arXiv:2211.00328v2 [math.NA] 20 May 2023

The standard forms and convergence theory of the Kaczmarz-Tanabe type
methods for solving linear systems

Chuan-gang Kang
School of Mathematical Sciences, Tiangong University, Tiangin 300387, People’s Republic of China

Abstract

In this paper, we consider the standard forms of two kinds of Kaczmarz-Tanabe type methods, one is
derived from the Kaczmarz method and the other is derived from the symmetric Kaczmarz method. As a
famous image reconstruction method in computerized tomography, the Kaczmarz method is simple and
easy to implement, but its convergence speed is slow, so is the symmetric Kaczmarz method. When the
standard forms of the Kaczmarz-Tanabe type methods are obtained, their iteration matrices can be used
continuously in the subsequent iterations. Moreover, the iteration matrices can be stored in the image
reconstruction devices, which enables the Kaczmarz method and the symmetric Kaczmarz method to
be used like the simultaneous iterative reconstructive techniques (SIRT). Meanwhile, theoretical analysis
shows that the convergence rate of the symmetric Kaczmarz-Tanabe method is better than that of the
Kaczmarz-Tanabe method but is slightly worse than that of two-step Kaczmarz-Tanabe method, which is
verified numerically. Numerical experiments also show that the convergence rates of the Kaczmarz-Tanabe
method and the symmetric Kaczmarz-Tanabe method are better than those of the SIRT methods.
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1. Introduction

In medical imaging tomography (see, i.e., |1,12,13]), people are often asked to solve the following linear
system of equations, i.e.,

Az = b, (1)

where A € R™*" h € R™ are also called projection matrix and measurement vector, respectively. We
suppose that () is consistent and z* is a true solution. If A is not full column rank, ' = Ab is used to
denote the minimum norm least-squares solution |4, 5] of (), where AT denotes the pseudo-inverse of A.
The linear system () can be generated by discretizing the Radon transform

p= /L £z, )ds,

where, L(p,0) = {(z,y) : xcosf+ysin@ = p} is the path of integration, f(x,y) is the relative attenuation
of the object to ray at point (x,y) on the line L and ds = /p? + p/(6)2d0; let ¢ denote the angle between
the normal direction of L and the polar axis on a given complex plane, so 6 € (¢ — /2,0 + 7/2), (see,
e.g., [2,16,1,&]).

The Kaczmarz method proposed by the Polish mathematician Kaczmarz|9] is one of the most pop-
ular iterative methods to solve () in computerized tomography. Let A = (a1,a2,..., an)T, then the
Kaczmarz’s iteration reads

b — {(ai, xp—1)

a, k=12,..., (2)
llaill3

Tl = Tp—1 +
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where i = mod(k — 1,m) + 1, (z,y) = 27y and ||z||2 = \/(z, z) denote the inner product of x,y and the
2-norm of = in R™, respectively.
The symmetric Kaczmarz method can be described as

b — (ai, xp—1)

Tk = Tp—1 + 5 a;, k=1,2,..., (3)
llasll3
where
mod(k, 2m — 2), 1 <mod(k,2m —2) < m,
i=< 2m—mod(k,2m —2), m < mod(k,2m —2) < 2m — 3, (4)

2, mod(k,2m — 2) = 0.
Compared with the popular expression of the symmetric Kaczmarz method (see, i.e., [10,[11]), the iterative
scheme (B)) is more consistent in form with Kaczmarz’s iteration.

The Kaczmarz method has many advantages, such as good convergence, ease to implement and so
on, and has been used to solve the phase problem [12]. However, the convergence speed of the Kaczmarz
method sometimes becomes very slow, especially when the successive hyperplanes meet at a very small
angle. In order to keep the advantages of the Kaczmarz method and overcome its disadvantages, many
scholars consider the subsequence {yx} of sequence {zx}, where yi, = xp.,,,. Kang |13] gives the following
iterative scheme of Kaczmarz’s subsequence {yx}, i.e.,

Y1 = (I — ALM Ay, + AT M, k=0,1,2,..., (5)

where I denotes the identity matrix of whatever size appropriate to the context, and

Pi:I—aL%TQ, i=1,2,...,m, (6)
llasl3

Qm=1,Q;=PuPmn_1...Pjs1, j=12...,m—1, (7)

Q=PuPyn_1---Py, (8)

As = (Qia1,Q2az, ..., Qman)T, (9)

M = diag(1/]|a1]3,1/llazll3, - - -, 1/ [laml]3)- (10)

and the subsequent iteration (Bl was named the Kaczmarz-Tanabe’s iteration by Popa [14].

Compared with Kaczmarz’s iteration, Kaczmarz-Tanabe’s iteration has good approximate stability
(i.e., iterative error does not fluctuate as violently as Kaczmarz’s iteration (see [13]), which may provide
convenience for people to study the regularization theory of the Kaczmarz method). In fact, compared
with the traditional iterative scheme of Kaczmarz-Tanabe method (see [14,[15]), there are many improve-
ments in the expression of (@) . However, A; is the compound of @; and a;, which brings many obstacles
for further research, especially the regularization theory, etc. In this paper, we mainly consider the stan-
dard form of (@), and the corresponding iteration matrix can be calculated by blocking and parallelization
techniques.

Assume that rank(Q) = p, and o01,09,...,0, are p non-zero singular values of (). Kang gave the
following convergence result (see |13, Theorem 2.10 & Corollary 2.11]).

Theorem 1.1. [13] For any matriz A without zero row, let {yr,k > 0} be the sequence of vectors
generated by @) and ey =y — ' — Prnayyo, then

lewrllz < max oiflexll2, llensaflz < Og&ﬁlgfﬂﬂeoﬂz
K K

holds, where o; is the singular value of Q.

