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A GENERALIZED WEAK GALERKIN METHOD FOR OSEEN
EQUATION

WENYA QI *, PADMANABHAN SESHAIYER f, AND JUNPING WANG *

Abstract. In this work, the authors introduce a generalized weak Galerkin (gWGQ) finite element
method for the time-dependent Oseen equation. The generalized weak Galerkin method is based on
a new framework for approximating the gradient operator. Both a semi-discrete and a fully-discrete
numerical scheme are developed and analyzed for their convergence, stability, and error estimates.
A generalized inf-sup condition is developed to assist the convergence analysis. The backward Euler
discretization is employed in the design of the fully-discrete scheme. Error estimates of optimal order
are established mathematically, and they are validated numerically with some benchmark examples.
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1. Introduction. Navier-Stokes equation has been used to describe incompress-
ible viscous flow and forms the backbone of fluid mechanics [25]. One of the difficulties
in the equation is the nonlinear convective acceleration term which involves the prod-
uct of the velocity with its gradient. One approximation to the Navier-Stokes equation
is the Stokes equation where this convective term is omitted. Oseen equation, in com-
parison to Stokes flow, includes a partial inclusion of the convective acceleration and a
reactive term in the momentum equations [I1], 22]. Oseen equation is also considered
as an auxiliary problem to linearize Navier-Stokes equation [23, 15, 31 [26].

The research on the development, analysis and application of the finite element
method for the Oseen equation continues to receive attention in the computational sci-
ences community. In [I6], the framework of finite element method for Oseen equation
was established and some stabilized schemes were analyzed. A general a posteriori er-
ror estimator was designed for problems with incompressibility constraint and shown
to be valid for the Oseen equation in [2]. The local discontinuous Galerkin method
using mixed setting has been introduced for the steady Oseen equation in [12], and
the optimal convergence was derived. A stabilized finite element method was derived
for Oseen equation in [5] [6] through the introduction of a stabilization parameter
and mesh dependent term. In [8], with the estimates independent of local Reynolds
number, the interior penalty finite element method was discussed for steady-state Os-
een equation. The space-time discontinuous Galerkin discretization was introduced
and analyzed for the evolutionary Oseen equation with time-dependent flow domain
in [27]. By using subgrid scale methods, a stabilized finite element formulation was
presented for Oseen equation in [I3], which also proved the stability and optimal con-
vergence. For optimal control of the Oseen equation, SUPG/PSPG were analyzed in
[7], and a priori analysis was provided. In view of stabilization tensor, the hybridizable
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discontinuous Galerkin was provided for steady Oseen equation in [I0]. A pressure
stabilized finite element scheme was estimated for the evolutionary Oseen equation in
[21]. Least-squares finite element method was presented in [9] where the convergence
in various norms was proved. Based on a residual type a posteriori error estimator and
pressure projection method, a stabilized finite volume method was analyzed in [20].
In [I7], a divergence-conforming discontinuous method for steady Oseen equation was
established and a fully robust posteriori error estimator was derived. Based on the
skew-symmetry scheme and two grid discretizations, local and parallel finite element
algorithms were established for the evolutionary Oseen equation in [I4], and error es-
timates for semi-discrete and fully-discrete were derived. A multiscale hybrid-mixed
method was presented for Oseen equation in [3], and a posteriori error estimator was
analyzed for the adaptive method.

Weak Galerkin method was first introduced for elliptic problem in [28] 29], and
weak function was presented for the definition of weak gradient operator. Weak
Galerkin method has been used for Stokes equation in [30] with the use of weak gradi-
ent and weak divergence. A weak Galerkin method with skew-symmetry scheme was
introduced in [I8] for steady-state Oseen equation by using a weak convective opera-
tor. By introducing weak trilinear term, a skew-symmetry weak Galerkin method was
analyzed for Navier-Stokes equation in [I9], and linearized Oseen approximation was
employed in numerical experiments. For extending the finite element piecewise poly-
nomial spaces to arbitrary finite dimensional spaces, the generalized weak Galerkin
method (gWG) has been introduced with new generalized weak gradient definition.
In particular, gWG has been established for steady Stokes equation in [24] with the
finite element spaces of arbitrary combination of polynomials. Based on the same
spaces as [24], we consider the steady and evolutionary Oseen equation by using gWG
scheme in this work. The main contribution of this work includes the development
of a scheme that is proposed from the equation directly without the skew-symmetry
terms, and the coercivity of bilinear form which is derived for the uniqueness and
existence of solutions.

This work is organized as follows. In Section 2] generalized weak gradient and
the related weak divergence are presented. The semi-discrete and fully-discrete gWG
schemes for the evolutionary Oseen equation are established with backward Euler for
time discretization. In SectionBl the gWG scheme is introduced for steady-state Oseen
equation firstly, and optimal convergence orders are obtained. Then, for evolutionary
case, the error estimate is presented by introducing an elliptic projection operator in
Section @ Finally, numerical examples for benchmark problems are shown to verify
the theoretical results in Section

In this article, we adopt the notations in [I] for Sobolev spaces and denote generic
nonnegative constants by C' which is independent of the mesh size and time step.

2. gWG for Evolutionary Oseen Equation. We consider the evolutionary
Oseen equation that seeks the unknown fluid velocity u(t) := u(:,t) and the pressure
p(t) := p(-,t) such that

pu, — pAu+p(B-Viu+ Vp =1, in Q x (0,77,
2.1) V-u=0, in Q x (O,T],ﬁ
u=g, on 99 x (0,7,

u(0) = go, in Q,
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where Q is an open bounded polygonal or polyhedral domain in R?, d = 2,3. The
external force field f, the admitted flux g across 92 and the initial velocity g are
given functions. 3 is a given convection field, ¢ > 0 is the constant kinematic viscosity
and p > 0 is a given scalar function. When p = 0, (1)) is steady-state Stokes equation
which has been analyzed with gWG in [24], and we consider p > 0 in this paper.

The weak form of problem (ZI) reads as follows: find u(t) € [H'(Q)]¢ and
p(t) € L3(Q) satisfying u(t) = g on 9Q and u(0) = g» in Q such that

p(utvv) + u(Vu, VV) + p((ﬁ : V)u, V) - (pv V- V) = (fa V)v Vv e [Hé(Q)]da

22) (V-u,q) =0, Vg € L3(9).

