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Abstract

This paper deals with the numerical computation and analysis for a class of two-dimensional time-space
fractional convection-diffusion equations. An implicit difference scheme is derived for solving this class of
equations. It is proved under some suitable conditions that the derived difference scheme is stable and
convergent. Moreover, the convergence orders of the scheme in time and space are also given. In order to
accelerate the convergence rate, by combining the Kronecker product splitting (KPS) preconditioner with the
generalized minimal residual (GMRES) method, a preconditioning strategy for implementing the difference
scheme is introduced. Finally, several numerical examples are presented to illustrate the computational
accuracy and efficiency of the methods.

Keywords: Fractional convection-diffusion equations, Implicit difference scheme, Stability, Convergence,
Kronecker product splitting preconditioner

1. Introduction

Consider the following initial-boundary problems of two-dimensional time-space fractional convection-
diffusion equations:

al% + az § Dju(z,y,t)
_ au(xvyat) au(xvyat) 50‘u(x,y,t) 8ﬁu(xay7t) 1.1
= as 833 +a4 ay +a5 8|$|a ae 8|y|5 +f($,y,t), (x7y7t) € Q X (to,T], ( )

U(%yato) = UO(xvy)a (xay) S Q =Q U 697 u(xvyat) = 07 (xvyat) € RQ\Q X [t()aT]a

where a; (i = 1,2,...,6), o, B and ~ are some given constants with ai,as,as,as > 0, |a1]| + |a| # 0,
las| + Jag| # 0, 1 < o, < 2and 0 < v < 1, Q = (x,2r) X (yr,yr) denotes the space domain with
boundary 99, f(z,y,t) is the source term, gD?u(x,y,t) is the ~v-order Caputo fractional derivative of

unknown function u(zx,y,t) defined by

c _ 1 P ou(z,y, &) dg
tODzU(xay,t)—F(l_,y)/to % =8 (1.2)

*This work is supported by NSFC (Grant No. 11971010).
*Corresponding author
Email addresses: yongtaozh@126.com (Yongtao Zhou), cjzhang@mail.hust.edu.cn (Chengjian Zhang),
luigi.brugnano@unifi.it (Luigi Brugnano)

Preprint submitted to Elsevier January 29, 2020



% is the a-order Riesz fractional derivative of u(z,y,t) w.r.t. the variable x defined by

0%u(x,y,t) 1
=— o Dou(z,y,t) + Dy U, )| 1.3
Bl >cos (2] [z, Dgu(, y,t) Lu(z,y,t)] (1.3)
in which
1 9% [T wu(n,y,t) 1 9% ("R wu(n,y,t)
wDOt ) 7t: a o LA d, ng N ’tzi— _\b d’
1 Dzu(@,y,t) (2 — «) 022 / (x —n)e—t 1 Rt 9:1) (2 — «a) 0x? /gc (n—ax)et g
are the left-sided and right-sided Riemann-Liouville fractional derivatives in x direction, and S-order Riesz

s
fractional derivative % can be defined similarly. Moreover, it is remarkable that the absorbing

boundary condition is imposed on (1.1) based on some actual physical meanings (cf. [1]).

Problems in the form (1.1) cover a series of interesting practical models such as the time fractional
advection-dispersion equations (cf. [2]), fractional mobile-immobile advection-dispersion equations (cf. [3—
5]), fractional kinetic equations (cf. [6-8]) and fractional Fokker-Planck equations (cf. [9, 10]). To construct
a numerical method for solving problem (1.1), the discretizations of the Caputo derivatives and Riemann-
Liouville derivatives are the key points. For the discretization of Caputo derivatives, a popular method is
to use the piecewise linear approximation, i.e. the so-called L1 method (cf. [11-14]). For the discretization
of Riemann-Liouville derivatives, Meerschaert & Tadjeran [15] proposed the shifted Griinwald-Letnikov
formula, whose extended/improved versions can be also found in references [16-20]. Nevertheless, since
the fractional differential operators are nonlocal, most of the numerical methods for fractional differential
equations usually generate dense coefficient matrices, which lead to an expensive computational cost. In
order to improve the computational efficiency of the methods, some effective techniques have been developed.
For example, Wang, Wang & Sircar [21] introduced the fast Fourier transform for the methods with Toeplitz-
like coefficient matrix. In addition, some other accelerating methods have been also presented, such as the
multigrid method, the fast ADI method, the preconditioned conjugate gradient method, the multilevel
circulant preconditioned method and the Kronecker product splitting (KPS) method (cf. [22-28]).

