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Abstract

A fully implementable filtered polynomial approximation on spherical shells is con-
sidered. The method proposed is a quadrature-based version of a filtered polynomial
approximation. The radial direction and the angular direction of the shells are treated
separately with constructive filtered polynomial approximation. The approximation error
with respect to the supremum norm is shown to decay algebraically for functions in suitable
differentiability classes. Numerical experiments support the results.
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1 Introduction

This paper is concerned with constructive global polynomial approximation on spherical shells.
Problems on such domains naturally arise in a wide range of geosciences, and numerous com-
putational methods are proposed [7, 8, (13} 20, |25]. Nonetheless, theoretical analysis does not
seem to have attracted much attention. One recent result considered in [12] is a fully discretised
polynomial approximation on spherical shells. The method considered there can be seen as an
approximation of the L?-orthogonal projection. However, L?-projection is not the best choice
when one wants a small point-wise error—recall how the Fourier series of f on the torus may
fail to converge on any measure zero set if f is merely continuous [11]. This paper considers
a method with good uniform convergence using filtering. Our ultimate goal is to construct a
fully discretised filtered polynomial approximation method and analyse the errors.

A classical remedy for the failure of the Fourier series on the torus mentioned above is to
use a smoothing (or filtering) process such as Cesdro sums, Lanczos smoothing, or the raised
cosine smoothing [2]. An underlying idea is to smoothly truncate the series by multiplying the
Fourier coefficients of higher order by a suitably small factor.

Filtered approximations have also been considered for other regions, including the sphere
and the ball. A standard approach to show the convergence rate is to show the uniform
boundedness of the family of linear operators defined by the approximation, which readily
reduces the problem to the best polynomial approximation rate. To show such boundedness,
the assumption that the Fourier coefficients are given exactly is often fully utilised. See |18
21}, 13, |4] and references therein.



In most realistic applications the Fourier coefficients are not known, as integrals are not
computable exactly. As an alternative, quadrature-based approximations of these filtered
methods have been considered for various settings, particularly on the sphere [15, 23]. The
present paper considers a quadrature-based filtered polynomial approximation for spherical
shells S, = {x € R3 | ry, < ||@|y < ryue = rin + €}, Where 7y, < 1 <7y and 1y — 1y = € > 0
as a domain. That is, given a function f, we smoothly truncate its Fourier series by a suit-
able ‘filter’ h, and approximate Fourier coefficients by quadrature rules. The motivation is to
propose an implementable technique with a good point-wise convergence. Our results give,
to the best of our knowledge, the first theoretical results on constructive filtered polynomial
approximation on spherical shells. Our method requires only point values of the function we
approximate, and thus can be implemented exactly in a real number model of computation.

We regard S, as a product of the interval [ry,,7,,] in the radial direction and the unit
sphere S? in the angular direction. The product setting is natural, since in practice functions
on a spherical shell vary on different scales in the radial and angular directions. For example,
the mantle can be seen as a set of spherical layers with different characteristics [1}, |10, |5]. Some
properties of the atmosphere, such as the ionisation rate |9, p. 151], electric field [9, p. 155],
depend strongly on the altitude, and hence vary rapidly in the radial direction.

For a continuous function f € C(S,) we consider the approximation taking the following
form. Let J,ga’ﬁ ) (ar, B > —1) be the Jacobi polynomial of degree k mapped affinely to [ry,, Tou)
from [—1,1], and Y,,, be the spherical harmonics of degree ¢ and order m. More detailed
definitions are given later. Let h: [0,00) x [0,00) — [0,00) be a function with a compact
support that is non-increasing in each variable. Then, the method we propose takes the form

00 ¢
k¢ ”
Vrf=> > h (KaN) ckm " Y. (1.1)

kA=0m=—/

Note that this is actually a finite sum. Here, the coefficients {c;,,} C R are quadrature
approximations of Fourier coefficients,

1
Ckom =~ 2/ fjlga,ﬁ)nm'
Tk Jse

The quadrature approximation, the measure used in the integral, and the normalising constant
v;, are defined later.

Following |23, 27|, we shall call Vi f filtered hyperinterpolation of f on S, if the quadrature
is of suitably high polynomial precision.