Here, we denote the spaces
[Ho(Q))? = {v e [H'(2)]%, v=0o0n 00},
L2(Q) = {q € L2(Q),/ qdz = o}.

Q

Denote the partition using polygon or polyhedra of domain Q by 7; which satisfy
the shape regular conditions in [29]. For each T' € Ty, hy is its diameter and h =
maxreT;, hr is mesh size of the partition 7,. Let 0T be the edges of element T" and &;
the set of interior edges. Denote by Py (T) the polynomials space of degree less than
or equal to k in all variables on element T. We consider the finite element spaces

Vi :={(vo, vb) : volr € [Pe(T)]*, volor € [P;(0T)]%, VT € T},
Wi =={q € L§(Q) : g|r € Po(T), VT € Tp},

where k, j,n > 0 are arbitrary non-negative integers. Denote the subspace of V}, with
vanishing boundary condition by V9, ie. VO = {v € V,, v;, = 0 on 9Q}.

We define the local L? projection operators Qq : [L?(T)]? — [Py(T)] and Qy :
[L2(8T)]¢ — [P;(0T)]%. Denote by Qn = {Qo,Qs} the projection operator to the
space of weak functions and by Q7 the L? projection operator onto Wr,.

Next, based on the weak function and projection operators, we define a weak
gradient.

DEFINITION 2.1. For each v € Vy, a generalized discrete weak gradient operator
VvV is defined as follows

VwV =Vvg+d,V,
where 8, V|7 € [P(T)]4* is given by
(v, )7 = (vi = Quvo, ¢ - m)or, Yo € [P(T)]™,

where n denotes the unit outward normal to 0T .

In order to present the numerical scheme for Oseen equation, we also need to
define a weak divergence operator.

DEFINITION 2.2. For each v € V,, we define the weak divergence Vo,-v € P, (T)
such that

(vw : va)T = _(V07V1/})T + <Vb7¢ : n>8T7 N 1/) S Pm(T)



Based on the weak formulation (2:2)) and the definition of weak differential oper-
ators, the semi-discrete gWG scheme for the evolutionary Oseen equation (2.1]) reads
as follows: For t € (0,7}, find uy(t) € Vy, and py(t) € W), satisfying u,(t) = Qg on
092 and uy(0) = Qpg2 in 2 such that

p(unt, vi) + (Vwun, Vovi) + p((8 - V) un, vo)
(2.3) — (pr, Vo - vi) + s1(up, vp) = (f, vg), YV vy, € V?L,
(Vw - un, qn) + s2(ph,qn) = 0, vV qn € Wh.

Here, the stabilization terms are defined as follows

L(un,vi) = ¢ Y hH@u(w, — 1), Qu(vi — Vo))or,

TETh

sa(phan) = 0 Y b ([pnl, [an])e

eelr

where [gn] = qrlomne — gnloTne denotes the jump on interior edge e shared by the
elements T7 and T5. Assume that |y| < 0o, |a| < co. Here ¢ is a positive parameter,
and o is zero or one.

For simplicity, we consider uniform time stepping 7 = T/N with N being the
total time steps. Denote by t" = 7 * 7 the fi-th time level.

By replacing the time derivative by backward difference quotient which is back-
ward Euler discretization, the fully-discrete gWG scheme seeks u”t! € Vj, and
p"t1 € W), satisfying the boundary condition u?“ = @Qpg on I and initial con-
dition u® = Qg in Q such that

p(Oru™ ™ vi) + (Vo u" T Vivi) + p((B - Vi )u™ ', vo)
(2.4) — (P, Vi - vi) + 51 (0T vy = (£ v), Vv, € VY,
(Ve - 0™ qn) + 520" qn) = 0, v qn € Wh.

n+1 uﬁ+1—uﬁ

Here, the backward difference quotient is denoted by d;u
Before coming to the estimates of gWG schemes ([2.4) and (I?:{I) for evolutlonary
case, let us analyze the gWG for steady-state Oseen equation.

3. gWG for Steady-State Oseen Equation. The steady-state Oseen equa-
tion seeks an unknown velocity u and a pressure p such that

—pAu+p(B-Viu+Vp=_, in Q,
(3.1) V-u=0, in €,
u=g, on 0f).

By a weak solution we mean a pair of u € [H!(Q2)]¢ and p € L3(Q) satisfying u = g
on 0f) and the following equations
32 ATVEI B VUV =0V -v) = (E), W e H@),

' (V-u,q)=0, Vg€ L3(Q).

The gWG scheme for the steady-state Oseen equation ([B.I) seeks uy, € Vj, and py, €
W), satisfying u, = Qpg on 02 and the following equations
1(Vwan, Vva) + p((8 - Vw)an, vo) = (Pr, Vi - Vi) + s1(un, va) = (£, vo),

3.3
(3:3) (Vw - un,qn) + s2(pn,qn) =0,



for all v, € VY and ¢, € W,
For convenience, we introduce the following energy semi-norm in Vp:

Ivill? == (Vwvi, Vwvi) + 51(Vh, Vi), vn € V.

LEMMA 3.1. || - || defines a norm in the subspace V9 consisting of functions with
vanishing boundary value.

Proof. For vj, € V9 with ||v,,|| = 0, we see that V,,vj, = Vvg+ 3, vy = 0 on each
element T" and Qpvg = v on each JT. By using the definition of weak gradient, we
have

(OwVh, 0w Vh)T = (Vi — QuVo0, 00w Vi - Mo = 0.

It follows that d,, vy, = 0 and hence, Vvy = 0, which implies that vg is a constant on
each element. Thus, we have Qyvg = v;, on each 9T. Together with v, = 0 on 91,
we obtain v, = 0. O

In addition, for simplicity, we denote b(vy,qn) := (Vw - Vi, qn)-

LEMMA 3.2. [Z]] Assume that n < min{m,k + 1}. For each q, € Wy, there
exists vi, € V2 such that

1 — [0
b(Vh,qn) > §|\Qh|\2 —Ch > h | [gn]lI2,
(34) ecér

1in
Ivill < C(L+ A7) an]l-

Next, we set s = min{j,1} and introduce a local L? projection operator Q; :
[L2(T)]4*% — [P,(T)]4*?. From the construction of the generalized weak gradient
operator, we have the following results.

LEMMA 3.3. [Z] For any v € V}, and w € [HY(T)]? on the element T € Ty,, one
has for each ¢ € [Ps(T)]4*?

