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Abstract

In this work we present a Reduced Basis VMS-Smagorinsky Boussinesq
model, applied to natural convection problems in a variable height cavity,
in which the buoyancy forces are involved. We take into account in this
problem both physical and geometrical parametrizations, considering the
Rayleigh number as a parameter, so as the height of the cavity. We
perform an Empirical Interpolation Method to approximate the sub-grid
eddy viscosity term that let us obtain an affine decomposition with respect
to the parameters. We construct an a posteriori error estimator, based
upon the Brezzi-Rappaz-Raviart theory, used in the greedy algorithm for
the selection of the basis functions. Finally we present several numerical
tests for different parameter configuration.

Keywords. Reduced basis method, Empirical interpolation method, a pos-
teriori error estimation, Boussinesq equations, Smagorinsky turbulence model.

1 Introduction

Nowadays, several industrial processes need numerical simulations, which are
usually performed with the widespread high-fidelity approximation techniques
such as finite element (FE), finite volumes or spectral methods, and they usually
take very long time for computation (several hours, even days). In many situa-
tions, the model that represents the behavior of an industrial process is given by
a Partial Differential Equation (PDE) depending on parameters. Reduced-order
modeling (ROM) is used in parametrized PDE in order to try to reduce the high
computational time required by its numerical solution, when large number of
simulations with different parameter values are needed [T, 2] Bl @] (5] 6] [7], [§].
In the context of fluids dynamics, even with the reduction of the computa-
tional cost provided by turbulent models, such as the Variational Multi-Scale
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(VMS) models (cf. [9]), with respect to the DNS, it is still expensive to compute
accurately the real flows that commonly appear in industry problems, specially
in cases where parameters play important roles. When a high number of com-
putations for a fluid flow depending on parameters is required, ROM becomes
useful. Several works for Reduced Basis (RB) model have been presented for
Stokes equations [10] [6], [11] and Navier-Stokes equations [12, [13] 14} [I5] [16].
Most recently, there have been developed works for RB turbulent models, such
as the Smagorinsky model [I7], or the VMS-Smagorinsky model [I§]. In those
last works, the ROM is constructed from the turbulent model. A different way
to build ROM model for turbulent flows is the one in which initially we would
build a ROM for Navier-Stokes equations, and then model the unresolved scales
(either by eddy diffusion or other techniques) to build the turbulence model.
This approach has been followed in [19, [20], for instance. We address here the
construction of a RB model for the Boussinesq equations, that includes turbulent
diffusivity for both momentum and energy equations. The turbulent diffusivities
are modeled by a VMS-Smagorinsky approach, in such a way that eddy diffu-
sion effects only act on the small resolved scales. One of the main advantages
of using the VMS-Smagorinsky is that the eddy viscosity and eddy diffusivity
only affect the small resolved scales, avoiding over-diffusive effects, that can be
maintained in the ROM setting thanks to the Reduced Basis framework that
we have developed. On the counterpart, we deal with non-linear terms related
with the VMS-Smagorinsky model, that force us to use techniques such as the
Empirical Interpolation Method, resulting a feasible ROM model.

In this work we consider the application of a RB Boussinesq VMS-Smago-
rinsky model to simulate a natural convection in a variable height cavity. In
applications to architecture, this cavity represents a courtyard inside a build-
ing. The study of the heat exchange between the air and the walls inside the
courtyard is of high interest to minimize the energy needs of the building. The
variability of the cavity height is considered through a geometrical parametriza-
tion of the domain. Since we are interested in solving efficiently the parameter-
dependent problem, we need to reformulate the Boussinesq VMS-Smagorinsky
model in a parameter-independent domain with a change of variables. With this
change of variables, we obtain operators that depend on both physical and geo-
metrical parameters. This setting, besides the Empirical Interpolation Method
(EIM) (cf. [21, 22]) for the non-linear eddy diffusivities, lets us approximate
these non-linear operators by operators that depend affinely with respect to the
parameters, both of physical and geometrical type. Then it is possible to store
parameter-independent matrices and tensors in the offline phase.