Motivated by the above research, for problem (1.1), we here develop an implicit difference scheme along
with an accelerating strategy. The paper is organized as follows. In Section 2, an implicit difference scheme
for problem (1.1) is proposed. In Section 3, the stability and convergence analysis of the difference scheme are
analyzed and thus the corresponding criteria are derived. In Section 4, by combining the KPS preconditioner
(cf. [27, 28]) with the GMRES method (cf. [29]), an accelerating strategy is given. Numerical experiments
are presented in Section 5 to support the theoretical findings.

2. An implicit difference scheme

Let Ny,No,M € N, 7 = 1= to , by = #1215 and hy = y]’\?, erf, and define the following grid sets:

Qn = {(xi,y5) : i =xL+ihy, 0<i < Ni+1; yj = yr + jhe, 0<j < Np+1},
Q, = {tml tm = to + mr, 0<m§M}, QhZQhﬂQ, 8Qh:Qh089, Qpr = Qp x Q.
Under condition: u(-,-,t) € C®)([to, T]), the following equalities hold:

ot S [ M) &g
7 (’Y) . 27
F(Z ) ; b s (W@, Y, ts) — ul@, ¥, ts—1)] + O( )s (2.1)

where b\ = (s 4+ 1)177 — 177 satisfies the properties for s > 1:

=1, B0 > 60, (1= s < < (1= )5 = 1) 22)
2



When dropping the remainder O(7277) in (2.1), the derived approximation formula can be used for the time
discretization of problem (1.1), that is the so-called L1 method (see e.g. [11-14]). Concerning the space
discretization of problem (1.1), we may apply (1.3) to compute the Riesz fractional derivatives, in which the
Riemann-Liouville fractional derivatives can be approximated by the weighed-shifted Grinwald-Letnikov
difference (WSGD) operator (see e.g. [17]).

In view of the absorbing boundary condition in (1.1), we define a function for y € [y, yr] and ¢ € [to, T]:

0, otherwise,

i) = { u(zx,y,t), x € [zL,zR],

and introduce a set:

+oo + oo )
LMTYR) = {v € Li(R) : / (1 + |k[)"* / eF ey (z)dx| dk < +oo} .
Moreover, we also need the following result from Hao, Sun & Cao [17].
Lemma 2.1. (cf. [17]) Suppose i(z) € L>T*(R) and set
a® +3a+2 4—a? a® —3a+2 (@) e
Al_T7 Ao = 6 Afl—Ta 9y —(_1) (k)’

wi® = Mgl wi® =gl + 2008, W = Xgl™ + Aogl®, + 210, (k> 2),

L’hfﬂ |28
L(S Z w,(f)u x — — ].)hl), R(Sw Z w(a) k — 1)h1)
hi k=
Then
e DY(x) = p0ga(z) + O(hY), o+ Dfa(x) = péga(z) + O(hi). (2.3)

Clearly, a result similar to Lemma 2.1 also holds for the variable y. Write ur = (24, Yj,tm) and
= f(zi,Y5,tm). Applying (2.1), (2.3) and the Taylor expansion to (1.1) yields

m _ yrm—1 m
Ui — Ui G2T B U
a/l 7_ m—s 1] 1]
s:l
m m m m Nyp—i+1
g~ Uit o, Jhi — U1 WU
E k1 E k-1
2hy 2hs 2 cos (%) hY +1.J i
No—j+1
ae

L F IR, (@Y tn) € D (24)

j
> w U+ Z w U
=0

2 cos (57”) hg
where

R = { O(T + h3 + h3), when a; # 0, 25)

O(T%77 + h3 + h3), when a; = O0and ay # 0.

Omitting the remainder R}"; in (2.4) and replacing U™ % by the corresponding numerical approximation ;"

j )
an implicit difference scheme for (1.1) can be derived ab follows:

um — Mt

i, B i, U‘QT_’Y (’Y s s—1
ai = +I‘(2—’y);b ( ST Ui )

3



Uml »—uml . um. 1—um, 1 Ni—i+1 )
_ i+1,7 1—1, 2,7+ n)—1 (@) m
- 2hl T 2h2 2(305 ha lz wk ul k+1,5 + Z wy, uerk 1,5
Na—j+1 P
- Z wy ui?.‘j*l+1 + Z wl( )U’Z]:]?Hfl + f:‘;a (xia Yj, tm) S Qh‘ra (26)
2 cos ( ) =0
where the initial and boundary values are respectively given by
up; =uo(zi ), (2i,y;) € Qs ufly =0, (4,9;) € 9, 0<m < M. (2.7)

3. Stability and convergence of the implicit difference scheme
This section will deal with the stability and convergence of the implicit difference scheme (2.6)-(2.7). Let
Vi, = {v U= {vm}is a grid function on{;and v = 0if (24,95) € 6Qh}.
On V}, we define the following inner product and the corresponding norm:
N1 No
(u, h1h2ZZUUUW’ lul = v/ (u,u), Vu,v e V.

i=1 j=1

The following lemma from Vong, Lyu, Chen & Lei [30] will play an important role in our analysis.

