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Abstract

We study quasi-Monte Carlo (QMC) methods for numerical integra-
tion of multivariate functions defined over the high-dimensional unit cube.
Lattice rules and polynomial lattice rules, which are special classes of
QMC methods, have been intensively studied and the so-called component-
by-component (CBC) algorithm has been well-established to construct
rules which achieve the almost optimal rate of convergence with good
tractability properties for given smoothness and set of weights. Since the
CBC algorithm constructs rules for given smoothness and weights, not
much is known when such rules are used for function classes with differ-
ent smoothness and/or weights.

In this paper we prove that a lattice rule constructed by the CBC algo-
rithm for the weighted Korobov space with given smoothness and weights
achieves the almost optimal rate of convergence with good tractability
properties for general classes of smoothness and weights which satisfy
some summability conditions. Such a stability result also can be shown for
polynomial lattice rules in weighted Walsh spaces. We further give bounds
on the weighted star discrepancy and discuss the tractability properties
for these QMC rules. The results are comparable to those obtained for
Halton, Sobol and Niederreiter sequences.

Keywords: Quasi-Monte Carlo, Lattice rules, Polynomial lattice rules,
Stability, Tractability, Weighted star discrepancy.
MSC classifications: 11K38, 65C05, 65D30, 65D32.

1 Introduction

We study numerical integration of multivariate functions defined over the s-
dimensional unit cube [0,1)*. For an integrable function f: [0,1)* — R we
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denote the integral of f by
1= [ f@)d
[0,1)
For an N-element set P C [0,1)®, we consider approximating I(f) by

Qr(f) = v 3 fla)

xcP

Such an equal-weight quadrature rule is called a quasi-Monte Carlo (QMC) rule.
We refer to [IH5] for comprehensive information on QMC rules.

For a Banach space W with norm ||-||y, the worst-case error by the algorithm
Qp is defined by

e (PsW) = sup |I(f) —Qpr(f)]-
feWw
Ifllw<1

Our interest is then to construct a good point set P such that the algorithm
Qp makes €™ (P; W) small for a given W. However, it is often difficult to
know whether one point set P constructed for a certain function space works
well for different function spaces as well. In this paper we show some positive
results on this question for lattice rules in weighted Korobov spaces and also for
polynomial lattice rules in weighted Walsh spaces.

Lattice rules and polynomial lattice rules are defined respectively as follows
(here and in what follows, we denote the set of positive integers by N):

Definition 1 (lattice rules). For N € N, let z = (z1,...,25) € {1,..., N —1}".
An N -element lattice point set is given by

Pl = { ({22 2 =0t v 1),

where {x} = x — || denotes the fractional part of a non-negative real numbers
x. The resulting QMC algorithm Qp .y is called a lattice rule with generating
vector z.

Definition 2 (polynomial lattice rules). For a prime b and m € N, let p € Fy[z]
be a polynomial of degree deg(p) = m over the finite field Fy, of order b and let
q=1(q1,---,qs) € (G \ {0})® where we write Gy, = {g € Fplx] : deg(g) < m}.
A b -element polynomial lattice point set is given by

where we write
Vi, <Z tixi> = Z bt e [0,1).
i=w i=max(w,1)

The resulting QMC' algorithm Qpp.q) is called a polynomial lattice rule with
modulus p and generating vector q.



To simplify the notation, we hide the dependence of z (resp., g) on N (resp.,
m) in the following.

For s > 2, there is no known explicit construction, free from any computer
search or table lookup, of generating vectors z for lattice rules or g for polyno-
mial lattice rules. Instead, the so-called component-by-component (CBC) algo-
rithm, a greedy algorithm which iteratively searches for one component z; (or
q;) with earlier ones 21, ..., 2,1 (or, q1,...,qj—1, respectively) kept unchanged,
has been well-established, see for instance [6HI2] among many others.

After the seminal work of Sloan and Wozniakowski [13], it has been standard
to consider weighted function spaces when constructing point sets, where a set
of weight parameters is introduced in the definition of function spaces to play
a role in moderating the relative importance of different variables or groups of
variables. It can be shown under some conditions on the weights that the worst-
case error bound for good (polynomial) lattice rules depends only polynomially
on the dimension s, or even, that the error bound is dimension-independent,
see for instance [6L[7,91[14]. To prove such tractability results for lattice rules
or polynomial lattice rules, not only the smoothness parameter of the function
space but also a set of weight parameters are required as inputs in the CBC
algorithm. In general, it is unknown whether one QMC rule constructed by
the CBC algorithm for given smoothness and weights does also work well for
different smoothness and weights.

In this paper we prove that a lattice rule constructed by the CBC algorithm
for the weighted Korobov space with certain smoothness and weights achieves
the almost optimal rate of convergence with good tractability properties for
general classes of smoothness and weights which satisfy some summability con-
ditions. The result with respect to the smoothness parameter is well understood
and can readily be derived from [I, Chapter 5] and Jensen’s inequality. We also
refer to an argument in [5l Section 4.4] which considers the CBC algorithm with
a different quality criterion independent of smoothness. However, the stabil-
ity with respect to the weights is much less known, and our present result is
new. Moreover, we show a similar result for polynomial lattice rules in weighted
Walsh spaces. We also give bounds on the weighted star discrepancy and discuss
the tractability properties of lattice rules and polynomial lattice rules.

