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Abstract

The well-known stochastic Lotka—Volterra model for interacting multi-species in
ecology has some typical features: highly nonlinear, positive solution and multi-
dimensional. The known numerical methods including the tamed/truncated Euler-
Maruyama (EM) applied to it do not preserve its positivity. The aim of this paper
is to modify the truncated EM to establish a new positive preserving truncated EM
(PPTEM). To simplify the proof as well as to make our theory more understandable,
we will first develop a nonnegative preserving truncated EM (NPTEM) and then
establish the PPTEM. Of course, we should point out that the NPTEM has its own
right as many SDE models in applications have their nonnegative solutions.
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1 Introduction

Numerical methods for stochastic differential equations (SDEs) have become one of most
popular research areas in the study of SDEs. Up to 2002, most of the existing strong
convergence theory in this area requires the coefficients of the SDEs to be globally Lip-
schitz continuous (see, e.g., [8, 11, 17]). Higham, Mao and Stuart in 2002 published a
very influential paper [4] (Google citation 606) which opened a new chapter—to study
the strong convergence question for numerical approximations under the local Lipschitz
condition. Given that the classical Euler-Maruyama (EM) method may fail to work for
SDEs under the local Lipschitz condition but without the linear growth condition (i.e.,
highly nonlinear SDEs) (see, e.g., [5, 6]), implicit methods have therefore naturally been
used to study the numerical solutions to highly nonlinear SDEs (see, e.g., [15, 20, 21]).

*This work is entirely theoretical and the results can be reproduced using the methods described in
this paper.
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Nevertheless, the explicit EM method has its simple algebraic structure, cheap com-
putational cost and acceptable convergence rate under the global Lipschitz condition.
Influenced by [4], several modified EM methods have recently been developed for the
highly nonlinear SDEs. These include the tamed EM method [7, 18, 19], the tamed
Milstein method [2], the stopped EM method [10], the truncated EM method [12, 13].

On the other hand, many SDE models in applications have their special properties.
For example, the square root process and mean-reverting square root process in finance
have nonnegative solutions (see, e.g., [9, 11]). The stochastic Lotka—Volterra model for
interacting multi-species in ecology has positive solutions (see, e.g., [1, 14, 11]). The SDE
SIS model in epidemiology has positive solutions (see, e.g., [3]). These SDE models are all
highly nonlinear. If we apply the modified EM methods mentioned above to these SDEs,
they fail to preserve the nonnegativity or positivity. Although there are some implicit
numerical methods which can preserve these properties (see, e.g., [20]), explicit methods
would be more desired as explained above.

Therefore there is a need to develop explicit numerical schemes which can preserve
the nonnegativity or positivity for highly nonlinear SDEs. The aim of this paper is
to modify the truncated EM method to create a new positivity preserving truncated
EM (PPTEM) for the well-known stochastic Lotka—Volterra model for interacting multi-
species in ecology. The reason why we will concentrate on this model is because it has
typical features: highly nonlinear, positive solution and multi-dimensional. Consequently;,
the methods developed in this paper can be applicable to other SDE models, e.g., the
1-dimensional SDE SIS model.

Our approach is to establish a new nonnegative preserving truncated EM (NPTEM)
and then the more desired PPTEM. The reader may wonder if it is enough to study the
PPTEM only but not the NPTEM given that the solution of the underlying stochastic
Lotka—Volterra model is positive. The reasons why we study both NPTEM and PPTEM
are: (a) Mathematically speaking, we need to show the convergence of the NPTEM
solutions to the true solution first, from which we can then show the convergence of
the PPTEM more easily. (b) The NPTEM has its own right as many SDE models in
applications have their solutions taking nonnegative values, for example, the well-known
square root process and mean-reverting square root process in finance (see, e.g., [9, 11]).

2 Preliminary

Throughout this paper, unless otherwise specified, let (€2, F,P) be a complete probability
space with a filtration {F;},., satisfying the usual conditions (that is, it is right contin-
uous and increasing while F contains all P-null sets), and let E denote the expectation
corresponding to P. Let B(t) be a scalar Brownian motion defined on the complete prob-
ability space. If €y C €2, denote by 2f its complement, namely f = €2 — €2;. Denote by
I, the indicator function of 1, namely Ig, (w) =1 if w € Oy and 0 otherwise.

Let R? be the d-dimensional Euclidean space and R%*¢ the space of real-valued d x
d matrices. If A is a vector or matrix, its transpose is denoted by A”. Let RY =
{(x1, - 2)T €RY 1 2; >0, 1 <i<d} and R = {(zy, - ,2g)T €RY: 2, >0, 1 <i <
d}. If x € R? then |z is the Euclidean norm. If A is a matrix, we let |A| = y/trace(AT A)
be its trace norm. Moreover, for two real numbers a and b, we use a V b = max(a,b) and
a Ab=min(a,b).



Consider the d-dimensional stochastic Lotka—Volterra model (see, e.g., [1, 11])

dx(t) = diag(x1(t), x2(t), ..., xq(t))[(b — Az(t))dt + odB(t)], (2.1)
where z(t) = (z1(t), - ,24(t))7 is the state of the d interacting species and the system
parameters b= (bl7 T 7bd>T S Rda 0 = (017 T 7Ud)T S ]Rdu A= (aij)dxd € R4, Tt is

worth noting that the scalar Brownian motion B(¢) in this paper can be generalised into
a multi-dimensional one without any difficulty but we leave the details to the reader. We
impose the following assumption as a standing hypothesis, which is the only one for this

paper.
Assumption 2.1 All elements of A are nonnegative, namely a;; > 0 for all 1 <1i,5 <d.