We next consider the Kaczmarz-Tanabe method and hope to get a matrix-vector form similar to the
SIRT methods. For ease of reference, we list several typical representations of the SIRT methods (see,
i.e., |16, 17]) and the general iteration reads

Tpi1 = o + MTATM (b — Axy,), (11)



where ), is the relaxation parameter. For each j = 1,2,...,n, we denote by nz; the number of nonzero
elements in the j-th column of A, and S = diag(nzi,...,nz,). For convenience of description, we also
denote the sum of the i-th row of A by s,, and the sum of the j-th column of A by s.,. Let [|z||s = VaT Sz
denote a weighted Euclidean norm. When A = 1, the following methods will be obtained by taking given
T and M pairs.

e Landweber|l8: T =1,M =1;

e Cimmino|l9]: T=I,M =D = %diag(”ainz,...,ﬁ);
o CAV|20]: T=IM=Dg= diag(l‘aillé,...,m);
e DROP|21]: T=S"1M=mD;

SART|22, 23, 24]: T = diag(se,,---,8¢,) L, M = diag(syy, - .-, 8r,, )L

The rest of the work is organized as follows. In Section 2] we consider the standard form (i.e., matrix-
vector form) of the Kaczmarz-Tanabe method, and introduce some concepts related with the sequential
projection. In Section Bl we consider the matrix-vector form of the symmetric Kaczmarz method and
analyze its convergence rate. In section ] we give the algorithm flows to calculate C' appearing in (7))
and C appearing in ([@J) respectively. In Section B] we compare the computational efficiency of the
Kaczmarz-Tanabe method, symmetric Kaczmarz-Tanabe method, SIRT methods and CGMN method
[L0] by numerical experiments.

2. The standard form of the Kaczmarz-Tanabe method and its convergence

Compared with ([2)), the Kaczmarz-Tanabe iteration (&) has made great change in form because it gets
rid of the constraint of projection row by row according to the system of equations. As can be observed
from the construction of Ag in (B), there are still many inconveniences to use because each column is the
product of Q; and a;.

In this section, we will analyze the inherent structure of the Kaczmarz-Tanabe’s iteration (@) and
derive a concise iterative form similar to the SIRT methods. First, we give the following definitions.

Definition 2.1. We call Q; a sequential projection matrix on ajy1,...,an, and denote the sequential
projection matriz set with Sep(ar, ..., am), i.e.,
Ssp(a/laa2;"'7a/m) :{QlaQQa"'an—l}- (12)

Definition 2.2. For any Q; € Ssp, if there exist (;1,...,C,m such that

Qia; = G101 + ... CimGm, (13)

then we call A and S, sequentially compatible. In general, for any 1 < i < m,i < j < m, if there
exist dw)’ cen 7(71’]) such that

Qjai = di’j)al +... C,r(;i’j)am, (14)
then we call A and S,y forward sequentially compatible, and call (({i’j), ey Q(f;’j)) compatible vector

of Qja; on A.
Remark 2.3. From Definition[Z2, we know that, if A and Ss, are sequentially compatible, then
a; Qf = Ginal + ... Gimay,

holds, and if A and Ssp are forward sequential compatible, then

ol Qf = ¢ af +...¢iPal,y

holds. Therefore, the definitions given in (I3)) and ([I4) are equivalent to the definition given by their
transposes.



Remark 2.4. The definition of forward sequential compatible is actually the constraints on

QT aTQT, aTQT.. . .dTQT. ... aTQT.
Moreover, this definition can be extended completely, but we will not do this because it is beyond the
requirements of this paper.

Remark 2.5. Obviously, Qmam = am, i.e., fnm’m) =1, so the definition of forward sequential compatible
can be extended to the case of i = m.

The following theorem shows that A and S,, defined by Kaczmarz’s iteration is forward sequential
compatible.

Theorem 2.6. Suppose A has no zero row, and Ssp, is defined by [I2), then A and Ssp are forward
sequential compatible.

Proof. We take the subscript (4, j) of Q;a; as an ordered array and prove the conclusion by mathematical
induction.

It is obvious that a2 QT = a7, that is, (I) holds for (i,5) = (m,m) and (™™, ... ¢imm™) =
(0,...,0,1). In fact, for any 1 <1 S m, (EEI) obviously holds for al QT because Q,, = I. Consequently,
as the first step of induction, we prove that ([I4) holds for (i,5) = (m — 1,m — 1). Actually,

T T T T AT T 10 T
amlemfl = amflmem =0y 1 — 2 Q-
llamll3
. (m—1,m—1) (m—1,m—1)
Hence, (I3) holds for ¢ = m — 1, where ({; yeeosCm )=(0,...,0,1,—al jan/|lam|?).

Secondly, we suppose ([I4) holds for any (i,7) satisfying s < i < m and s < t < j < m, i.e., there
exists (sz’]), s ,(,ﬁ’J)) such that

afQf ="l + ... 7a],

Thirdly, we prove that (Id) holds for (¢,j) = (s,t). Because of Q; = Q¢4+1 P11, then

T
Qg Qt41
athT = a +1Qt+1 TQt+1 W t+1Qt+1 (15)
From the hypothesis, there exist (({s’tﬂ), ce §,(,f’t+1)) and (dtﬂ’tﬂ), ey ,Eﬁ“’t“)) such that
t+1
TQt+1 (s +1) T 4 Q(rf,tJrl)aﬁ,

t+1,t+1
f )a? +...+ C,(,iJrl’tJrl)aT

at+1Qt+1 = m*

Then, it follows from () that

T
T AT _ A(sit+1) T t+1) T a5 Gt+1 (t+1 t+1) T t+1,t4+1) T
Qg Qt _Cl aq ++C7(rf )am_ ||;t+1||2( +. +C'£n )am)
2

T T
_ (C(s,tJrl) ! (t+1,t+1)) 1T 4+ ...+ (C(s’tﬂ) O G (t+1,t+1))aT

! ||at+1||§ ||at+1||§ " "
Denote
(s:t) s,t) (s,t4+1) alar (t+1,¢4+1) (s,t4+1) alaip (t+1,t+1)
(Cl 7""< ) ( 251 7"'7§ 25m )
a3 llat+1]13

This proves that (I4) holds for (i,7) = (s, t).
To sum up the above, the conclusion is proved for all (i,j) with respect to 1 < i < m,i < j < m.
Namely, A and S, generated by the Kaczmarz’s iteration are forward sequentially compatible. [l
From Theorem [2.6] we have the following decomposition corollary of As.