2 Stability of lattice rules with respect to changes
in smoothness and weights

In this section, we study stability of lattice rules in weighted Korobov spaces.

2.1 Weighted Korobov space
Let f:[0,1)° = R be periodic and given by its Fourier series

f@)= 3 f(k)exp(2rik - ),

kcZs



where the dot - denotes the usual inner product of two vectors and f (k) denotes
the k-th Fourier coefficient defined by

fk)= /[0 o f(x) exp(—27ik - ) d.

We measure the smoothness of periodic functions by a parameter a > 1/2. A
set of weight parameters v = (7, )ucn With v, € R>¢ is considered to moderate
the relative importance of different variables or groups of variables. For a non-
empty subset v C {1,...,s} and k,, € (Z\ {O})‘“', we define

=N H |k; |2a

JEU

Then the weighted Korobov space with smoothness «, denoted by H, ggr, is a
reproducing kernel Hilbert space with the reproducing kernel [15]

KX (@y) =1+ ) Do ralv. k) exp(2riky - (@ — ),

0FuC{1,...,5} ky, €(Z\{0})Iu]

where we write @, = (2;)jey and y,, = (y;)jew. The inner product of the space
Hgfgr is given by

f (ku, 0)(ku, 0)

(F)ke = fo0) + > > oy k)

0£uC{1,...,s} ko €(Z\{0})lul

Here, for a non-empty subset u C {1,..., s} such that v, = 0, we assume that
the corresponding inner sum equals 0 and we set 0/0 = 0. The induced norm is
then given by

155 = [ If @R+ > y Lk OF

0#uC{1,....s} ky €(Z\{0})!"] ra(Y, ku)

2.2 CBC algorithm for lattice rules

In order to construct a good lattice rule which works for the weighted Ko-
robov space Hg‘fyr with certain a and -, we consider the worst-case error
eVr(P(z); H g?yr) as a quality criterion. Since the worst-case error depends
only on the generating vector z for fixed N, we simply write e (z; H, gfz;) It
follows from the reproducing property of H, gi’f that we have

( WOI‘( HKor /0 1) /0 N KKor iII y) dz dy

or 1 or
zeP(z)” [0:1)° x,yeP(2)



Define the dual lattice for P(z) by
Pr(2)={ke€Z|k-2=0 (mod N)}.
Then the following property is well known.
Lemma 1. For N € N and z € {1,...,N — 1}*, we have

1 , 1 ifke P(z),
N Z exp(2mik - z) = {O otherwise.
xEP(z)
For a non-empty subset v C {1,..., s}, define

Pl(z) = {ky € (Z\{0})"!| (K., 0) € P*(2)}.
Then the squared worst-case error is given by
( wor( HKor)) = Z Z a('Ya ku) = Pa,'y,N(z)'
0F#uC{1,...,s} k, EP}(z)

There is a concise computable form of the criterion P, o n(z) when 2« is a
natural number

(27‘()20‘
P55 wll (Sgmiee).
:cEP(z)Q);éuC{l s} jeEu

where Ba, is the Bernoulli polynomial of degree 2.
Now the CBC algorithm for lattice rules proceeds as follows:

Algorithm 1 (CBC for lattice rules). Let s, N € N, a > 1/2 and ~ be given.
1. Letzf =1 and { =1.

2. Compute Py~ N(27,..., 20, 2041) for all zgyq € {1,...,N — 1} and let

* : * *
241 = argmin Pony N(215- -0 205 Z041)-
241

S Ifl+1<s,let{="0+1 and go to Step 2.

Remark 1. For special types of weights =, the necessary computational cost for
the CBC algorithm can be made small by using the fast Fourier transform [12].
In the case of product weights, i.e.,

Yu = H Vi
JEU
foryi,72, ... € Rxq, the set of non-negative real numbers, we only need O(sN log N')
arithmetic operations with O(N) memory. In the case of POD weights, i.c.,

Yu = Ty H Vi
JEU

for y1,72,... € Rsg and T'1,Ta,... € Rxq, we need O(sN log N + s*N) arith-
metic operations with O(sN) memory.



As shown, for instance, in [4, Theorem 5.12], the squared worst-case error
for lattice rules constructed by the CBC algorithm can be bounded as follows.

Proposition 1. Let s, N € N, a > 1/2 and « be given. The generating vector
z constructed by Algorithm [ satisfies

1/x

Pa(2) < (=i 30 2dacoA)

for any 1/(2a) < X\ < 1, where ¢ denotes the Riemann zeta function and ¢
denotes the Euler totient function defined by

p(N)= > L

1<n<N
ged(n,N)=1

Remark 2. Regarding the Fuler totient function, a classical work by Rosser
and Schoenfeld [16, Theorem 15] shows that we have

1 - 1 ¢loglog N + 2.50637

—— < — | eloglo T
o(N) N 608 log log N

for any N > 3, with ¢ = 0.577... denoting the Euler’s constant. This implies

that, for arbitrarily small € > 0, there exists a constant A, such that

LA
e(N) = Nt==

holds where A. — oo as € — 0. Therefore, noting that P, ~ n(2z) represents the
squared worst-case error, the lattice rules constructed by Algorithm [l achieve a
convergence rate of the worst-case error arbitrarily close to O(N—%). Since we
know from [T7] that it is not possible to achieve a convergence rate better than
O(N™%), the result in Proposition[d is almost optimal.