From the ecological point of view, this assumption means that the d interacting
species are competitive. The SDE (2.1) has been studied intensively by many authors.
For example, it is known (see, e.g., [11, Theorem 2.1 on p.381]) that under Assumption
2.1, for any initial value z(0) € R%, the SDE (2.1) has a unique global solution z(f) on
t > 0 and the solution will remain to be in R% with probability one (namely, z(t) € R%
a.s. for all t > 0).

Throughout this paper, we set

b= max |b;|, &= ma |az| a= max a;. (2.2)
1<i<d 1<i< 1<i,j<d

From now on, we will fix the initial value z(0) € R arbitrarily and, of course, z(t)
is the corresponding solution. We will also fix two real numbers 7" > 0 and p > 2
arbitrarily. We will further use C' to stand for generic positive real constants dependent
onz(0),T,b, A, o, p but independent of the step size A which we will use in the next section.
Please note that the values of C' may change between occurrences. Let us present two
lemmas which will play their useful role in this paper.

Lemma 2.2 Under Assumption 2.1,

]E< sup |a;(t)|p> <. (2.3)

0<t<T

Proof. Recalling that x(¢) € R% and applying the It6 formula and Assumption 2.1, we
can easily show from (2.1) that

d(x; ()" < plb+0.5(p — 1)) (2(t))Pdt + po(a(t))PdB(t),

for t > 0 and every i = 1,--- ,d. By the Burkholder-Davis—-Gundy inequality (see, e.g.,
[16, p.76]), it is straightforward to show that

E( sup (z;(u) < C’+C/ sup ( ))p>ds, vt € [0,T].

0<u<t 0<u<s

An application of the well-known Gronwall inequality gives

]E< sup (xz(u))p> <C.

0<u<T

This implies the required assertion (2.3). O



Lemma 2.3 Under Assumption 2.1,

E( sup [(t) — 1 — log(wi(t))]) <0 1<i<d (2.4)

0<t<T
Proof. For each i, by the Ito formula, we have
dfz;(t) — 1 —log(z:(t))]

g( — bt 0507 + bizi(t) + Y aya; (t))dt +oy(wi(t) — 1)dB(t).

By Lemma 2.2, the first and second moments of the solution is bounded (by C') for
t € [0,7]. Applying the Burkholder-Davis—-Gundy inequality (see, e.g., [16, p.76]), we
can then derive that

E( sup [r:(t) — 1~ log(x:(1))))

0<t<T

<C +IE< sup /Ot oi(zi(s) — 1)dB(s)>

0<t<T
T 1/2
0

<C+ 35(/0T 2(E|zi(s)[2 + 1)ds> 2

<C +35+/2T(C + 1),

which is the desired assertion (2.4). O

3 Definitions of New Numerical Schemes

In this section, we will develop two numerical schemes. The first one will be called the
NPTEM scheme, while the second one the PPTEM scheme. We have explained in Section
1 why we do not only study the PPTEM but also the NPTEM in this paper, although
the solution of the underlying SDE (2.1) is positive with probability one.

3.1 Nonnegativity preserving truncated EM method

To define the NPTEM scheme, it would be convenient to treat the SDE (2.1) in R instead
of Ri. For this purpose, we need to extend the definition of the coefficients of the SDE
from RZ to RY. We denote the coefficients by

Fl(x) = (blxb o 7bdxd)Ta FQ(J;) = _diag('xh o ,[Ed)AI', G(Z[‘) = (0'1111, U 70-d$d)T
for z € R%. Define a mapping 7 : RY — R? by
Folw) = (11 VO, 24 VO)T for z € R%
Define fi, fa, g : R? — RY by

fi(@) = Fi(7o(2), folw) = Fa(fo(x)), g(x) = G(Fo(2)) for = € R



Obviously, fi(z) = Fy(z) etc. if z € R%. In other words, fi, fo,g are the extended
functions of Fi, Fy, G, respectively. Recalling that the solution of the SDE (2.1) has the
property that z(t) € RZ a.s. for all ¢ > 0, we can therefore write the SDE (2.1) as the
following equation

dz(t) = [f1(z(1)) + fo(z(t))]dt + g(x(t))dB(t) (3.1)
in RY. We observe that f; and g are linearly bounded, namely
|[fi(@)] < blal, |g(x)| < olz], VaeR, (3.2)

but f5 is not. The classical EM method is therefore not applicable to the SDE (see, e.g.,
[5, 7]). The truncated EM method established by [12, 13] may be applied but it cannot
preserve nonnegativity, not mentioning positivity.

The aim of this subsection is to modify the truncated EM method in order to create
a new NPTEM method. For this purpose, we first choose a strictly increasing continuous
function p : [1,00) — R, such that p(u) — oo as u — oo and

sup | fo(z)|=  sup |Fa(x)] < p(u), Vu>1. (3.3)

z€R?, |z|<u me]@i, |z|<u

Denote by p~! the inverse function of x4 and we see that p=! is a strictly increasing
continuous function from [p(1), c0) to Ry. We also choose a constant h > 1V (1) V |z(0)|
and a strictly decreasing function A : (0, 1] — [u(1), 00) such that

~

lim h(A) = oo and AY4R(A) < h, VA € (0,1]. (3.4)

Note that for x € Ri,
d d
B =Y (Zaw%) <> a( Y ad)lal* < AP
i=1 i=1 j=1

We can hence let p(u) = |AJu2, while let h(A) = hA~ for some 6 € (0,1/4]. In other
words, there are lots of choices for p(-) and h(-).

