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Abstract

In this article, we propose two types of explicit tamed Euler-Maruyama (EM) schemes for neutral
stochastic differential delay equations with superlinearly growing drift and diffusion coefficients.
The first type is convergent in the £7? sense under the local Lipschitz plus Khasminskii-type
conditions. The second type is of order half in the mean-square sense under the Khasminskii-
type, global monotonicity and polynomial growth conditions. Moreover, it is proved that the
partially tamed EM scheme has the property of mean-square exponential stability. Numerical
examples are provided to illustrate the theoretical findings.
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1. Introduction

As an important type of stochastic differential equations (SDEs), neutral stochastic differen-
tial delay equations (NSDDEs) play a significant part in many application fields, such as auto-
matic control, biology, power system and finance [1, 2]]. In general, such SDEs with the neutral

s term do not have any explicit solutions, and we must be content ourselves with an approxima-
tion via a numerical approach. Due to the simple algebraic structure, easy implementation and
acceptable convergence rate, Euler-type schemes have been introduced to approximate the exact
solutions of NSDDEs. Li and Cao [3] presented a two-step Euler-Maruyama (EM) scheme for
NSDDEs and studied the mean-square stability of the scheme under the linear growth condition.

10 Mo et al. [4] proposed a split-step theta-method for NSDDEs with Poisson jumps, they also dis-
cussed the exponential stability of the method. Ji and Yuan [5] analyzed the convergence rate of
tamed EM for NSDDEs with diffusion coefficients of linear growth. Influenced by the work of
Mao [6], Lan and Xia [7]] developed a modified truncated EM method for SDEs, they extended
this method to the case of NSDDESs and obtained the exponential stability of the scheme in [8].
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Other related work on this topic can be found in [9, 111 12, [14], (17, [18]], and the
references therein.

So far as we know, most of the convergence rate results on the numerical schemes for
NSDDE:s require the conditions that the drift coefficients satisfy the linear or one-sided lin-
ear growth condition and the diffusion coefficients satisfy the linear growth condition, see e.g.,
[3l [IT,[19]]. There are limited results on the convergence rate under weaker conditions than
these. Zhou and Jin [9]] discussed the strong convergence of the backward EM scheme for high-
ly nonlinear NSDDEs, where the diffusion coefficient is polynomially growing with respect to
delay term while for non-delay part the coefficient is linearly growing. As a result, our effort
is devoted to investigating the strong convergence of explicit numerical approximations, whose
convergence order can arrive at one half, for NSDDEs with superlinearly growing drift and d-
iffusion coeflicients. It is known that tamed (balanced) or truncation techniques can be used to
cope with the superlinearly growing parts appearing in the drift and diffusion coefficients when
SDEs are considered. For strong schemes for such SDEs, several types of methods have been
introduced: tamed EM schemes, originally proposed by [Hutzenthaler et al]in [20], where the
coeflicients are approximated by the function of the form F(x)/(1 +A%|F(x)|) (0 < @ < 1) to con-
trol their superlinear growth, see e.g., [211 221 23] 24] 24! [28]]; truncated EM schemes,
originally proposed by in [6]], where coefficients of superlinear growth can be bounded by
the truncated function, see e.g., [33]]. Moreover, another method, called
Semi-Discrete (SD) method, originally proposed by Halidias [36]), also attracts researchers’ at-
tention. A major advantage of the SD method is the domain preservation of the solution process,
a property that the EM method in general do not preserve [37]]. There is an ongoing research
of the method and its properties, see for instance [38]] for an application in a delay model with
jumps, and the recent for the convergence order.

Inspired by the taming idea in Sabanis [21] together with the truncation techniques from
Mao [29]], we propose a class of tamed EM scheme for NSDDEs with coefficients of superlinear
growth. According to the scheme we derive some crucial properties P1-P3, which mean that the
modified coeflicients f) and ga conserve the Khasminskii-type condition and behave linearly for
a fixed step size, see (B.11)), (3.12) and (3.13)). Based on these properties, a uniform moment
bound for the numerical solutions is established and then the tamed EM method can be shown to
converge strongly and conserve the stability in the mean-square sense.

The main contribution of this paper is to develop two types of explicit tamed EM schemes
for NSDDE:s, in which both drift and diffusion coefficients can be growing superlinearly, and
investigate the strong convergence, mean-square stability of the schemes for NSDDE (2.1). We
extend the tamed EM scheme presented in Sabanis [21] to the case of NSDDEs. Furthermore,
when the neutral term D is absent in NSDDE (2.1)), compared with the convergence results of the
truncated EM schemes for stochastic delay differential equations (SDDEs) from Fei et al. [32,
Theorem 3.6], our results obtain a better convergence order under almost the same conditions,
see Theorem 4,11

The rest of the paper is organized as follows. In the next section, we present some prelimi-
naries and assumptions on the NSDDEs. The tamed EM scheme is proposed in Section 3. The
discussion of the strong convergence of the tamed EM is given in Section 4. In Section 5, we
show the reproduction of mean-square stability of numerical solutions for the exact solution.
Numerical examples are presented in Section 6. In the final section, we close the paper by our
conclusion.
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2. Preliminaries

Throughout this paper, let (Q, 7, P) be a complete probability space with a filtration {F;},»¢
satisfying the usual conditions (i.e., it is increasing and right continuous while ¥ contains all
P-null sets). Let 7 > 0 be a constant and denote by C([-7,0]; R?) the space of all continuous
functions from [—T, 0] to R? with the norm ||¢|| = SUP_,<g<0 1#(0)|. Let B(?) be an m-dimensional
Brownian motion. If A is a vector or matrix, its transpose is denoted by A”. If X € R, then |X]
is the Euclidean norm. If A is a matrix, its trace norm is denoted by |A| = /(AT A). For two real
numbers a and b, a V b := max(a, b) and a A b := min(a, b). For a set G, its indicator function is
denoted by I;. The scalar product of two vectors X, Y € R is denoted by (X, ¥) or X" Y. Denote
by |a] the largest integer which is less or equal to a.

Consider a neutral stochastic differential delay equation of the form

d[x(t) — D(x(t — 7))] = f(x(2)), x(t — 7))dt + g(x(t), x(t — 7))dB(t), t > 0, (2.1)

with the initial data {x(0) : -1 <6 <0} =& € C([-T, 0]; R?), where D : R? — R, f: RIXRI —
R? and g : RY x RY — R¥" are Borel-measurable functions. Unless specified otherwise, we
assume that the initial data ¢ satisfies the following condition: there is a pair of constants K; > 0
and o € (0, 1] such that

[E() — &(s)| < Kyt — sI°, Vs, t € [-7,0]. (2.2)
Moreover, we assume that D(0) = 0 and there exists a constant v € (0, 1) such that
ID(x) = D(y)| < Vlx = yl, Yx,y € RY. (2.3)
Consider the following assumptions:

Assumption 2.1. (Local Lipschitz condition) For any R > 0, there exists a constant Lg depend-
ing on R such that

lfCey) = FPIV Ig(x,y) — (X, P < Le(lx — X + |y — ¥,
Vx, %, y,5 € RO with |x| V| V [yl V5] <R

Assumption 2.2. (Khasminskii-type condition) There exist positive constants K, and py > 2
such that

po— 1
2

Under Assumptions [2.T]and [2.2] NSDDE (2.1)) has a unique global solution x(r) on ¢ € [T, ).
In addition, we have the following result regarding the moments of x(¢), the proof is similar to
that of Mao [40, p.213, Theorem 4.5] and is therefore omitted.

(x = DN flx,y) + lgCe, IF < Ko(1 + x> + [y, Vx,y e R

Lemma 2.3. Suppose that Assumption[2.1)and 2.2 hold. Then

sup Elx()|”* < o0, VT > 0. (2.4)

—7<t<T
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Denote by U the family of continuous function U : RY x R — R, such that for any R > 0, there
exists a positive constant Lg for which

U(x, %) < Lglx — %, Vx, % € R with |x| V |X] < R.

Assumption 2.4. (Global monotonicity with U function and polynomial growth conditions)
There exist constants p; > 2, 1 > 0 and Kz > 0, K4 > 0 as well as a function U € U such that

(= %= D) + DOV () ~ 57 + P Hgtx ) - (3, 9P
<Ki(x =7 +ly=3H - U5+ U@y, 5, Yx,y € RY, (2.5)
and
fCuy) = fED < Ka(L+ Il + Iy + 17+ 5)(x - 2 + y - 3), Y,y eR:, (2.6
as well as

lg(x,y) — g(E )P < Ka(1 +Ixl' + I + 15 +[5)(|x — % + |y —3P), Vx,yeRL (2.7)
From (2:6) and (2.7), we have the following growth condition
Fa < Ks(L+ 1™ + ") and  [g(x,y)* < Ks(1 +x" + "), Vx,y e R, (2.8)
where Ks = 6K; V (4K4 + 2|g(0,0)]> + |£(0, 0)[%).

Remark 2.5. If the neutral term D vanishes, the global monotonicity condition with U function
@ reduces to Fei et al. [32) Assumption 2.3] and Guo et al. 34 Assumption 5.1]. In view of
Fei et al. [32 Example 6.2], the presence of U function in global monotonicity condition will
make the choice of the drift and diffusion coefficients for SDDEs more flexible.

