Journal of Computational and Applied Mathematics xxX (XXXX) XXX

Contents lists available at ScienceDirect

Journal of Computational and Applied
Mathematics

journal homepage: www.elsevier.com/locate/cam

Cubic spline fractal solutions of two-point boundary value
problems with a non-homogeneous nowhere differentiable
term

AKB. Chand?, K.R. Tyada?, M.A. Navascués "

2 Department of Mathematics, Indian Institute of Technology Madras, Chennai 600036, India
b Departmento de Matemdtica Aplicada, Escuela de Ingenieria y Arquitectura, Universidad de Zaragoza-50018, Spain

ARTICLE INFO ABSTRACT

Article history: Fractal interpolation functions (FIFs) supplement and subsume all classical interpolants.
Received 9 January 2020 The major advantage by the use of fractal functions is that they can capture either the
Received in revised form 15 October 2020 irregularity or the smoothness associated with a function. This work proposes the use
MSC: of cubic spline FIFs through moments for the solutions of a two-point boundary value
65D05 problem (BVP) involving a complicated non-smooth function in the non-homogeneous
65D07 second order differential equation. In particular, we have taken a second order linear
65L10 BVP: y”’(x) + Q(x)y'(x) + P(x)y(x) = R(x) with the Dirichlet’s boundary conditions, where
65L20 P(x) and Q(x) are smooth, but R(x) may be a continuous nowhere differentiable function.
26A27 Using the discretized version of the differential equation, the moments are computed
28A80 through a tridiagonal system obtained from the continuity conditions at the internal
Keywords: grids and endpoint conditions by the derivative function. These moments are then used
Splines to construct the cubic fractal spline solution of the BVP, where the non-smooth nature
Fractal interpolation of y can be captured by fractal methodology. When the scaling factors associated with
Ordinary differential equations the fractal spline are taken as zero, the fractal solution reduces to the classical cubic
Boundary value problems spline solution of the BVP. We prove that the proposed method is convergent based on

Nondifferentiability

Fractal its truncation error analysis at grid points. Numerical examples are given to support the
ractals

advantage of the fractal methodology.
© 2020 Elsevier B.V. All rights reserved.

1. Introduction

Differential equations have been used to describe or model real life phenomena. They occur frequently in many
areas of scientific and engineering disciplines like physics, chemistry, architecture, ecology, chemical kinetics, mechanical
engineering, quantum mechanics, electrical engineering, civil engineering, meteorology, and a relatively new science called
chaos. The ultimate goal of solving a differential equation is finding an explicit or an analytical solution which can be used
to describe the underlying physical phenomena or scientific experiment.

On the other hand, many of the real world and experimental signals are irregular and rarely render a sensation
of smoothness in their structures. Thereby traditional interpolants with simple geometric structures may not describe
these fine microscopic patterns effectively. Thus, there is a need for the search of interpolation techniques which can
produce interpolants that fail to be differentiable in a dense subset of the interpolation interval. To address this cause,
Barnsley [1] introduced the notion of fractal interpolation using the theory of iterated function system. Graph of the fractal
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interpolant possesses a non-integer dimension which can be used as a quantifier for the complexity of the underlying
phenomenon. Barnsley and Harrington [2] initiated the construction of smooth FIFs, and unfolded the notable relationship
between fractal functions and splines. Smooth FIFs can be applied to generalize the classical interpolation techniques
(see, for instance, [3-9]). Therefore, fractal interpolation offers the flexibility of choosing either a smooth or non-smooth
interpolant depending on the modeling problem at hand.

A boundary value problem (BVP) is a differential equation together with a set of additional constraints called the
boundary conditions. A solution to a boundary value problem satisfies the differential equation and the prescribed
boundary conditions. There are many methods developed in the literature for solving higher order BVPs. Bickley [10] used
general cubic splines and Albasiny [11] used cubic splines through moments for the solution of linear (regular) two-point
BVPs. Fyfe [12] discussed the application of deferred corrections to the method proposed by Bickley. Jain and Aziz [13]
proposed a parametric spline function consisting of trigonometric and polynomial maps of order 1 for the solution of
the system of ordinary and partial differential equations. Al-Said [14] presented a method to approximate the solution
of linear second order BVP and also to determine first, second and third order derivatives at every point of the range of
integration. Ramos and others [ 15-17] used different types of block methods to the direct approximation of the solution of
fourth order Boundary Value Problems. Recently, differential or integral equation is discretized by using a novel fractional
step in [18].

Sometimes variables representing the derivatives may be irregular in various physical phenomena. For examples: (i) a
sphere falling in a wormlike micellar solution undergoes continual oscillations as it falls [ 19] (ii) the motion of a pendulum
on a cart has varying irregularity in the study of acceleration (2nd derivative) in nonlinear control systems [20]. Therefore,
if we can model the motion of these phenomena by using 2nd order ODE with certain boundary conditions, then use of
fractal splines may be advantageous to capture the irregularity/fractality associated with the derivative. Thus, we expect
fractal spline solutions of BVP for these nonlinear phenomena.

In this paper, we consider a two point BVP whose solution is a curve obtained by a fractal methodology through
discretization of the domain, and this solution is an extension of the cubic spline defined in Albasiny [11]. The classical
cubic spline does not give appropriate solution if the non-homogeneous differential equation involves a continuous
function but not differentiable in a dense subset of the interpolation interval. Since the classical cubic spline is a particular
case of fractal spline, the proposed method can be used to consider any type of continuous function in a BVP. We define
the prerequisite material on (smooth) fractal functions and the general two-point second order boundary value problem
in Section 2. We develop the description of our methods to solve the two-point BVPs using the cubic spline FIFs through
moments in Section 3. Truncation error analysis is studied in Section 4. Finally, the proposed methods are used to solve
BVPs in Section 5.

2. Preliminaries

To equip ourselves with the requisite general material, we will discuss the construction of fractal functions in
Section 2.1, and the basics of a 2nd order BVP in Section 2.2.