Our main result Corollary gives error convergence orders of the method we propose in
terms of the supremum norm. Our strategy for the proof is similar to [23,27] in that we reduce
the error estimate to suitable best polynomial approximations. What differs in our setting is
that we have the radial direction as well. We treat the error in the radial and angular directions
separately by introducing the filtered hyperinterpolation operator Ry in the radial direction
and A; in the angular direction. The error f — Vi f in terms of the supremum norm turns
out to be bounded by the sum of the error bounds for each direction.

The outline of this paper is as follows. Section 2 introduces notations we need. In Section 3
and 4, we introduce the filtered hyperinterpolation approximations in the radial direction and
the angular direction. Section 5 develops the filtered hyperinterpolation on spherical shells and
analyses the error. We give numerical results in Section 6, and Section 7 concludes the paper.



2 Preliminaries

We set up some notations and introduce the problem we consider.
With 7y, € (0,1] and 7, € [1,00) (T # Tout), We consider a spherical shell S, = {x €
R3 | 7y < |||y < 7oue}- We assume 7, — 75, = € > 0. We use the spherical coordinate system

x=ro= (rsinfcosp,rsinfsiny,rcosd) (re[0,00), 0 € [0,7], ¢ € [0,2m)),

where r = ||z||,, 0 = %, and for 6 € {0, 7} we let ¢ = 0.

For o € 5%, we often write a function f(6,¢) on the unit sphere S? as f(o).

In the following, we introduce orthogonal polynomials on the interval and the sphere. Fur-
ther, we introduce the approximation method we consider.

2.1 Orthogonal polynomials

Let J; = J,:(a’ﬂ) be the Jacobi polynomial of degree k with the parameters o, > —1 on
[—1,1]. Define J;, (k=0,...,K) by

2% — (1
Jk(r) = ‘]l: < : (Tln ks rout)) ) S [Timrout]

Tout = T'in

Let w*(z) := (1 —2)*(1 +2)” (z € (—1,1)) be the weight function associated with {J;} =

1

{72, that s, with 5 = (1, (J7 (2))%0"(2)dz) " we have

1
| Ti@ i@ e = it (21)
where d;, = 1if j = k and ;, = 0 otherwise. For example, the weight associated with Legendre
polynomials (o« = 8 = 0) is wfegendre(m) =1 (z € (—1,1)), and for Chebyshev polynomials
(a = B = —3) we have Whebyshey (T) = \/1%7 (x € (—1,1)). We always consider a fixed pair
of parameters (o, ), and thus we omit them in the notation J;, and Jj.

Define the measure ;™3 on [ry,, 7out] by

urad(A) _ / w* <2T B (Tout + Tin)) 2 d?“,
A

Tout = Tin Tout — Tin

for any Lebesgue measurable set A in [ry,, roy]. Then, we have

Tout 1
/ T5(r) To(r) dud () = / T3 (2)J7 (0w (2)dz = 672, (2.2)

Let Y} ,,,(0,¢) be the real spherical harmonics on the unit sphere 52 defined by

( 1

Yioltio) = \/T—Wpe,o(cos 0)

Yiml,0) = \}-%P&m(COS f)cosme (m=1,..,0)
1

Y m(0,0) = ﬁpg’m(COS f)sinmp (m=1,...0),




where Py ,,, are defined as follows. Consider the associated Legendre polynomials

P}(z) = Py(x) (m =0)
m 2\m/2 dm P,
) = -2 Sy =1,
da™
—myy o pymE=m)! m) _
where Py(z) (x € [-1,1]) is the Legendre polynomial of degree £ € {0}UN. Then, {Py,,(x)} t=o.1.2....
m=—4,...,
are defined by
20+1(0—m)!
Pym() = ,PZ”(x)} .
{ 2 (t+m) |m|<£,6=0,1,2,---

We often write the integral fozﬂow f(0,¢)sinfdody as [ f(0,¢)dS or [4 f(o)dS. The

above normalisation gives us

[ Vom0 00Y,,06.0) 45 = 1,61 (23)

Finally, we let Py ([rin, 7out]), and Pp(S?) be the space of polynomials of degree < k on [ry,, Tout)s
and respectively the space of spherical polynomial of degree < £ on S2. For details of orthogonal
polynomials, see, for example, [24, 26]. Consider functions h*'¢, h*ad: [0, 00) — [0, 00) with
supp (h8) C [0,a], and supp (™) C [0,b] (a,b € (1,2]). Further, we assume h*"8(s) =
hrad(t) = 1 for s,t € [0,1]. Let us define the filter function h: [0, 00) x [0,00) — [0, 00) by

h: (s,t) — h™d(s)ham8(¢), (2.4)