Remark 3. For any 0 < § < 1, let us write v'/% = (7;/5)uCN- Then it follows
from Jensen’s inequality that

(Pa/6,71/5,N(z))5 = Z Z Ta/(;('yl/‘s, k)

0AuC{1,...,5} ku EPL(2)

< > > (Ta/a(’vl/‘svku))é

0#uC{1,....s} ky€PL(2)

= Z Z = OtmN(z)-

D#uC{1,...,s} ky€PF(2)

Thus, the generating vector z constructed by Algorithm [l based on the criterion
Py~ n(2) also works for weighted Korobov spaces with special types of smooth-

ness and weights, i.e.,
!

o / 1/6
o = =, - )
5 Y=



for any 0 < 6 < 1. In the next subsection, we prove a more general stability
result than what we obtain simply from Jensen’s inequality.

2.3 Stability result

First we note that P, » ~ (%) is bounded below by another quality criterion, the
Zaremba index or also called figure of merit ( [I, Chapter 5], [2, Chapter 4])

X max 7o (7, ku).

zZ) .= ma.
payN(2) 0#uC{1,....s} ky€PL ()

This criterion turns out to be very useful in our context (it has for instance
recently also been used in [I§]).

As one of the main results of this paper, we prove the following upper bound
on the squared worst-case error (cf. [Il Theorem 5.34], [19,20]).

Theorem 1. Let s, N € N and z € {1,...,N — 1}*. For any o,/ > 1/2 and
¥,v' € R§0 such that v, > v, whenever v C u, we have

, ,_Y/ 22a’+1 |u\ 1
P N (2) < car(paqy,n(2))" e Z a’u/a 2201 _ q (log, N)Mi ’
0#uC{1,...,s} Tu

with
20’ —1 _ 1

o = (14 C(20)) + (2% +C20)
We defer the proof of this theorem to the end of this section.
Theorem[limplies that, if we can construct a lattice rule with small po ~ v (2)

value for given « and ~, the same lattice rule also does work for weighted Ko-

robov spaces with different smoothness and weights. As mentioned in Remark[3]
applying Jensen’s inequality leads to a kind of stability result, but it works only
for higher smoothness o/ = a/§ > « and restrictive form of the weights.

Let z be the generating vector constructed by the CBC algorithm based on
the criterion P, .~ n(2) for given o and «. Applying the result from Proposi-
tion [Il we have

o /(aX)
> a¢2an)

D#uC{l,....s}

L
@(N)

/ Jul

! 20" +1

Yu 2 Jul—1

X Z o Ja <220/—1 — 1) (1Og2 N) ’ (1)
O#uC{L,...,s} Tu

for any 1/(2a) < A < 1. Recalling Remark [2] the bound shown in () implies
that the lattice rules constructed by Algorithm [ with o and ~ also achieves
a convergence rate of the worst-case error arbitrarily close to O(N 70/) for the
weighted Korobov space with different parameters o and 4’, which is almost



optimal. Moreover, we can show under some conditions on the weights v and ~'
that the worst-case error Py 4 n depends only polynomially on the dimension
s, or even, that the bound is independent of the dimension.

Corollary 1. Let s, N € N, a,a/ > 1/2 and v, € Rgo such that v, > Yy
whenever v C u. Let z € {1,...,N — 1}* be constructed by Algorithm [1 based
on the criterion Py~ n. Then the following holds true:

1. For general weights v and v', assume that there exist X\, 0,q,q > 0 such
that 1/(2a) < A < 1,0 <0 < o' /(aN),

s S (¢ < o,

seN STy CT s}
and
' [ul
1 Yuu 2%l 1
sup @ (A NS Z o /a ( 20/ —1 __ (10g2 N) < 00.
s,NeN s (p(N)) 0£uCL,...,s} Yu 2 1

Then the worst-case error Py~ n(2) depends only polynomially on s and
is bounded by

Pa’,'y’,N(z) < C(ssqo//(o&\)-i-q/ (SO(N))_QI/(Q)‘)'Fls’

for some constant Cs > 0 which is independent of s and N. If the above
conditions hold for ¢ = ¢’ = 0, the worst-case error Py ~ n(2) is bounded
independently of s.

2. In particular, in the case of product weights v and v', assume that there
exists A € (1/(2a), 1] such that

[o°) 9] !/
Z’yj < oo and Z Z—,J/a < 00.
j=1 j=1"7j
Then the worst-case error Py o n(2) is independent of s and bounded by
Par N (2) < Cs(p(N)) =/ 0N+,

for arbitrarily small 6 > 0.

Proof. The result for the first item immediately follows from the bound ().
The second item can be proven by combining arguments used in [9] Theorem 4]
and [2I] Lemma 3]. O

One of the most important indications from the first item of Corollary [ is
that, even for general weights v/, by choosing =, such that a fast component-
by-component construction is possible (for instance for product weights or POD
weights) and the conditions given in Item 1 of Corollary [I] are satisfied, then



we can construct a good lattice rule which achieves the almost optimal rate of
convergence in H CIf,Ofy, with good tractability properties. As far as the authors
know, such a constructive result for general weights has not been known in the
literature.