3. Tamed EM scheme for NSDDEs

Assume that the step size A is a fraction of 7. Define A = 7/m € (0, 1] for some positive
integer m and «(¢) := [t/A]JA, for any ¢t > —7. The discrete-time tamed EM scheme for NSDDE
(2-1)) is defined as follows:

Yot = DOKT™ + ¥ = DOK™ + fa0h ¥ ™A + gaOh ¥y "IABk, k=0,1,2,--,
Yo = E(KA), k=-m,—m+1,--- 0, 3.1)
where AB; = B((k+1)A—kA), the modified coefficients fy : RYxXR? — R?, g5 : RIXR? — R%"

are Borel-measurable and satisfy some conditions given below. Define a continuous-time step
process Ya(f) on t € [—T, 00) by

Yat) = Z A Iika ks 1) (@),

k=—m



where 1 is the indicator function. Then Yx(t — 7) = y’Z’m, for any t € [kA, (k + 1)A) with k > 0.
Define a new continuous-time process YA(#) on ¢ € [—T, o) by

Ya(1) = D(Y(r = 7)) + £(0) = D(E(=1)) + fo Ja(Ya(s), Ya(s — 7)dss

+ f ga(Ya(s), Ya(s — 1)dB(s), 1 > 0,
0
Ya(r) =&(t), -1 <t <0. (3.2)

Obviously, YA(?) is well defined on [0, 7]. Once the process Ya(#) on this interval is known, we
can proceed this argument on [7, 27], [27, 37] etc. and hence obtain the process Ya(¢) on the entire
interval [—7, co). Moreover, YA(?) is an Itd process on [0, co) with It6 differential

d[Ya(t) = D(YA(t = D)1 = fa(Ya(®), Ya(t = D)dt + ga(Ya(t), Ya(t = 7)dB(). (3.3)
From (I) and (3:2), we conclude that
YA(A) = DEA = 1)) + £(0) = DE(=1)) + fa(€(0), E(=1)A + ga(€(0), £(=1))ABy = y.
Similarly, we can show that for any ¢ € [kA, (k + 1)A) with k > 0,
Ya(kd) = yj = Ya(o), (3.4)

that is, the discrete and continuous tamed EM solutions coincide at the grid points. Thus, it is
useful to know that for any ¢ € [kA, (k + 1)A) with k > 0,

YA(kA) = D(YA(KA = 1)) = Ya(t) = D(Ya(t = 7)) = YA = DOA™) (3.5)
and

Ya(t) = D(Ya(t = 7)) = Ya(t) + D(Ya(t = 7))
= ka Ja(Ya(s), Ya(s = 1))ds + ka ga(Ya(s), Ya(s = 1))dB(s). (3.6)

Remark 3.1. In most of the existing work on the numerical methods for NSDDEs, e.g., Ji and
Yuan [5], Lan [8], Tan and Yuan [19], D(YA(t—7)), rather than D(YA(t—7)), as an approximation
to D(x(t — 7)), appears in the equation (3.2)), which determines another form of continuous-time
process Y, (t) defined by

Y1) = D(Ya(t — 1) + &(0) — DE(-1) + fo Ja(Ya(s), Ya(s = 1)ds

+ f ga(Ya(s), Ya(s — 1)dB(s), t > 0.
0

We then have the following form of difference between the exact solution x(t) and the tamed EM
solution YZ(t),

X(t) = Y3(t) = D(x(t = 7)) + D(Ya(t = 7))
= fo (£Cx(9), x(s = 7)) = fa(¥a(s), Tals = T)))ds

+ fo (8(x(s), x(s = 7)) = ga(¥a(s), Ya(s — 7)))dB(s), t 2 0. 3.7)
5



If we apply the 1t6 formula to (B.7) and use the global monotonicity condition with U function
(23)), then there will be an exira term expressed by the following we have to address,

E f (= UGx(s), Y3(s) + U(x(s = 1), YA(k(s) = 7)))ds, £ 2 0. (3.8)
0

Note that the two time variables of the second U function in (3.8)) are asynchronous, it is difficult
to treat (3.8) as an appropriate form. However, if we use Ya(t) given by (3.2), (3.8) becomes

E f ( — U(x(s), Ya(5)) + U(x(s = 7), Ya(s — T)))ds, t>0. (3.9)
0

We observe from @33) that B9) can be addressed well. From the practical point of view,
using D(YA(t — 1)) to approximate D(x(t — 7)) in (3.7) avoids the presence of asynchronous time.
Moreover, Y5 (t) preserves the useful property (3.4) that Y3 () has.

Let us make some conditions on the coefficients of the scheme (3.1I). Suppose that there is a
constant @ € (0, 1/2] such that the following conditions hold:
P1. For any R > 0, there is a positive constant Nz depending on R such that for any x,y € R,

| ISlllFR 1f (. y) = fa(x IV 18(x, ) — galx, y)l < NeA™. (3.10)
x|V[yl<

P2. There is a positive constant K | such that for any A € (0, 1],
[faGe )l < KA +Ixd + ) ALf(x, 0l Vx,y € R, (3.11)
and
ga(r. P < KiA™ (1 + i + D) A g )P, Yy € R (3.12)
P3. There is a positive constant K, such that

Po

—1 X
lgaCe, VPP < Ko(1 + |x + yf*), Yx,y € RY. (3.13)

(x = DY) falx,y) + 5

Property P3 means that modified coefficients f) and ga preserve the Khasminskii-type condition
s [2.2] While property P2 implies that for any A € (0,1], fo and ga satisfy the linear growth
condition which guarantees the existence of a unique solution to (3:3).
Now, we propose two types of modified coefficients fy and ga in 3-I). Let @ € (0, 1/2],
define

Sa(,y) = malx,y) f(x,y)  and  galx,y) := malx, y)g(x, y), (3.14)
where 7, : RY x R? — (0, 1) is defined by

1

,Vx,yeRY Ae(0,1], (3.15
[T (G +gypy Y €KL AcO AL G

Type I:  7a(x,y) =

or

1
L+ Ar(lx + [yl
6

Type I:  ma(x,y) = Vx,y € R, A€ (0, 1]. (3.16)
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Remark 3.2. Under Assumptions [2.1] and 2.2} we can show that the modified coefficients fy
and ga with Type I given by (3:13)) satisfy conditions P1-P3. If Assumptions 21| is replaced by
Assumption the modified coefficients Type Il also satisfy PI1-P3. This type of tamed EM
scheme allows us to produce the optimal rate of convergence. But if we are only interested in
the strong convergence (without order) of the numerical scheme, then using the tamed EM Type
I may suffice.

4. Strong convergence at time 7" > 0

4.1. Order of strong convergence of tamed EM (Type 1) under monotonicity condition

Theorem 4.1. Suppose that Assumptions [2.2] and 2.4 hold with py > 4 Vv 2(1 + 2]) and a €
(0, 1/2] is arbitrary. Then the tamed EM solution YA(t) or Ya(t) with modified coefficients Type Il
converges to the exact solution x(t) of NSDDE (2.1) with order a A ¢ in the mean-square sense,
iLe.,

sup Elx(r) = Ya()? < CA*®" and  sup E|x(r) - Ya()]* < CA*®9, VA € (0,1], (4.1)

0<t<T 0<t<T

where the positive constant C := C(T, v, |||, po, p1, K1, K2, K3, K4, 1). In particular, letting a =
1/2 yields that

[EIX(T) - Ya)P] " < €% and [EIxT) - TaT)P]” < €AY VA € 0,11 (4.2)

From now on, C denotes a genetic positive real constant dependent on T, v, ||€|| etc. but indepen-
dent of A.

Remark 4.2. It should be pointed out that if the neutral term D vanishes in NSDDE 2.1, The-
orem reduces to the convergence result of tamed EM scheme for SDDEs. In this case, com-
pared with the convergence result of the truncated EM scheme in Fei et al. [32) Corollary 3.8],
which has an order (0.5 — €) A o in the mean-square sense, where € € (0, 1/4] is arbitraty,
we observe from [@2) that our scheme has a better convergence order under almost the same
conditions as [32, Corollary 3.8].

Lemma 4.3. Suppose that P2 and P3 hold with py > 4 and «a € (0, 1/2] is arbitrary. Then the
tamed EM solution Y(t) defined by (B:2) satisfies

sup sup E|YA(D)P° < C,
0<A<1 0<t<T

where the positive constant C := C(po, T, Ky, ||€]], V).



Proof. Let P2 and P3 hold with py > 4 and « € (0, 1/2]. Then for any ¢ € [0, T'], applying the It6
formula to (3:2) and P3, i.e., (3:13)), we derive that

EYA(®) = D(Ya(t = )"

< 160) - DEEDI™ + 17011*3f0 [|YA(5) — D(Ya(s = )"

_ _ -1 _ _
X ([¥a(5) = D(YaCs = D) fa(FaCs), Fals = 70) + Eo—lga(Ta(s). Fals = )P ds

= E(0) — DE-T)I™ + poll fo [17a(s) = D(¥a(s = D)2

_ _ _ _ -1 _ _
X ([Fa(s) = D(FaCs = D) fa(FaCs), Fals = 70) + Eo—lga(Tas). Fals = 1P |ds

+ B [ [I7a(9) = DCYats = oy
X [Ya(8) — D(Ya(s - 1) - Va(s) + D(Tas - 001" fa(Fals), Tals = T)]ds

t
< E0) = DE-=D)I" + CE fo [1¥a(s) = D(¥a(s = NP1+ Va9 + [Fals = D)P)|ds + poJ (@)
<C+CE fo (YA + DY ACs = D))+ Fa)P + [¥als = DP)]ds + poJ (1)
<C+ CEf [1 + YA + [Yals = DI + |¥a()IP + [Vals — T)I”O]ds + poJ(1)
0

!
<C+C f (€117 + sup EIYa@l” + sup EIYA)" |ds + poJ(2),
0

O<u<s 0<us<s
where
5= [ [Ia(5) = D¥ats = o)
0
X (Ya(s) = D(Ya(s = 1) = Ya(s) + D(Ta(s = 1) fa(Ya(s), Ya(s ~ T))]ds- (4.3)
From (3-4)), we have the following useful estimate:

sup E|YA(w)”° < sup E|Ya(u)|P. (4.4)

0<u<s 0<u<s

Consequently,

E|YA(1) = D(Ya(t = D))" < C + C f [l€l™ + sup EIYAGOI |ds + po().  (4.5)
0

0<u<s

We observe that
!
J0=E fo [I7a(s) = D(Fa(s = )12
X (Ya(s) = D(Ya(s = 7)) = ¥a(s) + D(Tals = D) fa(Fa(s), als = 7))|ds