We tackle in this work some of the intermediate difficulties which should
necessarily be solved when dealing with RB modelling of natural convection
turbulent flows. Particularly, we analyze how to deal with the temperature when
constructing the a posteriori error estimator. From the numerical analysis point
of view, we present the development of an a posteriori error bound based upon
the Brezzi-Rappaz-Raviart (BRR) theory [23], used in the snapshot selection in
the greedy algorithm. This a posteriori error estimator is an extension of the
ones presented for the Navier-Stokes equations [12] I3} [14] and the Smagorinsky
model [I7]. The main difference for the a posteriori error bound presented in
this paper with the previous ones, is the necessity of considering a mollifier
for the thermal eddy diffusivity term, due to the fact this term is no longer
Lipschitz-continuous. Thanks to the consideration of this regularized term, we



are able to develop the a posteriori error estimator.

We present four different numerical tests for the buoyancy-driven cavity
problem. In the first two tests, we consider a fixed height, i.e. we consider
the geometrical parameter p, = 1, for different ranges of the Rayleigh num-
ber, ranging from moderate Rayleigh numbers values Ra € [10%,10%], to high
Rayleigh numbers values Ra € [10°,10°]. In the third one, we fix the Rayleigh
number, with a moderate value Ra = 10°, and only the geometrical parameter
changes. This test intends to represent a situation in which the environmental
conditions are fixed and we are only interested in simulating the flow in cavities.
In the last test, both the Rayleigh and the geometric parameter are taken into
account. This test is more complex since two parameters are considered, thus
the number of basis functions to include in our RB spaces increases with respect
to the previous one. At the same time, the speed-up ratio decreases somewhat,
although it remains on values around 50.

The paper is structured as follows: in section [2] we define the high fidelity
problem in the reference domain from the one defined in the original domain
depending on the geometric parameter. Then, in section we present the
Reduced Basis problem, with the EIM approximation for the eddy viscosity
and eddy diffusivity terms. In section [4] we construct the a posteriori error
estimator. Finally in section [5, we present the numerical results for the tests
previously described, programmed in FreeFem++ (c¢f. [24]). Conclusions are
then summarized in section [6l

2 Continuous problem and full order discretiza-
tion

The aim of this work is to present a reduced order model for natural convection
problems over domains with variable geometry. For this purpose, we propose a
turbulence Smagorinsky model in which the buoyancy forces are modeled by the
Boussinesq approach. Let p = (ppn, f1g) € RPP»*Ps and let ,(ug) be a bounded
polyhedral domain in R? (d = 2,3), depending on the geometrical parameters,
commonly called original domain in the RB framework. Let I'(ug) = I'p(pg) U
I'n(g) the Lipschitz-continuous boundary of Q,(14), where I'p is the part of
the boundary with Dirichlet conditions and I';y the part of the boundary with
Neumann conditions.

We next present the continuous Boussinesq-Smagorinsky model that we con-
sider in this work. Although the Smagorinsky approach is intrinsically discrete,
we present it in a continuous form in order to clarify its relationship with the
standard Boussinesq model:

u, - Vou, — PrAy,u, — V, - (vr(u,)Vou,)

+Vopo — P pipn 0o eq = £ in Q,(pg)

Vo-u, =0 in Q,(1g)

W Vol — Aol ~ Vo (Kr(u)Vel) =@ in Qi) ()
u, =0 onTI

0, =0p onI'p

0,0, =0 on I'y




Here, u, is the velocity field, p, is the pressure and 6, is the temperature. In
addition, e4 is the last vector of the canonical basis of R?, while tpn and Pr are
the Rayleigh and Prandtl dimensionless numbers respectively. Both the external
body forces f, and the heat source term @, are given data for the problem. In
(1)), vr(u) is the eddy viscosity term, and Kr(u) is the eddy diffusivity given
by

1
K = . 2
r(w) = o-vr(w) 2)
In , we represent by p a given temperature over the boundary I'p. For
simplicity of the analysis, we further consider that §p = 0. In the case of

considering non-homogeneous boundary conditions, it is enough to define a lift
function 6, such that 64|r, = 0p. In [17], an analysis with the lift function is
already done for a RBM Smagorinsky model.