To illustrate Corollary [Il we provide some examples of «, o’ and ~,~’ below,
which satisfy the summability conditions in Corollary [0l

Example 1. (product weights for v and general weights for v') Let a, o’ > 1/2
be arbitrarily given, and ~ be the product weights with v; = j72*. Then the
first summability condition given in Item 1 of Corollary Ul is satisfied for any
A€ (1/(2a),1] and g = 0. Now let v be given by

—1—¢
1 ey
’7111 = ]-—‘\u| m Z]2a Jul )
JEU
for some € > 1/(2a’) and a sequence T'1,Ty,... > 0. Using an elementary
iequality
1 20 |ul 20/
R > <«
[u] 2t =]l
JEU JEU
we have ,
7 20/
a’u/a = F‘u| H‘] .
Yu JEU
Let T, = O(Ju]") or I'jy) = O(exp(t|ul)) for some 7 > 0. Since we assume

e > 1/(2/), which implies that Y 77, j72%¢ < oo, the argument used in [Z1,
Lemma 3] directly shows that the second summability condition given in Item 1
of Corollary l is satisfied for arbitrarily small 6 > 0 and ¢’ = 0.

Example 2. (Product weights for both v and v') For arbitrarily given a, o/ >
1/2 and product weights v,v', let v; = =" for some r > 1. If there exists an

arbitrarily small € > 1 such that 75 = j_o‘lr/o‘_a, then the conditions given in
Item 2 of Corollary [ are satisfied for any max(1/(2«),1/r) < X <1.

Example 3. (POD weights for both v and~') For arbitrarily given o, > 1/2,

let
Yo =T [T and v, =10, I
JEu JEU
for sequences v1,v2,... >0, '1,To,... >0, 91,7, ... > 0 and T}, T%,... > 0.
Following [22, Lemma 6.5], if there exist 1 < p < 2ac and n € N such that

~ 2
T =l + ) and - 3237 (22) <1,
j=1
then the first summability condition given in Item 1 of Corollary [ holds with
¢ =0 and A = 1/p. Moreover, if there exists a constant C' > 0 such that
F/
Fa’/a —

Jul




for any non-empty u C N, the second summability condition holds with ¢ = 0
and an arbitrarily small § > 0 as long as

(o] /
Z =
—— < 00.
o /a
j=17;

In the proof of Theorem [Il we shall use the following elementary inequality.
We refer to [3] Lemma 13.24] for the proof.

Lemma 2. For any real b > 1 and any k,to € N, we have

Zb (t—i—k )Sb_t()(tozfl—l) (1_%>—k'

Proof of Theorem [ Recalling the definition of r,/, we have

Por v (2) = Z Yo Z H Ik |2a"

P#uC{1,...,s} k,€Pl(z)j€u

Let us define Ply(2z) = {k, € 71"\ {0} | (ku,0) € P(2)}, for which we have
P}(z) C Pjy(z). Moreover, let

¢u,0(z) == min H max (1, |k;])

k,eP- .
€ u,o(z)]eu

and
z):= min kjl.
Pu(2) o H |k
VIS
Then it is straightforward to see that

Yu

PayN(2) = I kuePJ-(z)HUC 20 gtuClies) (Pul(2))2

Hence it holds for any non-empty subset u C {1,...,s} that
1/(20)
Yu
s ()™
&) 2 oA @

Moreover, by assuming v, > 7, whenever v C u, we obtain a lower bound

~ 1/(2a) ~ 1/(20)
$u,0(2) = min ¢y(z) > min (;) = (7“) . (2
o2) = min (=) 2 min | S @) po (@) @)

For a non-empty subset u C {1,...,s}, we denote by pu, the largest integer
such that 2# < ¢, 0(2) holds. It follows from the proof of [I Theorem 5.34]

10



that the inner sum on the expression of Py /(%) for a given u with |u| > 2
is bounded above by

1 1
2 Mgpr= 2 ismmme

k.EP(z) jEU ku€Py,(z) J€u

2lul “ -1
S Gua @)™ ““(20"”(” M " )
920’ 20/ = o(1-20")k (k+Mu + |uf - 2) '
CERTCE)Y -

For the first term in the parenthesis, we have

lul—1

() = T <
i=1

For the second term in the parenthesis, applying Lemma 2 with tg = p,+1,k =
|u| — 1 and b = 22 ~1 gives

o o (1—2a' )k (Kt + [u] =2 "~ o o—(2a—n (ko lul =2
2(1 2a’ )k _ 2(2a 1) pu 2 (2a"-1)k
D ful — 2 2. ] — 2

k=1 k=pu+1

’ ‘ul_l
< 9—(2a’—1) [ Hu T lul —1 2%« 1
= lu — 2 PR —
gra'=1 [ gramr \ M2 L
< Ho Tt 2
— 24’ =2 220’1 _ 1 H 7

i=1
/ / lul
22a -1 _ 1 22a —1 ul—2
< 4o’ —2 <22a’1_1 (NU+2)‘ |

’ ’ [ul
22a -1 _ 1 22a
lu|—2
S i <22a,_1 — 1) (fty + 1)M172,

Using these bounds, we obtain
> e
AL
k,EPL(z)jEu

_ 9lul
N (¢u,0(z))2a,

(1+¢(20") (pu + 1)1

’ ’ [ul
o 22a -1 1 22a ul
@+ R0) <2w-1 - 1) (o + D)1 2]

11



- 22a’+1 |’““ (luu + 1)|u‘71
—= e 220/—1 -1 (¢u)0(z))20/ '

Note that this bound on the inner sum on the expression of P, n(2) also
applies to the case |u| = 1.