We consider an approximation of a real-valued function f on the shell [r x 82 of the form

in» T out]
Virf = Z Z h( >Ckzm Je(r)Yem (8, 0), (25)
k=0 m=—¢

where coefficients {cyy,,} C R shall be defined in Section |5}, (5.1)). They are approximations of
Fourier coefficients, that is,

1 2T P LTout )
Chom ~ / / F(r,0,0) T (r) Y (6, 2) Ay (1) sin 6d0dp. (2.6)
k

3 Filtered hyperinterpolation on the radial interval

In this section we define filtered hyperinterpolation in the radial direction, and we will see that
it is bounded as an operator from C(S,) to C(S,).

In order to develop properties of the filtered hyperinterpolation, as an intermediate step we
define the continuous filtered approximation in the radial direction.



et (f, g>L2(rin7ToutD = fri‘;“t fgdup™d and K(a) = max{[aK] — 1, K} with a € (1,2]. For

fe C’([ Tins Out]) we define the filtered approximation Ry f (K > 1) by

- thd< >< Jk> (")
’Yk L,%([Tin:rout]) r)/k‘

K(a)

_ Z hrad < > < Jk> Jk(r)
f)/k L%L([rinvrout]) fYkJ

= <f, QK(w D) L2 (i)

where

W <k)Jm@Jum

Gr(s,7):= prad
r(s:m) kz_o K) v W%

Note that this is a finite sum.
The following proposition is standard.

Proposition 3.1. For Ry defined by (3.1) we have

Tout
IRkl ([ ])=Clrmmn) = SUP / Gre(s,7) du™(s).

re [Tin »rout] T

Proof. Clearly, we have

IRk NGl < SUD / G (5. 7)] ™ (s),

re [rin 7Tout] T

for (S,’I“) € [Tin’rout] X [Tinarout]'

since [Ry f(r)| < <Supt€r row) 1 (E )’) fri‘:“t G (s,7) dur@d(s) for each r € [riy,Tou]. Con-

ins'out

G (s,1)
sgn,.(s) 1= {Igi(s,rn Gr(s,m) # 0,

0 otherwise.

versely, let

Since Grc(+,7) is measurable, so is sgn,(-). Clearly, sgn,(-) € L}, := Lirad([rin, Tout)). Thus,

there exists a sequence {g,}, C C([riy, o)) such that g, — sgn, (n — o) in L},. Therefore,

there exists a subsequence {g,, ;}r C {g,,} such that

rad

In i (8) = sgn,.(s) (k — o0) for p*“-almost every s.

Replacing, if necessary, each function g,, , with min{ max{—1, g, .}, 1}, we can assume |g,, .| <1

independently of k, so that
9k (DGR ()| < max |Gre(s, t)].

s,te [Tin 7Tout]

Thus, from the dominated convergence theorem we have

[ temlaw) = [ s ()6 @)

in in

Tout

= lim In i (8)Gc (5.7) dpa™ (s)

= m Rk (r) < IRl (rnmod) = md)-



O]

The following result essentially due to Mhaskar [14] establishes the uniform boundedness

Theorem 3.2 ([14]). Let the parameters (o, 3) for the Jacobi polynomial satisfy o, 3 > —3,
and let © > a + B+ 1 be an integer. Suppose that the filter function h™d: [0,00) — [0, 00)
satisfies h**d(s) = 1 for s € [0,1], supp(h™d) C [0,a] for some a € (1,2]. Further, suppose
that h™ and its derivatives of all orders up to v — 1 are absolutely continuous, and the t-th
derivative is of bounded variation. Then, Ry : C([Tins Tout)) = C([Tins Tout)) defined by
satisfies

Sup ||RKHC rmvTout])*)C([rin:Tout]) < 0. (36)

Proof. Following (14, Proof of Theorem 3.1], we see that the current assumption on the filter
hrad implies |14, Theorem 3.1], and thus from [14} (2.10)] we have

Tout
swp [ Gl )| 4 (s) < o

re [Tin 7Tout] T

Then, the statement follows from Proposition
O

The filtered hyperinterpolation defined in the next section is obtained by approximating
() L2 (Irim oud]) by the Gauss-type quadrature.