Lemma 3.1. (c¢f. [30]) Let o € (1,2), Ny >5 and v € V},. Then

N1—i+1

Ny N2 i
(Lo%v,v) + (RO v, V) —h1 o‘hgzz Zwk Viek+1,5 + Z wk ka 1,j vljf—ln2cl|\v||2,

i=1 j=1 Lk=0
where ¢1 > 0 is a constant independent of the stepsizes hy and hs.

Introducing the following notations for 0 < m < M:
m o __ ( m m m m m m m m m )T
™ = (U, UG URN 1 UT e U s e URN 2y e e WY Ny UD NG - s UNG N,) s

T
f :(117.]0217"'7le,1) 12) ;?27"'7.f]<’711,25"'7f1N25f2N2 "7f]<’711,N2) )

a stability criterion can be derived under the condition: |a;| + |az| # 0.

Theorem 3.2. Let Ny, No > 5. Then implicit difference scheme (2.6)-(2.7) is stable with respect to the
initial value u° and source term f, namely, the following stability inequalities hold for 1 < m < M :

Il + 5raa S A4IR when ay # Dand a; =
Ju™|? < (3.1)
T—t)T'(1 -7
[|lu®|? + ( 21;31)2 aicz )  ax Il £*112, when ay # 0and as # 0;
N T —to)T(1 —~
[w™? < |Ju®||* + ( 2121)2 aicz ) ax x ||f*|I?, when a; = O0and ay # 0, (3.2)

where co > 0 is a constant independent of the stepsizes hy, he and T.



Proof. Multiplying the both sides of (2.6) by hlhgu?fj and then summing for ¢ = 1 ., Ny and
j=1,2,..., Ny yield

N1 N2 h N1 N2 h N1 N2
CLQT hih 2 CL37' 2 u™ Cl47' 1 m
a1 1 QZZ J ZZ Uity Uit 17] (A ZZ Ul = 1)u
i=1 j=1 =1 j=1

=1 j=1

e N1 Na 1 um ag’T 'thhg [ () 0 =) ) . m

1125 Eu i E E b 1u”—|—g (bmsl bmfs)u U
=1 j=1

5,7 | g
i=1 j=1
a57—h N; No 7 Np—i+1 )
1 (e
5 ZZ Zwk U+ Z wiuly |
cos =1 =1 \iz
Cl@Thlhli N1 N2 J ) No—j+1 ) N1 N2
D\l D w ey |l e Y Yl (33)
2608( )zljl 1=0 1=0 i=1 j=1
Since ugjj :u%ﬁlj :u?fo =N, 11 =0for0<i<N;+1,0<j< Ny+1and 0 <m < M, we have that
N1 N2 Nl N2
ZZ(uﬁl,j_uz 150U ZZ uiy —ug_g)uiy = 0. (3.4)
i=1 j=1 i=1 j=1

Applying (2.2), (3.4), Lemma 3.1 and the Cauchy-Schwartz inequality to (3.3) implies that, for all € > 0

1—y
ai Qo7 my2 L9y m-1y2 apT!” (CONNTIITE: ( €2 ) 5|2 m |2
e <— ———|b —b
S e < e+ e )[ ) le) +Z RGN T L |]
~nzreal|? 4 7 (el + @W) , (35)
where ¢o = —2005(5%) - 2CO§(%) Letting € = In2 ¢y in (3.5), we obtain

1_"7 1_"7 m—1 m|l2

a7 m|2 m—12_ @27 ( (€0) ) ) s opz| T

_— < E b —b,, b ——. (36
|:a1+r(2_,\/):|”u || _CllHU/ || +I‘(2—"/) [8_1 m—s—1 ||U H + 'm 1 ‘ H +2ln202 ( )
Setting as = 0 in (3.6), the first inequality of (3.1) follows immediately by recursion. Next, we prove the

second inequality of (3.1) by mathematical induction. When ay, az # 0, from (2.2) and (3.6) one obtains

1- m—1
= ™2 mel2 “QT o) 52
a1+ ——— | [lu™|* <ayllu (8 oy =10,
{ 1 rmw} ™ 1 <as [lu™ 12 + > (s ol
1—v . ~ B
27 ™) o2 4 (T —10)"T(1 =) 2
Ty : 3.7
" P(2_’7) et |:| || 2]112(1202 Hf H ( )
Write P, = [|u?|? + Yt TU=y)