(Vuv,d)r = —(vo, V- ¢)r + (vb, ¢ m)or,
(VwQrw,¢)r = (VWw,¢)r + (I — Qo)W,V - §)r.

The following is a useful result for the analysis on convergence and solution exis-
tence of the gWG scheme.
LEMMA 3.4. Assume v < 0 and -Y8 > Cyp > 0. There exists a constant

2
¢ = W IO ey that
1
((B - Vw)Va,vo) = Collvoll* — 2_pSl(Vh7Vh) — €| Vuvall?,

for all vy, € VY.
Proof. From the definition of the weak gradient, we have for each wy, € V}?
(B Vuw)Vh, Wo)r = (VVo + 0uVh, B+ Wh)T
(vo, V- (8- wp))r + (Vo, B+ Wi - m)oT + (6w Vi, B - Wo)T
(vo, V- Bwo)r — (B vg, VWo)1 + (Vo, 8- Wo - 0)o1 + (6w Va, B - Wo)r
(vo, V- Bwo)r — (B v, Vwn)T + (8- V5, §uwWa )7
(

+ VOaﬁ - Wé . n>6T + (5th, B - WB)T
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From Definition 2] and (vo, 8 - v - n)a7r = (v, 8 - v§ - n)sr, we have by taking
wp, = vp in the above identity,

(8- Vu)vi Vo)r = = 5(v0, ¥ - Bvo)r + (Qu(5 - vE) -1, vi — Quvolor
4500, 8- vh a7 + (T~ QB - vh bl
= S0,V Bv)r — (Qu(B V) o~ vidor
4 5 v0, B v mhor + (1~ Q) - vby Suvi)r
= S0, Y Bvo)r + (T = QU vE) 1 vo — vador
(= Qu) Vb duvi)r = 5 (v0 = vi, 8- (vo = vo)' - mor
+ 30w,V mlor.

By summing over all elements T € 7}, and noticing ZTeTh (v, B-vE -m)or = 0 we
obtain

(B V)V, vo)7 = — =(vo, V- Bvo) 7, + (I — Qs)(B - vh) - n,vo — Vi)ar,

DN =

+

—~

1
(I-Q.)B-vh,0uwvn)T, — §<Vo — Vi, B+ (vo— )" -m)ar,.
Observe the following estimate from the property of L? projections:

(35)  [IVvollr <IIVuvallr + [0wvillz < IVwvallr + Ch™%||vy, — Quvollar

and
(3.6)

1
v — vollar <||[ve — Qsvollar + [|Qvvo — Vollor < [|[Ve — Quvollor + Ch2 || Vvo||r
1
<C|lvy — Quvollor + Ch2 ||V val|r.

From the Cauchy-Schwarz inequality, (3.5]), ([3.4]), the construction of §,, vy, and the
trace inequality, we obtain

(I = Qa)(B Vo) 1, vo = Va)or, + (I = Qs)B Vo, 0wVa) T |

1
<Cl8llss Y 1 I¥vollr (Ivo = vollor + 1Qsve = Vallor )
T€7-h

<Ch||Vvoll* + ChlIVwval® + 1B13]1Qevo — vell5r

2
<Ch||Vuvi|? + %h‘”sl (Vi, Vi).

Next, using the Cauchy-Schwarz inequality and (B.6]) again leads to

< 3 18llselive — voll3

TeThH

|(vo = b, 8- (vo —vp)" -m)ar,

Cl18ll
<Ch||Vyuvi|? + %

h™7s1(Vh,Vp).



By combining the above inequality with v < 0, we get

(8- V) Vi, vo) = Collvoll® = Chl[Vuval|* = (Cl1Bl + IIﬂHio)%Sl(Vh,Vh)-

2
By choosing (C|8]|cc + ||ﬁ|\§o)% = #, ie (= %, we arrive at

1
((B - Vw)vh,vo) > Collvoll> = Ch||Vyval® — 2_psl(vhvvh)'

When h — 0, we have e = Ch — 0. This completes the proof of the lemma. O

Using Lemmas [3.1], and B.4] we obtain the following theorem.

THEOREM 3.5. Assume V - 3 < 0. The generlized weak Galerkin method ([B.3)
has one and only one solution for sufficiently small meshsize h.

From the assumption, there exists Cy such that —VT'/B > Cy > 0. It follows that

#(VwVh, Vvi) + p((B - Vi) Vi, Vo) + 51(Va, Vi)
1
(3.7) Z(M—G)vavh|\2+Cop||V0H2+581(‘%%)
1
>C1[|[Vwvall® + Copllvoll* + 581(%7%),

where Cy > 0 for sufficiently small meshsize h. The coercivity estimate (87 is a key
component behind the proof of Theorem The proof of Theorem is routine
and details are left to interested readers.

3.1. Error Equations of gWG for Steady-State Oseen Equation. In this
subsection, we shall derive the error equations for the velocity and pressure approx-

imations. Denote the velocity error by e} = Qpu — up and the pressure error by

P __ D
€, = LD — Ph-

From the properties of projection and Lemma[3.3] we obtain the following identity
24],
(Vthu, vah) = (AU., VO) - <(I - Qs)vu ‘n,vp — V0>
(38) + ((QS - I>Vua VV()) + ((I - QO)uv V- stwvh)
+ (Vuw@nu, (I — Qs)Vyvp).

For each v, € Vy, it follows from the definition of the generalized weak gradient and
Lemma [3.3] that

(8- Vw)@nu,vo) = (VuQnu, fvp)
=(VuwQnu, Qs(8v))) + (VuQnu, (I — Qs)Bv)

(3.9) =(Vu, Qs (8v()) + (I — Qo)u, V - Qu(Bvy)) + (VuwQnu, (I — Qs)v()
=(Vu, Bvg) = (Vu, (I = Q,)Bvg) + (I = Qo)u, V - Qs (Bvg))

+ (VW Qnu, (I — Qs)BVE).