3.1 Filtered hyperinterpolation

We first recall the Gauss-Jacobi quadrature rule. Let rg 1= [%-‘, and {rj}jzor__,,%2 C

[Tins Tout) D€ the zeros of a Jacobi polynomial J,, ol = J 'ng)l Then, there exists the correspond-

ing positive weight {w§ad}j 0,...ro that defines a quadrature rule Qrad(2kg + 1) with the preci-

sion 2kg +1(> K(a)+K). That is, for f € C([rin, Tout)) 16t Qraa(2hg+1)f = Ej Of( ) rad
Then, we have

Tout I — ) 9
Quual2iq + Vo = [ q(r)w*< r (rout+rm>> N

Tin Tout = Tin Tout — Tin

= [ ), (3.7

in

for any q € ]P’%QH([rin, Tout]), in particular, for any g € PF(CL)JrK([Tim Tout))-
In the following, for a function f: S, — R on S, we often write f(ro) (ro €S,) as f(r,o).
For the sake of simplicity, we introduce the notation

<f('70-)a.g( U))E;id 25Q+1 = Zwradf ( j?a-)a fag € C(Se)v (3'8)

where a quadrature rule @Q,,q(2k¢g + 1) is used on the right hand side.

6



We defined the filtered approximation Ry as with the calligraphic character. Here,
we define the discretised filtered approximation operator Ry : C(S,) — C(S,) for the radial
direction, a quadrature-based approximation of Ry. For a function f in C(S,), we define the
operator Ry (K >1) as

R o) :I,:Zj s (£) (st J> Jilr) 59)

7 f)/k Qrad(QNQ—’_l) fyk

Following [23], we call Ry f filtered hyperinterpolation of f in the radial direction. We now
develop a bound of Ry on the interval [ry,, r,,] in terms of the supremum norm over [r;,, 7]

Later, we use the result to analyse the error of filtered hyperinterpolation on spherical shells.

3.2 Supremum norm bound of Ry f

In this section, we obtain a bound of Ry f in terms of the supremum norm. We have the
following bound.

Proposition 3.3. Let the parameters (o, 3) for the Jacobi polynomial satisfy o, > —%,
and let © > a + B+ 1 be an integer. Suppose that the filter function h™3: [0,00) — [0, 00)
satisfies h™4(s) = 1 for s € [0,1], supp(h™) C [0,a] for some a € (1,2]. Further, suppose
that k™ and its derivatives of all orders up to v — 1 are absolutely continuous, and the i-th
derivative is of bounded variation. For f € C(S,), let R f (K > 1) be defined by with
K(a) =max{[aK] —1,K} (a € (1,2]). Then, for each o € S* we have

sup |RKf(T7 U)| < Cl sSup ’f(rv U)|7 (310)

TE[Tinvrout] Te[rinvrout]
where the constant Cy is independent of o, K and f.

Proof. Fix o € S%. Clearly, we have

KQ
IR f(r,o)| < ( sup |f(r,o)]) [ D wi|Gx(rjr)| |- (3.11)
§=0

re [Tin 7T0uc]

Note that Gy (-, 7) is a polynomial of degree < K(a). From a non-trivial result by Nevai which
gives a bound on Gauss-Jacobi quadrature formulae in terms of the integral the quadrature
approximates, (see, for example [16, p. 35, theorem 4.7.4]) we have

- rad F(a) fout rad
S wruryn <0 (04 1) [ k(i) (3.12)
=0 Q r

in

where C' depends only on the measure prad,

K(a)+K-1
2

Since < kg, we have

K(a)
(K,Q + 1)

<2, (3.13)



and thus
HQ Tout
> wiGge(ry )| < 30/ |G (s,7)| dp®(s). (3.14)
j=0 Tin

This, together with (3.5 and (3.11)), we have
sup  |Rg f(r, o)

re [Tin 7rout]

§3C< sup |f<r,a>\) sup /%m\gK<s,r>|dufad<s> (3.15)
€l .

r Tinv"nout] re [rin 7Tout] Tin

=50(_sw 1) ) IRilctinma -l .10
Te[rlnﬂrout
In view of Theorem we can conclude that
sup |RKf(T7 0)| S C’1 sup |f(’l“, U)|7 (317)
TE[Tinvrout Te[rinv"‘out]
where the constant C] is independent of o, K and f. O