Let us consider the spaces Y° = (H(Q,))4, M° = L3(Q,), ©° = H}(Q,).
We denote by || - ||k, the norm of the Sobolev space W*P(). We consider
the H'-seminorm for the velocity and temperature spaces, and the L2-norm for
the pressure space. In addition, let us define the Sobolev embedding constants
C, and Cy, associated to these norms, such that

[Vlloa0 < CulVV

|0,27Q, Vv € Y, (3)

and
H9||0’4’Q < CQ”VQ”O’Q,Q, Vo € 0. (4)

Moreover, we consider the tensor space X° = Y° x ©° x M?°, with the
following associated norm:

U5 = [Vl

2.0+ IVOG20+ I3 20, YU =(u,6,p) € X. (5)

The variational formulation of problem , over the parameter-dependent
original domain is

Find (u,, 05, p5) = (wo(p), 05 (1), p5 (1)) € X such that
i (Wo, Voi 1) + b(Vo, Pt 1) + s, (W3 Wo, Vi 1)
fréu(uo, 1107V0;H) + f(@g,vo; N) = F(VOE H) Vv, € Y, (6)
b(ue, po; ) =0 Vp, € M°,
ae(wfa 933 H) + 50(1107 leeg; /J')
+agp (o3 05,003 1) = Q(05; p) Vo, € ©°.

Here, the bilinear forms a,(-,-; u), ag(-,; 1), 5(, ;) and f(, ) are de-
fined by

Gy (Uo, Voy ) = Pr/ Vou, : Vv, dQ,,

€ O(P'_q)
ap(0y, 05 ) = V0" - V,0° dQ,,
Qo
] (Ng) (7)
F(02, Vs 1) = —Pr s / 0 vy A,
QO(NQ)
b(u,, pls ) = — (Vo - u,)ps dSo;
QO(#g)



the trilinear forms é,(-,-, ;1) and é(-, -, ; p) are defined by

Eu(zoa Uy, Vo; H) = / (Zo ’ Vouo)vo ona

$20(11g) (8)
50(110, 0};7 93; N) = (uo : vogg)ag dfdy;
QO(Ng)
and the non-linear Smagorinsky term for eddy viscosity, ', (;-,; ), is given
by
Ay, (Zo; Uoy Vo b)) = / vr(zo)Vu, : Vv, dQ,, (9)
QO(I"g)
with

vr(u) = (Cshi)?|Vuy,|.

For the thermal eddy diffusivity term @y ,,, let us first introduce a mollifier
¢ € C*(R), with supp(¢)C B(0,1),¢ > 0,]¢llo,1,g > 0, and ¢ is even, ie.,
¢(—x) = ¢(x). Let us consider the mollifier sequence {¢,(z)}n>1, with ¢, €
C(R), supp(¢,)C B(0,1/n), ¢n > 0, [|¢nllo.1,x = 1, defined by

n
bn(z) = m¢(” T).

Thus, the VMS-Smagorinsky eddy diffusivity term is defined as

s (1107 01, 00 1) = / V(1) V02 - V02 S, (10)
Qa(l‘g)
with
VT,n(u) = (CShK)2(¢n * |Vu\K Dv

where * denotes the convolution. The choice of the eddy viscosity is the one
suggested in [25]. For thermal eddy diffusivity, we have chosen a modified form,
considering a mollifier for the thermal eddy diffusivity in [25]. The choice of
this thermal eddy diffusivity with the mollifier, assure the Lipschitz continuity
of the eddy diffusivity operator.

Thanks to mollifier properties (see [26] for details), it holds that ajg, ,, con-
verges uniformly to a'y,, with

age(Wos 0y, 055 ) = / vr(a,) VoY - VoY dS,.
Qn(l"g)

Remark 1 The mollified eddy diffusivity a', ,, is considered for the
well-possedness analysis and the development of a posteriori error estimator. In
practice, we consider the eddy diffusivity term in the Boussinesq-Smagorinsky
model as alg,.

Finally, the linear forms F and Q are given by

F(voip) = (£vo), Q02 1) = (Q,07), (11)

where here (-, -) stands either the duality paring between Y and Y’, and between
O and ©’; being Y’ and ©’ the dual spaces of Y and O, respectively.
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Figure 1: Original domain ,(u,), with the geometrical parameter considered.