ThZacs B, | £¥]|2. Then from (3.7) it follows that

L@2—y)r T2 -v)

112 1,012 2 <02 & 2<p.

o <0l + s g P < I+ g1

Assume now that the second inequality of (3.1) holds for m = 2,3,...,n (1 < n < M). Then, when
m =n+ 1, from (3.7) and the induction hypothesis, one has

n

1—v 1—v
Q2T n+t12 « 4. P, 2T b SO b(V)
l:a1+ ].—‘(2_")/):| HU’ H <a b+ ")/) [Z( _

1—\(2 _ n—s n—s+1) PS + bgzv)PTH-l

s=1
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CL27'17V

L'2-7)

CLngi’Y

<a,P, e L
<ay +1+F(2—7)

Z (bgj)s - bgz’Y)erl) Poi1 + b0 Py
s=1

= [a1+ } Py,

which implies [|u"1||? < P,,1. Hence the second inequality of (3.1) is proved.

When a; = 0 and ay # 0, from (2.2) and (3.6) one deduces:

m—1

m s T —t ’YF]-_PY m
L S I T N e LA PR T

Based on (3.8) and using a similar proof for the second inequality of (3.1), inequality (3.2) can be also
derived. This completes the proof. 0O

Let
T
_ m m mo __ m m m m m m m m m
= Ui,j — U € = (el,la €2.15-+-96N;,15€1,2:€225 - €Ny 25 -+ €1 Ny €2 Ny - - 5 eNl,N2) )

T
mo__ m m m m m m m m m

R™ = ( 1,1 2,1)'--3RN1,15 1,25 2,2)'--7RN1,27'--7R1,N27R2,N2a---a N1,N2) )

Then, under the condition: |a1| + |az| # 0, scheme (2.6)-(2.7) can be proved to be convergent.

Theorem 3.3. The implicit difference scheme (2.6)-(2.7) has the following error estimates for 1 <m < M:

e O( + h? + h3), when a; # 0, (3.9)
e = .
O(T%77 + h3 + h3), when a1 = 0and az # 0.
Proof. Subtracting (2.6) from (2.4) yields
m m—1 _ m
Cij — % agT " (’Y) s s—1
b — e’
m +r(2—7); s (el = ei’)
e’v’j_l . — e 1.4 em'+1 — e™m 1 Nyp—i+1
_ o G T % 0. -
e 2hq T 2hs 2cos ) h¢ [Z wi et ki1 T Z wk €t k-1,
No—j+1
- 3 5 [Z w(ﬁ) €ij—i+1 T Z wz ez,j+l71 + R, (%, 5,tm) € Qs (3.10)
2 cos ( ’T) hb
Since by (2.5) there exists ¢y > 0 such that, for all 4, j,m
R < co(T + h? + h3), when a; # 0, (3.11)
| co(r>7Y + h? + h3), when a; = Oand ay # 0, '

a similar derivation process as in Theorem 3.2 shows that:

e when a; # Oand ag = 0,

T - 5 (T —to)(zr — 21)(yr — Y1)
ml < Rk 2 < 0 h2 h2 .
171 < \| Sy 20 VI _\/ S (7 + 13+ h3);

e when a; # Oand ag # 0,

h2 h2 .
2In2ascs 1<k<m 21n 2 agcs (7 + b1 + h3);

e < \/ L= TUZY) e ¥ < \/ AT ~ 1) (zr — v1)(yn — yr)U(1 — )

6



e when a; = O0and as # 0,

(T'—=to)T(1—7) k (T —to)Y(zr —21)(yr —y)T(A =), o 2, 52
m < _— 7 < v .
le™ | < \/ 2In2asco 1r<r}€a<x 172l 2In2asco (7 +hiths)

Therefore, the theorem is proved. 0O

4. GMRES method with the KPS preconditioner

Generally speaking, when the scheme (2.6)-(2.7) is applied to problem (1.1), a large-scale linear system
will emerge, which needs an expensive computational cost. In order to improve the computational efficiency,
in this section, we will consider an efficient implementation strategy by using the GMRES method (cf. [29])
with the KPS preconditioner (cf. [27, 28]).