4 Filtered hyperinterpolation on sphere

We now introduce filtered hyperinterpolation in the angular direction. Let L(b) = max{[bL] —
1, L} with b € (1,2]. Let Qg (L(b)+L) be a positive-weight (v +1)-point spherical numerical
integration rule

Qung(L (D) Zwa“gf r.o;), feC(s.), (4.1)
with points oy,...,0, 0 € 52 and correspondmg weights wg %, . .. wa , which integrates all
spherical polynomials of degree < L(b) + L exactly. That is, we have

/5‘2 pdS = Qang(z(b) + L)p’ p € Pf(b)+L(S2)' (42)
Using this quadrature rule, let us define a bilinear map (-, -)'® _ : CO(S,)xC(S,) = C(S,)
Qang (L(b)+L)
by
YQ
9 gn @mrn(™) = Z;wj $f(rio)g(r o)), fg€C(S:). (4.3)
j=

Similarly to the radial direction, we consider a filter function h*"$: [0,00) — [0,00) with
h*"8(s) = 1 for s € [0,1] and supp(h®*®) C [0,b] with a suitable smoothness. We define
the filtered hyperinterpolation operator Ap: C(S.) — C(S,) in the angular direction by

(ALf)(r,0) Z Z ha“g< ) £ Yem (g @y Yem (@) (4.4)

=0 m=—/
L) ¢

- Z Z h*e ( ) ( 7'>7n,m(')>$:gng(f(b)+[/) }/K,m(a)' (45)

=0 m=—/¢



4.1 Supremum norm estimate on the sphere

To obtain our error estimate on spherical shells, we need the following supremum norm error
estimate for the hyperinterpolation in the angular direction.

Theorem 4.1 (supremum norm estimate on S2, [27]). Let r € [rin, ous]- Suppose that the filter
function h**: [0,00) — [0,00) satisfies h**8(s) = 1 for s € [0, 1], supp(h®®) C [0,b] for some
b € (1,2]. Further, suppose that h*"® is absolutely continuous and its derivative is of bounded
variation. Then, for f(r,-) € C(S?) and L > 1, we have

sup |f(r,o) — Apf(r,o)| < Cy inf sup [f(r,0) —p(o)]. (4.6)
oes? PEPL(S?) ge 52

where the constant Cy is independent of v, f and L.

Proof. From [27, Proof of Theorem 1.1], for any g € C(S?) we have

sup [Arg(o)| < C sup [g(o)],
oecS? oecS?

with a constant C' > 0 independent of g and L. In particular, for any f(r,-) € C(S?) we have
SUPgeg2 |ALf(r, o) < Csupgege |f(r,0)| with the same constant C, which is independent of
r, f, and L. Now, observe A;p(a) = p(o) for any p € P;(S?). Then, the statement follows
using the standard technique

[f(r,o) = ALf(r, o) <|f(r,0) = p(a)| + [AL(p(o) = f(r,0))],
for arbitrary p € Py (S?). O

5 Filtered hyperinterpolation on spherical shells

We finally define the filtered hyperinterpolation operator on S., and give an error estimate in
terms of the supremum norm over S..

First, note that for f € C(S,), we have A; R f = Ry Ar f. We define the operator Vi on
C(S,) as

(Vkrf)(r,o)

o) L KQ VQ .
=> > h(f«f)(ZZanfm,an)‘]’iig”n,mm))Jk<rm,m<o—>, (51)

k4=0m=—¢ j=0n=0

where h (%, %) = prad (%) hane (%), Wi, = wg-adwf{ng, kQ = {%—‘ so that the radial
quadrature has the precision K(a) + K, and Vo 1s taken so that the angular quadrature has
the precision L + L(b).

We estimate the error by following decomposition. For an arbitrary norm || - ||, from Vi =
Ry A; we have

If = Vo fl = IIf = RxALf + Rk f — Ri [l
<|If = R fll + [[Re (F = AL (5.2)
We derive estimates for both terms ||f — Rg f|| and |Rx(f — Arf)||, with || - || being the

supremum norm.



5.1 Best approximation by polynomials

We record classical results of estimates on best approximation by polynomials. Later, we reduce
the error of the filtered hyperinterpolation approximation to the best approximation error.
On the interval, we have the following well-known results (see for example, [19, pp. 196-197,

p. 26]).
Theorem 5.1. Let

ERd.(f)= _ inf sup  |f(r) —p(r)|.