We present a cavity domain, whose height is varied through a geometrical
parameter. This geometrical parameter, that we denote by 14, varies the aspect
ratio of the cavity. In Fig. [1] we show the original cavity domain considered,
with the geometrical parameter considered.

To be able to store parameter independent matrices in the offline phase (see
section of the RB method, we need to compute all the integrals in a reference
domain trough a transformation of the original domain. Thus, we set u;ef =1,
and we define the reference domain Q, = Qo(pgef ). The parameter-dependent
original domain can be recovered by a transformation map, ¥ : Q, x D — R?,
defined as

v = (o 0 )(5). Hewea. (12)

0 py Y
As this map is linear, its Jacobian matrix and its determinant are given by

1 0

S = (o o )o wd il =y (3

g

Let {Tn}n>0 a regular family of triangulations on the reference domain. We
denote Y, = (H3(Q) N VEHQ), My, = L3(Q2,) NV™(Q,), O, = HE Q) N
V(Q,), with I, m, ¢ € N, respectively the discrete velocity, pressure and temper-
ature spaces on the reference domain. Although the analysis can be performed
for a regular mesh, for simplicity in the analysis we suppose that the mesh we
are considering is uniform. Denoting X, = Y, x ©p x M}, we rewrite problem
@ with respect to the reference domain, applying the change of variables of



the transformation map 7', as
Find (up, 6}, p}) = (un(p), 03 (1), pi(p)) € Xy, such that

Qe (Uh, Vi 1) + Gy (Un, Vi ) + be (Vi, Djs 1)

+by (Vi Pii ) + @y 1 (Wh3 U, VRS 1)

a5y, (Wns Un, Vi ) + Cue(Un, Un, Vi 1)

tCuy(Un, un, vis ) + f(O), Vi) = F(vi; p) Vv €Yy,  (14)

be(an, pp; p) + by (un, pp; ) =0 Vpp € My,

g, (0}, 055 1) + aoy (05, 075 ) + co.o(un, 0,07 p)
+09,y(uh7 0]1—:7 0]1;7 :u’) + ag’@,nz (uh; 9}%7 9}27 :u’)
+ sy, (Wi 05, 01 1) = Q075 1) VoY € O,

where the subscripts  and y denote the addend of the corresponding operator,
relative to the partial derivative with respect to = or y, respectively. For both the
eddy viscosity and eddy diffusivity terms, we consider a VMS small-small setting
approach (cf. [9]). For that, we consider a uniformly H'-norm interpolator
operator from Yy, to Y, = (H} () N V}71(Q,))4, denoted by TIj,. Thus, we
assume that II, satisfies that there exists a constant Cy > 0 independent of h
such that

L unll12.0 < Cfllupllize un € Ya, (15)

where we denote I} = Id — IIj,. See [27, 28] for more details.
The operators in have the following form:

au,x(uha Vh; M) =Pr .ug/ (axulaxvl + axUanUQ) dQ,,

[d

Pr
Ay (Up, Vi ) = LT/Q (Oyu10yv1 + Oyu20yvs) dy,
g T

bx(uh,pZ§ /1') = _/ug/ pzaxul aQ,, by(ulupz;;ul) = _/ p}fayuz dQ,.,
Q, Q,
FOFvoi 1) = Pragn iy [ 6o a2
Q.

1
ag,o (0, O 1) = Ng/ 0:04,0:0), d, agy (0, 0p; ) = IT 9,01,0,0), d2,,
Q. g JQ,

Cu,x(wh» Up, Vi, /J’) = Mg/ [(wlazul)vl + (’LU1893U2)'U2] dQTa

r

Cuy(Wh, Un, Vi ) = / [(w26yu1)vl + (w28yu2)112] dQy.,

T

oo, 005 1) = 1y / (10,668 4.

r

co.y(n, 0} 61: 1) — / (us0,02)05 dDL,.