With & — 1 < n < m, we note that [24]

(3.10) (@4p, V- vi) = =(Vp,vo) = Y (I = @0)p, (Vi — Vo) - n)ar,
TETh
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Combining (3:8)) -(BI0) leads to

(VuQru, Viuvi) + p((8 - Vi)Qru, vo) — (Q)p, Vi - Vi) + s1(Qnu, vi)

(310) =(f,vo) + Ly, ,(vn),

where
L va) = (((1 = Q) V-0, vo = vi) = (I = Q,)Vu, Vo)
+ (1= Qu)w, V- QuVova) + (VuQut, (T = Q) Vi)
+ (= (Tu,(1 = Q)BVE) + (1 = Qo)u, V- Qu(Bv))
+ (VuQuu, (I = Q))BvE)) = (1 = Q)p. (vo = vo) - 1) + 51(Quut, vi).
From (3.3) and (3.11)), we arrive at the following error equations

(3 12) :u(vil)ééa vwvh) + ((ﬂ : le)ez, VO) - (G;Z, Vw : Vh) + Sl(eza Vh) = Li,p(vh)v
(vw : eZa qh) + 52(627 Qh) = Li,p(qh)

for all v, € V% and qp € Wp,, where

L2 (qn) = —((I = Qv)u, qn - n) + 52(Q7p. qn).

3.2. Convergence of gWG for Steady-State Oseen Equation. In this sub-
section, our goal is to establish the error estimates in L? norm and energy norm for
the gWG approximations for steady-state Oseen equation.

LEMMA 3.6. Assume u € [H'(Q)]? where i = max{s + 2,k + 1,7 + 1} and
p € H"(Q). There exists a constant C such that

|2 (va)] <C((
'v+1
(3.13) + B g ) IVl

. 1—a a—1 1
122,y (@0)] <O (WA= [l + B0 [l ) (01 )

et s n
=) (B Jullsr2 + B¥(laflera + A" [p )

for all vy, € V2 and qn, € Wy,
Proof. From the Cauchy-Schwarz inequality, trace inequality, and approximation
properties of L? projections, we have

(I = Qo)Vu-n,vo = vi)| < C Y [[(I = Qs)Vullar|vo = villor
T€7-h

< CR (1 4+ b7 )| [ullspalivall,
where we have used ||[vo — vy|lor < Chz(1+h 2" )|||vh Il. Analogously, we have
(I = Q) Vu, Vvo)| < C|[(I = Qo) V|| [Vvol| < ChT (1 + ) |[ul| 1ol val,
where we have used the following inequalities

18uval* = (v = Quvo,0uva) < C S hF||vi — Quvollorh ™= ||duval|z
TEThH



and [|Vvoll < [[Vauva| + [[§uvall < C(L+ =5=)|val-
Next, from the inverse inequality we have

(1 = Qo)u, V- QsVyuvi)| < Ch*[ullsa]lval-
By using the definition of generalized weak gradient, we obtain
[(Vw@Qnu, (I = Qs)Vuva)| = [(VQou + 6w Qnu, (I — Qs)Vuva)|
<C (11 = Q) VQoul + 6, Qnull ) I(Z = Q) Vvl
<C(n ullsrz + A = Qoyull)Ival

<C(n* ullyrz + R ulles ) Ivall

(3.14)

where we have used the fact that ||§,Qprul| < Ch™{|(I — Qo)ull.
Next, the following estimates hold true:

[(Vu, (7= Qu)B - vo)l = (T = Qo) Vu, (I — Q)8 - vy
< Ch* a2 Vvol|

—y—1
< Ch M ulsp2h(L+ R 2 )[[va]|.

Similar to the above inequality and (314]), we have

(T = Qo)w, V- QuBvE)| < CHF ! ullieyr (1 4+ A7) v,
|(Vu@nu, (I = Qu)BVE)| < Ch* gz + Al 1)A(1 + A7) vl

From the construction of the stabilizer, we get

—y—1
2

(T = Q)p, (vo = vi) - )| < C(1+h—= )" pllusavall,

I51(Qru,va) = | Y ChQuI — Qo)u, vy — Quvo)or| < CR™F A* uflisi | vall.
TEThH

Based on the above inequalities, we obtain the desired estimate for L, ,(v).
Finally, from the following estimates

. —af1 1

(I = Qu)u,qn - )| < CH|[ullj1h™F sa(an, an)?,
a—1

|82( Zp7qh)| SChn+1”p”n+lh782(qh7qh) 9

N

we may deduce the desired estimate for Lz)p(qh) as well. This completes the proof of
the lemma. O

THEOREM 3.7. Let (u,p) be the exact solution of B2) and (up,pr) be its nu-
merical approximation arising from the gWG scheme [B3]). Assume that the velocity
u € [H(Q)]4, i = max{s + 2,k + 1,5 + 1} and the pressure p € H"*1(Q). Let
k—1<n<max{m,k+ 1} be satisfied. Then we have

2
lexll” < CRy,

(3.15)
el < C(1 + A HE 4+ h2m )Ry,
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where
Ry =h26HD(1 4 = Y2, + AP+ AT Ry,
+RPR a2, + RO (L 4 R e Ip)12 .
Moreover, when v = —1 and o = 1, optimal order of convergence is achieved.

Proof. By choosing vy, = €} and g5, = €} in [312), we have
ullvw€}i||2 +p((B - Vuw)ey,ep) + si(ep, en) + sa(ef, e) = Lﬂi,p(éﬁ) + Li,p(ei)'
From Lemma B4l or the coercivity B.1) and the estimate in ([BI3]), we have

1
CillVwerll* + Coplleroll* + 5s1(ehis i) + sa(ef, ef) < CRy,

which gives rise to the error estimate for the velocity approximation in the energy
norm.
Next, by using Lemma [3:2 and (312), for e}, there exists a v, € V) such that

lef | < b(va, ep) + Ch' ™ sa (e}, ef)
<u(Vwels, Vi) + p((8 - Vu)ei, vo) + s1(eh, Vi) = Ly, (Vi) + Ch' ™ %sa(ep, ep).

Thus, from the estimate (3I3), we obtain the desired estimate for ||e}|| in the L?
norm. O

In order to estimate the velocity in L? norm, we consider the dual problem for
the steady-state Oseen equation [BI): Seek (¢, &) such that

b — p(B- V)b — pV - Bd + VE = e, in 0,
(3.16) V.-6=0, in Q,
¢ =0, on 0f).