Let In, be the N; x N; identity matrix, By, = tridiag{ - 1,0, 1} € RN:XNi and set

agTt Y asT asT asT

agT
dzi,d:——,d:——,dzi,dzi
! 2 —v) 2 2h ° 2ha * 7 2cos (%) h{ ’ 2 cos ( ) hﬁ
Up =u™, Gy = aru™ bh 1u + Z ( 1 b,(g)_s) u® | +71f™,
C WO :
W w®  ®
W§: : 9 where (§,i):(a,l)0r (ﬁ72)
wg\%) 1 wg\%)fz T wgg) w(()g)
A D,  w® |
With the above notations, scheme (2.6) can be cast into the following form with m =1,2,..., M:

[(al + dl)IN1N2 +In, ® (dQBNl + daW,, + d4W§) + (ngN2 + d5W5 + d5W5T) ® INl] U, = G (4.1)

Scheme (4.1) is an N3 Na-dimensional linear system, which may be very large when N7 and/or Nj is large.
Thus, applying a classical direct method to solve (4.1), a heavy computational cost would be required. In
order to accelerate the computation of scheme (4.1), in the following, we will give a preconditioned method.
Write

ay + dy

d
K, = <a1—;— 1)IN1—|—d2BN1—|—d4Wa+d4W§, K5:< )IN2 +d3Bn, + dsWp + dsWj .

Then, the coefficient matrix in (4.1) reads A := In, ® Ko + Kg ® In,, and can be split into the following
form with parameters 61,605 > 0:

A= P(01,02) — R(01,02), (42)

where

1
P(641,6,) = m(Glsz + Kp) ® (021N, + Kao), R(61,02) = 01 0, (O2In, — Kp) ® (1IN, — Ka).

In our preconditioned method, P(#1,02) will be considered as a preconditioner: its invertibility is assured
by the following criterion.



Lemma 4.1. Assume that 61,0 are two positive parameters subject to

) 0o — 01 .
— min R(v) < < min R(u), 4.3
veo(Ky) ( ) 2 T p€o(Kg) (,M) ( )

where o(-) denotes the spectrum of the given matriz. Then P(61,02) is invertible.

Proof. By the well-known properties of the Kronecker product (see e.g. [31]), the eigenvalues of P(6;,62)
are given:

0 o 1 01 +6; 02—10 01 +0> 60,—10
1+p)(0a+v) <1+ 2 02 1+N><1+ 2 b2 =6

_
A= 01 + 02 _91+6‘2 2 2 2 2

—|—1/> , veEo(Ky),pe€a(Kp).

Then, from (4.3), it follows that p — 022;91 >0and v+ 92—;91 > 0. This, together with 61,65 > 0, implies
that A > 0. Hence P(6;,05) is invertible. 0O

When P (61, 0s) is invertible, we write G(61,602) = P~1(01,02)R(61,02), that is
G(01,02) = [(61In, + Kg) ' (02In, — Kp)] @ [(02In, + Ko) ™ (011N, — Ko ).
Then P~1(01,02)A = In, N, — G(61,02) and thus scheme (4.1) is equivalent to
P70y, 02) Ay, = [In, N, — G(01,02) U, = P71(01,02)G, m=1,2,..., M. (4.4)

System (4.4) can be solved by using the GMRES method, where P(61,63) is a preconditioner (i.e. KPS
preconditioner). By using the similar proofs as those of Theorems 3.1 and 3.2 in [27], we can derive the
following result.

Theorem 4.2. Assume that 01,02 are two positive parameters subject to (4.3). Then the spectral radius
p(G(01,02)) of matriz G(01,02) satisfies that

014602 v
,O(G(ol, 92)) S 7’(01, 02) = max 2

VGU(KQ—Q— 92;)1 INl)

<1,

01402
7tV

and the minimum value r(07,03) of the function r(01,03) is given by
~1
x % [ Vmax + tmin [ Vmax + fmin
Vmin + HUmin Vmin + HUmin

GT = \/(Vmin + Nmin)(ymax + Nmin) — HMmin, 9; = \/(Vmin + Nmin)(ymax + Nmin) + Hmin,

where

in which Vymin and vmax denote the minimum and mazimum eigenvalues of K, respectively, and pimin s the
minimum eigenvalue of Kg.

It follows from Theorem 4.2 that, for all positive parameters 61,0y satisfying (4.3), the eigenvalues
of P71(01,05)A are located in a circle centered at (1,0) with radius smaller than 1. This shows that
the preconditioner P(6;,63) can accelerate the convergence rate of the GMRES method since a clustered
spectrum often translates in rapid convergence of the GMRES method (see e.g. [32]).



5. Numerical experiments

In this section, we present some numerical experiments to illustrate the computational accuracy and
efficiency of the GMRES method with the KPS preconditioner for solving the difference scheme (2.6) or
(4.1), where the parameters ¢; and 02 will be taken as the optimal ones indicated in Theorem 4.2. In order
to show the computational advantage of the preconditioned method, we will also give a comparison of the
following three methods for solving (4.1):

e Method I: using the matrix left-division command in MATLAB;
e Method II: GMRES method without preconditioner;
e Method III: GMRES method with the KPS preconditioner.