" ]Efo [('YA(S) = D(Ya(s — D)2 = |¥a(s) = D(Ya(s - T))|P0*2>
8



X (Ya(s) = D(Ya(s = 1)) = Ya(s) + D(Ta(s = 1) fa(Ya(s), Vals ~ T))]ds
= J1(0) + Jo(1). (4.6)

Using (3:6) and P2, we have the following estimate

() =E fo |7a(s) = D(¥a(s = ) ( RAORACE )du) fa(Ta(s). Tals - T)]ds

+ Efo [7a(s) = D(Fals - T))I”"’z(f ga(¥a(u), Ya(u - T))dB(u)>TfA(YA(S)» Ya(s = 1)|ds

k(s)

<E fo |17a() = DFa(s = DI fa(¥als), Tals = )P f( ‘) dulds

!
< CA'"™E f [¥a(s) = D(Yals = NP 2(1 + [Ya()] + |¥a(s — T)P)ds
0
!
<C f |1+ sup EIVa(u) - D(Ta(u—1)I” + sup EI¥a@)|™ + sup E|¥a( - 1)/ |ds
0 0<u<s 0<u<s 0<u<s

!
<C f |1 411817 + sup EIVa(u) — D(Ta(u = )" + sup E[Fa@)™|ds
0

0<u<s 0<u<s

!
<C+C f [l + sup ElYs@)™]ds, &7
0

0<u<s

where ([@4) has been used in the derivation of the last inequality.
For some py > 4, applying the Itd formula to |Ya(s) — D(Ya(s — 7))P~2, we conclude from

(32) or (3.6) that
L) =E fo |(17a(5) = D(YaCs = THIP™ = [Fals) = D(Fals = I )
x (Ya(s) = D(Ya(s = 7)) = Fa(s) + D(Ta(s = 7)) fa(Fa(s), Fals - ) |ds

<E fo [{tro=2) ] 1¥ata0 = DC¥ate = oD (Y00 = DY = ) fo(Tatw). Tt = )

k(s
) -3 s 7 v
* %  ala) = DG~ P lga(Vaw), Vau = 1)Pdu
#(po=2) | 174 = DYau DI (¥a() = D(¥a(u =) ga(Faw), Yalu - 1)dBw)

S

X Fa(Ya@), Ya(u — 7)du + f
K(s)

S

ga(Ta(u). Falu — 1)dB) fu(Ta(s). Tals — 1)]ds

A

Jau(1) = C]Efo [ " |Ya(u) = D(Ya(u = D)~ (Ya@w) = D(Ya(u = )7 fa(Ya), Ya(u - 7))du

9



S

R CACRACE )du) fa(Ta(s), Tals - 7)]ds

S

In(t) = CE fo | 1Y) = DG~ DI (Yaw) = DY A = )T fa(Fa(w), Va(u = 1))du
k(s

x f( 8a(Tas) Fats - NABwW) fa(Fa(s). Tals - T)]ds

st =ce [ |

S

x RACORACE D)) fa(Pa(s). Tals - T)]ds

Joa(t) = CE fo [

x ( f( a(aw) Patu - T)ABW)' fa(Ta(s), Fals - 1)]|ds

‘ NACEECACE P Hga(Tau), Tau — 1)Pdu
k(s

[Ya@) = D(Ya (= D) 1ga(Pa(u), Valu — 0)Pdu
K(s)

S

J5(1) = CE fo [ ] a0 = DOl = o)™ (Vala) = DYl = 7)) (P Tatu = )BC@)

S

x ( RAORACE D)du) fa(Pa(s). Tals - T)]ds
Jx() = CE fo | ., ¥a(w) = DO¥a(u = DI (¥a(w) = D(¥a(u = 1) ga(Fa0), Fatu = 1)dBw)

x ( f( 8w, Tau —)ABW) fa(Fa(s). Pals — )]ds. 4.8)

By P2 and {#4), we have

J21(1) < CE fo r |£a(Fa(s), Tals = IPA f( ) Ya(u) = DOYaGu = D)\ fa(Fa(u), Talu = 7)lduds
< CAE fo t |I£a(¥a(s), Yats =) f( ) |Ya() = D(Ya(u = D) duds
< CA™*E fo t | f( ;a + 1T ()P + [T () = DP)NYa@) = DYa(e = D) dulds

5
< CAT e f |1+ sup EIYa@) = D(Ya(u— )P + sup E[¥a@)™ + sup E|¥a(u - 7)™ |ds
0

O<u<s 0<u<s 0<u<s

!
<C+C f [llgl™ + sup ENya@l™|ds. (4.9)
0

0<u<s

Recall the Young inequality: for r;' + ;' = 1,7, r > 1,
i I

a 2
ab < — + —, Ya,b > 0.
r rn

10



Letting r; = pg, 12 = pf = in the above inequality, applying the Holder and Burkholder-Davis-

Gundy inequalities, we have

In(1) < C]Efo [f() |Ya(u) = DY = D)7 fa(Va(u), Va(u = 7))ldu

x| f( )gAa‘VA(u), Ya(u = 0)dB)||fa(Fals), Vals — )||ds

Po/(po—1)

< CE fo [(1£(Fa(s), Ya(s = 1) f( Yalu) = DY - )P fa(Faw), Ya(u - 7)ldu)

+| f( 7o), Fatu = oas] s

Po/(Po—l)]

<CE f (a2 f 1Y) = D¥al— D)L+ [Ta(s) + [Tals - ))du) ds
0 K

(s)

+ Cft [E( f“ lga(Ya(u), Ya(u — T))lzdu)m/z]ds
0 k(s)

!
< CAU20pol(po=l) f [1+ sup ElYa() - D(Ya(u =)™ + sup EI¥aw)™
0

0<u<s 0<u<s

!
+ sup E|¥Va(u —T)I”‘)st + CA(I"’)”U/zf [1 + sup E|ZA@)|”° + sup E|¥a(u - T)I”Ust
0

0<u<s 0<u<s 0<u<s

!
<C+C f [llgl™ + sup EIYAGI™ |ds. (4.10)
0

0<u<s
Again using P2 and noting that @ € (0, 1/2], we have

sty = CE [ [ 1¥atw = Dot~ 0P Va0 = DYt = ) lga(Fa. Tat = o)
0 K(s)

X fa(¥Ya(s), Ya(s — T))]ds
<E f [ f [Ya(u) — D(Ya(u — )P 3|ga(Ta(u), Ya(u — )Pdul fa(Ya(s), Yals — T))I]ds
0 K(s)

< CA™E f [ f ¥a(u) = D(Yau = P + 174G + [V — )P
0 K(s)

X (1+ [Fa()] + 7 (s = D)) |ds

!
< CA f [1+ sup ElYa(u) - D(Ya(u = D)™ + sup E[¥a@)™ + sup El¥a(u—1)™]ds
0

0<u<s 0<u<s O<u<s

!
<C+C f [€1™ + sup E|Ya@l™ |ds. (4.11)
0

0<u<s

Similarly, we can derive that

Jo3() + Jaa(t) + Jos()< C + C f [llgli™ + sup EIYaGI™ |ds. (4.12)
)

( 0<u<s

11
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From @9)-@.12), we have

!
LN C+C f [llgl™ + sup EIYaGI™ |ds. (4.13)
0 O0<u<s
Inserting (@.7) and @.13) into [@.6), we derive from @.3) that
!
sup E|Ya(u) — DYa(u-1)" < C+C f sup E|Ya(u)"ds. (4.14)
O<u<t 0 O<us<s

Recall the following inequality: for p > 1, &> 0and a,b € R,
N
la+DP <(1+er)P~ | — + b7, (4.15)
&
see [40, Lemma 4.1, p.211]. Consequently,
[Ya@)I” = [Ya(u) = DYa(u = 7)) + D(Yp(u = T)I”

|ID(YA(u — 1))
&

<1+ enyn! ( + 1Y) = D(Ya(u - T))I”“)

VPO (Ya(u — )

<1+ enyn! ( + 1Ya(u) = D(Ya(u - T))I”") .

no—1 . .
Letting £ = (ﬁ)[] and taking expectations, we have
1
EYA@)I" < vE[Ya(u = D" + ————E|Ya(u) = D(Ya(u — )", Yu > 0. (4.16)

(1 — y)po~

Therefore,

sup E[YA(w)|” < v sup E|Ya(u—1)P° + sup E|YA(u) — D(Ya(u — 7))

0<u<s 0<u<s (1 - )p IOSuSS

< VIIEIP + v sup E[YA)” + - sup E|Ya(u) - D(Ya(u— )|, Vs> 0.
0<u<s (1 - V)‘n“i 0<u<s

Rearranging this gives

y
sup E[YA(w)|” < ]—_V||§||p° +

0<u<s

1y P ElYA(u) = D(Ya(u =), Vs 20.  (4.17)
- <u<s

Plugging #-14) into @I7) and applying the Gronwall inequality complete the proof. O

Lemma 4.4. Suppose thatAssumptions%land hold with pg > 4V 2(1+2l)and a € (0,1/2]
211

is arbitrary. Then for any p € [2, % the tamed EM solution Yx(t) defined by with

modified coefficients Type II has the property that
T
Ef If(Ya(5), Ya(s = 1)) = fa(Ya(s), Ya(s = 7)IPds < CA?P, VA € (0, 1], (4.18)
0
and

T
Ef |g(Ya(s), Ya(s — 7)) — ga(Ya(s), Yals — )IPds < CA??, YA € (0, 1]. (4.19)
0
12



Proof. Let @ € (0,1/2] and p € [2,

l]' Consider the tamed EM scheme Type II. In view of
Lemma[4.3] we have

Po
1+2
T —_ —_ —_ —_
E fo |f(Ya(5), Ya(s — 7)) = fa(Ya(s), Ya(s — 7)Pds

< AR fT [(IYA(S)II + I?A(S_— T)|l)p|fE?A(S),YA(S_T))|p}ds
0 (L+A*([Ya()' + Ya(s = DID))P

T
< CA"E f [ (7A@ + 17als = D)1+ [Fa(s)l*! + [Fals = D) ]ds
0

T
< CA™ f E(1 +7a(s)P1+2 4 [Ta(s = DI 2)ds
0
< CA™P,

which yields @I8). Applying the same techniques gives @19). O
The following lemma provides the closeness between the two continuous versions of the
tamed EM solutions in the sense of £7.