Assume that the dual problem satisfies the following H?/H' regularity assumption:

16ll2 + [l < Cllegoll-

THEOREM 3.8. Let (u,p) be the exact solution of [B.2) and (up,pr) be its nu-
merical approzimation arising from the gWG scheme [B3)). Assume that the velocity
u € [H{(Q)]Y, i = max{s + 2,k + 1,7 + 1} and the pressure p € H" 1(Q). Let
k—1<n<max{m,k+ 1} and j > 1 be satisfied. Then there exists a constant such
that

(3.17) ledoll? < C(R% 4+ h**)(1 + R+ 4 p20-2NR,,

Moreover, when v = —1 and o = 1, the above error estimate yields the optimal order
of convergence in L2.
Proof. First, notice that

(Q0¢, (B Vuw)vh) = (¢, (B Vw)vi) = (I = Qo)$, (B Vuw)Va).
Next, from the definition of the generalized weak gradient we have
(0, (B Vw)va) = (84", Vuvn)
(QsB¢", Vvan) + (I = Qs)Be", Vuva)
(QsB¢", Vvo) = (Qsf¢" -, vo — vi) + (1 — Qs)Be", Viyva)
(8", Vvo) = (I = Qs)B¢", Vvo) — (QsBe" -1, vo — i)
+((I = Qu)BY", Vuvn).



11

It follows that
(3.18)

(Quo, (B Vw)va) = (B¢, Vo) — (I — Qs)5¢ Vvo) — (Qsf¢" -1, vo — vi)
+ (I = Qs)B4", Vi) = (I = Qo)o, (B - Vw)vn)
— (V- (89"),vo) + (", vo -m) — ((I - Qs)5¢t Vvo) = (QsB¢" - m,vo — )
+ (I = Qs)B¢", Vuvi) = (I = Qo) (B V) Va).

From the property of L? projections, [8.8), (10), and 3.I8), we have
(3.19)

(VuQnod, Vuvi) + p(Qod, (8- Vuw)vi) — (Q1E, V- Vi) + 51(Qnd, va)
=(efio»v0) + p(8¢",vo - 1) + u({( = Qu)V -0, v0 = Vi) = (I = Q) V4, Vvo)
(= Q0)8, V- QuVuvi) + (VuQud, (I = Qu)Vuvn)) = p((Vvo, (I~ Q.)B4)

- (vwvha (I - Qs)ﬁ¢t) + <VO — Vp, Qs(ﬁ(bt) : 1’1> + ((I - QO)(bv (ﬁ : vw)vh))
—((I = QN)&, (vo —vp) - m) + 51(Qno, Vi)
=(efto, vo) + LY ¢ (va),

where we have used (8¢?, v, -n) = 0 and (8¢, vo - n) = (vg, B¢' - n). Here L¢ ¢(vn)
is defined as follows:

L3 e(va) = n({(T = Q) Ve m,vo = vi) = (I = Q,)Vo, Vo)
+ (1= Q0), V- QuVuvi) + (Vu@nd: (I = Qu)Vuvn)) = p((Vvo, (T = Q.)B¢)
— (Vuvi, (1= Q)B6") + (vo = Vi, (Q = 1)(B6) 1) + (I = Qo) (5 Vu)v))
(1 = QP& (Vo = 1) 1) + 51 (Qu vi).

Taking v, = e in (319) and using the error equation (FI12) lead to

legioll* = 1(VuQne, Vuwer) + p(Qod, (8- Vwer) — (QhE, Vu - €i)

+ 51(Qnésef) — L elef)

Ly ,(Qnod) — L2 (Qn&) + sa(eh, Qn&) + (e, Vi - Qud) — L ¢(e})
:Li,p(Qh(b) - Li,p(Qh&) + 52(623 th) =+ <(I - Qb)d)a eﬁ : Il> - L?b,f(eZ)v

(3.20)

where we also used the assumption of n < k + 1. By employing ||V,Qroéll1 < C||¢|l2,
we deduce

Ly Qh(b)\ <C(h*Hullssz + hE[ullrer + A" pllar)hllo]2,
|23 p(@u&)| <C(W [l jr + R R [pllr) 18]

(T - Qb)aﬁ,eh )| <Ch|[llzllex I,
|s2(ef, @né)| <Chllex[1€]l1-

Similar to the estimate in ([BI3]), we have

L3 ¢ (ei)| <Ch(lI6]l2 + lIgll1)ler]-
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Thus, from the regularity of dual problem, we get

lleroll SC(h”zlluHerz + [l + B all e+ B (B A1l

+ (h+ Bl + Rllesl ).

By combining the above inequality with Theorem B.7] we obtain the desired error
estimate for the velocity approximation in L? norm. O

REMARK 1. When n < j, the parameter p can be chosen as p = 0; i.e. without
including the stability term so in the gWG scheme [B.3]). It should be pointed out that
both the inf-sup condition and the convergence are established by assuming k —1 <
n < max{m,k + 1}. In particular, the velocity estimate in L? norm holds true with
7 > 0. A proof for this last claim can be given by following the above process; interested
readers are referred to [Z4)] for details.

4. gWG for Evolutionary Oseen Equation. Now, we return to consider the
evolutionary case. For simplicity, we introduce the following bilinear form

a(vi, xn) = (VwVh, Vaoxn) + p((B - Vw)Va, x0) + 51(Va, Xn)-

We further introduce the projection (Exv, Efq) defined by the following equations:

a(Env,xn) — (EVq, V- xn) = (—pAvV + p(B- V)V + Vg, x0), Vxn € V),

4.1
( ) (vw . Ehvaw) + 52(EZQ7 dj) = (v ©V, ¢)7 V¢ S Wh-

It is easy to see that (L) is actually the generalized weak Galerkin scheme for the
following problem: Find (v, ¢) such that

—uV - (Vv)+p(B-V)v+ Vg =17 in 0,
(4.2) V.-v=0, in Q,
v =g, on 0f).

From Theorems and [3.17] we have the following results.
LEMMA 4.1. Let (Exv,E}q) be defined by (@I)). Then there exists a constant
such that

IQnv — Env]|* < CRy,
(4.3) 1Qha — Epgll* < C(1+ 17+ + h*U- )Ry,
1Qnv — Epv|?> < C(h? + h2*)(1 4+ bt 4 p20-9) R,

4.1. Convergence of Semi-discrete Scheme. To estimate the convergence
of the evolutionary case (2.3]), we denote the error terms of semi-discrete scheme by
ef =Qru—u, =+ 04 and e = QYp —pp, = n) + 67, where 9} = Qpu — Epu,
0y = Epu—uy, and 1) = QYp— E}p, 07 = El'p — py.