Corollary 2.7. Under the condition of Theorem [2.8, there exists a unit upper triangular matriz C €
R™*™ such that

As =CA. (16)
Here, we call C' the compatible matrixz of A and Syp.

Proof. According to As = (Q1a1,...,Qman)T and Theorem [Z6 the corollary can be proved by taking
C(i,j) = Gij- U
Remark 2.8. Corollary[27 is valuable for the analysis of the Kaczmarz-Tanabe method, which can lead

to the standard form of Kaczmarz-Tanabe’s iteration (i.e., the matriz-vector form). In fact, it follows
from @) and Corollary 270 that

Yk+1 = Yk +ATCTM(b7Ayk)7 k= 071527"" (17)

We can hardly see the shadow of the Kaczmarz iteration from (), and it is more like a member of SIRT
methods. The Kaczmarz’s method is known as the algebraic reconstruction technique (ART), However,
the appearance of (7)) makes the boundaries between the ART and SIRT methods confusing, and makes
the Kaczmarz method as easy to use as SIRT methods after obtaining C'.

In the above, the matrix C exists in theory. For the purpose of dealing with its computational problem,
the intuitive idea is to find a matrix C' € R™*"™ that satisfies As = C'A. For simplicity, we introduce the
following notation,

H = (h;) == AATM, (18)
which yields h; ; = ala;/||a;||3. For the convenience of description, we introduce the concept of index
set.

Definition 2.9. The index set 1;(n1,ne,v) is defined as follows

Ly(n1,n2,0) = {[Id(l), N .,Id(v)]},

where ny,n2,v are positive integers satisfying |n1 — na| > v > 2. I4(4) is an integer between ny and na,
and I4(1) = ny, I4(v) = na. For any i < j, the following is satisfied

Id(l) < Id(j), ny < na,
Id(l) > Id(j), ny > na.

By the above definition, we know that I;(nq,na,v) is actually a set of arrays and the elements in
every array are arranged by order, e.g.,

I;(1,4,2) = {[1,4]}, 14(4,1,2) = {[4,1]},
I;(1,4,3) = {[1,2,4],[1,3,4]}, [I4(4,1,3) ={[4,2,1],[4,3,1]}.
We must pay attention to the difference of order. In [1,4], I4(1) = 1,14(2) = 4; and in [4,1], I4(1) =
4,1,(2) = 1.
Based on the above definition, we give the expression of al QT'# when 7 € N(A)*.

Lemma 2.10. Suppose A has no zero row, Q; is the sequential projection matriz of A and & € N(A)*L.
Foranyl<i<m,i+1<j5<m-—1, denote

j—i+1 v—1
dij = Z (-t Z thd(s),ld(s—i-l)- (19)
v=2 Li(i,5,0) s=1
Then,
a; QTE = (1,diis1,- . dim)(al calq,...,al)"7 (20)

holds. That is, the compatible vector of a¥ QT % on A% is (0,...,0,1,d; 41, .., dim)-



Proof. When 1 <i <m and & € N(A)*, we have

aiTQiT~ = (1, —hi,i+1)(aiTQiT+1ja az‘T+1QiT+1j)T
= (1, —hiir1, —hiive + higyrhivrive)(a] Qo afy Q1 oF, al Q1 )"
m—i+1 v—1
= (17 7hi,i+17 RS Z (71)1}_1 Z H h’],i(s),fd(s-‘rl))(a,ir ﬁi'a a?+1ngf7 R a%Qﬁi‘)T
v=2 I4(i,m,v) s=1
Thus (20) holds by taking d; ; according to (I9). O

From the proof of Lemma 210, d; ; is equivalent to the lengthy but intuitive form, i.e.,

Jj—i+l v—1

Z (-t Z H Pia(s) ra(s+1) = —hiiv2 + Riiprhisrive + -+ (=17 " hiiprhigrive - hjo1.

V=2 La(ig,w) a=1
Theorem 2.11. Under LemmalZI0, let Q = (w; ;) mxm Satisfy

dij, J>1,

wi; =4 1, j=i, (21)

0, 7 <1.

Then,
As = QA

holds, where As is defined by ().
Proof. For any ¥ € N(A)1, it follows from () that

Ast = (aTQTz,a2 QY z,... al QT ). (22)

From Lemma [ZT0 and (2I]), we obtain
Ast = QAzZ. (23)

When Z € N(A), 23) obviously holds. Therefore, for any & € R", AsZ = QAZ holds, which means
As = QA. O
Lemma [Z10] and Theorem 2.TT] actually show us a specific form of matrix C, i.e., C' = €, thus we get

Yrr1 = yr + ATQT M (b — Ayy), E=0,1,2,.... (24)

If A is a full row rank matrix, the decomposition of Ags is unique.

We specifically refer to (24]) as the standard form of Kaczmarz-Tanabe’s iteration and still
denote by () with C = Q.

Let E(j,i(—h;;)) be a matrix obtained by multiplying the i-th row of the identity matrix by —h, ;
and adding it to the j-th row, i.e., the diagonal elements of E(j,i(—h,;)) are all 1, the (j,)- element is
—hj, and all other elements are 0. Consequently, we have the following theorem.

Theorem 2.12. If Q) is defined as 1)), then
Q=HH,- - Hy, (25)

i-1
holds, where Hy = I and H; = [] E(j,i(—h;;)) for any 1 <i <m.
j=1

Proof. For any & € N(A), we denote b = Az. From (ZZ), we have

aj QTE=(0,..., 1, —hjjt1,- s —=hjm + hjm1hmm+ -+ (1) hyieihinjra oo Bne1m)

(b1, by b1, b)Y (26)



From (22), the coefficient of b;(i > j) in (26) is actually the (j,4)-element of ©, i.e.,
wji=—hj;+hji1hi—1;+ ...+ (=1)""7hjjp1hjp1 42 his

Denote H = Hy--- Hy,. In order to show 2 = H; --- H,,, we only need to prove w;; = ﬁ“ for any i > j,
ie.,

_ T
Wji = ej H@i,

where e; and e; are the jth and ith columns of the identity matrix in R™>*™ |25, p72], respectively.
Owing to eJTH;€ = ejT when j > k, and Hje; = e; when i # [, it follows that when ¢ > j,

e?HeZ eTHjJrl - He;

= (e] J+1) j+2 - Hie;
(( a h’] j+1705"'70)Hj+2)Hj+3 Hzez
= (0, , ]jJrl;---;*h/j,i“i’hji 1hi,1i+...+(—l)ifjhjyjurl~~~hi,17i,0,...,0)ei

= *hm +hjicthiovi+ o+ (F1) T hygahgae s hio.