Lemma 4.5. Suppose that Assumptions [2.2|and 2.4 hold with py > 4V 2 + 1) and a € (0,1/2]

is arbitrary. Then for any p € |2, 1 53/2 , the tamed EM solution YA(t) defined by (3.2) with
modified coefficients Type II has the property that

sup E|YA(t) — VAP < CACSP WA € (0,1]. (4.20)

0<t<T

Po .
Proof. Let p € [2, T 1/2}. Consider the tamed EM scheme Type II. Recall (3:6) that
Ya(t) = Ya() = D(Ya(t = 7)) = D(Ya(t = 7)) + @a(0), V1 € [0, T], (4.21)

where

t _ _ ! _ _

ea(r) = Ja(Ya(s), Ya(s —1))ds + f 8a(Ya(s), Ya(s — 1))dB(s).
k(1) (1)

We first show that there is a positive constant ¢, dependent of p such that
Elpa(n)l? < ¢,A%P, ¥t € [0, T1. (4.22)

By the elementary inequality, we have that for any ¢ € [0, T']
! !
= = = = P
Elpa®l =E| | fa(Ta(s), Ta(s - m)ds + f 2a(Ta(s), Ta(s = 1)dB()
(1) k(1)
! !
<2 AR [ 1fa(Fa(s), Tals = )P ds + 27| f ga(Ta(s), Tals = 1)dBGs)| -

k(1) ®
(4.23)

13



On the basis of the Holder inequality, Lemma[d.3]and P2, we have

! !
2R | |fa(Fa(s), Pals — D)IPds < CAP™'E f [A7P2 (0 + Fa(s)I? +17(s = D7) ]ds
k(1) k()

< CAPI, (4.24)
By the Burkholder-Davis-Gundy inequality, P2 and (2-8)), we have

8| [ oo 7ot - 0o < CE| [ lgaTaon Tats - nfas|
K(t) (1)

!
SCE( | (1+17a(9)I"? + | Pals - T)|l+2)ds)p/ ’

k(1)
< CE((1 + IYak)* + 1¥a(k(t) - D2)A)"

< CAP(1 + sup EIYA(s)I"!*)) < CAP”. (4.25)

0<s<t

Noting that @ € (0,1/2], from @#23)-@23), we get (&22). On the other hand, by @.I3) and
(Z3), we see from (@-21) that

[Ya(t) = YA()IP = [D(Ya(t — 7)) = D(YA(t — 7)) + @a(DIP

(14 ey (|D<YA<r " DI (m,,)
<(1+grmy! (VplYA(’ - T)g_ Yat=ol | |¢A(;)|1’) . Vte[0,T1.
Letting & = (l—ﬁv)p_' gives that
[Ya(t) = YA < VIYA(t =7) = Ya(t = D) + ﬁh%(t)l”, Vi €[0,T]. (4.26)

Taking expectations on the both sides of (.26) and using @.22)), (2.2, we have

- _ 1
EIYA(@) = YA < VEIYA( = 7) = YAl = D" + ——=Elpa()l

1-v
<v sup E|YA(r) - YA + E—”AO-SP
T (1= vyt
<v sup EIYa(t) — TaOlF + vKPAP + — L A0S, 4.27)
0<t<T (1 —wr-

As this holds for any ¢ € [0, T'], thus

sup E|YA(f) — VAP < v sup E|YA(F) — YA + (va + C—”l)A@A“)P. (4.28)
0<i<T 0<i<T (1 —-w)r-

Rearranging this implies the desired assertion. O

14



Proof of Theorem .1} Consider the tamed EM solution Y, (¢) with modified coefficients
Type II. Denote

ea(®) 1 = x(t) = Ya() = D(x(t — 7)) + D(YA(t — 7)), Vt €[0,T]. (4.29)
Thus, by (Z.3) and the elementary inequality, we have that for any ¢ € [0, T],

[x(£) = Ya()I* < (1 + &)D(x(t — 7)) = D(Ya(t = D) + (1 + & Hlea(®)
<A+ ex(t=1) = Yot = D> + (1 + & Hlead). (4.30)

1-v

Note that x(r) = Ya(¢) for any ¢ € [-7,0]. Then letting &€ =
both sides of (#30), we have

and taking expectations on the

1
sup E|x(u) — YA(u)I2 <vsup Elx(u - 1) — Ya(u — ‘r)|2 + I sup ]EleA(u)I2

0<u<t 0<u<t —V 0<ust

1
< v sup Elx(u) — YA + ; sup Elea(uw)?, ¥z € [0,T].

0<u<t = V 0<u<t

Rearranging this gives

1
sup Elx(u) - Ya(u)* £ —— sup Eleaw), Y1 € [0, T]. (4.31)
O<us<t (I =v)* ocuss

By the It6 formula and the elementary inequality, we have that for any ¢ € [0, T']
Elea(®P = E fo 26X ()F(x(9), x(s = 7)) = fa(Fa(s), Fals = T)]
+ 18(x(5), x(s = 7)) = ga(¥a(s), Ta(s = D) |ds
<E fo [2e£(S)[f(X(S), x(s = 7)) = f(Ya(s), Ya(s = 1))]
+ (p1 = DIg(x(s), x(s = 7)) = g(Ya(s), Yals — 1) |ds

+ Efo 2ey($)Lf(Ya(5), Yals = 1) = fa(Yal(s), Ya(s — 1)]ds

-1 ! _ -
- i s fo 19(Ya(5). Ya(s = 7)) = ga(Ta(s), ¥als = 1)Pds. (432)
By Assumption 2.4} we have
Elea(t)* < 1(t) + I(1), (4.33)

where
L():=E fo [leato)? + 2K5(1x(s) = Ya()P + |x(s = 7) = Ya(s = D))
—2U(x(5), YA($)) + 2U(x(s — 1), Ya(s — T))]ds

15



and
L(t):=E fo [LF(Va(s), Yals = 1) = fa(Fa(s), Fals = TP

-1 _ _
(¥ (). Yals = 1) = ga(¥a(s). V(s = )P ]ds.

+
p1—2

Recalling that for any s € [—T, 0], x(s) = Ya(s) and U(x(s), Ya(s)) = 0, we have

f Ix(s = 7) = Ya(s = 7)PPds < f Ix(s) — Ya(s)[ds,
0 0

and

f Ux(s = 1), Ya(s —1))ds < f U(x(s), Ya(s))ds = f U(x(s), Ya(s))ds,
0 - 0

T

as well as
lea()I* < 2lx(s) = Ya()F* + 2V x(s = 7) = Yals = ), Vs € [0, 1].
Inserting (@.36) into 7, () and using @34), (#.33), we have
3
(1) < (4K3 +2 +2%) f Elx(s) — Ya(s)*ds.
0
To estimate I,(r), we observe that

L) < (1) + In(),

where
T
b (D) :=2f0 Elf(Ya(s), Ya(s — 7)) — f(¥a(s), Ya(s — 7)) PPds

2p -1 (T P
" % f Elg(Ya(s). Ya(s — 7)) — g(Fa(s), Pals — 1)Pds,
- 0

and

T
In (1) :=2j; EIf(Ya(s), Ya(s = 1)) = fa(Ta(s), Vals = )Pds

Ap: — 1 T _ _ _ -
+ —(ppll— 2 ) fo Elg(Ya(s), Ya(s = 1) = ga(Ya(s), Yals — ) ds.

By the condition py > 4 Vv 2(1 + 2[), we have

2po < 2po <P
po-21"2+20 S 1412

Thus, according to Lemmal4.4] we have

Ly(t) < CA™,
16
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and applying the Holder inequality, Lemmas[.3|and[4.3] as well as Assumption [2-4 we have that
for any s € [0, T']

EIf(Ya(s), Ya(s = 7)) = f(Ta(s), Yals = D)
< CE[(1 + Ya()P + [Ya(s = D + [Fa() + [Fals = D))

X ([Ya(5) = Ta() + [Ya(s = 1) = Tals = D)P)]

— - 21
< C(1 + EIYA()I™ + EIYa(s = DIP* + El¥A()IP + El¥a(s — 1)) &

_ _ =21
x (EIYa(s) — Fa()PP/ P20 1 El¥y(s = 7) - FaCs — r)Pro/ino-20) P00

< ca, (4.39)
Similarly, we can deduce that

Elg(Ya(s) = Ya(s = 7)) — g(¥a(s), Yals — )* < CA*M. (4.40)

Noting that a € (0, 1/2], combining (#.37), (#.38), (#39) and (#.40) together, we observe from
(@33) that

!
Elea(dl < Cf Elx(s) — Ya(s)Pds + CAX@"),
0
As this holds for any ¢ € [0, T'], thus

15
sup Elea(u)* < C f sup E|x(u) — Ya(u)|*ds + CA*®),
0

0<u<t 0<u<s

Substituting this into @.31)) gets
!
sup Elx(u) - Yaw)P < C f sup Elx() — Ya@u)Pds + CAXO),
O<u<t 0 O<u<s

1o Applying the Gronwall inequality give the first assertion in (@.I). Combining this with Lemma
[.3]yields the second in @-I)). Thus, the proof is complete. O

4.2. Strong convergence (without order) of tamed EM (Type I) under local Lipschitz condition
In this section, we mainly discuss the convergence issue of tamed EM scheme when global
monotonicity and polynomial growth conditions are replaced by the local Lipschitz condition.
s Note that Lemma@requires the condition py > 4, however, if we are only concerned with the
convergence (without order) of the tamed EM scheme, then this condition can be substituted by
a more relaxed pg > 2 . The price we pay for this is a narrow scope of the parameter @, which
will lead to a decrease in the convergence rate in view of Theorem[d.1} Borrowing the method of
the proof of moments boundedness in Mao [6, Lemma 3.2], we have the following lemma.