For a given step size A € (0,1], let us define the truncation mapping ma : R? — {z €
R [2] < ut(A(A))} by

ma(@) = (Jz| A p (h(A))) =,

|z]

where we set z/|z| = 0 when # = 0. That is, ma maps x to itself or u='(h(A))z/|z|
depending on |z| < p~(h(A)) or not. It is useful to see that for all z € RY,

fa(o(ma(2))) = fa(ma(x)) = Fa(7o(ma(z))). (3.5)

Hence
| fa(fto(ma(2)))| = | fo(ma(@))] < plp (R(A))) = h(A). (3.6)

Moreover, noting 7o(ma(z)) = (|z| A p=t(h(A)))7(x)/|x|, we also have
! fo(fo(ma(z))) = 2" fo(ma(z)) = (fo(2))" Fa(fo(ma(z))) < 0. (3.7)
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We can now form the discrete-time NPTEM solutions X (tx) =~ x(tx) for ¢ = kA by
setting XA (0) = Xa(0) = 2(0) and computing

Xa(tepr) = Xalte) + [A1(Xatr) + f2(Xa(te)]A + g(Xa(te))ABy, (3.8)
Xa(tis1) = fo(ma(Xaltes))),

for kK =0,1,---, where AB, = B(t,;1) — B(t). Please note that Xa(tx;1) is an inter-
mediate step in order to get the NPTEM solution X A(tgs1). We extend the definitions
of both Xa(+) and Xa(+) from the grid points t; to the whole ¢ > 0 by defining

Xal) = 3 Xalt a0 (3.10)

k=0

and -
Xalt) = 3 Xalt a0 (311)

k=0

for t > 0. Clearly, Xa(t) = 7o(ma(Xa(t))) so it preserves the nonnegativity although
XAa(t) does not.

3.2 Positivity preserving truncated EM method
For each step size A € (0,1], define one more truncation mapping 7 : R — Ri by
ia(z) = (AVay,--- AV’ =R

Please note that 7, maps R? to R‘i while 7y to Ri so they are different. The PPTEM
solution is defined by

X () = 7a(ra(Xa(t))), t >0, (3.12)

where X4 (t) has already been defined by (3.10).

The reader may wonder why we do not define the PPTEM in a similar fashion as
the NPTEM, namely by replacing 7y in (3.9) with 7 while keeping everything else
unchanged. This is certainly possible but the mathematics will become slightly more
complicated because ma does not preserve the nice property that ma has while 7y does.
More precisely, ma maps R? into the ball in R? with center 0 and radius g~*(h(A)) but
A may map some x in the ball outside the ball. In terms of mathematics, we have

[ma(@)] < p7H(R(A)), Vo eRY,

but we may have

[7a(ma(x))| > n~' (R(A))
for some x € R? with || < =1 (h(A)). For example, if x = (u=*(h(A)),0,---,0)T, then
wa(ma(@)) = (= (h(A)), A, -+ A)" and

[Ta(ma(@)] = V(1= (W(A)? + (d = 1)A2 > p~ ((A)).




4 Main Results

4.1 Statement of main results

Our aim of this paper is to show that both NPTEM solution Xa(¢) and PPTEM solution
XL (t) converge to the true solution z(t) in LP for any p > 2 as described in the following
main theorems of this paper.

Theorem 4.1 Under Assumption 2.1,

im E( sup | Xa(t) — x(t)|p> ~0. (4.1)

1
A—0 0<t<T
Theorem 4.2 Under Assumption 2.1,

lim E< sup |X%(t) — x(t)|p> ~0. (4.2)

A—0 0<t<T

The proof of these theorems are highly technical. To make it more understandable,
we break it into a number of lemmas in the next subsection and prove the theorems
afterward.

4.2 Lemmas

For the mathematical analysis, we need to define a new process

xA(t)Zw(U)Jr/O [fl(XA(3)>+f2(XA(5))]d5+/O 9(Xa(s))dB(s) (4.3)

for t > 0. We observe that za(t;) = Xa(tg) for all k > 0. Moreover, za(t) is an Itd
process with its [to differential

dra(t) = [fi(Xa(t) + f2(Xa(®)ldt + g(Xa(t))dB(t). (4.4)

We also denote the ith component of 2 (t), Xa(t) or Xa(t) by za (1), Xa.(t) or Xai(t),
respectively.

By (3.2) and (3.6), it is easy to see from (3.8) that for any ¢ > 2, E|Xa(#)]? < oo
and then, by induction, E|Xa(#,)]? < oo for all k > 1. By (4.3) we can then further see
that E|za(f)|? < oo for all ¢ > 0. But we will show a better result (see Lemma 4.4).

We start with the following lemma, which shows that xa(t) and Xa(t) are close to
each other in the sense of L”.

Lemma 4.3 For any A € (0, 1], we have

El|za(t) — Xa(t)[P < CAP2(R(A))P, Vt e [0,T). (4.5)
Consequently
iimOIE|xA(t) — XA)P =0, Vte[0,T]. (4.6)



Proof. By (3.6), )
|[f2(Xa(t))] = [f2(Fo(ma(Xa(t))))] < A(A). (4.7)

Using this and (3.2), we can easily show from (4.3) that
¢
Elza(t)|P < C(h(A))P + C’/ E|XA(s)[Pds
0
for t € [0, 7). This implies

sup E|lza(u)|? < C(h(A))? + O/o E|Xa(s)[Pds

0<u<t

< C(h(A))erC/Ot( sup E]mA(u)\p>ds.