The initial guesses for Methods II-III are taken as their approximation at the previous time-step, the
restarting value is chosen as 20 and the stopping criterion of the iteration is

_ (k)
1Gm — Al ||

where L{,(r]f ) denotes the kth-approximation to U,,. Moreover, we will always set hy = ho = h and compute
the global error and the temporal and spatial convergence orders respectively by the following formulas:

{ E(h,T) E(h,T) ]

I _ m =1 —_— E(h/2. )
(h,7) = max [[e™|, Order; = log, E(h,7/2) E(h/2,7)

0<m<M } , Ordery = log, [

Example 5.1. Consider the initial-boundary problem in the form (1.1) with
a1 =ay=as=as =1, a3 =ays =1, uo(z,y) = [95(2_55)2/(2—?/)]27 to=0, T=1, Q=(0,2)x(0,2), (5.1)

and source function f(z,y, t) being assigned such that the problems have a common exact solution u(x, y,t) =
exp(—t)[r(2 — x)y(2 —y)]?. For convenience, we write the discrete systems (4.1) corresponding to the above
problems as Q1(a, 8,7), where «, 3, are (suitable) free parameters.

Applying Methods I-ITT with & = 1/60 and 7 = 1/3,1/6,1/12,1/24 (resp. h = 1/3,1/6,1/12,1/24
and 7 = 1/1000) to the discrete systems Q;(1.2,1.8,v) with v = 0.1,0.5,0.9 (resp. Qi(«,3,0.5) with
(o, 8) = (1.2,1.8),(1.4,1.6),(1.5,1.5)), the CPU times (in second), global errors and convergence rates in
time (resp. in space) are listed in Table 1 (resp. Table 2). It can be seen from Tables 1-2 that Methods I-11I
almost have the same accuracy under the same spatial and temporal stepsizes, and can reach the theoretical
accuracy stated in Theorem 3.3. By comparing the CPU times, we can find that the computational efficiency
of Method IIT is optimal among the three methods.

The average iteration numbers per time-step versus the different parameters 6;,6s of Method III for
01(1.2,1.8,0.5) with h = 7 = 1/16 (resp. h = 7 = 1/32) is plotted in Figure 1 (a) (resp. Figure 1 (b)). From
Figure 1, we can observe that there is a good range of parameters 61, 62 (including 07, 03) for the convergence
of Method III. This also implies that the selection of parameters 67 and 65 in Method III is appropriate. In
Figure 2 (a)-(b), we display the spectrums of matrices A and P~1(03,03)A for Q1(1.2,1.8,0.5) with h = 7 =
1/32, respectively. These figures show that matrix A maybe ill-conditioned while matrix P~1(0},05)A has
tightly clustered eigenvalues around (1,0), which implies that Method III can converge rapidly. Moreover,
in Figure 3 we plot the error surfaces of Method III with h = 7 = 1/32 for ©4(1.2,1.8,0.5) at ¢t = 0.5 and
t = 1, respectively. This, again, testifies the effectiveness of Method III.

Example 5.2. Consider the following initial-boundary problem in the form (1.1) with

o _ _ o o T _ L[ B
{ a1 =0, ag=az=as=1, az=—2cos (%), ag=—2cos (7) ’ (5.2)

UO(xvy):Ov to=0, T=1, Q:(Oal)x(oal)v
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Table 1: CPU times, global errors and convergence rates in time of Methods I-IIT with h = 1/60 for Q1(1.2,1.8,7).
Method I Method II Method III
vy T CPU E(h,T) Order; CPU E(h,7) Order; CPU E(h,7) Order;
0.1 1/3 166.77 1.5606e-2 — 4.65 1.5606e-2 — 1.92 1.5606e-2 —
1/6 326.77  8.4553e-3 0.8841 7.47  8.4554e-3 0.8841 3.49 8.4554e-3 0.8841
1/12 651.17  4.4454e-3 0.9276 11.86 4.4454e-3 0.9275 6.22 4.4455e-3 0.9275
1/24 1290.17 2.3263e-3 0.9343 19.52  2.3264e-3 0.9342 11.88 2.3264e-3 0.9343
05 1/3 166.73 1.8303e-2 -~ 4.45 1.8303e2 1.91 1.8303e-2 -~
1/6  324.59  9.2990e-3 0.9770 6.97  9.2990e-3 0.9770 3.40  9.2991e-3 0.9770
1/12  648.00  4.7046e-3 0.9830 11.35 4.7046e-3 0.9830 6.28  4.7047e-3  0.9830
1/24 1283.12 2.3766e-3 0.9852 18.68 2.3767¢-3 0.9851 11.89 2.3767e¢-3 0.9852
09 1/3 164.28 2.6212e-2 - 4.28 2.6212e-2 - 1.91 2.6212e-2 -
1/6 324.77 1.3810e-2  0.9245 6.53 1.3810e—2  0.9245 3.37 1.3810e-2  0.9245
1/12 653.93  7.0496e-3 0.9701 10.37  7.0496e-3 0.9701 6.15  7.0497e-3 0.9701
1/24 1288.85 3.5514e-3 0.9891 17.39 3.5516e-3 0.9891 11.84 3.5515e-3 0.9892