Lemma 4.6. Suppose that Assumptions 2.1 and 2.2 hold with py > 2 and « € (0,1/3] is arbi-
trary. Then the tamed EM solution YA(r) given by (3.2) with modified coefficients Type I satisfies

sup sup E|YA(D)I” < C,
0<A<1 0<t<T

120 where the positive constant C := C(py, T, K, |||, v).
17



Proof. Let Assumptions [2.1] and [2.2] hold with py > 2. Consider the tamed EM scheme Type 1.
Let us begin with an assertion that for any p > 0,

E|[Ya(0 - Va0 = D(Yatt = o) + DTs(t = )T |
< CAPUDR( VAP + | Valt — DIP), V1 >0, (4.41)
where C is a positive constant independent of A. Recall that
Ya(t) = Ya(t) = D(Ya(t = 7)) + D(YA(1 = 7)) = @a(1), V1 20,
where @4 (7) is defined in (#21)), namely
A1) = faYa(k(@®), Ya(k(r) — D) — k(1)) + ga(Ya(k(D)), Ya(k(2) — D)(B() — B(x(1))).  (4.42)
Then for any p > 2, using P2 gives
E|lea(0]" 7o | < CE || fa a0, Yate® = )t = )] |70

+CE [IgA<YA<K<t>), Ya(k(t) = D)B(®) — B(®))|” lm]
< CAPTO (1 + YD + [ Yalk(r) = 7))
+ CAP DR 4 YA + [Yalk(r) = T)IP)
< CAPI=O2(1 4 |PA(DIP + |z — T)IP), (4.43)
this also holds for any 0 < p < 2 due to the Holder inequality. Thus, we get the assertion (#4T).
Now recall (@.3)) that

E|YA(1) = D(Ya(t = D))" < C + C f [l€17 + sup EIYAGOI |ds + poJ (@), 120, (4.44)
0

0<u<s
with J(7) defined in @3)), i.e.,
t
J@)=E f [1¥a(s) = D(¥a(s = D)
0

X (Ya(s) = Ya(s) = D(Ya(s = 7)) + D(Ya(s = 1)) fa(¥a(s), Va(s - T))]dS-
By the Young inequality, we have

J(t) < Po~ 2Ef [YA(s) = D(YA(s — T)|P°ds + 3l'I(t), 4.45)
Po 0 Po
where
M =E f [Ya(s) = Ya(s) — D(Ya(s)) + D(Ya(s = T)IP2| fa(Ya(s), Yals — D)7/ 2ds.
0
Let e € (0, 1/3], using (#-41) and P2 as well as #.4) yields

!
T1(f) < CAU-@Po/4eml2g f (1+ [Fa()IP? + |Fa(s - T))|p0/2)2 ds
0

!
< CAU3®ro/d f [1 + sup E|YA@)l” + sup E|Va(u —T)|p°]ds
0

0<u<s 0<u<s

!
<C f [1 + €l + sup E|YA(u)|”"]ds. (4.46)
0

0<u<s

18



We observe from (@.44) and (@.43) as well as (4.46) that

!
sup E|Ya(u) — D(Ya(u—1)”° < C + Cf sup E|Ya(w)|Pds.
0

O<u<t O<u<s
Inserting this into #.17)) and using the Gronwall inequality give the desired assertion. O

Lemma 4.7. Suppose that Assumptions@land @Ihold with po > 2 and a € (0, 1/3] is arbi-
trary. Consider the tamed EM solution YA(t) defined by (3.2)) with modified coefficients Type I. For
any real number R > ||£]| and A € (0, 1], define the stoping time pag = inf{t > 0 : [Ya(¥)| = R}.
Then
C
P(par<T) < ok

where C is a positive constant independent of A and R.

Proof. Write pa g = p for short. By the Itd formula and (3-13)), we have
EIYA(T A p) = DUYAT A p = D) = E(0) = DE-D)
TAp - B B B B
=E f |2Ya(5) = D(Ya(s = 7)) fa(¥a(s), Yals = 7)) + 1ga(Fa(s), Ya(s = T)P|ds

0

=E L v |2(7a(s) = D(TaCs = 7)) fa(¥a(s), Vals = 1)) + [ga(Ya(s), Vals = D)P |ds + 20*(T)
<2KE fo W(l + VA + [Yals — )P)ds + 21*(T)
<2k, fo ' E(1 + [Ya(s)]? + [Ya(s = T)*)ds + 2I*(T) (4.47)
where
"(T)=E fo v | (Ya(s) = Yals) = D(Ya(s = 7)) + D(¥a(s = D) fa(¥a(s), Ya(s — ) |ds.
By (B-1T) and @AT) as well as the condition that a € (0, 1/3], we have
I(T) < fo ) E[[Ya(5) = Ya(s) = D(Ya(s = 7)) + D(Ya(s = T)llfa(¥a(s), Tals = 7)l]ds
= fo 'E (Ifa(7a(5). Tals = D)IE[Va(s) = Va(s) = D(Yals = 1)) + D(Ta(s = )| Fcy |) ds
< CAUTP2 fo } E(1 + |YA()F + |Ya(s = 0P )ds
<C fOT E(1 + [Ya(s)) + |Ya(s — T)[P)ds. (4.48)

Inserting this into (#47) and using Lemma .| give

E|YA(T Ap) — DIYA(T Ap—1)* <C. (4.49)
19
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Note that

Tp<r)|Ya(®) = D(Ya(p = D) = Tper)(1Ya®)] — ID(Ya( — 7))
>R - VH{[)ST}lyA(/_) - T)| >R—-VR = (1 - V)R (450)

Thus, from @49) and @30), we get

E [Lp<r|Ya(P) — D(Ya(p = )P

PG<T)<

(1-v)2R2
E[IYa(T Ap) = DIYAT A p~ )P
. (1 -v)2R2
C
< T 4.51)

which gives the desired assertion. O
Similarly, we can show the following lemma.

Lemma 4.8. Suppose that Assumptions [2.1] and [2.2] hold with py > 2. For any real number
R > |||, define the stoping time pg = inf{t > 0 : |x(t)| > R}. Then
C
Pr<T)< ﬁ,

where C is a positive constant independent of R.

Theorem 4.9. Suppose that Assumptions 21| and [2.2] hold with py > 2 and @ € (0,1/3] is
arbitrary. Consider the tamed EM scheme Type I. Then for any q € [2, po),

lim El(T) = Ya(DI" =0 and  lim E|x(T) ~ 7o(D)I" = 0. (4.52)

Proof. For any R > ||£||, denote Opr := pr A par and eZ(t) = x(t) — YA(?), recall ex(t) =
x(t) — D(x(t — 7)) — YA(#) + D(YA(t — 7)). Then for any g € [2, py) and n > 0, the Young inequality
gives

Elex(T)" = E [lex(DI'Tig, o) | + E[lex (D) g, <7
Po—4q

<E [|eZ(T)|qI[{0A,R>T’] + Z_ZEMZ(T)'(I * pon?/(Po=a)

P(GA,R <T). 4.53)

In this subsection, Cr denotes a positive constant depending on R, its value may be different for
different appearance. By Lemmas [2.3]and [f.6] we have

EleZ(T)I" < 2N EIx(T) + E|YA(T)) < C. (4.54)
While by Lemmas [.7]and 4.§]
C
R2

P(Osr <T)<P(pr <T)+P(par <T) < (4.55)
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Plugging (@.54) and {@.53)) into (@.33), we get

Can . Cpo—9)
* q * q —17 0 17
Ele}(T)|? < E|les (1), 01| + oo RO

Next, we shall prove that for any R > 0, there exist a positive constant Cg such that

EleX(T A Opp)4 < CRA™" 4.

(4.56)

(4.57)

In the same way as Lemma[d.5| was proved, applying Assumption[2.1]and P2, we can show that

sup E|Y(1) — Y(1)| < CrA??.
0<t<T

In the similar way as the (#.31)) was obtained, we have

sup Elex(u A Opp)l? < sup Elea(u A Oap)I7.
0<u<T (I =) ocu<r
By the stochastic inequality and Assumption 2.1} we have that for any ¢ € [0, T'],
SN B B
Elea(r A Op)I7 < CEf [£(x(s), x(s = 7)) = fa(Ya(s), Ya(s — 7))l%ds
0
tAOg _ _
+CE f lg(x(s), x(s = 1)) = ga(¥Ya(s), Ya(s — 7))lds
0
1A
< CREf [Ix(s) — YA + |x(s — 1) — Ya(s — T)Iq]ds
0
AOR a _
+ CEf [f(Ya(s), Ya(s = 1)) = f(Ya(s), Ya(s — 1)lds
0
SN _ _ _ _
+ CEf [f(Ya(s), Ya(s = 7)) = fa(Ya(s), Ya(s — 7))|%ds
0

tAOR
+ CEfO g(Ya(s), Ya(s = 1)) = g(¥a(s), Ya(s = 1))|%ds

SN
+CE fo 1g(Ta(s). Tas — 1)) — ga(Fa(s), Tals — )lds

5
= Z ().
=1
By (22), we get
T
I (1) < CRf sup Elex(u A Oa)|%ds + CRA%.
0 0<us<s

By Assumption 2.1} (22)) and (#.38), we have

T T
T () + (1) < Cr f EIYa(s) - Ya(s)’ds + Cr f I€(5) - E(k(s)|*ds < CRACI21,
0 0

21
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According to P1, we obtain

T
I3(r) < Cf Elf(Ya(s A Oag), Ya(s A Oag — 7)) — fa(Ya(s A Oagr), Ya(s A Oar — 1)|%ds
0

< CNJA™ = CrA™.
Similarly, we can show

II5(r) < CRAaq.