0<u<s
The well-known Gronwall inequality shows

sup Elza(u)P < C(R(A))P. (4.8)

0<u<T

Now, for any ¢t € [0,7], there is a unique k& > 0 such that ¢t € [ty,?,11) and hence
Xa(t) = Xa(tr) = za(tg). Tt then follows from (4.3) that

Elza(t) = Xa(t)] = Elza(t) — za(ty)”

SCN“E/ Hfl(XA(S)!”+Ifz(XA(S))Ip]d8+CA‘p2)/2/t |9(Xa(s)"ds.

tg
This, along with (3.2), (3.6) and (4.8), implies
Elra(t) — Xa(OF < CAP(A(A)P + CAP2(h(A)P < CAP2(h(A))P

which is the first assertion. Noting from (3.4) that AP/2(h(A))? < AP/4 we obtain the
second assertion from the first one immediately. O

The following lemma shows a much better result than (4.8).
Lemma 4.4 Let Assumption 2.1 hold. Then

sup E( sup |xA(t)]p> < C. (4.9)

0<AL1 0<t<T

Proof. Fix any A € (0,1]. By the It6 formula and the Burkholder-Davis-Gundy inequality
etc., it is not difficult (see, e.g., [11, pp.59-63]) to show that

E(Oi%gt \m(u)\p) <C+C /0 tE(Oggs |m<u)yp) ds + Ji(t) (4.10)
for t € [0, 7], where -
30 =B s [ plealP ek (s) o(Xa(s))ds).
By (3.6) and (3.7), we have -
75 (8) f2(Xa(5)) = ([2a(s) = Xa(s)]" + XA(s)) fo(fo(ma(Xa(s))))
< h(A )IxA( ) — Xa(s)|.



Hence .
D) B [ plos(s)P 2 h(A)laa(s) - Ta(s)lds
0
Using the Young inequality

paP~2b < (p — 2)aP + 20P/%, Va,b >0,

as well as Lemma 4.3, we can then derive that
1O <E [ (0= 2)lras)l + 2(a) e s) - Xal)]ds
<tv-2 [ Efea (s)Pds + 2(h(A)? / (Bleals) — Xals))2ds
< (02 [ Elea(o)Pds + OO A

< (p—2)/0tIEﬂ( sup \:UA(u)]p>ds+C’,

0<u<s

where we have used (3.4) in the last step. Substituting this into (4.10) yields

E( sup |xA(u)|p> < C’+C’/Ot]E< sup |:17A(u)|p>ds.

0<u<t 0<u<s

An application of the Gronwall inequality gives

IE( sup |$A(u)]p> <C.

0<u<T

As this holds for any A € (0, 1] while C' is independent of A, we see the required assertion
(4.9). O

The following lemma improves the second assertion in Lemma 4.3.
Lemma 4.5 Let Assumption 2.1 hold. Then

lim E( sup |za(t) — )_(A(t)\p> = 0. (4.11)

A—0 0<t<T

Proof. Let m be the integer part of T/A. Then, by (3.2) and (4.7) as well as Lemma 4.4,
we derive that

B( sup [2a(t) ~ Xal)P)

0<t<T

<E( max sup |[fi(Xa(te) + L(Xat)](t — ) + g(Ka(t) (BE) — Bt)|")

O<k<m ) <t<tyi4
<CE( max [|Xa(t)]” + (A(A)/1A7) + J
<CAE( max [oa(t)]” + (R(A))) + Ja
<CAP[C + (h(A)] + Jo < CAP(R(A)) + Jy, (4.12)



where

:(JE( max [|XA(tk))| sup |B(t)—B(tk)|”D.

O<k< tp<t<tpi1

Now, choose a sufficiently large integer n > 3 V p, dependent on p and 7', for which

2
(2n a 1>p(T L1 <o, (4.13)

But, by the Holder inequality,

12 < OfB( max [IXa()P" suw |B(t)—B(tk)|2”D}p/2n

0<k< b <t<tp41

(ZE[IXA )P s 1B - B])"

e <t<tp41

But, by Lemma 4.4 (replacing p there by 2n though n here depends on p), E|Xa(tx))[*"
is bounded by C for every t;. Note also that for each k, Xa(tx) is independent of
SUDy, <<y ., | B(t) — B(t)[*". We hence have

Jy < C(iE])_(A(tk))P"E[ sup  |B(t) - B(tk)\2”])p/2n

tp<t<tpi1

m

< C(ZE[ sup |B(t) — B(tk)|2”Dp/2n.

tr <t<tk+1

By the Doob martingale inequality (see, e.g., [11, Theorem 3.8 on p.14]), we further derive
that

= 0(3 [ mn - su)
i R
k=0
<o([z2] "+ 1 - Huar)"

where (2n — 1)!! = (2n — 1) X (2n — 3) x --- x 3 x 1. (Please note that C' above should
depend on n but as n depends on p and T, we can still use the generic positive real
constants.) However,

[(2n — DY < %i(m —1) =
Thus -

m
J<CP/2<—
2= 91

Using (4.13) while noting (n — 1)/2n > 1/3 as we choose n > 3, we obtain

> (T+ 1)p/2nAp(n—1)/2n‘

Jy < CAP/3.