T

s (3 0 V1 1) = s | 72 (30) [0 (IT00) 0 (1T )

r



+az (H2u2)ax (HZUQ)er] )

1
s (Wi 0, V1 ) = / v (T w) [0, (T )0, (T} 1)
Q

g9 'r'

+0y (1T}, u2) 0y (IT},v2)d<, ]

X7 v u * * X3 * v
ag@,nz(uh;ah’ hi ) = Pij" o VT,n(Hhm /ug)aw(nha )0, (I11,0%) dS,.,

sy (U 61 63 1) = / v (T 1), (IT0)0, (TT;6°) dS2,.

Prug Jo,

These integrals are derived applying the well-known change of variable for-
mula (see e.g. [5]). With this geometrical parametrization, the eddy viscosity
vr(-) (analogously vy, () also depends on the geometrical parameter, and is

defined as

241
vrus 1) = CS“;\/ (Or1)? + L5 (0,01)? + (Oy)? + 5 (D,u2)?. (16)
h Hy Hyg

Here we are supposing that we consider an uniform mesh in the reference
domain €2,., with N} partitions on each side. Since the mesh size, hg, in the
VMS-Smagorinsky eddy viscosity and eddy diffusivity appears in in terms
of the parameter-dependent original domain, we map it to the reference domain,
by applying the change of variable map ¥ defined in .

3 Reduced Basis formulation

In this section we present the RB problem derived from the discrete problem
presented in section We construct the low-dimensional spaces for the RB
problem with the Greedy algorithm. Both the pressure and the temperature
reduced basis spaces are defined with the corresponding snapshots computed
solving the FE problem .

The RB velocity space is constructed with the velocity snapshot of the FE
velocity solution, and the inner pressure supremizer (cf. [29, [30]), T My —
Y}, defined for this problem as

/ VT;‘qh : Vv, dQ), = —pg/ qn 0zv1 dS), —/ qn Oyva d€dy, YV € Y.
Q. Q

s r

(17)
Thus, the reduced basis spaces are given by
YN = Span{ggk—l = uh(ll'k)a Cgk = T;ﬁzv k=1,... 7N}7 (18)
My = span{&}, =pi(pek), k=1,...,N}, (19)
Oy =span{e} = 0% (u*), k=1,... N} (20)



Denoting Xy = Yy X ©On X My, the RB problem is
Find (un(p), 0% (), p () € X such that

Gue(UN, VNS ) + Guy(Un, Vs p) + Do (Viv, DY 1)

+by (VN Pl 1) + as, (AN UN, VNG 1)

+a,, (Ui uN, VN ) + Cuo(un, un, vivi p)

+euy(an,un, vvs ) + f(0%, v ) = F(vy; p) Vvy € Yy,

be(un, pi; 1) + by (un, pi; ) =0 Vpy € My,

ag.o (03, ORs ) + a9,y (O3, 035 ) + co.o(un, O3, 05 1)

+coy(un, O, 0% ) + algg (AN 0K, O35 1)

+g ny (an; O, 035 ) = QO3 1) VoY, € On.

(21)

The eddy viscosity vr(u;p,) must be tensorized in problem (21)), for the
efficient solve in the online phase. For this purpose, we consider the use of EIM
(¢f. [21, 22]). The eddy viscosity and eddy diffusivity terms are approximated
as

/
A5y (Whi Up, Vi 1

)~ d
afSu,y(Wh; Up; Vh; /’l') ~ &/Su,y(uN? VN; /J')a

Q

a‘fQG,nz (uh; 627 9%7 /J’) dg@,z (9%7 avNa p’)v
) (

ag’@,ny(uh; e;fw 92? n)~ &:90 Y Xﬁ })\77 l'l')a
with,
M
&{S'u,a; (uN7 VN; ,LL) = Z Ok (H)Su,z (Qk, uy, VN)a
k=1
M
6(’ZS"U,,y(u]\U VN3 ”l’) = Z Ok (“)Swy (qka uy, VN)a
k=1
M
Alsp . (0%, 0% 1) = Y on(m)so.o(ar, O3, 0%,
k=1
M
&{5’9,1/( 7V7 9})\/'7 IJ’) = Z Ok(”)se,y(qlw 9111\‘/'7 9%{)7
k=1
and,

Su,a:(qk> un, VN) = Mg / dk [BI(HZU1>81(HZU1) + aw(HZUZ)am(HZU2)] de

r

1
Suy(k, UN, VN) = ;/Q @ [0y (ITu1)0y (1T 01) + 0, (I u2)dy (1T}, 02) | dQr,
g T

o0, 03.0%) = 52 [ 010,100, 1136") a2

u v 1
50,y (qr, 0N, OF) =

= B / a1, 9y (116", (1167 d<2..

r



where o1 () and g are computed by the EIM algorithm (see [22] for further
details).