From @.61)-(@.64), we derive from (#.60) that

0<u<T

In the light of (#39) and {@.63), we have

0<u<s

T
sup Elex(u A 6ap)l? < Cr f sup EleX(u A Oag)l9ds + CRA@,
0<u<T 0 O<u<s

T
sup Elea(u A Oap)l? < Cg f sup EleX(u A Opp)l9ds + CRA“,
0

(4.63)

(4.64)

(4.65)

(4.66)

Now, using the Gronwall inequality gives the assertion (#.57). Inserting into (£36) gives

Cqn . Clpo -
Blesryp < S04 P09 o penon,
Po pORzn‘]/(PO 9

Then for any € > 0 we can choose 7 such that

and then take R such that
C(po—q)

DRI

£
3
finally for such R choose A sufficiently small for

CRA(Q/\Q)CI < g,

so that, in (.67),

Elex(D < &,

as required. O

5. Mean-square stability

(4.67)

Let us concentrate on the mean-square stability of the tamed EM scheme for NSDDE (2:1)
in this section. We assume that f and g can be decomposed as f(x,y) = Fi(x,y) + F(x,y) and
g(x,y) = Gi(x,y) + G(x,y), where F|, F : RxR? - R? and G|, G : R/xR? — R¥". Moreover,

F1(0,0) = F(0,0) = G1(0,0) = G(0,0) = 0,

the coefficients Fy, F, G, G satisfy the following conditions.
22
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Assumption 5.1. For any R > 0, there exists constants L and Ly depending on R such that
IF1(x,) = FIE DIV IG1(x.y) = Gi(E D] < Lx =3 + |y - ),
forany x,%,y,5 € RY and
IF(x,y) = F(X, )| VIG(x,y) = G(X,§)| < Le(1x = x| + Iy - 30,
forany x,%,v,5 € R with |x| V [y| V |Z] V |5] < R.

Assumption 5.2. There exist nonnegative constants 9, Ai, Ay, A3 and A4 satisfying 1, > A +
A3 + Ay such that

2(x = DY), F1(x,y)) + (1 + DG (x, ) < =1x* + A2yl
2(x = D), F(x,»)) + (1 + 97)IG(x, )* < A31x* + Aalyl?, (5.2)
w  forany x,y € R4

When ¢ = 0, we set 97!|G(x, y)]> = 0, when & = oo, we set 9|G;(x,y)”> = 0. Moreover, we see
from Assumption [5.2] that

2(x = D), f(x, 1)) + g, MIF < =(A1 = )l + (Aa + A)yl*, Yx,y € RY. (5.3)

Thus, the solution to NSDDEs (2.1)) is stable exponentially in mean-square sense, see e.g., Zong
and Wu [10, Theorem 3.1]. We state this result as a lemma.

Lemma 5.3. Suppose that Assumptionsand hold. Then for any initial data ¢ € C([-t,0]; RY),
the solution x(t; £) to the NSDDE @) has the property that

log Elx(t; &)? 2 1
lim sup log Blx(t: )7 < —(y* A - log ;), (5.4)

{—00 t

where v* is the unique root of the following equation
YA+ = (=) + (Y Y+ D+ L+ 44) =0. (5.5)

The following lemma shows that the partially tamed coefficients fy and gn conserve the stable
condition [5.3]

Lemma 5.4. Suppose that Assumptions [5.1 and 3.2 hold and « € (0,1/3] is arbitrary. Define
the following partially modified coefficients fa and g by

fa(x,y) = Fi(x,y) + Fa(x,y) and ga(x,y) = Gi(x,y) + Ga(x, y), (5.6)

where

Fa(x,y) = ma(x, F(x,y) and Ga(x,y) = ma(x,y)G(x,y)
with
1

1+ A*(F(x, )] +1G(x )P
23

ma(x,y) = Vx,y e RY, A€ (0,1].
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Then
20x = DO falx,y) +gaCr )P < =41 = B)x* + (A2 + AP, Y,y e RY, (5.7)
and
Ifa(x VIPA < eallxd + ), Vx,y € RY, (5.8)
where e = 4(L + L;)*A + 472,

Proof. Write 75 (x, y) = 7 for short. Note that 0 < 5 < 1. By Assumptions[5.1]and[5.2)as well

as (5.6), we have
2(x = DO Falx,y) + (1 + 9 HIGa(x, Y = 2(x = DO) maF(x,y) + (1 + 9 HInaGlx, y)I*
< 27a(x = DY) F(x,y) + ma(l + 9~ HIG(x, y)I?
< ma(slx® + Aaly)

< A3lx + Alyl?, Vx,y € RY. (5.9)
Consequently,

2(x = DO fa(x, ) + lgalx, I < 2(x = DG) Fi(x,y) + (1 + DG (x, y)I*
+2(x = D)) Falx,y) + (1 + 97 HGax, )P
< =4 = B + (4 + AP, Yx,y € R (5.10)

Now let us estimate (5.8). By Assumption[5.1]and condition (5.1)), we have
IF1Ce )1 < Lial + D, Yoy € RY. (5.11)
For any x,y € R? with [x] V [y] < 1, by Assumptionand condition (3.1)), we have
|FACE )| = ImaF(x, 9| < [F(x, p)| < La(lxd + [yD.
While for any x,y € RY with |x| V [y| > 1, by (5.6), we have

|[F(x, y)l
1+ A2(|F(x, y)| + |G(x, y)?)

[FACx, )l = <A™ AT+ YD

Thus,
IFaCe Y| < (Ly + A (Ixl + bl), Yx,y € RY (5.12)
Consequently, by (3.11)) and (3.12)), we obtain
fae PA < (L+ Ly + A7 (x| + [y)*A
<AL+ L)*A +4A20(x + 1), Vx,y e R,

Thus, the proof is complete. O
The following theorem shows that the tamed EM solution can share the mean-square stability
of the exact solution.
24



Theorem 5.5. Suppose that Assumptions[5.1|and[5.2| hold and « € (0, 1/3] is arbitrary. Choose
A* € (0,1] such that exx < (1 — A — A3 — A4)/2, where € is defined in (3.8). Then for any
A € (0, A*] and any initial data ¢ € C([-7,0]; R?), the tamed EM approximation y’Z defined by
(B:1) with modified coefficients (5.6) has the property that

log(EA *) 21
li — 2 <y AZlog- .1
P TT ¢ (“ T % v)’ o1

where vy is the unique root of the following equation

1 —emh o (1 —eh
A (1+v)—(1 —/13—€A)+€yAT TV(I +V)+ A+ A4 +er)|=0. (5.14)
Moreover,

. *x _ %
ilil’(l))/A =y (5.15)

Proof. Let Assumptions[5.1]and [5.2]hold. Consider the tamed EM scheme (31)) with f, and g
given by (5.6). Then
s = DORTE = s = DOR™E + 200 = DO fabi. YA
+1ga0h YA PA + 1faOpe YA PA? + My, k=0,1,2,---, (5.16)
where
My = 204 = DOK™)" g0k Y ABL + 2(fa (s v ™) 180k, Yo ™ABLIA
+1ga0hs YA AB = gaGips i "IPA.

Obviously, EM; = 0. Denote z’i = y’Z - D(yi‘”‘). Now choose A* € (0, 1] such that ep» <
(A1 — Ay — A3 — A4)/2, where ep+ is defined in Lemma Then for any A € (0, A*], taking
expectations on both sides of (5.16) and applying Lemma[5.4] we have

EIZXT P < BIZAP — (4 — BDEPAPA + (2 + WERSPA + ea(BRE P + EpS™2)A
=EIZAP = (4 = A3 — e)EPAPA + (A2 + A4 + e)EYS™PA. (5.17)

For any r > 1, we have

rEEDARIAAR A RIA 2 < () — A3 — e )rTDAERA PA + (A + Ay + e)rFT VAR A

+ (r(k+l)A _ rkA)E|Z/Z|2. (518)
By the elementary inequality, we have

Ix = DO < A +WIxP+ A +v )P = A + x> + 02 + )y, Vx,y e RY (5.19)
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Then we see from (3.18) that

k-1 k-1
PAEREP < BIZP - (1 = 45— en) D BRI PA + (b + A+ €) Y AR A
=0 =0

k—1
£ ) U= (L + EWP + 7 + EL )
J=0
k-1 ] ]
= J£(0) = DETP + [~(1 = &3 = e)A + (1= r)(1+v)| 3 DRy, 2
Jj=
k—1 ) )
+ [(/lg + L4+ e)A+ (1 -r D07+ v)] Z r(1+])AE|yJA_’"|2, k=1,2,---. (5.20)
j=0

Note that

>~

-1 ) -1 . k—m—
r(]+1)AE|yJA7m|2 — Z r(_/+]+m)AE|yjA|2+ Z
Jj=—m j=0

k-1

TR GHDARNI 2 1
< s llP 4 7 ) TENR, k=12 (5.21)

1
r(j+ 1 +m)AE|yJA|2

~
i
(=}

=
Substituting this into (5.20), we obtain

k=1
PARIP < Har) = Ha(r) ) rI By PA, k=1,2,0- (5.22)
j=0
where

Ha(r) : = [1 E [+ A+ A+ (1 =02 + 0]+ (140

€112, (5.23)

A A
Hy() i = (A = A3 — e)) — Ar A4 = |+l +e)+ —— 02+ v)] L (5.24)
For any A € (0, A*], we have
I:IA(I):/ll—/lz—/l3—/14—2€A>0, (525)
and
1/t
~ o~ [Ai—A3— €
H 0, withr = —— 1, 5.26
A(F) <0, with 7 (/12+/14+EA) > ( )
as well as
dH
ﬁ < 0. (5.27)
dr
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From (5.25)-(5.27)), there is a positive constant ry € (1,7) such that Hx(r}) = 0. If 1 <r < r}

2
and 1 < r < v 7, which means 1 — r'v?> > 0, by the elementary inequality and the connection
between yA and zX, we see from (5.22) that

PAEAR < A+ pEIKE + A2 + YRS
< (L+mHAED) + (@477 )2) BRI k= 0,12, (5.28)

where inequality *E|zX [* < (m)M ElZK | < Ha(r}) has been used and 7 is a positive constant to
be determined. Denote a; := r**E|yk[*, then (5.28) becomes

ar < (1+MHAEY) + (P (L + 7)oy k=0,1,2,--- . (5.29)
Hence,
a; < (1+mHA() + (r(1+77)7) sup 0<i<k
0 < IR < Ha(). -m<i<0.
Thus,
sup 4 < (1+mHAGY) + (1L + 7)) sup k=0,1,2,---. (5.30)
T 2

Now, taking 1 > i.e., (1 +577')»? < 1, we obtain from (5.30) that

1 —ry?’