2.1. Fractal interpolation function

This section targets to equip a novice reader with the basics of fractal interpolation. These materials are collected from
the well-known treatises [1,2,21].
For r € N, denote N, as the set of first r natural numbers. For N > 1, let x; < X; < --- < xy be real numbers and
I = [xo, xn]. Let the prescribed set of interpolation data be {(x;,y;) € I x R : j € Ny U 0}. We want to construct a
finite number of contraction maps in R? for an iterated function system (IFS) so that its fixed point is the required fractal
function. The abscissa values are defined through L; and the ordinate values are defined through F; (see [1] for details).
For i € Ny, set I; = [xj_1, x;] and let L; : I — [; be contractive homeomorphisms such that

Li(xo) = xi—1, Li(xny) =x; Vi € Ny, 2.1)
|Li(x) — Li(x*)| < Lijx —x*| V x,x* €I for some 0 < [; < 1. )
Let F; : I x R — R be continuous maps satisfying
Fi(X0, Y0) = Yi—1, Fi(Xn,¥n) =¥i, i € Ny, 22)
[Fi(x,y) — Fi(x,y)| < kily =¥, x € LI;y,y € R; for some 0 < k; < 1. '

For i € Ny, define functions wi(x, y) = (Li(x), Fi(x, y)). It is easy to check that each ; is a contraction map in R. We need
the required IFS {I x R; w; : i € Ny} for construction of a fractal function. The following is the most fundamental result
in the field of fractal interpolation.

Theorem 2.1 ([21]). The following hold:

(i) The IFS {I x R; w; : i € Ny} has a unique attractor G such that G is the graph of a continuous function f : I — R.
(ii) The function f interpolates the data set, i.e., f(x;) = y; for all j.
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(iii) Let G .= {g € c(I) : g(x0) = Yo, &(Xn) = yn} be endowed with the uniform metric d(g, g) := max{|g(x) — g(x)| : x € I}.
IfT : G — G is defined by Tg(x) = F,»(Li’l(x),g o Lﬂ(x)), x e€l,ie Ny,and for all g € G, then T has a unique fixed
point f, and f = lim T"(g) for any g € G. Further, the fixed point f is the function satisfying conditions given in (i)-(ii).

n—oo

The function which has made its debut in the foregoing theorem is termed a fractal interpolation function (FIF), and it
satisfies the functional equation:

f&x)=F(L7'x).foL7'(x)), xe€l, i€Ny. (2.3)
The adjective fractal is used to emphasize that the graph of f may have non-integer Hausdorff and Minkowski dimension.
Also, the graph G(f) is a union of transformed copies of itself, specifically G(f) = LNJa),-(G(f)). The most extensively studied
FIF in theory and applications is formed by =

L(x)=ax+e,  F(x,y)=ay+q(x), ieNy, (2.4)

where «; are constants satisfying 0 < |¢;| < 1 and g; are continuous functions so that the “join-up conditions” in (2.2)
imposed on the bivariate functions F; are satisfied. The multiplier ¢; is called a vertical scaling factor for the transformation
w; and the vector o = (a1, oy, ..., ay) € (—1, 1)V is called a scale vector of the FIF. The prescriptions in (2.1) uniquely
determine the constants g; and b; appearing in the affine map L; as
Xi — Xj—1 Xi—1XN — XiXo
ag=——, = —".
XN — Xo XN — Xo

Let us recall that the function f determined by the IFS in (2.4), which takes the form

fx) =af (L7'®) + ai(L7'(x), x€l, ieNy, (2.5)
is, in general, non-smooth in nature. The following theorem provides the conditions on ¢; and functions g; so that the FIF
is CP-continuous.

Theorem 2.2 ([2]). Let {(x;, ¥;) : j € Ny U{0}} be a given data set with strictly increasing abscissae. Let Li(x) = a;x + b; satisfy
(2.1) and Fi(x,y) = a;y + qi(x) obeys (2.2) for i € Ny. Suppose that for some integer p > 0, |o;| < af and q; € CP(I), i € Ny.
Let

(k) (k)
aiy + q; '(x) q; ' (Xo) qy (*n)
Fir(x,y) = ———— T Yok = 7,} , YNk = kN , k=1,2,...,p.
a; a; — o ay —on

If Fio11(Xn, Yn.k) = Fik(Xo, Yox) for i € Ny and k € N,, then the IFS {I x R; (Li(x), Fi(x,y)) : i € Ny} determines a FIF
fecP(l), and fW is the FIF defined by {I x R; (Li(x), Fix(x,y)) : i € Ny} for k € N,

Based on this theorem, smooth polynomial FIFs are constructed in [3,6,9].
2.2. A two-point boundary value problem

Definition 2.1. Let f : R®> — R be a given function. The problem

V' =fxy.¥)., xe€x.xyl (2.6)
along with the boundary conditions
B1y(x0) + B2y (x0) = B3, 27)
y1Y(xn) + 2’ (Xn) = vs, :

where B4, B2, B3, y1, ¥2 and y3 are real numbers, is called a two-point second order boundary value problem (BVP). The
existence and uniqueness of the solution of two point BVP have been discussed by Keller [22]. Bickley [10] considered
this BVP when (2.6) is taken as

P(x)u” + Q(x)u’ + R(x)u = S(x).

A BVP (2.6)-(2.7) should be well posed in order to be useful in the applications, which means that there exists a unique
solution, which continuously depends on the input imposed to the problem. There are several types of schemes proposed
to obtain numerical solutions like shooting method, finite difference schemes, finite element and finite volume methods
at discretized points of the domain. When the number of discretized points is very large, the numerical solution is close
to the original solution if the concerned method is convergent. Similarly, various types of splines have been used to get
the solution of BVP in a closed manner. But this closed forms of the classical solutions does not match with the exact
solution, when R(x) is not differentiable in a dense subset of the domain. Thus, we propose a deterministic fractal cubic
spline solution for this second order BVP with Dirichlet’s boundary conditions, which is more general than the classical
cubic spline solution.
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3. Solution of BVP by fractal splines

In this section, we solve the two-point BVP by using a cubic spline FIF through moments, which was proposed in [3]. The
main idea is to use the condition of continuity of the derivative of the fractal spline at the grid points in the discretization
of (2.6) for the computation of moments so that we can write the fractal cubic spline solution explicitly.

3.1. Cubic spline FIF through moments formulation

In the first part, we describe the general construction of cubic spline FIFs f € C?[xo, xy] through the moments,
M; = f"(x;), j € Ny U {0}, which passes through the interpolation data set {(x;, ;) : j € Ny U {0}} (see [3] for details).
Let A represent the partition Xy < x; < --- < Xy of the domain of the interval I := [xq, xy] of the BVP. The graph of the
cubic spline FIF f is the attractor of the IFS 7 := {I x R; wi(x,y) = (Li(x), Fi(x, y)), i € Ny}, where L;(x) satisfies (2.1) and
Fi(x,y) = a,-z((x,»y + gi(x)), |l < 1, and gj(x) is a suitable cubic polynomial.