Table 2: CPU times, global errors and convergence rates in space of Methods I-IIT with 7 = 1/1000 for Qi («, 3,0.5).

Method I Method II Method III
(o, B) h CPU  E(h,7) Order, CPU E(h,7) Order, CPU E(h,7) Order,
(1.2,1.8) 1/3 1.66 55429¢ 2 — 999 5.542602 - 177 554296 2 -
1/6  5.48 1.3788e-2 2.0072 13.87 1.3784e-2 2.0075 5.28 1.3787e-2 2.0073
1/12 2546 3.4115e-3 2.0149 31.64 3.4083e-3 2.0159 18.75 3.4114e-3 2.0149
1/24 419.10 8.6726e—4 1.9759 99.52 8.6319¢-4 1.9813 73.17 8.676le-4 1.9752
(14,1.6) 1/3 1.68 5.4782e-2 — 10.09 5.4781e-2 - 1.78  5.4782e-2 -
1/6  5.52 1.3364e-2 2.0353 14.14 1.3363e-2 2.0354 5.27  1.3364e-2 2.0353
1/12 2517  3.2843e-3 2.0248 31.76  3.2826e-3 2.0254 18.81 3.2824e-3 2.0255
1/24 413.83 8.3716e—4 1.9720 99.77 8.3520e—4 1.9747 72.87 8.3573e-4 1.9736
(1.5,1.5) 1/3 1.68 5.4686e-2 — 9.99  5.4687e-2 - 1.79  5.4686e-2 -
1/6  5.51 1.3308e-2 2.0389 14.04 1.3307¢-2 2.0390 5.23  1.3306e-2 2.0391
1/12 25.68  3.2689¢-3 2.0254 31.54 3.2681e-3 2.0257 18.60 3.2668e-3 2.0262
1/24 429.34 8.3402¢-4 1.9707 98.73 8.3104e-4 1.9755 72.55 8.3275e-4 1.9719
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Figure 1: (a) Iteration numbers versus parameters 61,62
parameters 01,02 for Q1(1.2,1.8,0.5) with h =7 =1/32.
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Figure 2: (a) The spectrum of matrix A for Q1(1.2,1.8,0.5) with h = 7 = 1/32; (b) The spectrum of matrix P~1(67,05)A for
01(1.2,1.8,0.5) with h = 7 = 1/32.
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Figure 3: Error surfaces of Method III with h =7 =1/32 for Q1(1.2,1.8,0.5) at t = 0.5 and ¢ = 1, respectively.
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and source function f(z,y, t) being assigned such that the problems have a common exact solution u(zx, y,t) =
216[t2(1 — 2)y(1 — y)]*. For convenience, we write the discrete systems (4.1) corresponding to the above
problems as Qa(a, 3,7).

Taking h = 1/[2(1/7)27” and 7 =1/8,1/16,1/32,1/64 (resp. h =1/8,1/16,1/32,1/64and 7 = 1/500),
then applying Methods I-III to the discrete systems Qs(1.2,1.8,v) with v = 0.1,0.5,0.9 (resp. Qa(c, 3,0.5)
with (o, 8) = (1.2,1.8),(1.4,1.6),(1.5,1.5)), the CPU times (in second), global errors and convergence rates
in time (resp. in space) are listed in Table 3 (resp. Table 4). From Tables 3-4, we can see that the
three methods almost have the same accuracy under the same spatial and temporal stepsizes and reach the
theoretical accuracy shown in Theorem 3.3. By comparing the CPU times, we see that the computational
efficiency of Method III is optimal among the three methods.