(1 +mHA(rY)

iA i2
E <— = — <00, k=0,1,2,---. 5.31
S T < 530
Therefore,
log E|y* |2
lim sup log Blyy <—logr. (5.32)
k—oo kA

Similarly, if 1 < ry < rand1 <r < VT, replacing r by r in the above procedure between

(3:28) and (3.37)), we also have

. log Ely, |
hgisfp A < —logry. (5.33)
Combining (3.32) and (3.33) gives
log E|y% |?
lim sup gk—Ab)Al < —log(ry Ar), with 1 <r < VI, (5.34)
k—o00

where 7% is the unique root of (5.24). Taking r = ¢’ — v™* and r} = €3, then (5:34) becomes
: , 1 —ent , .
(3-13). Finally, notice that e, — 0 and TA — v as A — 0. Comparing (5.3) with (5.14),
we obtain the desired assertion (5.13). Thus, the proof is finished. O
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6. Numerical examples

In this section, we carry out some numerical experiments to support the findings derived. In
the following two examples, the diffusion coefficients of NSDDEs are superlinearly growing and
us  therefore one can not apply the results of Li and Cao [3]], Ji and Yuan [3], Zong and Wu [10] and

Tan [11].
Example 6.1. Consider the following one-dimensional NSDDE:

d

(1) + %x(z‘ - T)] - [éx(t) + gx(t — 1) = 5(x) + %x(t - T))|x(t) + %x(t - 7)” di

+ [x(t) +sinx(f—1)+ |x(t) + %x(t - T)|3/2] dB(), t > 0,

x(t)=1, -7<t<0, (6.1)

where B(t) is a scalar Wiener process and T = 1/8. We first verify the Assumptions 2.1} [2.2| and
Obviously, Assumptions 2.1)is satisfied. For any x,y € R, set f(x,y) = fi(x,y) + fo(x,y),
g(x,y) = g1(x,y) + ga(x, y), where fi(x,y) = a(x + 0.5y) — a(x + 0.5y)|x + 0.5y, fa(x,y) = x,
gi(x,y) = |x+ 0.5yP"2, g2(x,y) = x +siny, and a = 5. Donote D(y) = —0.5y, X := x + 0.5y =
x=D@), Y :=x+0.5y = - D@H), FX) := aX(1 - |X|), GX) := |XI’%. Then fi(x,y) = F(X),
g1(x,y) = G(X), fi(x,5) = F(Y), §1(%,5) = G(Y). If 4 < pg < a+1 =0, then

2(x = D(y), f(x, ) + (po = DIgCx, I’

_ : S _ : : _ ; B2y

= 2(x + 0.5y)(6x + Sy —alx+ 05yl + 0.5)|) + (po 1)(x +siny + |x + 0.5y )
5

< 2(x +0.5y)(6x + 5y) +2(po — D(x +siny)® + 2(po — 1 — a)lx + 0.5y

<2(x+ 0.5y)(6x + ;) +2(po — 1)(x + siny)?
< Ko(1+ | + P, (6.2)
which means that Assumption[2.2] is satisfied. Moreover, we can derive that
(x=D(y) = X+ D), fi(x,y) = fi(x, ) = (X = Ya(X = Y) — a(X|X| - Y|Y]))
= alX - YI’ = a(X = V)XIX| = Y|Y]) < alX = Y* = a(X] + [YD(X] - |Y])?, (6.3)
where we have used the following estimates
—(X = Y, X|X| - Y|Y]y < =(IX| + [Y(IX| - [Y])*, VX,Y € RY,
and
g1(5,) = @1 &I = [GX) = GNP = (X2 = [Y[)? < 20X| + [YDIX| = [Y)?,  (6.4)
see [I21) Appendix, p.2104]. If p1 < a/2 + 1 = 3.5, then we conclude from (6.3) and (6.4) that
2(x = D(y) — X+ D). fi(x.y) = fi(£9) + 2(p1 — DIgi(x,y) — g1(X. P’
< 2alX - Y* = 2a(1X| + |Y)(X| = [Y])* + 4(p1 = D(X] +[YD(X] - |¥])?
= 2alX = Y + [4(p1 — 1) = 2a](X] + [YD(X] - [Y])?
< 2alX - YP* = 2alx — ¥ — D) + DG)* < 4a(lx — & + |y — 7). (6.5)
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Table 1: €, and y) with different step sizes for solving in example (6.2):
L =52 0=13/8 1s=0 4, =1/4, L =21, =3, t=1,v=1/2,a=1/4 A* =0.0015,
2log 1 = 1.3863, y* = 0.1427

A 1073 107 1075 10°° 1077 108

en 02265 0.0500 0.0136 0.0041 0.0013 0.0004
yr» 0.0389 0.1196 0.1364 0.1408 0.1421 0.1425

Thus,

2(x=D(y) = X+ D@), f(x,y) = f& ) + (p1 — Dlg(x,y) — g% )’
<2(x=D@y) - %+ D), fi(x.y) = fi(£ ) + 2(p1 — DIgi(x,y) — g1(£, )’
+2(x = D(y) = X+ DG), fo(x,y) — H(E5)) + 2(p1 — DIga(x,y) — g2(%,9)I*
<da(x -3 +ly -5 +2(x+ 0.5y — & — 0.55, x — X) + 2(p; — D)|x — X + siny — sin j|>
< dallx = 3 +ly = 37) + 2 = 2 + |y = Flle = X + 4(p1 = D(Ix = X + Iy = 51)
<4a+p))x—xP +1y - 3P, (6.6)

which impies that the global monotonicity condition is satisfied. In addition,

1/1(x,y) = A& 9)] = al(X = ¥) = (XIX] = YY)
<a(l +|X|+[YDIX - Y]

< a1+ Ixl + Iyl + | + [51)(lx = & + Ly - 31). 6.7)

Thus, we derive from the definitions of f and g that polynomial growth condition is satisfied.
Taking 1 =1, pg = 6, p; = 3.5, p = 2 and ¢ = 0.5, we conclude from Theorem[{.1|that the tamed
EM solution Yx(t) with modified coefficients Type Il is convergent to the exact solution x(t) with
order one half in the sense of mean-square. Now define the root of mean-square error

ea(T) = (Blx(T) - YaT)P)

Set @ = 1/2, we apply the tamed EM scheme (3.1) with modified coefficients Type 1l to approxi-
mate the exact solution x(t) of NSDDE (6.1). Tamed EM solution YA(r) with step size A = 271 s
taken as the replacement of the exact solution x(t). Fig.1(a) shows the root of mean-square errors
ea(T) between the exact solution x(T) and the tamed EM solution YA(T) with different step sizes
276,277 ...27 W gt time T = 1 for 500 simulations. A least square fit of errors éx produces the
strong convergence order 0.5431 and is thus close to the theoretical value 0.5.

Example 6.2. Consider the following one-dimensional NSDDE:

d|x(r) - %sin x(f — T)] = [—2x(t) -0+ %sin x(r—7)|dt + %xz(t) + %x(t - 1)|dB(), t >0,

x()=2, -1<t<0, (6.8)
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—*— Tamed EM, slope=0.5431
— — — Reference Line, slope=0.5

10

Root of mean-square error

2

10° . .
10" 107 10° 107 10 15 20
Step Size A t

(a) Root of mean-square errors &5 (T) for (b) 200 sample paths of Y(7) for (6:8)

Fig. 1. Numerical simulations for and (68)

1
where B(t) is a scalar Wiener process and T = 1. Set D(y) = 3 siny withv = 1/2, f(x,y) =
Fi(x,y) + F(x,y), g(x.y) = Gi1(x,) + G(x,y), where Fi(x,y) = =2x + 3siny, Gi(x,y) = 3,
F(x,y) = —x3 and G(x, y) = %xz. We compute
[F1(x,y) = Fi(ZE IV IG1(x,y) — Gi(E P < 2(1x — X[ + [y — I, (6.9)
forany x,%,y,y € R and
IF(x,y) = F(X, 9| V G(x,y) = G(X, )] < BR* V R)(|x — x| + |y — J). (6.10)

for any x,%,y,y € R with |x| V [y| V %] V |J| < R. Thus, Assumption 5_1]is satisfied. By the
elementary inequality, we have the following estimates

1 1YV

2{(x—-D(®), Fi1(x,y)) + 2|G1(x,y)|2: <2x —siny, —2x + 3 siny> + Z(Zy)
1 1 3 1 5 13

= —4x* + 3xsiny — 3 sin® y + gyz < —4x + E()c2 +y) + gyz = —Exz + gyz,

and

2
2(x = DY), F(x,y)) + 2G(x, »)P = (2x = siny, —x*) +2 (%xZ)

1 3 3 3 1
=—2x4+x3siny+§x4=—§x4+x3siny§—§x4+Zx4+Zsin“y
34 3, 1, 1,
S—=x"+ X"+ -y < -y,
ST T T Y

where the Young inequality and the inequality that sin® y < y* have been used. Thus Assumptions

is satisfied with 1, = %, A = %, A3 =0, A4 = % and ¢ = 1. From @ and @), we have

ws L=2andL; =3. Let @ = 1/4, solving ex» = 4(L + L)*A* + 4(A*)' 72 = (1) — A, — A3 — 13)/2
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gives A* = 0.0015. Computational results such as ey and vy as well as y* are shown in Table
According to Lemma the exact solution x(t) of NSDDE (6.8)) is mean-square exponentially
stable with exponent —y* A % log %) On the other hand, based on Theorem the tamed EM
solution YA(r) with modified coefficients given by (5.0) is also mean-square exponentially stable
with exponent — (72 A % log %)for any A € (0,A*]. Fig.1(b) plots the sample paths of tamed
EM solutions YA(1) applied to NSDDE (6.8)) for 200 simulations with step size A = 0.001 and
a = 1/4. We see from Fig.1(b) and Table|l|that the numerical solution is stable and )/Z tends to
v* as A goes to zero. Our experiments confirm the conclusion from Theorem

7. Conclusion

In this work, we mainly examine the strong convergence and stability of tamed EM scheme
for NSDDEs, where the drift and diffusion coefficients may be allowed to grow superlinearly.
By virtue of tamed technology, uniform boundedness of numerical solutions is obtained and then
strong convergence results are established. The results show that the tamed EM approximation
Y () can arrive at an order one half of strong convergence. Meanwhile, it is proved that the tamed
EM solution has the property of reproduction of mean-square stability for the exact solution.
Numerical experiments are provided to show the agreement with the theoretical results.