Substituting this into (4.12) gives

E( sup |za(t) — )_(A(t)|p> < C(h(A)PAP + CAP < C(h(A))P AP,

0<t<T
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But, by (3.4),
(R(A))PAP/3 = AP2(AVAR(A))P < CAP/P2,

We hence obtain B
]E< sup |za(t) — XA(t)|p) < CAP2,

0<t<T
This implies the required assertion (4.11). O

In the remaining of this section, we need a couple of new notations. For each r > |z,
define the stopping times
7, =inf{t > 0: |z(t)| > r}

and
par =inf{t > 0: |za(t)] >},

where throughout this paper we set inf ) = co. Moreover, we set
QAJ = Ty N PAr (414)

and define the closed ball
S, ={reR: |z| <r}.

The following lemma shows both x(t A 0a,) and xa(t A 0a,) are close to each other.

Lemma 4.6 Let Assumption 2.1 hold. Then for each r > |xo|, there is a Ay = Ay(r) €
(0,1] such that

E( sup |a(t A fOa,) — za(t A em)yp) < CLAP2 YA € (0,A), (4.15)

0<t<T

where C,. is a positive constant dependent on r,T etc. but independent of A.

Proof. Define

for(@) = fo((Jz| A7)2/|2]) for x € R™
Obviously, fa.(-) is bounded and globally Lipschitz continuous in R? but its Lipschitz
constant depends on r. Consider the SDE

dy(t) = [f1(y(8)) + far(y(8))]dt + g(y(t))dB(t) (4.16)

on ¢t > 0 with the initial value y(0) = z(0). It has a unique global solution y(t) on t > 0.
For each step size A € (0,1], we can apply the EM method to the SDE (4.16). That
is, we form the EM solutions Ya(tx) ~ y(tx) for tx = kA by setting YA(0) = x(0) and
computing

Yaltrsa) = Ya(ts) + [A(Ya(r) + f2r(Ya(r)A + g(Ya(te)) AB, (4.17)
for k =0,1,---. Extend the definitions of Ya(+) from the grid points ¢, to the whole t > 0
by setting
YA(t) = ZYA(tk>[[tk,tk+1)(t)7 (418>
k=0

and then define the Ito process

ya(t) =$(0)+/0 [fl(YA(S))+f2,r(YA(8))]d8+/O 9(Ya(s))dB(s) (4.19)
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for t > 0. It is well known (see, e.g., [8, 11]) that

E( sup [y(t) -~ yalt)l") < C,A72. (4.20)

0<t<T

Let us relate y(t) and ya(t) to z(t) and za(t), respectively. It is straightforward to
see that
x(tAT) =yt A7) asforall tel0,T]. (4.21)

We now choose A; € (0,1] sufficiently small for p~'(h(A1)) > r. Obviously, for all
A € (0,Aq],
fa(ma(z)) = fo,(x), Vo es,.

This, together with (3.5), yields
fa(o(ma(z))) = for(x), VI €S,
Comparing (3.8), (4.3) with (4.17),(4.19), we then see that
At A par) =ya(t Apa,) asforall t €[0,7] (4.22)

provided A € (0,4A;]. Combining (4.20) - (4.22), we obtain the desired assertion (4.15)
immediately. O

4.3 Proof of Theorem 4.1

We are finally in a position to prove our main theorems. We prove Theorem 4.1 first in
this subsection and then Theorem 4.2 next. Obviously,

IE( sup | Xa(t) — :U(t)|p> < 3P (J(A) + Ju(A) + J5(A)), (4.23)

0<t<T

where

J5(8) = E( sup [Xa(t) = Xa(®)]").

0<t<T

Ji(A) = E( sup | Xa(t) — xA(t)\p>,

0<t<T

J5(8) =E( sup fea(t) = x(t))").

0<t<T

By Lemma 4.5, we already have that J;(A) — 0 as A — 0. To complete the proof, we
hence only need to show both J3(A) and J5(A) tend to 0.

Let us first show J5(A) — 0. Let € € (0,1) be arbitrary. Recalling the definition
(4.14) of 6, o and using Lemmas 2.2 and 4.4, we can derive that

]P)(QT,A S T) S ]P)(Tr S T) + P(pr,A S T)
1

= [E(|x(n)!pf{ng}) + E(|xA<pr,A)‘p[{p,.yAST})}

—[B( swp 2(0)") +E( sup [aa(t))?)]

1

P 0<t<T 0<t<T
C

<—.

S5

A
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We can hence choose a real number r = r(¢) so large that
P(O,.A <T) <2
For this r, by Lemma 4.6, we have

E( sup [2(t Afa,) — zalt A 9M)yp) < AP YA € (0,A],

0<t<T

where A now depends on ¢ (as r dependent on ¢). Thus, for A € (0, A,], we derive
J5(A) = E(I{GT,AST} sup |za(t) — :v(t)|p> +E(I{9T,A>T} sup |za(t) — a:(t)|p>
0<t<T 0<t<T

< [BO.a <T)]"[E( sup fra() —x())] "

0<t<T

+ E( sup |za(tA O n) — z(tA QT,A)|p>
0<t<T

< Ce + C,.AP2.

But, by Lemma 4.4 (recalling p is arbitrary once again),

E( sup Joa(t) —x(t)|2p>r/2

0<t<T

<2-1)/2 []E( sup |a:A(t)\2p> +]E< sup |a:(t)|2p>r/2 <C

0<t<T 0<t<T

We then have
J5(A) < Ce 4 C.AP? VA € (0,A4].