This proves w;; = ﬁ” forany 1 < j <n—1and ¢ > j. Additionally, w;; = ﬁjyj = 1 holds for any
1 < j < n. Consequently, the conclusion is proved. O

Theorem actually gives the calculation formula of 2 defined in (2I]). However, it is not a good
idea to calculate 2 directly according to (23] because the calculation speed may be slow. In fact, the
matrix €2 can be calculated in parallel mode by dividing the multiplication of H1Hs - -- H,, into several
small parts, but we should notice that the block operation is executed on matrix 2 but not on the whole
linear system. Consequently, performing the block operation on linear system and solving each linear
subsystem with the Kaczmarz-Tanabe method, which indeed can reduce the cost of calculating €, will
derive the block Kaczmarz-Tanabe method.

3. The standard form of symmetric Kaczmarz-Tanabe method and its convergence

In this section, we mainly consider the standard form of the symmetric Kaczmarz-Tanabe’s iteration
and analyze its convergence rate, and then compare it with the convergence rate of the Kaczmarz-Tanabe’s
iteration.

Let {xy, k > 0} be the vector sequence determined by B and (). Denote

gk+1 = Tk-(2m—2)4+ms  Yk+1 = L(k+1)-(2m—2)> k= 07 15 ceee (27)
Then, from (I7),
k1 =y + ATCTM (b — Ayy) (28)

holds, which is indeed the Kaczmarz-Tanabe’s iteration from yi to gg1.

Next, we consider the iterative formula of Kaczmarz-Tanabe method for Kaczmarz’s projection from
equation m — 1 to equation 2 in reverse order, i.e., the Kaczmarz-Tanabe’s iteration from gi41 to yg41.
Define

Qi:PQ---Pi—la ’L:3,,m_1 (29)
Thus, Q; is the sequential projection matrix on (a;_1,...,a2)", and
Qi=Qi1P_y, i=3,....m—1 (30)

The sequential projection matrix set reads

Ssp(amflv sy 0,2) = {Q?n ceey mel}'



Additionally, we have

Q1 =Qm=0eR™™, Qy=1, (31)
and denote
Q:=P...P,_,. (32)
Hence the Kaczmarz’s projections from equation m — 1 to 2 are equivalent to
Y1 = QU1 + AT MD, (33)
where
As = (QlalaQQGQ;QB‘lBa . .,Qm—lamq,Qmam)T- (34)
Note that ([B3) is not the symmetric Kaczmarz-Tanabe iteration but the symmetric part of the sym-
metric Kaczmarz’s iteration, i.e., the case of Kaczmarz’s projection @) for i =m —1,...,2.

Before deriving the standard form of the symmetric Kaczmarz-Tanabe’s iteration, we first give the
relationship between @ and Ags appearing in ([B3)).

Lemma 3.1. Suppose A has no zero row, and Q and As are defined as (32) and (34). Then,

Q=1I1-ALMmA, (35)
where M is defined in (I0).
Proof. From (B82) and (30), we have
O=P... Py,
T
= — A —1Q,,
:mel 7Qm71 = m21
llam—1l3
T T T T T
_ ~  a2a - asa — Ay —2Q,,, = Am—1Qy, _ = ama
:QQ_QQ 22_Q3 32_---_Qm—2m7mQ2_Qm—1 = mgl_Qm mw;
llazl2 llasl2 lam—2l|3 llam—1l2 llamllz
From (3I)), it follows
T T T T T T
— ~ aia ~ a2a ~ asa = Am—20,, = Um—1Qyp, =~ ana
Q=1-Qi—5 — Qa5 — Q375 — . = Qo= =2 — Qg — "t — Qs
llax |2 lazlz llasl2 lam—2ll2 llam—1l2 llamllz
o _ . 1
=1 — (Qia1,Q2a2, ..., Qmay)diag( ooy ) (a1, az, ... am)T
llaxl2 llamllz
This proves (B5)). O
According to Lemma Bl we get the equivalent form of (B3],
Yet1 = i1 + ASM (b — Agri). (36)

We should notice that (B8] is not the final form of the symmetric Kaczmarz-Tanabe’s iteration because it
does not include the Kaczmarz projection process from ¢ = 1 to m. We next consider the matrix-vector
form of (B6l). First, we have the following existence theorem.

Theorem 3.2. Suppose A has no zero row, then there exists C such that
As =CA. (37)

Proof. Similar to Theorem [2.6] and Corollary[2.7] the existence of C can be proved. We omit the process
here. R |

Because Q1 = Q,, = 0, the elements in the first and the last rows of C' are zero. According to (34,
As has nothing to do with a; when Q; = 0, which L implies that the first column of C is zero vector. These
characteristics are the major difference between C' and C'. Before considering the specific expression of
C, we first introduce the following lemma.