Using the moments M;,j € Ny U {0}, f(xo) and f’(xy) in the structure of a ¢2-fractal cubic spline, we will get N + 1
equations. In order to compute these N 4+ 3 unknowns, we have to put two additional boundary conditions similar to the
construction of the classical ¢2-cubic splines. This construction helps us solve a system of order at most N + 3 equations
instead of a system of 4N equations for the computations of the cubic polynomials g;(x), i € Ny. Thus, we will assume
the structure of the cubic spline FIF through moments in the following:

)3

. )3 o _
F(Li(x)) = ai2 { aif (x) + (Mj—aiMn )(x—x0) + (Mj—1—0iMp)(Xy —X,

6(xy —x0) 6(xy—x0)
_ (Mi—ﬁaiMo)(gN*Xo)(XN*X) _ (Mi*aiMN)();N*XO)(X*XO) i €Ny, (3.1)
Yi-1 _ . XN —X Yi _ . X—Xo
+ ( a? 051)/0) XN—Xo + (ai2 alyN) XN—Xo }
where

Xi — Xi—1 XNXi—1 — XoXi
Li(x) = a;x + ej, g ="~—"" and g = —— 1

XN — Xo XN — Xp

Now differentiating (3.1) with respect to x, we obtain

FIL(X) = a; { aif (%) + (M; — a;Mp )(x — X )? B (Mi_1 — aiMo)(xn — )

2(xn — Xo) 2(xn — Xo)
(Mi—1 — aiMo)(xy — Xo)  (Mj — a;;My)(Xny — Xo)

6 6

Yi—1 1 Vi 1
- (72 —aiYo + (7 — QYN ;
a; XN — Xo as XN — Xo

1 1

Let £ = xy — xo. Then, the above equation can be written as

, _ , (M; — aiMy)(x — %0 (Mi_y — oiMo)(xn — x)?
F16x0) = 0 { af )+ o - -
1 i — Yi—
+ g{Mm — M; + ai(My — Mo)} + Z(yTyl — ai(yn — Yo)) } . (3.2)

Since f’(x) is continuous at the knots x;, i = 1...,N — 1, we have lim,_, - f'(x) = lim,_, + f'(x) for i € Ny_1. As per
assumption (2.1), Li(xy) = Liy1(x0) = x;. For dy := f’(xy), substituting x = xy in (3.2), we deduce
L ¢ ¢
fx)=gq { aidy + E(Mi —oiMy) + E[Mi_] — M; + oi(My — Mo)]

}(yf —Yi1

+ (== —alyn —¥0)) |, 1€Ny. (3.3)
1) a?
1

Now, for dg := f'(xo), putting x = xo in f'(Li1(x)), we get

, ¢ ¢
flixh)y = ai+1{(¥i+1do - E(Mi —aiy1Mo) + 6[1\/11' — Miy1 + aip1(My — Mo)]
1/yiv1 — Vi .
(% —air1(Yn —}’0)) } ieNy_1U{0} (34)
i+1

14

4
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Denote h; = x; — x;_1, 1 € Ny. Using (3.3)-(3.4) and continuity at internal grid points, we get the following equations:

h Wt hiar i

EIMH + %Mi + %Mm =

1 1 1 1 1
E_)’i—1 - (sz + Foey )J/i + 7h,-+1yi+] — {aiaidw — @ip1aip1do — g(ZhiO‘i

1 1
+ hip1@ip )My — g(hiai + 2hiq@i11)Mo + Z(ai+lai+l — G )(Yn — J’o)}
fori=1,2,...,N—1. (3.5)
Substituting i = 1 and x = x¢ in (3.2), the functional relation for d; is
h h
do = @rody — (1 = a1 )Mo + (1= o1 )Mo — My + 01 M)
ar (Y1 — Y
+*1< L 5 ° —ailyn —}’0)),
l aj

Yi—Yo G

h
= (1 —aya1)dy N — Yo) — =(1 — a1)Mo

hy l 3
hy
_E(Ml — a1 My). (3.6)

Similarly, substituting i = N and x = xy in (3.2), the functional relation for dy is

h h
dy = ayaydy + TN(U —ay)My) + ENI:MN—l — My + an(My

an /YN — YN—
—Mo)]"i‘*N(iN 2N : _O(N(YN_.VO))»
L ay
— YN ano, h
= (1 —anan)dy = W I Yon = y0) + — (1 — an)My
hy l 3
h
+ EN(MN—I — anMp). (3.7)

Thus, we have N + 1 equations in (3.5)-(3.7) for the computation of IFS parameters M;,j € Ny U {0}, dg = f'(xo) and
dy = f'(xy). Our aim is to replace these M; with functional values at grid points with suitable discretization of the given
differential equation.

3.2. Discretization of BVP by fractal splines

Now we wish to solve a linear two-point second order BVP of the form
Y'(x) + P(x)y'(x) + Q(x)y(x) = R(x) (3.8)

with Dirichlet boundary conditions
Yixo)=p" and  y(xy)=y", (3.9)

where R(x) may be continuous and nowhere differentiable function in I := [xq, xy]. If we use any classical spline solution
Yy of the BVP (3.8)-(3.9), then ¢"(x) + P(x)¥'(x) + Q(x)y(x) is a piecewise differentiable function which does not
match with R(x). Therefore, we need a ¢2-function whose 2nd derivative may be similar to a continuous and nowhere
differentiable function. This can be easily achieved by a fractal cubic spline. First, we will discretize the domain [xg, xy]
asXp < X1 < Xp < --- < Xy—1 < Xy. We have to find the approximate values of the solution as y; at the grid x; for
j=1,2,...,N—1 through the fractal cubic spline solution (3.1). We compute the approximate solution of the BVP using
(3.3)-(3.7) in our methodology.
At x = x;, (3.8) can be written in the discretization form as

M; + Pd; + Qy; =R; fori=0,1,2,...,N, (3.10)

where M; = y'(x;), P; = P(x;), di = y' (%), Qi = Q(x;), yi = y(x;) and R; = R(x;). Using (3.10) in (3.4), we obtain the
following equations fori=0,1,...,N — 1:

My his 1P P; P
(1 - Pi)Mi — My =R+ (7’ - Qi).Vi — —Vir1 + Ko yaisaain P, (3.11)
3 6 hiz1 hiiq

where K = —[do + £(My — Mp) + Mo — +(yn —Yo)]-
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Similarly, using (3.10) in (3.3), we obtain the following equations fori=1, ..., N:
5 Mi1+ (1 + EH‘)Mi =Ri— (E + Qi)J’i + 4 Yie1 + Ko naienPi, (3.12)
1 1
where K3y = —|dy + §(My — Mo) — My — (¥v — ¥o) |-
It is clear that (3.11) and (3.12) constitute a system of 2N equations with the 2N + 4 unknowns, My, My, ..., My and
Y0, Y1, - -, yn and dy, dy. Elimination of M;’s leads directly to N 4 1 unknowns y1, ¥», ..., yn—1 and dy, dy, The continuity

conditions at the internal grid points along with the two boundary conditions are sufficient for their determination.
Addition of (3.11) and (3.12) yields the following relations fori =1,2,...,N — 1:

h hir — hy h P, P,
EIP,'M,q —+ [2 — %]Mi - %lpiMiJr] =2R; + h*l.)’iq - hi}’iﬂ
1 1
hir — hi
- [% + zg]y,- + (K g i 1eig1 + K2 yait)P. (3.13)
illi+1

Elimination of M; from (3.13) and (3.5), leads us to the following equations:

A1iMi_1 + Ay iMiy = A3z Yio1 +Agiyi + As iYis1 — As o, (3.14)
where
h; hi1P; hitq hiP;
A-=—(]— ) Ay = (1 )
1 3 3 2,i 3 + 3
2 hi+1Pi 2 th,'
b= () hm (450
3,i . 3 5,1 hi+1 3
1 Q7 h?—h2,
As:i=—21(h: + h: [7_i:| L iHlp ,
4,i {( i+ z+1) hihi+1 3 + 3hihi+l i
hi 4 hiyq hi — hiy4

Asi = 3 I:(K(}’Nai+105i+1 + 1(&1\,(1,‘(1,')1)1' + 2Ri] + (2 + TP'A)KSO.N’

1
(2hja; + hipqeip1)My

1
Kion = aioidy — aipq1@ip1do — g

1 1
- g(hiai + 2hip10601)Mo + z(ai+lai+1 — i )(YN — Yo)-
But an explicit form of M;_; can be obtained in terms of y;_; and y; by eliminating M; from (3.11) (by replacing i by i — 1)
and (3.12) as

A7,iM;_1 = Agi¥i—1 — Ag,i¥i + Ato,i, (3.15)
where
Ari= (1 hip ) 1+hiP)+h"2 P
7,0 — 3 i—1 3 i 36 i—117,
h;
A81 - (] + §P1>

Pi_4 ) PiP;_1
( h Q1)+ 5
P

Agi = (1 + EP-) =+ iy (5 + Q)
9,i 3 i hi 6 hi s
h,‘Pi 1 hi 2 hi hiPi—l
Ao = [(1 + 3 )KO,N + EKO’NP,‘:IGI'OZ,'PFl + (1 + gﬂ)Ri*l + 6 R;.

Similarly, an explicit form of M;,; can be obtained in terms of y; and y;;1 by eliminating M; from (3.11) (by replacing i
by i+ 1) and (3.12) as

A11,iMit1 = A iyi + A3, Yis1 + Anag, (3.16)
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where
hiyq hit h?
Ani= (1= 25P) (14 5P ) + 2 PP,
his1 \Pii1  hipPir1 /P
Ani= (1 - == Pi>il - M(fl - Qi+1),
3 it 6 hiyq
PiPiyq hiyq Piyq
o= (1) 72 -
13,i 6 3 i hi+1 Q1+1
hix1P; h; h;
Ay = [(1 - '+31 '>K&N - %1K&Npi:|ai+lai+1pi+l + (1 — %]Pi)RiH
hiy1Pitq
——R;.
+ 6 i
Substituting M;_; and M;, in (3.14), we obtain the following equations in terms of y;_1, ¥; and y;1:
AriYiv1 + A2iYi + A3 yic1 = AgiRip1 + AsiRi + AgiRio1 + A7, i€ Ny_yq, (3.17)
where
A = (1 _ hi“p.)(l + Ep)lip _ &Qz _ E]A )
1,i — 3 i 3 i i—1 3 —1 hi 11,i»
hitq h; 1 hiz1Pit 1 hi_1P;_
A':(l— P»)(l 711)[7(1 )A‘ ~(1- An
2,i 3 i + 3 i hn+1 + 2 7,1 + hi( 2 11,1)
1
- 560 .
h,‘+1 hi hi+1 2
Ay = —(1 - P-)(l 7,3.) [P- iaal) —]A .
3,i 3 i + 3 i iv1 + 3 QJ+] + hi+1 7,i
h; hiyq h;
Aai= =5 (1= 252R) (14 SR )An.,
h?, ,Piy hiP; h2P;_4 his1P(i)
Agy = —H1H (1 - A (12 )A 3
5.i 13 + 3 )i 13 3 11
h; h; h;
o= 1= )1+ e

1 2 hiy1 —hy 1
Azi= K(),Nai+1ai+l +K0A’Nai05i +{2- #Pi Ki,O,N A7,iA11i

W hi h h;
- 5’(1 - P,-) [(1 n EIP,)K&N n ElKéNPi]a,-a,-PHA“,,-

h; h; h; h;
_ 1:::1 (1 + glP,) [(1 — %]R)KO],N — %I(&NP,‘]G,‘+1(X,'+1P,'+1A7.,'
3h; + 4h; 3hit1 +4h; .
G = (hi + hiy1) — ————ThiPiy + —————h(i + )Py
12 12
h;h;
- 1112“ (hi + hip1)Pi—1Pitq.

Solving (3.17) in conjunction with the boundary conditions in (3.9), we compute the values of y;(j € Ny U {0}). Using
(3.15) and (3.16), we will get the values of all moments M;, i € Ny U {0}. Finally, the cubic spline fractal solution to the
BVP is obtained from (3.1).

Remark 3.1. When the scaling factors are taken zeros and the partition points are equally spaced then the spline FIF
(3.1) reduces to the classical spline function as discussed in Albasiny et al. [11].