This implies

limsup J5(A) < Ce.
A—0

As ¢ is arbitrary, we must have that J5(A) — 0 as A — 0.

Let us finally show J5(A) — 0 to complete our proof of Theorem 4.1. By Lemmas
2.2 and 4.4, we can find a positive number r = r(¢) so large that

P(Qy) > 1—&/3, (4.24)

where
Qp ={lz(t)| V|za(t)] <rforall 0 <t <T}.

For a sufficiently small 6 € (0,1), define

Go=inf{t >0:2,(t) <5}, 1<i<d

By Lemma 2.3,
i(Gsi) —1 -1 i\Gs,i
P((s < T) = E( I e (G, ()S — lziﬁ)(@ )))
1 C
ST T S0~ oR0)]) <

13



Noting that 6 — 1 — log(d) — oo as § — 0, we can find a § = d(¢) so small that
£ .
P(C&,iST)Sﬁa 1< <d.

Set (5 = min;<;<4(s,;. Then

PG < T) <P(UL, {Ga < TY) < Y P(Ga < T) < &/3.

=1
So P({s > T) > 1 — /3. This implies
P(Qy) > 1—¢/3, (4.25)

where

Qy = { min inf x;(t) > 5}.

1<i<d 0<t<T
On the other hand, for the pair of chosen r and ¢, define

Qa ={ sup [z(tAba,) —za(tAba,)| < 6/2}.
0<t<T

By Lemma 4.6 and the well-known Chebyshev inequality, we see that thereisa A; = A4 (¢)
(as 7 = r(e)) such that p=1(h(A1)) > r and

C,AP/?
P(QS) = P(oi?% (t A Oay) — Ta(t A, > 5/2) < G A4
Consequently, there is a Ay = Ay(e) € (0, Aq] such that
P(Q2a) > 1—¢/3, VA €(0,A,]. (4.26)
Set Q3.4 = Q1 N QN Qa. Combining (4.24) - (4.26) gives
P(Q34) > 1—¢, VA €(0,A,]. (4.27)

From now on, we consider any step size A € (0,Ay]. Note that for every w € Qsa,
QAJA > T,

sup [Xa(t)] < sup [za(t)] <7 < p7 (A(A))) < p7 (A(A)), (4.28)
0<t<T 0<t<T
and
oy Xaalh) = It wai(t) = It wit) = sup fai(t) = vai(t)]
> — sup |z(t) —za(t)]| >0 —0/2=0/2. (4.29)
0<t<T

In other words, for every w € Qga, Xa(t) € R} with [Xa(t)] < p~'(h(A)), whence
Xa(t) = mo(ma(Xa(t))) = Xa(t) for all t € [0,T]. Consequently,

J3(A) = E(I%A sup | Xa(t) — )‘(A(t)@

0<t<T

< [P(@5.0)] " [E( sup X200 - Xal))]"

0<t<T

<2 [E gy les)]
<ove

provided A € (0, Ay], where Lemma 4.4 has been used once again. As ¢ is arbitrary, we
must have that J3(A) — 0 as A — 0. This completes our proof of Theorem 4.1.
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4.4 Proof of Theorem 4.2

Once again, it is obvious that

B sup |[XE(1) = 2()]7) <37 (i(A) + J5(A) + Jo(A), (4.30)

0<t<T

where J4(A), J5(A) have been defined before and

Jo(A) =E( sup [XL(1) - Xa(t)]").

0<t<T

Clearly, all we need to do is to show that Js(A) — 0 as A — 0. Let A € (0, Ay A (§/2)]
be arbitrary. We see from (4.28) and (4.29) that for every w € Q3a, Xa(t) € R? with
[ Xa(t)] < p ' (R(A)) and infocicr Xa () > 6/2, whence XX(t) = 7a(ma(Xa(t))) =
Xa(t) for all t € [0,T]. Consequently,

Jo(A) =E(log,, sup |XE(1) — Xa(t)]?)

0<t<T

< [B(5.2)] 2 [E( sup x50 - Za@)] "

0<t<T
_ 1/2
<2V |E( sup [XL(1)) +E(O§35T|Xa(t)\2p)] :

0<t<T

But, by Lemma 4.4,
E( sup |XA(t)\2p) <.

o<t<T

On the other hand, for any = € R,

st = (S var) s (S i)
< (d+ o < 27 (P + |f).

So

XE(OP7 = [ralra(Xa@)? < 2771 (& + [ra(Xa(t)?)
<2 @ + [ Xa(0)).

Consequently
IE( sup |Xg(t)|2p) <.

0<t<T

In other words, we have showed that

Js(A) < Cve

provided A € (0, A2 A (0/2)]. As ¢ is arbitrary, we must have that Js(A) — 0 as A — 0.
This completes our proof of Theorem 4.2.
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5 Examples with Simulations
In this section, we will discuss two examples for illustration.

Example 5.1 To illustrate as well as to verify our new PPTEM scheme, we consider the
scalar stochastic Lotka—Volterra competitive model

dz(t) = x(t)[(b — ax(t))dt + odB(#)] (5.1)

for a single species, where individuals within the species are competitive, x(t) € (0, 00),
b,a, o are all positive numbers. The main reason we discuss this model is because it has
an explicit solution so that we can compare it with the NPTEM numerical solution in
order to verify the NPTEM scheme.