PEP K ([MinsTout]) r€[riymou]
Then, for f € C"([r, Tow)) with n € {1,..., K}, we have
et < S sw 1100)]), 5.9
: TE€[Tin Tout)
where the constant Cs is independent of f and K.
On the sphere, we have the following classical result by Pawelke [17].
Theorem 5.2 (Pawelke [17]). Let

gme = inf sup |f(o) —p(o)|.
R = inf  sup [(@)  p(o)
Then, for each f € C*(S?), (t = 1,2,...), there exists a constant Cy > 0 independent of f
and L, such that

e (1) < i s b/ (5.4)

oes?
holds, where Ag is the Laplace—Beltrami operator on S2.

Remark 1. Note that we could also use the recent result on the best polynomial approximation
on the sphere by Dai and Xu [3, Corollary 3.7], see also [4, Corollary 4.5.6]. They considered
a filtered approximation with a smooth filter, and reduced the error estimate to the best poly-
nomial approximation. To analyse the convergence rate of the best polynomial approximation,
they introduced a new class of Sobolev spaces on the sphere. In this paper, we adopt the
classical result as above.

5.2 Error estimate

We have the following estimate.

Theorem 5.3. For f € C(S,), let Vi1 f be defined by (5.1). Then, under the same assumptions
as Proposition and Theorem [{.1], we have

sup |f(’l“,0') - VKLf(T’O-)‘
(r,0)€S,

< (1+C) sup ERL(f(H0) +C1C, sup €75 (f(r,1)), (5.5)

ocS? re[rimrout]

for f € C(S,), where the constants Cy, Cy > 0 are independent of r, o, K, L, and f.

10



Proof. We first obtain a bound for the first term of ([5.2) with the supremum norm over S,.
For an arbitrary p € Pr([rin, Tout)), we have

sup |f(r,0) = Rgf(r,o)] < sup  sup (|(f —p)[+ |[Rx(f —p)])- (5.6)

(T‘,O’)ESE 0652 Te[rin:rout]

From (3.10)), it follows that

sup  sup  (|(f —p)|+ R (f —p)])

GGSQ re [rin 7T0ut]

<(14Cy)sup sup |f(r,o)—p(r)]. (5.7)

0652 re [Tin »rout]

Therefore, we have

sup |f(r,o) — R f(r,0)| < (14 Cy) sup ERL(f(- o). (5.8)
(T’U)GSS 0’652

On the other hand, again from (3.10|) we have

sup ‘RK (f(?", U) - ALf(rv 0-))‘

(r,0)€S,
< Cl sup sup |f(T, U) - ALf(rv U)| (59)
oes? Te[rimrout]
=C; sup  sup |f(r,0) — ALf(r,0)]. (5.10)

re [Tin 7T0ut] UGSQ

In view of Theorem 4.1, it follows that

Cy sup sup |f(r,0) —Apf(r,o)| <C\Cy sup  EZ(f(r,)). (5.11)

L,00
Te[rinvrout] 0652 Te[rinvrout] 7

Thus, the left hand side of (5.9)) can be bounded as

sup |Rg (f(r,o) = Apf(r.o))| < C\Cy  sup  EE(f(r,-)). (5.12)

(T,O’)ESE Te[””inﬂ’out}

From (5.2), (5.8), and (5.12]) the result (5.5 follows.
[

Together with Theorem[5.1]and [5.2] we have the following corollary of the previous theorem.

Corollary 5.4. For f € C(S,), let Vi f be defined by (5.1). Suppose the same assumptions as
Proposition[3.3 and Theorem[].1 hold. Further, suppose that f is n-times continuously partially
differentiable with respect to r (n € {1,...,K}) and satisfies

anf(r,a’)’ < o0.

1700 = sup  sup |

UGSZ re [Tinvrout]

Suppose furthermore that f(r,-) € C**(S?) (t € {1,2,3,...}) for each r and satisfies

”f(ozt)”oo,oo = sup sup ‘Agf(r, 0')| < 0.

re [Tinurout} 0-65'2

11



Then, we have
sup |f(7“, U) - VKLf(Ta U)|

(r,0)€S,
K —n)! -
(K,’”Hﬂ”’mnm,w + OO CELH[ O s (513)

where the constants Cy,Cy,Cs,Cy > 0 are independent of r, o, K, L, and f.