Remark 3.2. When we select a uniform partition (h; = h gives a; = a = %) and equal scaling factors o; = «, i € Ny,
then (3.17) reduces to the following recurrence relation:

a h
aTh(J’H = 2Yi + Yig1) — E(Pz;l}/iq + 4P;y; + Piy1Yiv1)

h .
= E(Ri_1 + 4R; + Riy1) + Ko, 1€ Ny_j.
This clearly corresponds to the central finite-difference representation:
82 82
52y; + a2h2(1 n E)P,-y,- - a2h2(1 n E)R,- Ko, €Ny,

7
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where Ky = azhoz(dN—do)—i—“hT“(Poyo—i-PNyN)—MT”(R0+RN), and the central difference is defined as 8y; :f(y,-—i—g)—f(y,-— %).
Similarly considering P(x) as a constant P (say), then it is clear that A;; = A;1; = G = ap? (a cancellation term

12
throughout (3.13)) and (3.13) reduces to the following finite-difference representation:

2 ahpP 272 8 22 8 2 .
8y + 7()’i+1 —Yi-1)+a‘h (1 + E)Qiyi =a‘h <1 + E)Ri + Koy, 1€Ny_q.
By solving the above algebraic equations, the unknowns y;, j € Ny U {0}, can be computed. Finally, using these y; and M;,
we get the analytical fractal solution of BVP from (3.1).

Remark 3.3. When the first derivative is absent i.e., Q(x) = 0, one can use the above procedure with Q; = 0 for all
j € Ny U {0}. Otherwise, one can use a simpler way to calculate the moments as described in the following:
In this case, (3.8) reduces to

V'(x) + P(x)y(x) = R(x). (3.18)
Discretizing (3.18), we get
M,’:R,‘—Piy; fori=0,1,2,...,N, (319)

where M; = y"(x;), Ri = R(x;), Pi =P(x), yi =y(x;) fori=0,1,2,...,N.
Using (3.19) in (3.5), we have

6 + hiPis Pi 1 6+ h?, \Pis1 hi + hipq
o L B & o)y o L R:
6h i—1 [ 3 b ]( i+ hip1)yi + 6h s Vi1 3 i
h; hiyq 1
ERF] + e Riy1 + yaiaidy — i 101do — E(Zh,-a,- + hipq1ciz1)(Ry — Pyyn)
1 1 ]
_g(hiai + 2hi10i41)(Ro — Poyo) + z(ai+lai+1 — aa;)yn —Yo)f, 1€ Ny_1. (3.20)

From (3.6) and (3.19), we obtain
1 ae; hi(1—oy)P 6 + h?P 6a; + ¢hP
( LN 1( 1) o)yo_ P,y 8 Py

h ¢ 3 oh, V! 60 N
hy hy
= E(l —a1)Ro — E(Rl —a1Ry) — (1 — ayaq)do. (3.21)
Similarly, from (3.7) and (3.19), we get
GGN — thPN 6 — thPN,1 n ( 1 anon n hN(l — O[N)PN>
N NN ey — — NN _—
60 NYo 6hy YN-1 Iy 7 3 YN
hy hy
= ?(1 —an)Ry + E(RN—l —anRo) + (1 — ayay)dy. (3.22)
Since yo = y(xo) = B* and yy = y(xy) = y™* are available, we need to compute (N + 1) unknowns y1, ..., yn_1, do and
dy from the system (3.20)-(3.22). Once this system is solved, using the values with My, ..., My in (3.1), we obtain the

desired spline FIF solution to the BVP.
4. Error analysis

In this section, we investigate the truncation error corresponding to the proposed method. Assume that the partition
A= Xp < X1 < X3 < --- < Xy of the domain interval I := [xq, xy] is equally spaced. Thatis h; = x; —x;_1 = h Vi € Ny,

where h = *% ‘and g; = a == Vi € Ny. Then (3.5)-(3.7) can be written as:
h 2h h 1 1 1 1 1
5 i1+ ?Mi + gMi-H = E}’i—l - <E + E)Yi + Eyi-H — 1 aaidy — acjp1do — E(Zholi

1 1
+ hatiy )My — é(hai + 2hatiy )Mo + z(aam — ao;)(Yn —}’0)}

fori=1,2,...,N—1. (4.1)

h h
do = ac1dy — 5(1 —aq)Mo + 6((1 —a1)My — M; + a1 My)

E(}’l — Yo

.7z —a1(yn —J’o)>,
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Y1—Yo aog h
— iy —v0)— =(1 — a1 )M
p 7 (YN — o) 3( a1)My

h
— E(Ml — a1My). (42)

= (] — aoq)do =

and

h h
dy = aandy + 5((1 —ay)My) + 5 [MN—l — My + an(My

a/yn —Yn-1
—Mo) ] +Z(T —an(Yn —J/o)),
— YN— ac, h
= (1 - qa)dy = 220 — gy — yo) 4 3(1 - )My
h
+ E(MN—l — ayMo). (4.3)

Assume that y € C*[xg, xy]. Let us consider the Taylor series expansion of y(x;) and y(x;,1) around the point x;_; as

/ hz i h3 /"
V) = y0ia) + by (i) + 50y i) + 5y (ki) + O(h*),

and

4 4 4h3 1"
Y(Xip1) = y(xio1) + 2hy (xi1) + 20y (xi_1) + 7}/ (Xi1) + O(h%).
It is clear that
—y(xi 4y(x;) — 3y(xi— h?
Y(XhLl) + y(Xz) Y(Xl 1) — y/(XF]) _ 7y///(xi7]) + O(l’l3).
2h 3
Using the Taylor series expansion of y(x;_1) and y(x;1) around the point x;, we obtain the following:

y(XH»])_y(Xi*]) . hZ " 4
— on =Y (x)+ ay (xi) + O(h™).

Similarly using the Taylor series expansion of y(x;_1) and y(x;) around the point x;,{, we obtain the following:

3y(Xip1) — 4y(x) + y(xi1) h?
At ;h i = Y1) = 53 () + O,

Hence, the following second order approximations to d; can be used.
g = Y — Vi 3Yir1 —4Yi +Yia 4 = Y1 T4y — 3yi
T2 2h ’ e 2h '
Substituting M; = R; — P;d; — Q;y; and d; fori = 0, 1, N in (4.1), we get

h%p 2h3 2h3(1 —
|:—3h(1—aot1)+h2(1—oz1)Po+61+2h— “_ ( O{1)Qo:|yo—|—|:4h(1—aoz1)

diy1 =

2 3
4%(1 — ay)P h3
—w—%— 3Qli|y1+|:—h(1—aoz1)+

2h2011PN PN 2h0l1 hOl]QN
3 Mt hay St 3 |IN= fRo - §R1 + ?RN- (4.4)