As shown in @), ¢, 0(2z) has a lower bound. On the other hand, as proven in
[1, Lemma 5.8], ¢, 0(z) also has a trivial upper bound, which is ¢, 0(z) < N/2.
This bound directly means that p, < logy N — 1. Therefore we can bound
Pa/ﬁ/)N(Z) as

/ lul
Z 22’ +1 (fo + D)leI=1
Pa'y /_’N(Z) S Co ’}/,{L T -

k N S C (du0(2))**

, Jul
< car(paqu ()% Y7 o Ja (22a/1 —7 ] (o M)
0#uC{1,...,s} Tu

This completes the proof. O

2.4 Bound on the weighted star discrepancy

Here we study tractability properties of the weighted star discrepancy for lattice
rules constructed by the CBC algorithm based on the criterion P, - .

For an N-element point set P C [0,1)®, the local discrepancy function is
defined by

M) = 5 3 Ty (@)~ A(0,9).
xzeP
for y € [0,1)°, where [0,y) = [0,y1) x [0,y2) X -+ x [0,ys) and 1[g 4 denotes
the characteristic function of the interval [0,y). For a non-empty subset u C
{1,...,s}, let us write P, = {x, = (¢j)jeu | ® € P}. Then the weighted star
discrepancy is defined by

max Yu  SUDP |APu(yu)|'

* P —
’Y’N( ) DFuC{l,..s} oy e[0,1)1ul

In what follows, we focus on lattice point sets and simply write D7, ~(z) instead
of DX n(P(2)).

As shown in [23] Section 2], the weighted star discrepancy for a lattice point
set with generating vector z is bounded above by

lul

* 1 R’U‘ﬁN(z)

DI n(z) < E Yu [1—(1—N> S — ]a
0£uC {1,005}

where

1
R = 3 Hasamr

keP; ,(2)NCY |, I€

12



with v v
CX;,M = {k:u e zlul \ {0} | —3 < kj < ?,Vj c u}

Moreover, as proven in [I, Theorem 5.35], we have

1
Run(z) < Buo(2) {1og2 (logy N)II + 3 (210g, N)M*l} ;

for any non-empty v C {1,...,s}. By using the lower bound () on ¢, o(z), the
following result holds true.

Theorem 2. Let s, N € N and z € {1,...,N —1}*. For any o > 1/2 and
v,v' € R§0 such that v, > v, whenever v C u, we have

DANEOESEY }7&[1-(1_%)@

0AuC{l,...s

(Pom/,N (z))l/(m)
2%1/(204)

+ [log2(log2 Nl 43 (210g, N)‘“'fl} ]

Applying the result from Proposition[Il we can prove the following tractabil-
ity properties. For general weights v we use

Jul
1 |ul
1-(1-—) <X
< N) _N7

for any non-empty u C {1,...,s}. We assume that the sum Z;’il 7; < oo in
the case of product weights to ensure a dimension independent bound on the

sum | ‘
1 u
! p— PR —
P [1 <1 N> ] .
0AuC{1,....5}

We refer to [23] Lemma 1] for the case of product weights.

Corollary 2. Let s, N € N, a > 1/2 and v, € Rgo such that v, > vu
whenever v C u. Let z € {1,...,N — 1}® be constructed by Algorithm [1 based
on the criterion Py~ n. Then the following holds true:

1. For general weights v and +', assume that there exist X\, d,q,q¢',q" > 0
such that 1/(2a) < A <1, 0<6 < 1/(aX),

1 1
sip— 3 e <00, sup— S Allul <o,

e OFuCL,...os} seN 8 0#uC{l,...,s}
and . /
Tu Jul
TP e (210g, ) < oc.
s,sztflgN 51" (p(N))° Z 1/(2a)( ogy N) 00

O#uC{L,...,s} Tu

13



Then the weighted star discrepancy D7, ~(2) depends only polynomially
on s and is bounded by

D:;’,N(z) < Osmax(q’_’q/(Qoz)\%Fq”)(w(N))fl/(2a)\)+5,

for some constant C' > 0 which is independent of s and N. If the above
conditions hold for ¢ = ¢ = ¢ = 0, then the weighted star discrepancy

D2, (2) is bounded independently of s.

2. In particular, in the case of product weights v and v', assume that there
exists A € (1/(2a), 1] such that

Z’yj < oo and Z W < 00.
j=1 j=1"7j

Then the weighted star discrepancy D3, n(2) is bounded independently of
s by
D5 n(2) < C(p(N))~ 1/ (2aN+d,

for arbitrarily small 6 > 0.

Let us consider product weights for both 4 and 4’. The first summability
condition on « is satisfied for any A € (1/(2«), 1] if v; = j2*. Then the second
summability condition is given by

o0
> i) < oc.
j=1

The weighted star discrepancy is bounded independently of s and decays with
the almost optimal rate N~'*9 for arbitrarily small 6 > 0. We note that
the summability condition on 4’ is the same as that obtained in [24] (see also
[25,26] ), where the authors considered explicitly constructed point sets due to
Halton, Sobol’, and Niederreiter. It should be pointed out, however, that the
latter constructions are extensible in N, whereas our lattice point sets are not,
so that we need to rerun Algorithm [0 with different values of N based on the
same criterion P, ~ n.