The parameter independent matrices and tensors to store during the offline
phase in order to efficiently solve problem (1)), are given in this case by

(Aux) a'uw( jvvczv)v (A?\]’y)ij:au,y( jvvgzv)) ivj:17~-~72Na

(AN )im = @0,0(P:90)s (A )im = a0y (9h 00),  Lm=1,...,N,
(Fn)i = f(@l,¢Y), i=1,...,2N,1=1,...,N,

(B )i = ba (€Y, €P), (BW)y = by(¢Y,€P), i=1,...,2N, l=1,...,N,
(CN*(C))ij = cue(CSH ¢ CY)s dyG,s=1,...,2N,
(CNY(C))ij = cuy(CY, ¢, C)s dvdis =1,...,2N,

(CR"(Cim = co.a(Q @b 9l)s Lm=1,...,N, s=1,...,2N,
(CRY(C)im = oy (&P pl), Lm=1,...,N, s =1,...,2N,
(Sx"(4s))ij = 5u2(as, ¢, ¢), 4,5 =1,...,2N,s =1,..., M,
(SNY(as))ij = Suy(as, ¢, ¢F), ,5=1,...,2N,s =1,..., M,
(Sew(qs))lm—SQ,I(qS,cpfmcple), Im=1,...,N,s=1,..., M,
(S]\} (qs))lmzsay(qs,apfn,@f), Ilm=1,...,N,s=1,..., M.

Here we are representing the reduced basis velocity, temperature and pres-
sure solutions as a linear combination of the velocity, temperature and pressure
snapshots, respectively, of the reduced spaces, i.e.,

N

2N N
= Z“ﬁy(ﬂ)é}vv On(p) = _0)(m)e), pn(p) = pr(u)gp

Jj=1

4 A posteriori error estimator

In order to develop the a posteriori error estimator for the Greedy algorithm,
we rewrite problem in a more compact form as

{ Find Uy (p) = (up, 0%, p}t) € X, such that (22)

22

A(Un(p), Vs ) = F (Vi ) YV, € Xh,

The a posteriori error estimator is based upon the BRR theory (cf. [23]).
For this purpose we define the Gateaux derivative of A(-,-; u) with respect to
the first variable, in the direction Z € X, denoted by 01 A(U,V; u)(Z). For this
problem, denoting Z = (z, 6%, p*), the derivative is defined by:

AUV pu)(Z) = ayz(2, Vi 1) + Guy(2, Vi @) + by (v, p%5 ) + by (v, 05 )

(07, v 1) — bo(z,p"s ) — by (2,0 1) + ap (07, 0"; 1) + ag,(07,0"; )
+cu,:r (Z7 u, Vv, IJ’) + cu,x(ua Z,V; H) + Cu,y (Z7 u, v; H) + Cu,y(u7 Z,V; H)

10



e a(,0%,0°% 1) o0 (0,07, 0%% )+ o,y (0%, 0% 1) - oy (1, 0%,0°% 1)
+a’f§'u,w (u; z,Vv; /J') + afgu,y(u; Z,V; N) + begg’,,n (u; 0%,0"; I,l,) + alse,ny (u; 6%, 0" IJ/)

+hig /Q O (I u) (11,2) [0, (1T, 1) 0 (1T, v1) + O (I, u2) Oy (1T, 02)] d€2,

1
—1—; O1vr (I u) (1T, 2) [0y (115, w1 ) Oy (IT5, 01 ) + Oy (115, u2) Oy (117, v2)] A2,
g JQ,

2 [ D () (32 0,(036490, (130°)
Q.