Lemma 3.3. Suppose A has no zero row and Q; is defined as @9). For 3 <i<m—1,2<j<i—1,
denote

i—j+1 v—1
dig= > (=" > T rraco)as s (38)
v=2 La(injw) s=1

where h, . is defined by ([8). Then, for any T € N(A)*L,

a; Q7% =(0,d;2,...,dii—1,1,...,0)(a1,...,an)" 2 (39)
holds.
Proof. Obviously, when 3 <i <m — 1 and 7 € N(A)*, from (B0) we have

aiTQin = (—hii-1, 1)(“?—1@?—157 az‘TQiT—@)T
= (—hii—1, 1) (a;_1Q7_17,a] Q7 z)"

T AT ~ T AT ~ TAT T
= (—hii—2 + hiji—1hi—1i—2, —hii—1,1)(0;_2Qi_ 2T, a;_1Q;_oT, a; Q;_»T)

i—1 i—1
= (~hiz+ Y hixhro+ ..+ (=072 ][ harrns - —hiio1,1)(a3 7, ... af 7). (40)
k=3 k=2
Taking d; ; in (@) according to (B5) yields
alTQle = (d_iﬁg, ce Jiyi,l, D(azg,. .., ai)Tf.
This proves ([39)). O
Similar to Theorem 211}, we have the following theorem.
Theorem 3.4. Under the condition of Lemmal3.3, let Q= (@i,j ) mxm Satisfy
dij, 1<i<m,2<j<i-—1,
=0 asicmgon " )
0, 1=1vm,1 <73 <m.
Then,
As=0A (42)
holds, where As is defined as (34).
Proof. For any Z € N(A)*, it follows from (34) that
Asz = (a] QT7,al Q3 7, ..., al QT 7). (43)
By Lemma [33 and ({Il), then we get
Asz = QAz. (44)
V_Vhen T e N(A), from [13, Coroll_ary 2.2], AsZ = 0 holds. Thus, (@) also holds. Then, for any z € R”,
AsT = QAZ holds, which means As = QA. O
Let

EA(j,i(—hM))(s,t) _ { E(jai(_hj,i))(sat)’ (Sat) 7: ( ) (45)

Similar to Theorem ZI2 we have the following decomposition of €.



Theorem 3.5. Ifﬁ is defined as in Theorem[3.J), then

Q=H,y 1Hy o Hy (46)
A m—1
holds, where H; = [ E(j,i(—hj;)) for any2 <i<m —1.
j=it1

Proof. Denote H= f[m_lﬁm_g - 'HQ. Obviously, Q and H are unit lower triangular matrices with the
same order, so we only need to prove that the non-zero elements are equal. For any z € N (A)*, from
Q) and Q2 = I, we have

i—1 i—1
G?Q?f = (7hi12 + Z hiﬁkhkyg + ...+ (71)1.72 H thrl,kﬂ R 7hi1i,1, 1)(&5@, ceey ain)T. (47)
k=3 k=2

In ([T), the coefficient of a] £(2 < j < i) is actually the (i, j)-element of Q, ie.,

i—1 i—1
Gij=—hij+ Y higheg + (0" ] hesre
h=j+1 k=j

In order to show Q = Hm_lf[m_g . "HQ, we only need to prove w;; = I;i,j (where ﬁ” denotes the
(i,7)-element of H), i.e.,

C:Jiﬁj = eiTHej.

Owing to eiTﬁk = eiT when ¢ < k and ¢ = m, and Hlej = e; when j # [, we have for 2 <i <m —1 and
2<j<i,
elTHej = e?lfli,lffi,g e Ifljej

= (ef Hi-1)Hi—s--- Hje;

= ((0, ey 7hi1i,1, 1, 0, ey O)IA{Z',Q)HZ',3 e ﬁjej
= ((0,..,0,~hi 2+ hii—1hi—1,-0,—hii-1,1,0,...,0)H;_3) - -- Hjej
i—1
= —hig+ Y hikhig o (D T hgioahiogioa by,
k=j+1

This proves @; ; = H; ; for any 2 <i<m —1and 2 < j < i. Additionally, &, = H;; = 1 holds for any
2 <i <m — 1. Consequently, the conclusion is proved. N [l
__ Compared with Theorem [3.2] 2 in Theorem [3.4] gives the specific form of C' and is still denoted by
C. Thus, from (B6]) we obtain

Y1 = Ger1 + ATCTM (b — Agig1a). (48)

Based on ([28) and (#8]), we obtain the following theorem.

Theorem 3.6. Suppose A has no zero row. Then, there exists matriz C € R™*™, such that the sym-
metric Kaczmarz-Tanabe’s iteration can be written as

Yei1 = yr + ATCTM (b — Ayp). (49)
Proof. From (28)) and [{@8)), the symmetric Kaczmarz-Tanabe’s iteration is given by

Ykt = Gt + ATCTM(b — Afs1)
= yp + AT(CT + CT = CTMAATCT)M (b — Ayy,).

Denote C' := C + C — CAATMC, then #9) is proved. O
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From (24) and ([@9), we know that the Kaczmarz-Tanabe’s iteration and the symmetric Kaczmarz-
Tanabe’s iteration have the same matrix-vector form. Then, from (@), we also have the following
equivalent expression

i1 = (I — ATCT M Ay + ATCT M,

where I — ATCTM A is the iteration matrix of the symmetric Kaczmarz-Tanabe method. Considering
the principle of the symmetric Kaczmarz’s iteration, we have the following corollary.

Corollary 3.7. Suppose A has no zero row. Then, for the symmetric Kaczmarz-Tanabe’s iteration,
QQ=Py,...Pp 1P,...PL=1T—-ATCTMA (50)
holds, where C is consistent with that in Theorem [3.0
Let ex, = yx — Pn(ayyo — xt. Then, it follows from [@J) that
ext1 = (I — ATCT M A)ey,. (51)

For the symmetric Kaczmarz-Tanabe’s iteration, the following holds.

Theorem 3.8. For any initial vector yo € R™, let {yr, k > 0} be generated by the symmetric Kaczmarz-
Tanabe’s iteration @9). Then,

e € ]\7(A)L
holds.

Proof. We prove the conclusion by mathematical induction. First, the fact ey € N(A)* holds because
Yo — Pn(a)yo and z! belong to N(A)L. Second, if we assume that for any given k > 0, ex € N(A)*, then
ex+1 € N(A)*L, this is because for any z € N(A),

(epy1,2) = (I — ATCT M A)ey, 2) = (er, z) — (CT M Aey,, Az) = 0.
Which proves the conclusion. [l
Lemma 3.9. Foranyl<i<m andz € N(A)L,
Pix € N(A)™*
holds. That is, N(A)* is an invariant subspace for any P;.

Proof. For any 1 <i<m and z € N(A),

T

i Yz, z) = (x, 2)

llasl3

a;a

(Pw,z) = ((I - (alz,al z) = 0.

llasl3

holds. |
By Lemma [3.9] we can obtain the following estimation of || Pieg41]|2.