< (1+¢y)Cy

5.3 Comparison with the non-filtered approximation in [12]

In [12] the author considered a fully discretised polynomial approximation on the shells; poly-
nomial interpolation in the radial, and hyperinterpolation in the angular direction. We note
that, when approximating smooth functions, the non-filtered approximation considered in [12]
is not substantially worse than the filtered hyperinterpolation considered in this paper.

We can derive an error estimate in terms of the supremum norm for the method considered
in |12] following the argument in this paper. Then, in comparison with the method proposed in
this paper, the convergence rate in terms the supremum norm will get worse only up to the factor
of the product of the operator norms for the radial and angular approximations—interpolation
and hyperinterpolation—as an operator from C(S,) to C(S,). The affinely mapped Chebyshev
zeros as the interpolation points for the radial direction, for example, will yield the bound
O(log K) for the operator norm in the radial direction, where K is the highest degree of
polynomial used for the radial direction. For the angular direction, under a mild condition on
the spherical quadrature points, we have the bound O(L%) (see |22, Theorem 5.5.4]), where
L is the highest degree of spherical harmonics used for the angular direction. For smooth
functions, the effect of these factors will be insignificant relative to the convergence rate of the
best polynomial approximations.

On the other hand, as the numerical results in the next section demonstrate, for non-smooth
functions the filtered approximation works better.

6 Numerical results

In this section, we provide numerical results. Let [ry,, o] = [1,1.001] so that € = 0.001. We
let a = b =2 so that K(2) = 2K —1 (K > 1), and L(2) = 2L — 1 (L > 1). For the Jacobi
polynomials we use Chebyshev polynomials of the first kind, that is, (o, 5) = (—%, —%) For the
radial direction, we use Gauss-Chebyshev quadrature with PKT—W + 1 points xg, . .., Tlax-1]
2
mapped to [ry,, rou], and weights wf, ... ,wgng,q. For the angular direction, we use the
2

Spherical t-designs with N = t2/2+t+ O(1) points given by Womersley [28]. As for the filter,
we use the following C°° exponential filter proposed in [6] for both directions:

1 for x € [0, 1]
Coexp (-2
prad(g), hane(z) = exp (2213_(;””)) for x € (1,2) (6.1)
0 for x € [2, 00).

For a comparison, we provide the error plot using the discretised polynomial approximation
on spherical shells proposed in [12]. Specifically, for the comparison we employ interpolation
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at the Chebyshev zeros in the radial direction, and hyperinterpolation on the sphere in the
angular direction. The error using this method will be simply referred to as (non-filtered)
hyperinterpolation error.

Let r € [1,1.001], 0 € [0, 7], and ¢ € [0,27). We first approximate f,(r, 0, p) = —L—|r —
0.0005°2
1.0005|% cost 0, and fy(r,0,p) = W(r - 1)2|cos¢9|%. The function f; is smooth in the

angular but less so in the radial direction; f5 is smooth in the radial but less so in the angular
direction.

error decay w.r.t. K

10° :
‘‘‘‘‘‘‘‘‘ ~>-non-filtered
) = filtered
102 ]
S
—_ 4| k. AN _
5 10
o A
Ei
3
6 | AN 4
2 10 Tl
£ -
> ~.
£ Tl
é 10-8 L * el L -
= o
R
10720 B 1
-
10712 | | |
2 4 16
K

Fig. 1. Approzimand is f(r,0,¢9) = ; L |r— 1.0005|177 cos*d. We fir L = 4 and change

17
005 2

K. We observe the algebraic decay of the error with respect to K for both filtered and non-filtered
hyperinterpolations.

To approximate the function f;, we fix L = 4 and vary the value of K. We observe the
algebraic decay of the maximum absolute error with respect to K for both filtered and non-
filtered hyperinterpolations. See Fig.|ll The function f; is a C8([ry,, rou])-function for a fixed
angular variable.

As discussed in Section for this reasonably smooth function f; we observe that non-
filtered hyperinterpolation converges at a rate not much worse than the filtered case. For the
filtered approximation, we observe an almost the same convergence rate, but with a smaller
error. Since f; is in C®([ry,, Tout)), from Corollary we expect that the logarithm of the error
decays no slower than —8log;y K. The experiment shows roughly log;,(error) ~ —10log;, K.
This seems to show our result might not be sharp, but at least it is consistent with the exper-
iment.