3 Stability of polynomial lattice rules
Let us move on to stability of polynomial lattice rules in weighted Walsh spaces.

3.1 Weighted Walsh spaces

Definition 3. Let b be a prime and wy, := exp(27i/b). For k € N U {0}, we
denote the b-adic expansion of k by k = ko + k1b+-- -, where all except a finite
number of k; are 0. The k-th Walsh function waly: [0,1) — C is defined by

3

waly () = wyolr et
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where the b-adic expansion of x € [0,1) is denoted by x = &1 /b + &a/b% + -+,
which is understood to be unique in the sense that infinitely many of the & are
different from b — 1.

Fors>2 and k = (k1,...,ks) € (NU{0})®, the s-dimensional k-th Walsh
functions walg: [0,1)° — C is defined by

walg (x H walk (x;).

Note that we always use a fixed prime b in the definition of Walsh functions
in the rest of this paper. The system of Walsh functions is a complete orthogonal
system in L2([0,1)%). Let f:[0,1)° — R be given by its Walsh series

f@)= Y fkwal(a).

ke(NU{0})*

where f(k) denotes the k-th Walsh coefficient defined by

fk) = /[0 o f(x)walg(x) de.

Following [I4], we measure a smoothness of non-periodic functions by a
parameter > 1/2. For k € N with the b-adic expansion given by k = ko +
K1b+ -+ k107! such that k,_1 # 0, let u(k) = a. For a non-empty subset
uC{l,...,s} and k,, € N let u(k,) = > jeu Mk;). Given a set of weights
¥ = (Yu)ucn, we define

o (7, ku) = ’Yubiza#(ku)-

Then the weighted Walsh space with smoothness «, denoted by Hg%i, is a
reproducing kernel Hilbert space with the reproducing kernel

K(‘;Vﬁ‘i(m’y):l—l— Z Z ra (Y, ku)wWalk, (2 )walk, (v,,),

P#uC{1,...,s} k, ENlul

and the inner product

(f.g)u = £(0)g(0)+ > 3 Mg‘h’m
0#uC{1,...,s} k,eNlul roz(')’a )

Here, for a non-empty subset u C {1,..., s} such that v, = 0, we assume that
the corresponding inner sum equals 0 and we set 0/0 = 0. The induced norm is
then given by

= ops Yy 0P ’““’O

0#uC{1,...,s} k, eNlul (7’
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3.2 CBC algorithm for polynomial lattice rules

In order to construct a polynomial lattice rule which works for the weighted
Walsh space H, 2’2} with certain o and <, we consider the worst-case error
e (P(p, q); Hgfa,i) as a quality criterion. Since the worst-case error depends
only on the generating vector q for a given modulus p € Fy[z] with deg(p) = m,
we simply write e"°*(g; Hgi})

For k = ko +k1b+--- € NU{0}, let try, (k) := ko + K12+ + kpm_12™ 1 €
G Define the dual lattice for P(p, q) by

P(p,q) = {k € (NU{0})* | tr(k)-¢=0 (mod p)},

where we write tr,, (k) - q = try,(k1)q1 + - - + trp (ks)gs € Fy[z]. The following
property was first used in [27] and is now well known, see [3, Lemma 4.75].

Lemma 3. For m € N, p € Fylx] with deg(p) = m and q € (G, \ {0})®, we

have
1 1 ifk € P(p,q),
I
2P lma) otherwise.
For a non-empty subset v C {1,..., s}, let us write

P (p,q) = {ku € N | (k,,0) € P*(p,q)}.

Then the squared worst-case error is simply given by

(e (g HE) = S ralrika) = Papyun(a)

0#uC{1,....s} ku€PF (p,q)

There is a concise computable form of the criterion P, ~ pm(q)

Pevrl@ = S S ] éle),

xeP(p,q) 0#uC{l,....,s}  j€u

¢ ( ) bé)a—Eb for x = O7
a\L) = _ 2a
bga_lb - b(zafbl)a(béa,b) for § =+ =81 =0and § #0,

see for instance [14]. We note that P, m(q) is bounded below by another
quality criterion

max 7o, k).

m = max
Py (@) 0#uC{1,....s} ku€PL (p,q)

The CBC algorithm for polynomial lattice rules proceeds as follows:

Algorithm 2 (CBC for polynomial lattice rules). Let s,m € N, p € Fy[z] with
deg(p) =m, a > 1/2 and v be given.

16



1. Let ¢f =1 € Fy[z] and £ = 1.

2. Compute Py~ pm(qy, ... q},qe+1) for all gep1 € Gy \ {0} and let

* . * *
Qry1 = argmin Poryom (475507, Ges1).
041

S Ifl+1<s,letl=0+1 and go to Step 2.

Remark 4. Similarly to lattice rules, the necessary computational cost for the
CBC algorithm for polynomial lattice rules can be also made significantly small
by using the fast Fourier transform. For instance, in the case of product weights,
we only need O(sNlog N) arithmetic operations with O(N) memory.

As shown in [T0, Theorem 4.4] for the product-weight cases, the worst-case
error for polynomial lattice rules constructed by the CBC algorithm can be
bounded as follows.

Proposition 2. Let s,;m € N, « > 1/2 and v be given. Let p € Fplz] be
irreducible with deg(p) = m. The generating vector q constructed by Algorithm[2
satisfies

1/x

1 b—1 \M™
Pa,~y,bm (q) S Pa,’y,bm (q) S pm _ Z 71); <m) 3 (3)

for any 1/(2a) < A < 1.