Replacing M; = R; — Pid; — Q;y; and d; for i = 0, N — 1, N in (4.2), we deduce

h?Py_ 2h3 2h3(1 —
|:3h(1—aaN)~l—h2(l—otN)PN~l— g L _2n+ EZOCN - ( 3aN)QN]yN+|:—4h(1—aaN)

4h*(1 — an)P h3Qn_
—WJFZML Q3N1:|}’N—1+|:h(1—aom)+

hz(l —O[l)Po h2P1 hZOﬁPN
- 5 = 7 2+ YN-2

3 6
2h3(1 —0[1) h3 h3Ol1

h?*(1 — an)P h?Py_ h3Qn_
( 30[N)N_ 6Nl+2h+ QN ]i|YN—2

hz(){NP() 2h20lNP() PO ZhO{N hO[NQO 2h3(1 - O{N) h3 h3(¥N
- —hay | = = Ry + —Ry—1— ——Ro. 45
g 2t——5 aN[2+ 2 T3 |Yo 3 v+ R = R (4.5)

Similarly, substituting M; = R; — P;}d; — Qjy; and d; for j=0,N,i—1,i,i+ 1in (4.3), we have

3hP;_ hP;
5 L —2np, + TH] Vi1 + [4h2Q,- — 12+ 2hP;_; — 2hP; — 2hP,-+1]y,-

[6 +h*Q —

3hP;1

hpP;_ 6h% (i1 — o 9ha;
|:6 + hz%rl - é L+ 2hP; + 2]Yi+l + |:h2(0(i + 20i41Qo — (21 1)) - az

£2 £

9
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3h(a; + 2ai1)P, 12ho; 3ho; h(aj 4 2¢;
+ ( i 5 1+1) 0i|yO + [ . i+1 + Zh(O{i + 2(¥i+1)P0:|}’1 _ |: £1+1 + ( i 5 1+1)P0i|y2
3ha; hQ2a; + 12ho; 9ha;  3h(2a; + ajy1)P)
— ! + MPN YN_2 + ! + 2h(2a,~ + ai-H)PN YN_1 — ! + M
l 2 L £ 2
= W’Ri_1 + 4h°R; + h*Rij1 + h*(e + 20ti11)Ro — h*(2es + ctir1)Ry. (4.6)
Now let |o;j| < a® = Z—; We get the truncation error To(h) associated with the equation given in (4.4) as
h?p 2h3 2h3(1 —
To(h) = [—3h(1 ) (1 Py + T o 2 2T al)QO]Yo " [411(1 ~ aan)
4h2(1 — O[])PO h3Q] hz(l — O[])Po th] hZO[]PN
- —2h— —h(1 - _— - — _
3 3 1t (1—aar)+ 3 6 |¥2t g I
2h2a Py Py 2h  hQu 203(1 — o) h3 h3a
— L+ RPa | =+ 5+ = ———Ro+ —Ry — —Rw. 47
3 YN-1+ 01124‘(24‘3}’1\14‘ 3 0+31 3 AW (4.7)
Replacing R; = y"(x;) + Py’ (x;) + Q;y; for i = 0, 1, N in (4.7) and after simplifying, we obtain
2h3« VN2 +3yn —4yn_1 h 2031 —ay) ,
To(h) = =~ — o) + arh?Py | T 22— — —y/(ay) |+ —————¥" (o)
L 6 3 3
o 5 h2p;
— Ealy (XN)+ h(3(10[1 — 1)+ h (1 — Ol])PO + T Yo + Zh(l — 200{1)
4h%(1 — ay)P h?P h?(1 — )P
_ 4h°(1 — an)Po yi+ _;_h(]_am)_i_w ¥,
3 6 3
2h3(1 — ay)Py [, ,
+ T Y o)+ Y )+ Poy () | (4.8)
Using the Taylor series expansion for y(x1), y(x2), ¥'(x1), ¥”(x1) about the point xo and using
YN-2 + 3yN - 4yN71 . hz "
o =y'(xn) 3V (xn)+ -
in (4.8), we obtain
2h3a h h3ay
To(h) = —53 “(yn — Yo) + eh®Py |:_§y”(XN) +-- ] - ?1}/ (xn)
Po—P] 20{] P()—Pl 20{]
h37_7 / h4 _ =Ly
+ [ 3 7 ]y(xO)+ [ 3 7 }y(xo)+
Clearly, we can write |To(h)] < Coh?, where Gy is a constant. Thus, To(h) = O(h3®) as h — 0. Since |o;| < a® = ’2—; it is
possible to get To(h) = ©(h®) as h — 0 under the assumption |Py — P;| = O(h?).
We get the truncation error Ty(h) associated with the equation given in (4.5) as
h?Py_ 2h3 2h3(1 —
Tu(h) = [3h(1 ~ o)+ (1 — By + L op g 2o 2 3“”)Q”]yN
4h%(1 — ay)P h3Qn_
+|:—4h(1—aaN)—(3N)N+2h+ Q3N 1:|le+ [h(l—aaN)
hz(l — 0N )PN hZPN,1 hZOZNPO ZhZOlNPo PO 2h
— = h? = _ =
3 6 N-2 R + 3 N +an Oz
hQy 200 —a) B aw (4.9)
3 Yo 3 N 3 N—1 3 0- .

Substituting R; = y”(x;) + Piy’(x;) + Q;y; for i = 0, N — 1, N in (4.7) and after simplifying, we obtain

—Y2—3yo+4y:  h 2R3(1 —aw) ,
- ——y"(xn)

2h30lN
— _ hZP _Je U Vr =y
(YN —Yo) +an 0|: 5 + 3Y(Xo) 3

Tu(h) = =

h3 h2Py_
+3aNy”<xo)+[—h<3aaN—1)+h2(1—aN)PN+ 6” 1]yN+[—2h(1—2aa1)

10
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4h2(1 — ay)P h2py_ h2(1 — ay)P
— An(1 — )Py Ni| N—1 + |:— N + h(1 — aoy) + (1 = )Py Ni|}’N2
3 3
23 (1 —« T, ,
—(3”)y%xN)——B{y(xN_1)+—PNy(xN_l)}. (4.10)

Using the Taylor series expansion for y(xy_1), ¥(xn), ¥ (Xn—_1), ¥"(xy_1) about the point xy and using