Next, we approximate the function f,. We fix K = 2, so that the radial part can be
approximated exactly, and vary the value of L. See Fig. [2. We observe the algebraic decay of
the error with respect to K. The function f, is a C8(S?)-function for a fixed radial variable.
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As discussed in Section for this reasonably smooth function f; we observe that non-
filtered hyperinterpolation converges at a rate not much worse than the filtered case. For the
filtered approximation, we observe an almost the same convergence rate, but with a smaller
error. Since f, is in C8(S?), from Corollary we expect the logarithm of the error decays no
slower than —8log;y L. The experiment shows that roughly log;,(error) ~ —11log;q L, which
is consistent with Corollary [5.4]

error decay w.r.t. L
: —

LI
100 [ —o npn—filtered H
o *filtered

10+ . 1

maximum absolute error
o
Y

108} S -

10—10 L . .

10-12 | . | . . . | . I . |
2 4 8 16 32

L

Fig. 2. Approzimand is fy(r,0,9) = 505z (r — 1)2|coso9|%. We fit K = 2 and change L. We
observe algebraic decay of the mazimum absolute error with respect to L for both filtered and non-
filtered hyperinterpolations.

Next, we consider a non-smooth function which goes beyond the theory. It is constructed
as a sum of following two functions. First, the Franke function fp..nke is @ C°°-function defined
by

frranta(2) 075 exp (= (01~ D + (9, — 2 + (9, 27 )
4+ 0.75 exp (—419((9951 +1)%) — %(9352 + 14 925 + 1)>
+ 0.5 exp <_111((9$1 — 72+ (929 — 3)* + (925 — 5)2)>

—0.2exp (— (92, — 4)* = (925 — 7)? — (925 — 5)%) , (6.2)

for & = (1,29, x3) € S,. Further, we define the cone function f.,,. as follows

[P

1000 |||y — 1.0005] (1 — 2 arccos <L mc)) xeC(xz.)
fcone(a") = .
0 otherwise,
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where C(z,) := {z € S, | arccos(z/|z|, - z.)) < 3}, and z. == (—1/2,-1/2,1/V2) € S2.
We approximate

fB(m) = fFranke(w) + fcone(w)‘ (64)

Note that f3 is not differentiable in the angular direction along the boundary of the spherical
cap C(x.) nor at the centre of the cap, and in the radial direction at the midpoint of the interval

[1,1.001].
1.6
11.4
1.2
1
0.8
0.6

()
0.08 0.04
0.06 0.03
0.04 0.02
0.01
0.02
0
0
-0.01
-0.02
0.02
-0.04
(b) (c)

Fig. 3. Top: function f3(1,60,¢). Left: hyperinterpolation error. Right: filtered hyperinterpolation
error. K = L = 20 is used.

We let K = 20 and L = 20 and observe the behaviour of the error. For a comparison,
we again employ interpolation at the Chebyshev zeros in the radial direction, and hyperinter-
polation on the sphere in the angular direction. We plot the exact functions at the top, the
hyperinterpolation errors at the bottom left, the filtered hyperinterpolation error at the bottom
right. Fig. 3-5 show the error on the spherical layers (r = 1,1.0005,1.001), and Fig. 6 shows
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the error for the radial line (—1/2r, —1/2r,1/y/2r) (r € [1,1.001]). We observe that the filtered
hyperinterpolation errors are smaller, and more localised.

2

! 18
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14
1.2
1
0.8
0.6

(a)
0
-0.01 -
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-0.02
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-0.03

-0.04
x1072

-

o

-

(b) (c)

Fig. 4. Top: function f3(1.0005,6,¢). Left: hyperinterpolation error. Right: filtered hyperinter-
polation error. K = L = 20 is used.
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Fig. 5. Top: function f3(1.001,6,p). Left: hyperinterpolation error. Right: filtered hyperinterpol-

ation error. K = L = 20 is used.
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Fig. 6. Top: function  fs(r,0.,¢.), where 6. and . are taken so that

(sin 6, cos ¢, sin 6, sin @,, cos0,) = (—0.5,—0.5,1/v/2) Left: hyperinterpolation error.  Right:
filtered hyperinterpolation error.
7 Conclusion

We proposed a fully discrete filtered polynomial approximation on spherical shells. Our method
is based on the filtered hyperinterpolation in the radial and angular directions. We provided
an error analysis in terms of the supremum norm by reducing the approximation error to the
best polynomial approximations. Numerical results are consistent with the theory.
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