The rate of convergence of the worst-case error obtained from Proposition 2]
can be arbitrarily close to O(N~%), and analogously to Remark 2] this is almost
optimal. Also, an argument similar to Remark [3] leads to

§
(Pa/6,71/57bm (q)) S Pa,‘y,bm (q)

for any 0 < § < 1. Thus the generating vector g constructed by Algorithm
based on the criterion P, pm(q) also works for weighted Walsh spaces with
special types of smoothness and weights, i.e.,

o ==, r_ 1/6'
5 Y=

We show more general stability of polynomial lattice rules in the subsequent
subsection.

3.3 Stability result

As an analogous result for polynomial lattice rules, we prove the following upper
bound on the squared worst-case error.

17



Theorem 3. Let s,m € N, p € Fy[x] with deg(p) = m, and q € (G, \ {0})® be
given. For any o,/ > 1/2 and v, € Rgo, we have

/ |l

o Ja ’7; b2a _l(b - 1) u|—

Par iy m (@) < (payam (@) 30 ( gt | (A
0#uC{1,...,s} Tu

Proof. Recalling the definition of r,/, we have
Poyprl@)= >y Y. bk,
P#uC{1,...,s} k.€P(p,q)
Let us define
bu(q) == kuelﬁlﬁp,q)“(k“)'

Since P (p,q) € NI“l it is easy to see that ¢,(q) > |u|. Moreover, as we have

o m = max w max b_2aﬂ(ku) — max ub—2o¢¢u(q),
paym () (Z)sf'fug{l,..-,s}7 k.E€PL(p,q) (2);zéug{1,...,s}7
it holds that
1 Yu
bu(q) > 5 log, —————, (4)

T 2« Pa,~y,bm (Q)

for any non-empty subset u C {1,...,s}.
Now it follows from the definition of ¢, (q) that the inner sum of Py o ym (q)
over k, becomes

Z b—20/u(k'u) _ i b—20/h Z 1

ku€PL(p.q) h=¢u(q) k. €P; (p.q)
w(ku)=h
o0
S S S S
h=¢u(q) £,eN"l k,eP) (p,q)

[ul1=h p(k;)=L; VjEu
Regarding the inner-most sum above, [3l Lemma 13.8] gives
if [Lu]1 < ¢u(q),

> 1< -1 if ¢u(q) < |ulr < dulq) + [ul,
k.€P; (p,q) (b — 1)lulpleulri=(ul@)+ul=1)  otherwise.

n(kj)=L; Vjcu
In particular, when |[£,]; > ¢(q,), we can simplify this bound as

Z 1 S (b_ 1)|u‘b‘£u|1_¢u(q)'

k.€P; (p,q)
n(kj)=L; Vjcu

18



Thus, by applying Lemma 2l with tg = ¢.(q) — |ul, & = |u|, and b taken to be

b2"/_1, we have
DRI S S oS
ku€PL(p,q) h=¢.(q) £,eN]
[u]1=h
h —
=(b- ‘u|b dulq p—(2a —1)h( )
h ; | ul -

o0

Z b7(2a’71)h h + |u| -1
lul =1

h=¢u(q)—|ul

_ |ul
b? o 1 b—2a bu(q) ¢U( ) -1
b20/—1 lul — 1

[l u
( 2a -1 b - 1 ) b_ga du(q) |H1 ¢u ) |U| +1

lul
;;,_a>

b2oc’

b2o¢'71

[l
) b2 0D (g (q) — Jul + DI,

Here we show that ¢, (q) has a trivial upper bound, that is ¢, (q) < m+ |ul.
Consider the case k; = 1 for all j € w\ {i} with arbitrarily chosen ¢ € wu.
Recalling that every k: € P(p, q) satisfies

if trm(ku\(i}) - Qurgiy Z O (mod p), then try,(ki)g; # 0 (mod p). Since ¢; #
0 (mod p), there exists a unique k; € {1,...,b™ — 1} such that tr,, (k)¢ =
—trm(ku\{i}) - Gy iy (mod p). Thus we have

ple) = S (1) + k) < Jul = 1+m.
jeu\{i}
Now let us assume tr,(ky\(i}) © @u\q;p = 0 (mod p). Then we must have

try(ki)g; = 0 (mod p). Since k; > 0 for any k, € PLl(p,q), k; is given by
6™ for £ € N. Taking k; = 0™, we have

plla) = Y p(1) +p(™) = lul =1+ (m+1) = Ju| +m.
jeu\{s}

This argument means that there exists at least one k, € P;-(p, q) such that
k) < lul +m.
which proves our claim

w = min k.) <m+ |ul.
¢u(q) kuepi(p,q)'u( ) Fu
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Using this upper bound on ¢, (q) and the lower bound on ¢, (q) given in (),
we have

, ||
_ / O/Oz 70/04 b20¢71b_1 wl—
ST o) < (pg e () <7( >> (m+1)l=2,

b2a’71 —1
k. €PZ(p,q)

Finally we can bound Py~ pym(q) as

o' /a p2a’'—=1 _ 1

/ |l
o Ja Y e (| e
Por (@) < (payim (@)™ >0 = ( ( >> (1)1,
P#uC{l,...,s} Tu

This completes the proof. O

Considering the result from Proposition 2] we can show tractability results
similarly to Corollary I