1
+ / yvrn (T 1) (TS 2) B, (TT6™), (ITL6%) d,.,
Kg Pr Q,
with
1 1
9 Opu10z21 + —5 Oyu10y21 + Opu20:22 + —5 Oyu20y 2o
Orvr(u)(z) = C2Ho 1 by g
N V(U 1u)| ’
and )
pg+1., _ _
Owrn(u)(z) = C3 gNg (¢, [V~ ()] : [VE(z)] .
h

The Gateaux derivative satisfies the following continuity and inf-sup condi-

tions:
NAUR(1), Vs 1) (Z1)

00 > > = su su 23
Yo = (k) Zhe?(h Vhegh 1 Znll x IVall x =

. A1 A(Un (1), Vs 1) (Zn)
0<po < = inf ' Y
Po < Pu(w) = inf view, N ZalxVallx (24)

The existence of 79 € R and By > 0 satisfying and , respectively,
are given by the following results, whose proofs can be found in and
respectively.

Proposition 1 There exists y9 € R such that Vu € D
|01 A(Un (1), Vis ) (Z0)| < 0l Zl|x [Vallx - VZr, Vi € X

Proposition 2 Let C(u, ||¢),llo.1,8) a constant depending on p and ||¢)|lo.1,r-

Then if
2Prmin{pg,1/pg} — CpPrygp
Vu, < . 25
IVurlozo < Gea g 13 + CUn [0 lone) V65 Tone )
and
2min{ug,1/pg} — CpPrugp (26)

Vo < -
IVoillo20 < 5 Gy min{rag: 1} + Clar 90 o) [Van

02,0
then there exists B(p) > 0 such that

NAUR, Vi )(Vi) = B)(IVnlf 20 + IIVOG 20) YV € Xno  (27)
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Since operator b(vy, pp; p) satisfies the discrete inf-sup condition

th hs
alprllose < sup VR PRIH)
vVhEYS ||Vh IO,Q,Q

we can prove that the inf-sup condition is satisfied thanks to Prop.

With the following result, we prove that the Gateaux derivative of the
Boussinesq-Smagorinsky operator is locally Lipschitz-continuous. The proof
can be found in [A3l

Lemma 1 Let U,%,U,f € Xp. Then, in a neighborhood of U,% and U,%, there
exists a positive constant pn(pg) such that, Y2y, Vi € Xy,

|01 AU, Vis 1) (Zn) — 01 A(UR, Vi ) (Zn)] < pu(pg) Uy = URllx 1 Z1 )l x 1V x-

(28)
We define the following continuity and inf-sup constants:
. NAUN (1), Vs 1) (Zn) .o | TnZnllx
0< = inf su = inf ——— (29
Bn () 28, S 1 Znllx Vil x zZnexn || Znlx (29)
0LA(U Vi; Z TNZ
00 > ,_}/N(u) = sup sup 1 ( N(u’)a hap’)( h) — || N h”X’ (30)
ZneXn Va€Xn 1 Znllx Vil x Znexn  |1Znllx
where the supremizer operator Ty is defined as

(TNZn, Vi) x = 0WAUN (1), Vis u)(Z1r) YV, Zn € X, (31)

such that 5 AU v p

VieX, [Vellx

The existence of these constants can be proved in the same way that the
existence of the constants (23)-(24). Thus, we can define the a posteriori error

estimator as
I

where 7 () is given by

_ den(p)pn(pyg)
TN(,U’) - 512\[(“) )

with ey () the dual norm of the residual. The a posteriori error estimator is
stated by the following result, whose proof can be found in[A4]

(34)

Theorem 1 Let u € D, and assume that Sn(p) > 0. If problem @ admits a
solution Up(p) such that

|Un(pe) — Un(p)]|x <

12



then this solution is unique in the ball Bx (UN(N),

B ()
pn(ug)> '

Moreover, assume that Tn(p) < 1 for all p € D. Then there exists a unique
solution Uy, (p) of (29) such that the error with respect Un(p), solution of (21)),
is bounded by the a posteriori error estimator, i.e.,

Un(p) = Un(p)||x < An(p), (35)
with effectivity
An(p) < Qg]j(%) ()] 10 () — Un ()15 (36)

5 Numerical results

In this section we present some numerical results for the Boussinesq VMS-
Smagorinsky RB model. We perform three different configurations for the para-
metrical set. The first configuration corresponds to the consideration only of
physical parametrical set, fixing the value of the geometrical parameter p, = 1.
Here we consider two different scenarios depending on the Rayleigh number
range. In order to get error levels small enough for taking into account the
a posteriori error estimator, we split the Rayleigh number ranger considered,
tpn € [103,10°], into two ranges, u,n € [10%,105] and p,;, € [105,10°].