In Figure 4 (a) (resp. Figure 4 (b)), we plot the average iteration numbers per time-step versus the
parameters 01, 0 of Method IIT for Q5(1.2,1.8,0.5) with h = 7 = 1/16 (resp. h = 7 = 1/32). From Figure
4, it can be seen that there is a wide range of the parameters 01, 02 (including 67, 03) where the convergence
of Method III is optimal. This also indicates that the selection of parameters 67 and 65 in Method III is
appropriate. In Figure 5, we display the spectrums of matrices A and P~1(07,05)A for Q(1.2,1.8,0.5) with
h =7 = 1/32, respectively. This shows that matrix A maybe ill-conditioned, while matrix P~1(7,03)A has
tightly clustered eigenvalues around (1,0), which implies that Method III can converge rapidly. Moreover,
in Figure 6 we plot the error surfaces of Method IIT with h = 7 = 1/32 for Q5(1.2,1.8,0.5) at ¢ = 0.5 and
t = 1, respectively. This further confirms the effectiveness of Method III.

Table 3: CPU times, global errors and convergence rates in time of Methods I-III with h = 1/{2(1/7)2_77J for ©2(1.2,1.8,7).
Method I Method II Method III
vy T CPU E(h,T) Order; CPU E(h,1) Order; CPU E(h,1) Order;
0.1 1/8 0.11 5.0989¢-3 — 0.30  5.0989¢-3 — 0.15  5.0989¢-3 -
1/16  0.60 1.6361e-3 1.6399 0.53  1.636le-3 1.6399 0.37  1.6361le-3 1.6399
1/32 22.48 4.3751e-4  1.9029 5.61 4.3751e-4  1.9029 1.97 4.3751e-4  1.9029
1/64 192592 1.1785e-4 1.8924 85.80 1.1785e-4 1.8923 14.01 1.1785e-4 1.8924

0.5 1/8 0.05 1.3741e-2 — 0.10 1.374le2 -~ 0.04 1.3741le-2 -~
1/16 0.15 5.1860e-3  1.4058 0.24  5.1860e-3 1.4058 0.13  5.1860e-3 1.4058
1/32 1.11 1.6794e-3 1.6267 1.06  1.6794e-3 1.6267 0.55  1.6794e-3 1.6267
1/64 21.26 6.1878e—4 1.4404 5.81  6.1879e4 1.4404 2.74  6.1878e—4 1.4404

09 1/8 0.03 2.3876e-2 - 0.09  2.3876e-2 - 0.03  2.3876e-2 —
1/16 0.07 1.4304e-2 0.7391 0.16  1.4304e-2 0.7391 0.06  1.4304e-2 0.7391
1/32 0.21 7.0726e-3 1.0161 0.34  7.0727e-3 1.0161 0.19  7.0726e-3 1.0161
1/64 0.78 3.4066e-3 1.0539 1.02  3.4066e-3 1.0539 0.57  3.4066e-3 1.0539
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Table 4: CPU times, global errors and convergence rates in space of Methods I-IIT with 7 = 1/500 for Q2(«, 3,0.5).
Method 1 Method 11 Method ITI
(o, B) h CPU E(h, 1) Orders CPU E(h,7) Orders CPU E(h,7) Orders
(1.2,1.8) 1/8 0.88 2.1360e-2 — 3.54  2.1360e-2 — 0.97 2.1360e—2 -
1/16 3.40 4.9726e-3 2.1028 5.37  4.9726e-3 2.1028 2.83  4.9726e-3 2.1028
1/32 38.68 1.2196e-3 2.0276 17.26  1.2196e-3 2.0276 10.48 1.2196e-3 2.0276
1/64 965.18  3.0426e-4 2.0030 96.55 3.0426e-4 2.0030 41.67 3.0426e-4 2.0030

(14,1.6) 1/8 0.85 2.6132e-2 — 3.73  2.6132¢-2 - 0.95 2.6132¢2 -
1/16 3.68 5.9927e-3 2.1245 5.79  5.9927e-3 2.1245 2.80  5.9927e-3 2.1245
1/32 28.86 1.4619¢-3 2.0354 15.71 1.4619e-3 2.0354 10.68 1.4619¢-3 2.0354
1/64 990.25 3.6408e-4 2.0055 64.48 3.6409¢e-4 2.0054 42.07 3.6409e-4 2.0054

(1.5,1.5) 1/8 0.89 2.6898e-2 — 3.61  2.6898e-2 - 0.99 2.6898e2 -
1/16 3.66 6.1509e-3 2.1286 5.80  6.1509e-3 2.1286 2.83 6.1509e-3 2.1286
1/32 27.93 1.4990e-3 2.0368 15.37 1.4990e-3 2.0368 10.64 1.4990e-3 2.0368
1/64 1029.21 3.7322e-4 2.0059 60.23 3.7323e-4 2.0059 42,52 3.7322¢-4 2.0059

Figure 4: (a) Iteration numbers versus parameters 61,602 for Q2(1.2,1.8,0.5) with h = 7 = 1/16; (b) Iteration numbers versus
parameters 01,02 for Q2(1.2,1.8,0.5) with h = 7 =1/32.
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