From the initial condition in gWG (2.3]), we deduce e}:(0) = 0.

THEOREM 4.2. Let (up, pp) and (u,p) be the numerical solution of gWG [2.3)) and
ezact solution of ([ZZ), respectively. Assume that the velocity u,us, uy € [H'(Q)]9,
i =max{s+2,k+ 1,5+ 1} and the pressure p,p;,pr € H" 1(Q). Let k—1<n <
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max{m,k+ 1} and j > 1. Then there exists a constant such that
t
RO IRV + C(k2 + R4 b7 4 120 (Rae)+ [ Ras)ds),
0
lex(0)I* <165(0)1* + CRi (1)
t
(4.4) + C(h? + W2 (1 +hH 4 h2<1—a>)/ (Rz(g) + Rg(g))dg,
0

leh (6)]* <C(1+ h7 T 4 p20=)) (R1 () + (1 + BT + B ) (B2 + h**)(Ra(t)

t
— — — U 2 p U
+ [ (R + Ra(s))ds + B O + S 1850)17).
Here,
Ry(6) =W (14 h 7)) 24 + A+ A7 4 B[]
R TR () B )]
and
Ra(s) =h D (1 ) fug()] 2 + (1 + A7 4 B ()
R ) [ 3) 2 + AP R ()],
Rs(5) =h D (1 ) g (8)24 + 1241+ 07 ) e (5)
FRED () ()41 B ()]

Moreover, when v = —1 and o = 1, optimal order of convergence is obtained.

Proof. Recall that we have obtained the estimate for n}" and 7} in Lemma 11
It remains to bound 60}’ and HZ. To this end, note that for x;, € V2 and ¢ € Wy, we
have

p(Ohts xo0) + a0y, xn) = (0}, V- Xn) = =p(1j1, X0),
(vw : Zﬂﬁ) + 52(927’@[]) =0.
By choosing xp = 0} and ¢ = 6 in ([@3)), we have

(4.5)

p d X7 u u u X7 X7
§E||9h||2 + Vil + p((B - V)i, 05) + s1(05, 65) + s2(67,67)
= p(n;ttv 9%)’

Using the Cauchy-Schwarz inequality, Lemma[3.4] and integrating over (0,t), we arrive
at

t
1
SUOI + [ (CTuBEIE + Col 517 + 31 (0.5) + sa(6].00) )5
(4.6)

t
p U U =
<1 I +C [ ks

The error estimate for velocity in L? norm is obtained at once from (8] and Theorem

E2
e @I <l @11 + 16501

t
< 165 (0)]* + ||77%(t)||2+0/0 |12 d5.
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To estimate the velocity in energy norm, we have the following error equation by
differentiating the equation (4.3])

P(tata Xo) + a(%ta Xh) — (9&7 Vu  Xn) = —p(nﬁtt, X0),
(VO ¥0) + 52(65,,9) = 0.

Taking x, = 0}, and ¢ = 67, in the above equation yields

2 dt ”9 t||2 + N”Vwe;ituz +0((B - V)i, Ohy) + 51(Ohy, Ohy) + 52(0,,64,)
= — p(Mhes Ohe)-
By integrating over (0,t), we have

t
p X3 U U 1 U U S
SUR I + [ (CIVMBRI? + Coplil? + 51 031,010 + (6. 07, ) 5
(4.7)

t
p %3 U =
<SR O) +C [ kel

Note the following equation

1d w
57 (HIV BRI + 51 (65, 63) + 5265, 67)

=(uVwbyy, Vuby) + s1(0h, 0y) + s2(07,,07).

Then, it follows from ([@6]) and (@) that
(4.8)
BVl (B + s1(05 (1), 05 (1)) + 5265 (1), 05 (1))

<pl[Vuby (0)|I + 51(65(0), 65:(0)) + s2(67(0),67(0)) + /O (ullvw%ll2

t
b 510 05) + 526,08 s+ [ (Vb2 + (65 03) + 52l 67) ) ds
0
< VB O)] + 51(63(0), 63:(0)) + s2(62(0), 62(0))
t t
+plBE )] + C / llPds + pll8L, (O)]2 + C / el ?ds,

which, together with ([@8]), leads to the error estimate for the velocity in energy norm:

lles: (I <llni: (01 + 165 ()11
<l (DI + 163 (0) 1"

t t
L olBr ) + O / i |25 + pll6, (02 + C / |2,

In the following, we shall estimate the pressure in L? by using the inf-sup condition
in Lemma 3.2 and the equations (.3):
105 (01" < 2b(va, 07, (1)) + Ch = *s2(07 (1), 07, (1))
=2p( h ( ) Vo) + 2a (0} (t), vi) = 2p(13, (1), Vo) + Chl~%s2(0 (¢), 0}, (1))
@I + [l @)1 + |||9%(t)|||) Vil + Ch'=s2(05 (1), 67 (t))

<c(||9 DIl + Ik (O] + IO O1) (L + DTG E)] + CRI s (8}.(8), 67 (8).



15

Here we have used the fact ||vo|| < C||vp]||. Hence, from the Cauchy-Schwarz inequal-

ity and (£1), (£6), (£]) we have
(4.9)

10,012 < €+ R (105,012 + 01 + 10 OIF) + Ch = s2(85.0), 0, (1))
t
<O+ R+ 1) ([ it + Il )+ 1)
U p X3
ORI + 16, 0))7).

Similar to the estimate for the velocity, we have

len (D1 < k)11 + 195 ()11,

which, together with the estimates in Theorem [£.2] completes the convergence proof
for the semi-discrete scheme. O

4.2. Convergence of Fully-discrete Scheme. Now, we turn our attention to
the fully-discrete scheme (24)). The error term is denoted by

el = Quu(t") —u" = + 67,

where 0’ Qhu(t”) Ehu(tﬁ) and 0] = Epu(t") — u”. Similarly, we write e =
Wp(") —p" =1y + 07, and 7 Ip Pp(t") — ELp(t), 0, = Eyp(t") — p".
THEOREM 4.3. Let (u™ "+1) and (u,p) be the numerical solution of gWG
@4) and exact solution of (]22[), respectively. Assume that the velocity u,us, uy €
[HY(Q)]Y, i = max{s + 2,k + 1,5 + 1} and the pressure p,ps,pse € H" Q). Let
k—1<n<max{m,k+ 1} and j > 1. Then there exists a constant such that
(4.10)

tN+1
lew 711 < [l6]1* + C /O luzel®ds + C(h? + h**)(1 + W7+ 4 n207)
t

tN+1

(Rl(tN+1) +/to RQ(s)dE),

lew ™I < pllVwboll? + 51(60,60) + s2(6),69) + plldbull + pll60]1 + CRL(EV )
tN+1

+ C(h? 4 h?)(1 4 h7 T 4 p21-9) Ry(3) + R3(5)ds
0
tN+l !