YZ+3YO_4Y1 ) h2 7
oh =Y(x0) — 3V (x0) +- -
in (4.10), we obtain
2h3a h WBay ,
Tn(h) = TN(J’N —Yo) +05Nh2P0|:9.y (%0) — - ] + 3Ny (%0)
Pny_1 — P, 2« Pny_1 — P, 2«
p3| NN SN )+ | N TN SNy - (4.11)
3 £ 3 £
From (4.11), we can write |Ty(h)] < Cyh®, where Cy is a suitable constant. Thus, Ty(h) = ©O(h3) as h — 0. Since

leti| < a® = Z—; it is possible to get Ty(h) = O(h>) as h — 0 under the assumption |Py_; — Py| = O(h?).
Further, we can write the truncation error T;(h) associated with the equation given in (4.6) as

Ti(h) = [12—k2h2QF4——3hﬂ;1——4h4—hﬂ+1}w_14—[ShZQj—-244—4hR;1]yi+-[12

12h?
+20°Qi_y — hPi_y + 4h + 3hpi+l:|J/i+l + |:2h2(011 + 206041)Q — — 5 (@i — )
18ha; 24ho; 6ho;
— —— 3o + 20!i+1)P0]J’0 + [IH + 4h(a; + 2ai+1)P0:|Y1 + |:—el+1

Qi

6
—2h(a; + 205i+1)P0j|J’2 + [— — 2h(2a; + ai+1)PN]YN2 + |:4h(20li + aip1)Py

24ho; 12h?
t— li|yN—l + [—2h2(2ai +oie)Qu + —5(ipr — i) — 3h(204 + i 1)Py
18ha; 2 2 2 2 2
- Yn — 2h*Ri_1 — 8h“R; — 2h"Riy1 — 2h“(e; + 2ati41)Ro + 2h* (201 + cif1 )Ry (4.12)

Replacing R; = y"(x;) + Py'(x;) + Q;y; for j = 0,i—1,i,i+ 1, N and using the Taylor series expansions of y(x;) and y(xi;1)
around the point x;_1, we obtain the following:

8h  2hPi_ 4h?P;  10hP,
Ti(h) = 4h*(1 = 2Py (i) + 12| 12 = o = == — —— 4 ——"2 | (x0) + -
3 3 3 3
r 12h2 18hq;
+ 2h2(oti + 20i11)Qo — 7(05141 — o) — Tlﬂ — 3h(a; + 20{;‘+1)Po:|}’0

24ho; 6ho;
+ | 4h(a; + 2ai41)Py + 7 as ])ﬁ + [—TIH — 2h(a; + 20!i+1)P0])’2

GhO{,‘ 24]’10!,‘
+ | —2h(2et; + @iy1)Py — 7 Yn—2 + | 4h(2et; + @iy 1)Py + 7 YN-1
i 12h? 18ha;
+ | =21 (20 + i1)Qu + 2 (@it — i) = 3h(206 + g1 )Py — — li|YN
Since |o;] < a® = ’l}—z we have |Ti(h)| < Gh?, where G; is a constant. Thus, Ti(h) = O0(h®*)ash — Ofori=1,2,...,N — 1.

Consequently, any approximation solution will converge to the exact solution as h — 0.
5. Numerical results and discussion

First, we consider the case (a) when y’ is absent. Here, we try to get a smooth fractal solution of the following BVP:

Example 5.1. Consider the two point boundary value problem

y'+y+1=0, y0)=y1)=0, (5.1)
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(a) Exact solution S, fractal solu- (b) Exact solution S, fractal solu- (c) Exact solution S, classical solu-

tion fi tion fo tion P

Fig. 1. Solutions of BVP with different scaling factors.

whose analytical (or exact) solution is
y(x) = cosx + tan(1/2)sinx — 1.

Divide the interval [0, 1] into two equal sub-intervals (N = 2) as [0, 1/2] and [1/2, 1] with X = 0,x; = 1/2 and x, = 1.
It is clear that hy = h, =h=1/2, £ =1 and a = 1/2. Assume the scaling factors o; = 0.1 = «, i = 1, 2. Here P(x) = 1,
Q(x) =0,and R(x) = —1.Thus,P; = 1,Q; = 0,and R; = —1 for j = 0, 1, 2. From (3.17), we will get the following equation
fori=1:

2 3u 3
d, —d 8y1 — =y1=— 1 =—(dp—dy— 1)+ —. 5.2
a(dy — do) + 8y1 3 a+1=y 22(o 2 )+22 (5.2)
From (3.6) and (3.7), we find the following equations respectively:

47
do = f/(0) = —(69dy — 25d; — 49) + —,

88 88 (5.3)

o 47 )

dy = f'(1) = —(69d, — 25dg + 49) — —.
» =f'(1) 88( 2 0 +49) 33

Solving the above system (5.2)-(5.3), we compute dg = —d, = 0.5356 and y; = y(1/2) = 0.136904 = 3/22. Now, we
will compute the moments using the above values with yo =y, = 0.

Mo = Ro — Poyo = Mp = —1,

M; =Ry — Py, = My = —1,

My =Ry — Py = M = —1.1081.
These moments are then used in (3.1) to write the functional equation of a cubic spline FIF (say f;) in the following:

wfix) — 22.x3 — Box? 4 ox for x € [0, 1/2],
1 229 ,3 5187 ,2 269 687
Efl(x)"l‘ 20000% — 20000% —mx+ 5000 ° fOfXG[]/Z, 1].

fili(x)) = {

The iteration of this functional equation gives us the graph of the desired cubic spline FIF in Fig. 1(a). By assuming different
values to scaling factors, say «; = 1/8 and a; = —1/7, we obtain the following system of equations with the unknown
variables yq, do, d, directly from (3.20)-(3.22):

¥y1 + 0.0195dy + 0.0170d; = 0.2740,

y1 — 0.45dy = 0.1050,

y1 + 0.5450d, = 0.1491.
The solution of the above system gives y; = 0.2705, dy = 0.3678 and d; = —0.2172. Thus, we get My = —1,
M; = —1.2705 and M, = —1. Using these moments in (3.1), we obtain another cubic spline FIF (say f>), see Fig. 1(b), and
its functional equation is
%fz(x) —0.0113x> — 0.1094x% 4 0.3911x, for x € [0, 1/2],

Li(x)) =
LALi{x) —ifz(x) +0.0113x> — 0.1767x*> — 0.0105x 4 0.2705, forx € [1/2, 1].