Acknowledgments

The authors would like to thank the referees for their very professional comments and help-
ful suggestions. This work is supported by the Natural Science Foundation of China (No.
71571001), the Royal Society (WM160014, Royal Society Wolfson Research Merit Award), the
Royal Society and the Newton Fund (NA160317, Royal Society-Newton Advanced Fellowship),
the EPSRC (EP/K503174/1). This work is entirely theoretical and the results can be reproduced
using the methods described in this paper.

References

[1] M. Shen, W. Fei, X. Mao, Y. Liang, Stability of highly nonlinear neutral stochastic differential delay equations,
Systems and Control Letters 115 (2018) 1-8.

[2] W. Mao, X. Mao, On the approximations of solutions to neutral SDEs with Markovian switching and jumps under
non-Lipschitz conditions, Applied Mathematics and Computation 230 (2014) 104-119.

[3] X.Li, W. Cao, On mean-square stability of two-step Maruyama methods for nonlinear neutral stochastic delay
differential equations, Applied Mathematics and Computation 261 (2015) 373-381.

[4] H. Mo, FE. Deng, C. Zhang, Exponential stability of the split-step theta-method for neutral stochastic delay differ-
ential equations with jumps, Applied Mathematics and Computation 315 (2017) 85-95.

[5] Y.Ji, C. Yuan, Tamed EM scheme of neutral stochastic differential delay equations, Journal of Computational and
Applied Mathematics 326 (2017) 337-357.

[6] X.Mao, The truncated Euler-Maruyama method for stochastic differential equations, Journal of Computational
and Applied Mathematics 290 (2015) 370-384.

[7]1 G. Lan, F. Xia, Strong convergence rates of modified truncated EM method for stochastic differential equations,
Journal of Computational and Applied Mathematics 334 (2018) 1-17.

[8] G.Lan, Asymptotic exponential stability of modified truncated EM method for neutral stochastic differential delay
equations, Journal of Computational and Applied Mathematics 340 (2018) 334-341.

[9] S. Zhou, H. Jin, Numerical solution to highly nonlinear neutral-type stochastic differential equation, Applied
Numerical Mathematics 140 (2019) 48-75.

[10] X.Zong, F. Wu, Exponential stability of the exact and numerical solutions for neutral stochastic delay differential

equations, Applied Mathematical Modelling 40 (2016) 19-30.

31



200

205

210

215

220

225

230

235

240

245

250

255

[11]
[12]

[13]

[14]
[15]
[16]
[17]
[18]
[19]
[20]
[21]
[22]
[23]
[24]
[25]
[26]

(271

[28]
[29]
[30]
(31]
[32]

[33]

(34]
[35]
[36]
[37]

[38]

L. Tan, Almost sure convergence rate of theta-EM scheme for neutral SDDEs, Journal of Computational and
Applied Mathematics 342 (2018) 25-36.

M. Milosevic, Highly nonlinear neutral stochastic differential equations with time-dependent delay and the Euler-
Maruyama method, Mathematical and Computer Modelling 54 (2011) 2235-2251.

M. Milosevic, Almost sure exponential stability of solutions to highly nonlinear neutral stochastic differential equa-
tions with time-dependent delay and the Euler-Maruyama approximation, Mathematical and Computer Modelling
57 (2013) 887-899.

L. Liu, Q. Zhu, Mean square stability of two classes of theta method for neutral stochastic differential delay
equations, Journal of Computational and Applied Mathematics 305 (2016) 55-67.

L. Tan, C. Yuan, Convergence rates of theta-method for NSDDEs under non-globally Lipschitz continuous coeffi-
cients, Bulletin of Mathematical Sciences 09 (2019) 1950006.

Z. Yan, A. Xiao, X. Tang, Strong convergence of the split-step theta method for neutral stochastic delay differential
equations, Applied Numerical Mathematics 120 (2017) 215-232.

Y. Xie, C. Zhang, Asymptotical boundedness and moment exponential stability for stochastic neutral differential
equations with time-variable delay and Markovian switching, Applied Mathematics Letters 70 (2017) 46-51.

W. Zhang, Convergence rate of the truncated Euler-Maruyama method for neutral stochastic differential delay
equations with Markovian switching, Journal of Computational Mathematics 38 (2020) 874-904.

L. Tan, C. Yuan, Strong convergence of a tamed theta scheme for NSDDEs with one-sided Lipschitz drift, Applied
Mathematics and Computation 338 (2018) 607-623.

M. Hutzenthaler, A. Jentzen, P. E. Kloeden, Strong convergence of an explicit numerical method for SDEs with
nonglobally Lipschitz continuous coefficients, The Annals of Applied Probability 22 (2012) 1611-1641.

S. Sabanis, Euler approximations with varying coefficients: the case of superlinearly growing diffusion coefficients,
The Annals of Applied Probability 26 (2016) 2083-2105.

K. Dareiotis, C. Kumar, S. Sabanis, On tamed Euler approximations of SDEs driven by Lévy noise with applications
to delay equations, SIAM Journal on Numerical Analysis 54 (2016) 1840-1872.

C. Kumar, S. Sabanis, On Milstein approximations with varying coefficients: the case of super-linear diffusion
coeflicients, BIT Numerical Mathematics 59 (2019) 929-968.

S. Sabanis, Y. Zhang, On explicit order 1.5 approximations with varying coefficients: The case of super-linear
diffusion coeficients, Journal of Complexity 50 (2019) 84-115.

M. V. Tretyakov, Z. Zhang, A fundamental mean-square convergence theorem for SDEs with locally Lipschitz
coefficients and its applications, SIAM J.Numer.Anal 51 (2013) 3135-3162.

Z.Zhang, H. Ma, Order-preserving strong schemes for SDEs with locally Lipschitz coefficients, Applied Numerical
Mathematics 112 (2017) 1-16.

W. Cao, J. Liang, Y. Liu, On strong convergence of explicit numerical methods for stochastic delay differential
equations under non-global Lipschitz conditions, Journal of Computational and Applied Mathematics 382 (2021)
113079.

Z. Chen, S. Gan, X. Wang, Mean-square approximations of Lévy noise driven SDEs with super-linearly growing
diffusion and jump coefficients, Discrete and Continuous Dynamical Systems-B 24 (2019) 4513-4545.

X. Mao, Convergence rates of the truncated Euler-Maruyama method for stochastic differential equations, Journal
of Computational and Applied Mathematics 296 (2016) 362-375.

S. Deng, W. Fei, W. Liu, X. Mao, The truncated EM method for stochastic differential equations with Poisson
jumps, Journal of Computational and Applied Mathematics 355 (2019) 232-257.

H. Yang, F. Wu, P. E. Kloeden, X. Mao, The truncated Euler-Maruyama method for stochastic differential equations
with Holder diffusion coefficients, Journal of Computational and Applied Mathematics 366 (2020) 112379.

W. Fei, L. Hu, X. Mao, D. Xia, Advances in the truncated Euler-Maruyama method for stochastic differential delay
equations, Communications on Pure and Applied Analysis 19 (2020) 2081-2100.

X. Li, X. Mao, G. Yin, Explicit numerical approximations for stochastic differential equations in finite and infinite
horizons: truncation methods, convergence in pth moment and stability, IMA Journal of Numerical Analysis 39
(2019) 847-892.

Q. Guo, X. Mao, R. Yue, The truncated Euler-Maruyama method for stochastic differential delay equations, Nu-
merical Algorithms 78 (2018) 599-624.

Q. Guo, W. Liu, X. Mao, R. Yue, The partially truncated Euler-Maruyama method and its stability and boundedness,
Appl. Numer. Math. 115 (2017) 235-251.

N. Halidias, Semi-discrete approximations for stochastic differential equations and applications, International
Journal of Computer Mathematics 89 (2012) 780-794.

N. Halidias, I. S. Stamatiou, On the numerical solution of some non-linear stochastic differential equations using
the semi-discrete method, Computational Methods in Applied Mathematics 16 (2016) 105-132.

I. S. Stamatiou, An explicit positivity preserving numerical scheme for CIR/CEV type delay models with jump,
Journal of Computational and Applied Mathematics 360 (2019) 78-98.

32



[39] N. Halidias, I. S. Stamatiou, Convergence rates of the semi-discrete method for stochastic differential equations,
260 Theory of Stochastic Processes 24 (2019) 89-100.
[40] X. Mao, Stochastic Differential Equations and Applications, Horwood, Chichester, 2nd edition, 2007.

33



	Introduction
	Preliminaries
	Tamed EM scheme for NSDDEs
	Strong convergence at time T >0
	Order of strong convergence of tamed EM (Type II) under monotonicity condition
	Strong convergence (without order) of tamed EM (Type I) under local Lipschitz condition 

	Mean-square stability 
	Numerical examples 
	Conclusion