Corollary 3. Let s,m € N, a,a/ > 1/2 and v,v" € Rgo. Let p € Fy[x] with
deg(p) = m be irreducible and q € (G, \ {0})® be constructed by Algorithm [2
based on the criterion Py ~pm. Then the following holds true:

1. For general weights v and ', assume that there exist \,d,q,q¢' > 0 such
that 1/(2a) < A< 1,0<d < a'/(aN),

1 W b—1 1\

ilellN) 5q Z Tu <b20¢)\ _ b> < 09,
0#uC{L.....s}

and

, Jul
1 S R B Y ul-t
SUP sapom Z o'/ ( b2a'=1 1 (m+ DI < oo
5,me 0£uC{1,...,s} Tu

Then the worst-case error Py: ~ ym (q) depends only polynomially on s and
is bounded by

oy () < Cs12 /@) 40 =0/ (0X)=0)m

for some constant C' > 0 which is independent of s and m. If the above
conditions hold for ¢ = ¢’ = 0, the worst-case error Py 1 ym(q) is bounded
independently of s.

2. In particular, in the case of product weights v and v', assume that there
exists A € (1/(2), 1] such that

Z’yj < oo and Z a—,J/a < 00.
j=1 j=175
Then the worst-case error Py o ym (q) is independent of s and bounded by

Pa’,'y’,bm (q) S Cb—(o//(o&\)—ls)m,

for arbitrarily small 6 > 0.
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3.4 Bound on weighted star discrepancy

Finally we study tractability properties of the weighted star discrepancy for
polynomial lattice rules constructed by the CBC algorithm based on the cri-
terion Py 4. In what follows, we write DJ ;. (g) to denote the weighted
star discrepancy for a polynomial lattice point set with a given modulus p and
generating vector q.

For a non-empty subset v C {1,...,s} we write

Pyo(p.q) = {ku € (NU{0})“I\ {0} | (ku,0) € P(p,q)},

and
G = {k:u e (NU {01!\ {0} | k; < b™,Vj e u}

According to [3] Corollary 10.16], the weighted star discrepancy for a polynomial
lattice point set is bounded above by

lul
D:,bm (Q) < Z Yu [1 - (1 - %) + Ru,bm (q)] P

0#uC{1,...,s}
where
Rypm(q) = > IT 7).
k.ePl,(p,a)NG;, , €U

with

(k) 1 if k=0,

T = . _ .

m if k= ko4 Kkib+ -+ Ke1b*" " with kq_1 # 0.

The weighted star discrepancy is further bounded above as follows.

Theorem 4. Let s,m € N, p € Fy[x] with deg(p) = m, and q € (G, \ {0})° be
given. For any a > 1/2 and ~v,v' € RY ) such that v, > v, whenever v C u, we
have N

[ul 1/(200)
* 1 (pa, ,bm (q)) u
D% ym(q) < E Va ll - (1 - N) +(b—1)—7 1/(2a) (ky(m + 1)U

0#£uC{1,...,s} Yu

where ko =1 and ky, =1+ 1/sin(n/b) for a prime b > 2.

Proof. 1t suffices to give a bound on R, ym(q). Let us define

buo(q) == min  p(ky).
kuePzﬁo(PvQ)

By assuming 7, > v, whenever v C u, it follows from (@) that

. o1 Yo 1 Yuu
= min > min —logg ———— = —log, ——.
bu0(q) o gu¢”(Q) Z B 5 08 o ) T 20 % o (@)
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Applying the result from [Il Theorem 4.34], R, pm(q) is bounded by

1))l
Ry (q) < (b — 1) P T DI

bdu.0(q)
1/(2c)
< (b—1)(ky(m + 1)) <M) 7
Tu
from which the result immediately follows. 0

From this bound on the weighted star discrepancy and Proposition 2 we
obtain a result similar to Corollary 2

Corollary 4. Let s,m € N, a,a’ > 1/2 and v,v" € RY, such that v, > 7.
whenever v C u. Let p € Fylx] with deg(p) = m be irreducible and q € (G, \
{0})* be constructed by Algorithm [2 based on the criterion Py ~ym. Then the
following holds true:

1. For general weights v and ', assume that there exist \,d,q,¢',q" > 0
such that 1/(2a) <A <1,0<6 < 1/(aN),

1 L/ b—1\M 1 .
Sup > %(m) <00, sup > Allul < oo,

0#uC{l,...,s} 0#uC{l,...,s}
and
1 Va Jul

O#uC{L,...,s} Tu

Then the weighted star discrepancy D2, ym (q) depends only polynomially
on s and is bounded by

D% ym(q) < Csmax(@a/(200)+q") p=m(1/(2aX)~6)

for some constant C' > 0 which is independent of s and m. If the above
conditions hold for ¢ = ¢ = ¢ = 0, the the weighted star discrepancy
D2, ym(q) is bounded independently of s.

2. In particular, in the case of product weights v and v', assume that there
exists A € (1/(2a), 1] such that

0o o) 'Y/
2 : A 2 : J
j=1 j=1"7;

Then the weighted star discrepancy Df/’bm (q) is independent of s and
bounded by
Df/’,bm (Q) < Ob_m(l/(Qa)\)_(;)

)

for arbitrarily small 6 > 0.
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