Note that the scaling factors can be chosen from the range (—a?, a®) = (—0.25, 0.25). We have shown f, to demonstrate
the possible of getting a large class of solutions by fractal methodology. By setting all scaling factors to zero, we obtain
the classical cubic spline interpolant P, see Fig. 1(c). From Fig. 1, it is easy to observe that the fractal cubic spline f; is a
better approximant in comparison with the classical cubic spline solution.

12
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Fig. 2. Nowhere differentiable curve R(x).
Table 1
Parameters for cubic spline fractal solutions of BVP (5.4).
Fig. Scaling vector, end derivatives and moments
3a o =(0.8,0.8,0.8), dy = 9.4232, d; = 19.4085
Mp = 1.9987, M; = —65.0177, M, = 93.8429, M3 = 4.9980
3b o =(0.8,0.8,0.8), dy = 9.4232, d; = 19.4085
My = 1.7445, My = —64.8296, M, = 93.8429, M3 = 4.9667
3c o =(0.35,0.3,0.25), dy = 6.8810, d; = 19.3810
My = 9.1776, M; = —54.8010, M, = 99.3891, M3 = 35.9852
3d o =(0.8,0.8,0.8), dy = 9.4232, d; = 19.4085
My = —45.1382, M; = —28.7917, M, = 74.3697, M3 = 62.6486
3e o =(0.35,0.3,0.25), dy = 6.8810, d; = 19.3810
My = 9.1776, M; = —54.8010, M, = 99.3891, M3 = 35.9852
3f o =(0,0,0), dy =9.4232, d3 = 19.4085

My = —28.3648, M; = —47.1184, M, = 93.5364, M3 = 42.1338

Example 5.2. Consider the following two-point BVP
V' +Px)y +Qx)y =Rx), y0)=1, y(1)=2, (5.4)

where P(x) = x> + 0.1, Q(x) = sinx + 0.1 and R(x) is the nowhere differentiable function as shown in Fig. 2.

Divide the interval [0, 1] into subintervals as [xg, X1], [X1,X2] and [x2, X3], where xg = 0, x; = 0.4, x, = 0.75 and
x3 = 1. From the graph, it is found that Ry = 2.6868, R; = —65.0670, R, = 96.3384 and R; = 27.9332 at the knot
points. Thus from (3.6)-(3.7) and (3.11)-(3.17), we obtain a system of equations with the unknown variables y1, y,, do
and ds. Assuming the scaling factors as «; = 0.8, i € N3, after some simple algebraic computations, we obtain the values
do = 9.4232, d3 = 19.4085 and the moments My = 1.7445, M; = —64.8296, M, = 93.8429 and M3 = 4.9667. Using
these values, we have calculated y; = 1 and y, = —1.

The exact solution S of the BVP is given in Fig. 3a. An approximated fractal cubic spline solution using moments is as
shown in Fig. 3b and is defined as follows:

2 fi(x) — 229x3 + Ax? 4+ 2x, for x € [0, 0.4],
ALY =1 566100 + 3552° — o + Fex — 52, forx € [0.4,0.75],
fi(x) — 2Bx3 4 TBx2 — Sy 2L for x € [0.75, 1].

Similarly, for different choices of scaling factors «;, i = 1,2, 3, we obtain different values for dy, d3, My, My, M, and
M3 which are listed in Table 1. With respect to these values, we obtain various fractal cubic spline solutions, and they
are presented in Figs. 3c-e. Setting all scaling factors to 0, we obtain the classical cubic spline solution P defined through
moments as shown in Fig. 3f. A comparison between the exact solution, 4 different cubic fractal solutions and the classical
solution are illustrated in Fig. 4. The uniform errors between the exact solution of the BVP with various fractal cubic
spline solutions are listed in Table 2. It is easy to observe from Fig. 4 that the cubic fractal spline solution f; is the closest
approximated solution among the proposed five solutions to the given BVP, whose non-homogeneous term is nowhere
differentiable function in the given domain.

13
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Fig. 3. Solutions of BVP with different scaling factors.

Remark 5.1. Note that the solution of BVP (3.8)-(3.9) is not unique if y(x) is not infinitely differentiable. When we
assume that y” is not differentiable, it is possible to get a wide variety of solutions by fractal methodology due to the
flexibility offered by the scaling factors. The flexibility in the choice of fractal interpolants can be harvested to elect a
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Fig. 4. Approximation of exact solution of BVP (5.4) with the proposed cubic spline FIFs.

Table 2
Uniform error between the exact solution
and cubic spline fractal solutions.

IS = filloo 0.1401
IS = falloo 0.1445
IS = f3lloo 0.3846
IS — falloo 1.03

IS —Clloo 0.3232

suitable interpolant by concentrating some desirable features such as smoothness, fairness, fractality in the derivative,
and threshold error between R(x) and its approximation. The question on “optimum curve” can be addressed based on
Levkovich’s work [23]. Here the problem is for given functions P(x), Q(x), R(x), find the IFS parameters of y such that
¥y’ 4+ Py +Q = R on [xg, xy]. In Levkovich’s work, contraction affine mappings generating a given function is obtained
based on the connection between the maxima skeleton of wavelet transform of the function and positions of the fixed
points of the affine mappings. One can adapt a similar procedure to find the connection between the strongest singularities
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of R(x) and the 2nd derivative of the fixed points of the cubic spline IFS. This will give an idea to fix the position of grid
points on [xg, Xy]. Then, the optimal curve can be defined as the fractal curve produced by a specific set of parameters
that minimizes a suitable numerical quantity assigned to all possible curves obtained by the scheme ensuring that the
error ||y” + Py’ + Q — R|| is minimal. Such a constrained optimization problem may be solved by means of a differential
evolution optimization algorithm/genetic algorithm to choose the scaling parameters for construction of the desired cubic
spline FIF.

6. Summary

In this work, we have discussed the solutions of two-point BVPs by using cubic spline FIFs through moments in a
deterministic manner even if the non-homogeneous differential equation involves a continuous function which is nowhere
differentiable. Using the continuity condition at the grid points of the cubic spline fractal and the end point conditions by
the derivatives, we have computed the values at the nodes y, y-, ..., yn—1 from a tridiagonal system. Then, the moments
are computed in terms of y;, i € Ny U {0} to obtain the desired cubic spline fractal solution. Selecting the scaling factors
to be zero and equal interpolating knot sequences, the proposed method coincides with the solution developed in [11].
Hence, our method is more general than the classical cubic spline solution of the second order ordinary BVP. The truncation
error of the proposed method is O(h?) as h — 0.
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