Theorem 3.10. Under the condition of Theorem [Z38,

| Pret1]l2 §O£a§10?|‘P1€k|‘2, k=0,1,... (52)

holds, where o; is a singular value of Q.
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Proof. From (E1), we have
Piepyr = Pi(I — ATCT M Aey,. (53)
Note that I — ATCTMA=P,...Py_1 Py, ... Py, then
P(I - ATCT"MA)=P,P,...Pyy_1P, ... P, =QTQP,, (54)
thus
Piepr1 = QTQPyey. (55)

Moreover, by LemmaB3, Pre, € N(A)*. From TheoremB8and [13, Theorem 1.3], we have || Q| y(a)-]l2 <
1, then we get

| Prek||2,

[Prek+1llz < omax, o7l

where o; is a singular value of @ . [l

Corollary 3.11. Under the condition of Theorem[338, for some k > 0, if exr1 € N(P1)*, then

lewslls < max o2 P lalexll (56)

holds, where o; is the singular value of Q and PlT denotes the pseudo-inverse of Pj.

Proof. When e;11 € N(Py)*t, we have
P1TP1€k+1 = €k+1- (57)
Hence,

lensillz < I1P][l2]| Pressllz,

and from (52)), we obtain (B0). O
The equality (57) depends on exy1 € N(Py)*. If the latter is not satisfied, then (56) may not hold.
In the following theorem, we give a general conclusion without the constraint condition eyyq € N(Py)*

Theorem 3.12. Under the condition of Theorem [38, for any k > 0, at least one of the following
statements s true,

®  ller+allz < jmax oillexllo;

. 2 .

() llensalle < max o?llexla;

where o; is a singular value of Q.
Proof. First, we have N(A) = N(af) N N(al)n...Nn N(al). Then,
N(A)*" = N(af)*" UN(az)"U--UN(ag)*

Recall that e € N(A)L and Qex € N(A)1, then, at least one of (I1) and (I3) holds:
(I;) Among P, ..., P,,, there exists at least one P; such that

[ PiQexll2 < [[Qexll2. (58)

(I2) [|P1Qepll2 < [[Qell2-
Since Qe € N(A)*, either Qe € N(al)t U---UN(al)t or Qe € N(a1)*. When Qe € N(al)*+ U
U N(al)*, without loss of generality, we suppose Qex € N(aL ). Thus

(af,Qer)?

< [|Qexll3-
llam|13 ’

| PrQerl3 = (Qex — Qekaek |2Q€k> Qexl3 —

|| mII || ml

12



ie., [|[PnQerl2 < ||Qerll2. If Qer € N(al)t, then |PiQex|2 < ||Qex|l2. Consequently, when Qe €
N(A)*, at least one of (I;) and (I3) holds.

When (I7) holds, let I be the largest index ¢ that satisfies (B8)), i.e., P;Qer = Qe for [ +1 < i < m.
If Qer € N(A)*, from Theorem and Lemma [3.9] we have

ller+ille = || P2 .. Pm—1PmQekll2 < [|[PQek|l2 < ||Qekl|2-
Therefore, when ey, € N(A)*,
< .
IQerlls < mas oulexl

this proves statement (i).
When (I5) holds, we assume that Qer € N(ad)N...N N(al), then

ert1 = Po- - Ppo1Qer = Qe
holds. Moreover,
ekro =PoPs-- Py 1Py - PoPregy1 = PoPsy- - P 1QP1Qey.
Then,

llertall2 < [|QP1Qek||2

holds. Since PiQer € N(A)*L,
< . ) 2
leks2ll2 < 021;3,)210—1|‘P1Q6k|‘2 < 01<11£J)<(101||Q6k||2 < 033?101 lex[l>

hold. This proves statement (ii). O

Remark 3.13. From Theorem we can see that the convergence rate of the symmetric Kaczmarz-
Tanabe method is better than that of the Kaczmarz-Tanabe method (since ‘<’ is replaced by ‘<’). How-
ever, the comparison is actually unfair because each iteration of the symmetric Kaczmarz-Tanabe method
performs 2m — 2 orthogonal projections, while the Kaczmarz-Tanabe method only makes m orthogonal
projections. Consequently, we’d better compare the convergence rate of the symmetric Kaczmarz-Tanabe
method with that of the two-step Kaczmarz-Tanabe method. Supposing {yx,k > 0} is the sequence of the
Kaczmarz-Tanabe’s iteration, so the two-step Kaczmarz-Tanabe’s iteration can be represented by zx, = yor .
Let e, = zp, — zf — PN(A):L'(), then

A
!

According to Theorem[TT(i), the convergence rate of the two-step Kaczmarz-Tanabe’s iteration is better
than that of the symmetric Kaczmarz-Tanabe’s iteration.

Remark 3.14. As can be seen from [[Z) and [@9), the Kaczmarz-Tanabe method and the symmetric
Kaczmarz-Tanabe method have the same iterative formula, but C is different from C. When C and C
are known, one iteration of the Kaczmarz-Tanabe method is equivalent to m Kaczmarz’s iterations, while
one iteration of the symmetric Kaczmarz-Tanabe method is equivalent to 2m — 2 Kaczmarz’s iterations.
From this point of view, the calculation efficiency of the symmetric Kaczmarz-Tanabe method is higher
than that of the Kaczmarz- Tanabe method.

4. The related algorithms

For the Kaczmarz-Tanabe method, the core work is to generate matrix C. Once C' is obtained, the
Kaczmarz-Tanabe’s iteration is easy to perform. Algorithm [Tl shows the process flow of calculating C.

Algorithm 1 The calculation of matrix C'

1: Input
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2: A= (ay,ag,...,am)7

3: c=1, > I, is an identity matrix with order m
4: k+m

5: while £ > 1 do

6: i<k

7 while i > 1 do

8: j+—m

9: while j > k—1 do

10 if ala; =0 then

11: Ci—1,j)=C(i—1,5)

12: else

13: C(i—1,7)=C(i —1,j) + (—al_jar/a}ar)C(k, j)
14: end if

15: j+—ji—1

16: end while

17: 1+ 1—1

18: end while

19: k+—k-1
20: end while
21: Output C

For the symmetric Kaczmarz-Tanabe method, C' = CT 4+ CT anTM AATCT | where C is the matrix
obtained by Algorithm Il Therefore, we only need to compute C' in order to perform the symmetric
Kaczmarz-Tanabe’s iteration. Algorithm 2] shows the process flow for computing C.

