1.7(-4) 2.7 127(-5) 35|6.3(-4) 1.9
128 1.7(-5) 3.3 11.9(-6) 38| 1.6(-4) 2.0
/3
16 1.9(-1) 2.1(-1)
32 1.5(-1) 04| 1.3(-1) 0.7 | 1.8(-1) 1.8(-1)
64 3.2(-2) 2.220(-2) 27|12(-1) 05]|1.2(-1) 05
128 46(-3) 28| 1.5(-3) 3.7]4.0(-2) 1.6|4.0(-2) 1.6
J1
16 1.6(-4) 2.2(-5)
32 2.0(-5) 3.0|2.3(-6) 3.3
64 2.6(-6) 3.0|2.1(-7) 3.4
128 3.2(-7) 3.0 3.1(-8) 2.8

Table 1: Maximum absolute errors and numerical convergence orders.

norm itself) is greater than that of R;. Furthermore, we observe that for
these quasi-interpolants, the error decreases faster than for the quadratic
and cubic C! piecewise polynomials proposed in Niirnberger et al. (2005),
Sorokina and Zeilfelder (2007), respectively, but the computation time is
larger.
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