+Cr [l + ] s
$0

and

(4.11)
lep ™ H[* < O+ AT 4+ h1 e 4 p207 )(|||90||| + 52(0p.0p) + pll 00, [I* + pll 65117

+R1(tN+1)+/

10

tN+1 tN+1
Ro(s) + Ra(ds + 7% [l + s
10

tN+1

N+1
—/ ds+r/ e 2ds)),

where 7/ = N+t ¢V,
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Moreover, when v = —1 and o = 1, optimal order of convergence is obtained.

Proof. Observe that the estimate for 7' and 7' has been established in
Lemma BTl Thus, it suffices to handle 677! and 6. Note the following equations
for all x, € V9 and ¢ € W),

p(gteil—i_lu XO) + a(eiH_la Xh) - (H;H_lv vw : Xh)
(4.12) =p(@m 1, x0) + p(Pea(t™) — w(t"H), x0),
(vw : 93+17¢) + 82(92+17¢) = 0.

By choosing x, = 01" and ¢ = 67! in (@I2) and using Lemma 3.4} we obtain

2_pT(||92+1||2 —107]1) + C1[| VL% + Copl| 0712
1 n n = _
+ 3OO + (00T
<Cl|0n™ ) + C||Opu(t™ ) — u (t™ Y
1 gttt 1 ! i
=Cl / Mheds]* + 1= / (t" — 5)uyds]|?
T Jin 7 )
tntt (L

<ol /
T tn

Thus, summing the above inequality from 0 to NV yields

it 2ds + O / s 2d5.
t

N
PO P+ (201||Vm93“||2 +2Copl| 05 P + s1 (00 00

n=0

(4.13) + 252(9;?“792“))

tN+1 tN+1

<pldBIP +0 [ lPdsCo [ s

t t

Thus,
e 42 < 02 o+ o+
tN+1 tN+l
<P 1O e [ Pds+ 07 [ s
t t

Combining (T3] with Lemma A1 yields the estimate for the velocity in L? norm.
In order to estimate the velocity in energy norm, we rewrite ([LI12)) as follows

p(gtteﬁ-‘rl ) XO) + a(éteﬁ-‘rla Xh) - (5159;73-"_17 vw . Xh)

=p(Buny . x0) + p(Oru(t™1) — puy ("), x0),
(vw : 51593-"_17 dj) + 82(gt9;?+17 dj) = 07

_ 5 g+l _ 5 on _ _
where 0,07t = 90u" —08y Taking x5, = 0,07t and ¢ = 6,59;”‘1 in the above

T
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identity leads to
L (1007412 — 18621) + Cull VB0 2 + Copll 001+
1 3 g+l 5 pn+1l A pii+l 7 pit1
+§Sl(at9u 00T + 52(0:0] 1, 010, )

<Cl 0wy P + Clldnu(t™ ") — g, (t" )|

u

t'ﬁ+1 tﬁ+1

1 B _
<o [ mtalPds+r [ ful s
T tﬁ—l t'ﬁfl
Here, we have used
1 t'ﬁ+1
12 < 2 / |25
T th—1

and
tﬁ+1

et ||*ds.
n—1

1Ba(E™) — Gru, (|2 < /

Summing 7 from 0 to N gives rise to

N
PUIOGL T — 10:0,11%) + 7 (201||Vw5t93+1 I” +2Copl| 3,02
n=0

(4.14) +51(D07, 0,00 ) + 255(0,07H, aegﬂ))

tN+1 tN+1

<c / el ?ds + O / see | 2ds.
tO

t0

On the other side, we have by using the Cauchy-Schwarz inequality

1 _ _ _ _ o
= (VLB 1P = VB2 + 51 (64,05 = 1(67,67)

ur’u

+sp(67F1,07H1) — sy (07 9ﬁ))

p>Up
<UL D) 0 DO OH) + 2003 07
S% (ullvwegﬂuz (6260 4 sy (07 9;’?“))
o (VDO 5100, B01) + 52085 D))
Summing the above inequality from 0 to N leads to

plIVwln 1 = ul Vaulyl? + s1(00, 071 — 51(65,6)

+ 52(ON T 00T — 55(60,67)

N
<73 (HITWB P + o160 + 52007, 674)
n=0
N 3) > /) ~ —
7Y (WYL OO + 1 (DI, DO + 52(0,07 08

n=0
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Together with (ZI3) and [@I4), we obtain

PVl P + 51007, 0070) + 520,71, 07+

UV ulboll? + 5105, 04) + 5265, 6,) + pll0:b,[1° + ol 05>

tN+1 tN+1

[ Il il + 07 [l el s
t t

(4.15)

Note that [eN 1> < [lpN+1]* + 0N +1]|>. Thus, by combining the above inequality
and Lemma [£.]] we obtain the desired estimate for the velocity in energy norm.
To estimate the pressure in L? norm , we first use Lemma 3.2 and (ZI2)) to obtain

[0 1% < 2b(v, 001 + Ch' s (0T, 00 1)
=p(00) " vo) + a(0) T, vi) — p(Dimy T vo) — p(Qu(t™ ) —uy (V) vo)

+ Ch' %o ()00,
Next from the Cauchy-Schwarz inequality and (@I3)), (£I4), ([4I5]), we have

Iy * <C(1 + h””)(llfit%v“ll2 + 165 + 1l 1
tN+1 tN+l

1
e [ kdPas e [ alas) + Criesa(o) oy )
T tN tN

<O(L+ R+ 21 (| Vbl 2 + 51(65,65) + 52065, 65) + pll916%
tN+1 tN+1

IO+ [l s+ 7 [l 4 e s

$0
tN+1 tN+l

t
1 o
e [ lrds [ )
T tN tN

where 7/ = tM*! — ¢tN_ This completes the desired estimate for the pressure ap-
proximation by using Lemma Tl and the inequality [le]"+*(|* < [|n)+1||> + (|0 12,
d

REMARK 2. For the case of n < j, the gWG scheme ([24) for the evolutionary
equation can be formulated without including the stabilizer ss; i.e. o = 0. The
corresponding error estimate can be obtained without any difficulty by following the
above procedure.