Algorithm 2 The calculation of matrix C

1: Input

2 A= (a,ag,...,am)7

3 C = I > I, is an identity matrix with order m
4 k+m-—1

5: while k£ > 1 do

6 t—m—1

7 while i > k do j

8 j+<k

9 while j > 1 do
10: if agak =0 then
11: C(i,5) = C(i,§)
12: elseA N R
13 Cli.j) = Ci,§) + (—al ay/af a)C(k, j)
14: end if
15: jej—1
16: end while
17: 1 1—1
18: end while

19: k+—k—1

20: (/e\nd while R

21: C(1,1)=0,C(m,m) =0
22: Output C

For the Kaczmarz-Tanabe’s iteration and the symmetric Kaczmarz-Tanabe’s iteration, the matrices
C and C are invariant in the subsequent iterations which is beneficial for computation, e.g., in medical
imaging equipments, one can calculate and store the matrices C' and C or related matrices in the imaging
device in advance. C' and C can be calculated by block mode or parallel block mode, which will greatly
reduce the cost to compute them. Blocking technology can be made on the linear system which has been
discussed in some articles (please refer to |26, 127, 128, 29, 30] for more details).
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5. Numerical tests

We will test the convergence rates of the Kaczmarz-Tanabe type methods and compare them with
the SIRT and CGMN methods with two examples. Let {yx, k > 0} be the iterative sequences of these
methods, and we mainly consider three kinds of iterative errors, i.e., [|yx — z*||2, [|[yx — 272, and ||yx —
at — Py(aywolla-

For the Kaczmarz-Tanabe methods, the pre-calculation cost of C is O(m?), the calculation cost of
the Kaczmarz-Tanabe’s iteration is O(m?n), and so is the symmetric Kaczmarz-Tanabe method. For the
Kaczmarz method, the calculation cost of the Kaczmarz’s iteration repeated m times is O(mn).

In addition, ATCTM and ATCT M A in the Kaczmarz-Tanabe’s iteration can also be pre-calculated.
Regardless of the pre-calculation cost, the calculation amount of pure Kaczmarz-Tanabe’s iteration is
only O(n?). In the sense of pre-calculation, the Kaczmarz-Tanabe type methods are particularly suitable
for the over-determined systems with the same projective matrix and different measurement vectors b.

5.1. Tanabe’s problem

Consider the following linear system with equations

1.0 30 20 —1.0 5.0
1.0 20 —1.0 —2.0 0.0
1.0 —1.0 20 3.0 5.0
20 10 10 1.0 |*T| 5.0 (59)
50 50 40 1.0 15.0
40 —1.0 50 7.0 15.0

Linear system (59)) is consistent and over-determined. The general solution is
(501, T2,23, $4)T = k(72/37 15 72/35 1)T + (5/35 07 5/35 O)Tv (60)

where k € C is any constant and C is the complex field. In numerical experiments, 2* = (1,1,1,1)7 is
taken as the test solution. We compare the convergence rates of the Kaczmarz-Tanabe and symmetric
Kaczmarz-Tanabe methods on the one hand, and compare those of the Kaczmarz-Tanabe type methods
and SIRT methods on the other hand.

Numerical results are shown in Figures M2l where Figure [Il shows the error curves of ||yx — 2*||2,
lyr — 2|2, and [lyx — 2T — Py (ayzoll2 when zo = (7,6,10,6)T, and Figure [ shows the corresponding
results when z¢ = (0,0,0,0)7. In Figures [(a)(c)(e) and B(a)(c), we compare the errors of Kaczmarz-
Tanabe method, symmetric Kaczmarz-Tanabe method and two-step Kaczmarz-Tanabe method (marked
with ‘Kaczmarz-Tanabe(2)’ in these figures).

In Figures [[(b)(d)(f) and 2(b)(d), we compare the errors of Kaczmarz-Tanabe method, symmetric
Kaczmarz-Tanabe method, Cimmino method, DROP method, SART method, CAV method and CGMN
method when zg = (7,6,10,6)” and 2y = (0,0,0,0)7 respectively. Since the computational work of the
Kaczmarz-Tanabe method and the symmetric Kaczmarz-Tanabe method is roughly the same as that of
the SIRT methods when C and C' are determined, therefore we deal with these methods in the same way,
that is, comparing one Kaczmarz-Tanabe’ iteration with one symmetric Kaczmarz-Tanabe’s iteration,
as well as other methods. In Figure [[l (a),(b) are the same as (e),(f) respectively, although they look
different. Denote

€=(-2/3,1,-2/3,1)".
We know from (@0) that N(A) = span{¢}, thus

. Ty 3
Pn(ayro = Pyayz™ = €—O§ =
1€113

-92/3.1,-2/3. )T
13( /” /’)’

=2t + P ayzo,
which means that

lyr = 2*ll2 = llye — 2" = Prcayaollo.
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Figure 1: The comparisons of ||y —z*||2, |[yx — 2|2 and |jyg — =T — Pn(ayzoll2 when zo = (7,6, 10, 6)T, where
(a),(c) and (e) are comparisons among the Kaczmarz-Tanabe method, the symmetric Kaczmarz-Tanabe method
and two-step Kaczmarz-Tanabe method for solving Tanabe’s problem, and (b), (d) and (f) are comparisons

among the Kaczmarz-Tanabe method, the symmetric Kaczmarz-Tanabe method and SIRT type methods for
solving Tanabe’s problem. (see (1)) for the iterative schemes).
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Therefore, the convergence of the error curves shown in Figure[I] (a), (b), (e) and (f) are consistent with
the theoretical results, and this is also why the curves in Figure[dl (c) and (d) do not tend to the z-axis.