We write the Lotka—Volterra model (5.1) as the SDE (3.1) in R by defining
{fl(x) =bzr, fo(r)=—ar? g(x)=o0x forz >0,

(f):f2é )=g(x) =0 forx <0. (5.2)

Define p : Ry — ]R+ by p(u) = au® for u > 1. Tts inverse function of p=! : [a,00) — Ry
has the form p(u) = \/u/a for u > a. Let h = 1V a A z(0) and define the strictly

decreasing functlon h . (0,1] = [a,00) by h(A) = hA~? for some 0 € (0,1/4]. Hence
1Y (R(A)) = 1/h/aA®. The mapping 7a(ra(-)) : R — [A, \/ﬁ/aAG] has the form

wa(ma(z)) = (AV ) A/ h/aA?,  for z € R.

We first apply the NPTEM to the Lotka—Volterra model (5.1) (namely the SDE (3.1) with
f1, f2 and ¢ being defined by (5.2)). That is, set Xa(0) = Xa(0) = 2(0) and compute

Xa(tepr) = Xalte) + [[1(Xa(tr) + f2(Xa(tr)]A + g(Xa(te))ABy, (5.3)
Xa(tpsr) = (0V Xa(tegr)) A/ hJaN® (5.4)

for k = 0,1,---, and then extend the definitions of Xa(:) from the grid points ¢; to the
whole t > 0 by (3.11). The PPTEM solution is then defined by

XE(t) = (AV Xa(t)) A/ hfaA®, t>0.

By Theorem 4.2, we can conclude that XX (T') converges to z(t) defined by (5.6) in the
sense that

lim E( sup |XX(t) — a:(t)|p> =0. (5.5)

A—0 0<t<T

Given an initial value z(0) > 0, the solution z(¢) remains to be positive. Let z(t) =
1/x(t). By the It6 formula,

dz(t) = [a+ (0® — b)z(t)]dt — o2(t)dB(t).
By the variation-of-constants formula (see, e.g., [11, Theorem 3.1 on p.96]),

2(t) = exp ( — [b — 0.50°]t — o B(t)) (z(O) + a/o exp ([b— 0.50%]s + UB(S))dS).
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This gives the explicit solution of (5.1):
1 t -
z(t) = exp ([b — 0.50°)t + o B(t)) (m + a/ exp ([b— 0.50%]s + aB(s))ds) . (5.6)
0

Although the integration in this formula cannot be calculated analytically, it can be
approximated numerically by the Riemann sum. More precisely, define

¢(t) = exp ([b — 0.50°)t + o B(t)), 0<t<T. (5.7)

In the remaining of this example, we set A = T'/N for an integer N > T and t;, = kA for
0 < k < N. We approximate fotk ®(s)ds by

Ua(ty) =Y _05A[6(t;) + ¢(tir)], 0<k<N (5.8)

and of course set Wa(ty) = 0. We then form the discrete-time Riemann approximate
solutions Ya(tx) = z(tx) by

Ya(te) = 6(t)/(1/2(0) + a¥a(ty)), 0<k<N. (5.9)

We will show in appendix A that
lim E( sup |Va(t) — x(tk)\Q) ~0. (5.10)
N—o0 0<k<N

Although it is sufficient to compare our new PPTEM solutions XX (t;) with Y (¢),
we will do better by comparing it with the well-known backward Euler-Maruyama (BEM)
scheme (see, e.g., [4]) as well. To be more precise, the BEM applied to the Lotka—Volterra
model is to form the discrete-time BEM solutions Za (t;) ~ x(t)) by setting Zx(0) = z(0)
and computing

ZA(tr1) = Za(tr) + [[1(Za(te)) + f2(Za(tri1))]A + g(Za(te)) ABy

for k > 0. It is known that

lim E( sup |Za(ty) —x(tk)|2> = 0.

N—o0 0<k<N

For numerical simulations, we let b = 10, a = 1, 0 = 0.5, 2(0) = 6 and choose

— 1/4, h = 1000, whence p~(h(A)) = 1/h/A?. The simulations in Figure 5.1 show
the sample paths of the solution for ¢ € [0, 10] by three schemes of the PPTEM, Riemann
and BEM. The simulations in the left graph use A = 10~2 while in the right A = 107

They show that three sample paths generated by the three schemes are very close to
each other. More precisely, the simulations are designed to produce the squares of the
max differences between PPTEM and Riemann as well as BEM and Riemann:

max | X1 (t;) — Ya(te)]? = 0.002809 and  sup |Za(tx) — Ya(tx)]® = 0.005086

0<k<10% 0<k<104
when A = 1073; while

max | XL (t;) — Ya(tr)|? = 0.0002235 and  sup |Za(tr) — Ya(ti)|* = 0.0002527

0<k<10% 0<k<105
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Figure 5.1: The computer simulations of the sample paths of the solution to equation (5.1) by
PPTEM, Riemann and BEM. Left: A = 1073, Right: A = 1074,

when A = 107%. These seem to indicate that PPTEM is closer to Riemann than BEM.
To confirm this, we repeat the above simulations 100 times (namely, simulate 100 sample
paths for each of the three scheme) and produce the mean squares (MS) of the max
differences:

100 100

1 , . 1 , .
— sup | X7 (t,) = Yt 2) and — ( sup |Z4(ty) — Yi(t 2),
o j:1<osz£fv‘ () = YA (0| 105 2 (5 170 = Y3(0)

j=1
where j stands for the jth sample paths. To reduce the time of simulations without
losing any necessary illustration, we only simulate the paths for ¢t € [0,1] but we make
comparisons for A = 1072,1072,10~* and 107°. The outcomes of the simulations are
shown in Figure 5.2. They show that our new PPTEM solutions are closer to Riemann
solutions than BEM slightly. They also indicate that our new PPTEM solutions converge
to the true solution with the rate of order 0.5, though we have not proved this in theory
yet but we will tackle it in the future.