5. Numerical Experiments. In this section, we will present two computational
examples to verify the convergence theory established in previous sections. One of the
two examples is a steady-state Oseen equation and the other is an evolutionary one.
We employ the elements ([P1]?, [Po]?, [P1]?*2, Py, Py) and ([])?, [P1)?, [P1]**2, Py, Pr)
in the numerical implementation. The parameters are set as follows: 4 =1, p =1 and
¢ = 1. The numerical experiments are based on a regular family 7}, of triangulations
for the domain.

EXAMPLE 1. Consider the steady-state Oseen equation in domain Q = (0,1)2.
The ezact solution is given by u = [x2y; —xy?] and p = (22—1)(2y—1). The convective
vector is set as 8 = [—x + sin z sin y; cos x cosy] so that V- = —1.

The results are shown in Tables 5.1l and For the ([P1)?, [Po)?, [P1])?*2, Py, Po)
element, we observe a convergence of order O(h) for the velocity in energy norm and
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the pressure in L? norm. The convergence is shown to be of order O(h?) for the
velocity in L? norm in Table 5l For the ([P2)?, [P1)?, [P1]?%2, Py, P1) element, we
obtained the expected order of convergence for both the velocity and the pressure
in various norms, as demonstrated in Table The numerical results are in great
consistency with the convergence theory developed in previous sections.

h lenll llen!l llen
error order error order error order
1/8  9.5305e-02 4.6205e-03 1.3175e-01
1/16  4.9781e-02  0.93  1.3090e-03 1.81  6.4353e-02 1.03
1/32  2.5309e-02  0.97  3.4292e-04 1.93  3.0501e-02 1.07
1/64 1.2727e-02  0.99  8.7119e-05 1.97  1.4586e-02 1.06

Table 5.1: Example [l Convergence with elements ([P1]2, [Po]?, [P1]?>*2, Py, Po): ¥ = 1 and o = 0,
i.e. without the stabilizer so

h lerll [lex]l Al
error order error order error order
1/8  8.4499e-03 3.3478e-04 1.1235e-02
1/16  2.1246e-03 1.99  4.1883e-05 2.99  2.8109e-03 1.99
1/32  5.3256e-04 1.99 5.2382e-06 2.99 7.0305e-04  1.99
1/64 1.3331e-04 1.99  6.5497e-07 299  1.7581e-04  1.99

Table 5.2: Example [} Convergence with elements ([P]2, [P1]2, [P1]?*2,P1,P1): v =1 and o = 0,
i.e. without the stabilizer so

EXAMPLE 2. Consider the evolutionary Oseen equation with domain (0,1)>
(0,T]. The exact solution is chosen asu = et [z?y; —2y?] and p = sint(2x—1)(2y—
The convective vector is set as B = [—x + sinzsiny; cosx cosy] and T = 1.

For the evolutionary case, the convergence depends on the mesh size h and the
time step 7. Tables[5.3and B4l illustrate the order of convergence in terms of the mesh
size h. It can be seen that the expected convergence order of O(h) is illustrated for the
velocity in energy norm and the pressure in L? norm. For the velocity in L? norm,
Table 53] shows a clear convergence of O(h?). For the ([P2)?, [P1)?, [P1])?*?, P1, P)
element, Table [5.4] shows a convergence order of O(h?) for the velocity in energy
norm and the pressure in L? norm. The optimal order of convergence O(h3) was
clearly seen in Table [5.4] for the velocity in L? norm.

Table demonstrates the convergence of the numerical scheme in time dis-
cretization. As the backward Euler scheme was implemented in the fully-discrete
scheme, the table shows a convergence of order O(7) in time with expectation. All
the results are consistent with the theory developed in this paper.

X
1).

6. Conclusions. In this paper, a gWG method was introduced and analyzed
for the evolutionary Oseen equation by using generalized weak gradient for velocity.
This new numerical scheme was designed without using the usual skew-symmetric
formulation for the convective term. Error estimates of optimal order were established
for the new scheme with arbitrary combination of polynomials. The backward Euler
discretization was employed in the fully discrete scheme. Numerical experiments were
conducted to validate the theory developed in this paper.
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h lexll lekll llel

error order error order error order
1/8  5.6155e-02 2.9496e-03 1.0792e-01
1/16  3.0217e-02  0.89  8.7776e-04 1.74  5.3055e-02 1.02
1/32  1.5530e-02  0.96 2.3377e-04 1.90 2.5267e-02 1.07
1/64 7.8384e-03  0.98  5.9719e-05 1.96  1.2118e-02 1.06

Table 5.3: Example 2t Convergence with elements ([P1]2, [Po)?, [P1]?*?, Po, Py): T = h?, v =1 and
o =0, i.e. without the stabilizer s2

h lerl llek |l llell

error order error order error order
1/4  2.6240e-02 2.0985e-03 3.7737e-02
1/8  6.6697e-03 1.97  2.6389¢-04 2,99  9.4291e-03  2.00
1/16  1.6786e-03  1.99  3.3072e-05 2.99  2.3582¢-03 1.99
1/32  4.2090e-04  1.99  4.1448e-06 2.99  5.8976e-04  1.99

Table 5.4: Example 2 Convergence with elements ([P]2,[P1]?, [P1]?%2, P1, P1): 7 = h?, v = 1 and
o =0, i.e. without the stabilizer so

T lexll llexll llenl
error order error order error order
1/4  5.9875e-04 7.6289¢-05 3.2232e-03
1/8  2.8739e-04 1.05  3.6495e-05 1.06  1.5441e-03 1.06
1/16  1.4248e-04 1.01 1.7854e-05 1.03  7.5657e-04  1.02
1/32 7.4106e-05 0.94  8.8315e-06 1.01  3.7568e-04  1.00

Table 5.5: Example 2 Convergence with elements ([P2]?, [P1]2, [P1]?*2, P1,P1): h = 1/128, v =1
and o = 0, i.e. without the stabilizer s2
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