In addition, Figure [ (a), (c) and (e) also show that one symmetric Kaczmarz-Tanabe’s iteration is
better than one Kaczmarz-Tanabe’s iteration, and slightly worse than the two-step Kaczmarz-Tanabe’s
iteration. Meanwhile, Figure[ll (b), (d) and (f) show that the convergence speed of the Kaczmarz-Tanabe
and symmetric Kaczmarz-Tanabe methods is faster than the SIRT methods.
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Figure 2: The comparisons of |y, — z*||2, |lyx — zT|l2 when z¢ = (0,0,0,0)7, where (a) and (c) are compar-
isons among the Kaczmarz-Tanabe method, the symmetric Kaczmarz-Tanabe method and two-step Kaczmarz-
Tanabe method for solving Tanabe’s problem, and (b) and (d) are comparisons among the Kaczmarz-Tanabe
method, the symmetric Kaczmarz-Tanabe method and SIRT type methods for solving Tanabe’s problem.

10 15 %
iteration number k

Figure 2lshows the efficiency of these methods when zg = (0,0, 0,0)7. Figure (a) is slightly different
from Figure [ (a), and Figure 2 (c) is consistent with Figure [l (e). It seems from Figure [ (b) that the
SART method is better than the others. The reason is that the SART’s iteration converges to x* rather
than 7 when z¢ = (0,0,0,0)7, which can be seen from Figure 2 (d).

We also note that the CGMN method is sensitive to iteration step, and converges quickly at the
beginning, and then the results become worse. Suppose the linear system to be solved by CGMN method
is Bx = ¢, this phenomenon may be related to the positive semi-definiteness of B. In other words, the
descending direction d of the conjugate gradient (CG) method becomes an eigenvector of 0 eigenvalue of
B or Bd = 0.

5.2. Headphantom problem

In computerized tomography, the distribution of some physical parameter(such as absorption intensi-
ties) at the cross-section of the object need to be reconstructed from the projection data such as medical
diagnosis—the distribution of the absorption intensities of tissue slice need to be reconstructed from X-ray
data. The computerized tomography system attributes to a linear system Axz = b, where A is a projected
system, b is scanning data, and x is unknown intensity image of an object. In the general case, the system
is overdetermined.

The linear system is generated from the subroutine ‘parallel’ in AIR Tool II package |16], and there
are 36 projective angles at equal intervals in [0,27] and 75 equi-spaced parallel rays per angle. The
headphantom is discretized into 50 x 50 pixels. and the dimension of A is 2700 x 2500.
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The initial value is taken as xo = 0 € R2%90 and numerical results are shown in Figure B where (a)
and (c) are results of the Kaczmarz-Tanabe method, symmetric Kaczmarz-Tanabe method and two-step
Kaczmarz-Tanabe method for solving the Headphantom problem, (b) and (d) are results of the Kaczmarz-
Tanabe method, symmetric Kaczmarz-Tanabe method, SIRT type methods and CGMN method for
solving the problem. For this problem, the CGMN method seems to be better than the other methods
and the phenomenon in the Tanabe’s problem does not appear.

From Figure 3, we can see that the Kaczmarz-Tanabe and symmetric Kaczmarz-Tanabe methods are
significantly better than the SIRT methods, and slight worse than CGMN method. Numerical images of
these methods are shown in Figure[d From the visual effect, the Kaczmarz-Tanabe method, symmetric
Kaczmarz-Tanabe method and CGMN method are close and better than the SIRT type methods.
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Figure 3: The comparisons of ||y — z*||2, ||yx — xT||2, where (a) and (c) are comparisons among the Kaczmarz-
Tanabe method, the symmetric Kaczmarz-Tanabe method and two-step Kaczmarz-Tanabe method for solving
Headphantom problem, and (b) and (d) are comparisons among the Kaczmarz-Tanabe method, the symmetric
Kaczmarz-Tanabe method and SIRT type methods for solving Headphantom problem.

6. Conclusion

The Kaczmarz-Tanabe method is the further improvement of the Kaczmarz method. Due to the row
to row iterative characteristic of the Kaczmarz method, the Kaczmarz’s iteration generally converges
slowly and has volatility for perturbed linear systems. The Kaczmarz-Tanabe method overcomes the
volatility of Kaczmarz’s method and can smoothly approach the ‘pseudo-inverse’ solution when solving
the perturbed problem, which lays a foundation for us to further study the minimum norm least-squares
solution.

In addition, as a comparison, we also consider the more popular symmetric Kaczmarz-Tanabe method
and derive its standard form. We should pay attention to the symmetric Kaczmarz-Tanabe method be-
cause one iteration of the symmetric Kaczmarz-Tanabe method can almost obtain the effect of two itera-
tions of the Kaczmarz-Tanabe method. The Kaczmarz-Tanabe’s iteration and the symmetric Kaczmarz-
Tanabe’s iteration have the same iterative formula, if C and C are known, then the symmetric Kaczmarz-
Tanabe method has obvious advantages over the Kaczmarz-Tanabe method in computational efficiency.
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(a) Kaczmarz-Tanabe (b) Symmetric Kaczmarz-
method Tanabe method

(f) Cimmino method

(g) CGMN method

Figure 4: Numerical images of the Kaczmarz-Tanabe method, symmetric Kaczmarz-Tanabe method
and the SIRT type methods for solving Headphantom problem, including DROP, SART, CAV,
Cimmino and CGMN methods.

Numerical tests also show that the Kaczmarz-Tanabe type methods, i.e., the Kaczmarz-Tanabe
method and the symmetric Kaczmarz-Tanabe method in this paper, are better than the SIRT meth-
ods. Although Kaczmarz-Tanabe type methods can not achieve the convergence effect of the CGMN
method in some cases, they have advantages in problem applicability, i.e., they converge stably to the
minimum norm least-square solution for all compatible linear systems when the initial guess zo € R(AT).
In particular, after obtaining C' and C, the Kaczmarz-Tanabe’s iteration and the symmetric Kaczmarz-
Tanabe’s iteration can be implemented as easily as the SIRT methods. In practical applications, such as
medical image reconstruction and so on, C' and C can be calculated in advance and stored in the device,
which enables us to implement these iterative methods quickly and get a better solution.
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