Example 5.2 Let us now discuss a 3-dimensional Lotka—Volterra SDE model
da(t) = diag(w1(t), as(t), 25(£)[(b — Aw(t))dt + odB(1)], (5.11)

where x(t) = (z1(t), z2(t), 23(t))T is the state of the 3 interacting species and the system
parameters

4 0 —03 —0.2 3.8
b= 16|, A=[-03 0 —01|,o0= |45
5 —0.1 —02 0 4.2

Unlike Example 5.1, there is so far no explicit solution to a multi-dimensional Lotka—
Volterra SDE model. We hence choose the SDE model (5.11), where the 3 species will all
become extinct with probability 1 (see, e.g., [1, 11]). Applying our PPTEM to the model
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Figure 5.2: Mean squares of differences for A = 1072,1073,10~* and 10~° with sample size of
100.

will enable us to test if the scheme will not only preserve the positivity of the solution
but also reproduce the extinction. For numerical simulations, we let z(0) = (3,2,1)” and
use A = 107°. The simulations in Figure 5.3 show the sample paths of the solution for
t € [0,10] by the PPTEM. They support the theoretical results.

WN P

X X X

40
|

10
|

Figure 5.3: The computer simulations of the sample paths of the solution to equation (5.11) by
PPTEM.
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6 Conclusion

In this paper we developed two new numerical methods, NPTEM and PPTEM, for the
highly nonlinear multi-dimensional stochastic Lotka—Volterra model. Although PPTEM
should be more appropriate for the Lotka—Volterra model as its solution is positive, we
discuss NPTEM first and then PPTEM in order to simplify the proofs as well as to make
our theory more understandable. However, we emphasise once again that the NPTEM
has its own right as many SDE models in applications have their nonnegative solutions.

A Riemann approximate solutions

In this appendix we will prove (5.10), namely that the Riemann approximate solutions
(5.9) converge to the true solution of the SDE (5.1) in L?. Note that ¢(¢) defined by (5.7)
is the solution to the following linear scalar SDE
do(t) = bo(t)dt + op(t)dB(t) (A1)
on t € [0,7] with the initial value ¢(0) = 1. It is known (see, e.g., [11, p.304]) that for
any positive integer n > 2,
E|g(t)|" = ntlb+0.50%(n=1)] < nT[+0.50°(n—1)] _. K, 0<t<T, (A.2)
where =: stands for ‘denoted by’. Applying the Hoélder inequality and the property of

the Ito integral (see, e.g., [11, p.39]) we can then derive that, for 0 < s < t < T with
t—s<1,

Blo(t) -~ o(s)" <27t~ 5" [ Elbo(u)"du

+ om0 5n(n — 1))Y2(t — 5)n2/2 / ' Elod(u)"du

s

< K, (t—s)"?, (A.3)
where K,, = 2" 'K, (b" + 0™(0.5n(n — 1))"/?). Note that

E( sup |Ya(tr) —:c(tk)P) < [E( sup [V (k) —:c(tk)|2”)}l/n

0<kE<N 0<k<N
N 9 1/n
< [Z]ED/A(tk) - l’(tk>| ni| ) (A4)
k=1

recalling YA (0) = x(0). Set I(tx) = gk ¢(s)ds. It follows from (5.6) and (5.9) that

B P(tr) o(tr)
[#(ts) = Yalte)l = ’ 12(0) + al(ty)  1/2(0) + aUa(tn) ’
7 ag(tx)|1(tr) — Wa(ty)] ale (02 B
=20 + 1(8)) (1/200) + avagy)) = AEOFOEI(B) = Palte)]

Hence, by the Holder inequality,
Ela(ty) = Ya(tn)[" < a®|2(0)|*" (Elg(t)[*) (1 (tx) — Calty)|*™)?
< a®a(0)|"" v/ Kan (B (1) — Ca(ti)["™)"? (A.5)
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for any integer n > 2. But

k—1

B () — Wa(to]™ < k““ZE!/ B(s)ds —05A(6(1 ) + O(1)

4n

4n

ot ZE\ / ' 0.5(6(s) — dlti-1))ds + / 0.5(6(s) — o(t:))ds

t;
<0.5(2kA)*"~ 12 / E|¢(s) — ¢(ti_ 1)\4“ds+/ ]E|<;5(s)—¢(ti)|4”ds>
i ti—1
_(2k:A)4”K4nA2” < (2T)*" Ky A, (A.6)

where (A.3) has been used. Substituting (A.6) into (A.5) yields

Elz(ty) — Ya(te)? < (2aT)*"|2(0)[*"/ Ky Kyn A™. (A7)

Substituting this into (A.4) implies

IE( sup \YA(tk)—x(tk)\2) [(zaT 12| 2(0)|* /K g K am A" N} "

0<k<N
— 42?2 (0)[*(V Kin K T A" (A8)

In particular, choosing n = 16, we get

E( sup |Va(ty) —x(mﬁ) < 4a?)2(0)|* (Ko Koa) /32 T3/ 16 A15/16. (A.9)

0<k<N

This implies (5.10) immediately.
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