Then, we suppose that the Rayleigh number is fixed with pu,, = 10°, and
we consider the geometrical parameter ranging in p, € D = [0.5,2]. Finally,
we consider both the geometrical parameter and the Rayleigh number. For
this test, we consider the Rayleigh number, p,p, ranging in [102,10%], and the
geometrical parameter, 4, ranging in p, € [0.5,2]. Thus we are considering
that the parameter domain is D = [10%,10%] x [0.5, 2]. For all cases, the Prandtl
number considered is Pr = 0.71, that corresponds to the air Prandtl number.

In all tests, we consider no-slip boundary conditions for velocity. We also
consider homogeneous Neumann boundary condition for temperature at the top
and bottom of the cavity, and Dirichlet conditions for the vertical walls: 8 = 1
for the left vertical wall and 8 = 0 for the right vertical wall. Moreover, we
consider f = 0 and @ = 0 both for the momentum equation and the energy
equation, respectively.

The FE solution is computed through a semi-implicit evolution approach,
considering that the steady state solution is reached when the error between two
iterates is below e = 107!°. The FE solution has been computed considering
P2 — P2 —P1 finite elements for velocity, temperature and pressure, respectively.

With respect to the constants that appear in the a posteriori error estimator,
we explain in the following the numerical approximation of those constants. For
the constant 8, we use the Radial Basis Function (RBF) algorithm in order
to compute efficiently S(u) for all 4 € D. We follow the technique suggested
in [3I]. Although it can not be proved that a lower bound of the constant
B as the Successive Constraint Method (SCM) is provided, the computational
time is much lower for the RBF, mainly when more than one parameter is
considered, with quite good accuracy. The constant p,,, and more precisely the
Sobolev embedding constants, are built once in the reference domain following
the algorithm proposed in [I2]. Moreover, we compute the Lipschitz constant

13



pn(ttg) without taking into account the term in which the mollifier takes part
of it. This term in p,(uy) that comes from the mollifier is multiplied by a
factor of (Csh)?, that has no relevance in the value of the Lipschitz constant.
Thus, we consider accurate the approximation of the Lipschitz constant without
considering the mollifier.

5.1 Physical parametrization

In this test, we consider two different scenarios, one for the Rayleigh number
range [10%,10%], an the other for the Rayleigh number range [10°, 106]. In both
cases we consider the geometrical parameter fixed, with p1, = 1. For the first sce-
nario, which corresponds to the lower Rayleigh number values, the heat transfer
is principally in form of diffusion, i.e., the diffusion term in the energy equation
is predominant, leading to an almost vertical linear contouring for the temper-
ature, and a recirculating motion in the core of the region is observed. As we
increase the value of the Rayleigh number in D, the flow is stretched to the walls,
especially to the vertical walls; and the heat transfer starts to be driven mainly
by convection. The isotherms become horizontal in a domain inside the cavity,
far from the walls, that increases as the Rayleigh number increases. When we
consider the second scenario, where the Rayleigh number range is higher, the
velocity in the center of the cavity is practically zero, and presents large and
normal gradients near the vertical walls. The temperature isolines are horizontal
in a large domain inside the cavity, except near the vertical walls. This behavior
agrees with the results presented in several works, e.g. [32, B3} [34]. In Fig. we
show the FE velocity magnitude and temperature for p,, = 4363, ppn, = 53778
and ppn, = 667746, with a fixed value of the geometrical parameter of ;15 = 1.

Veloclty Magnitude Velocity Magnitude
0 12 2 37 50 0 4506 90.12 135.18 180

I \HH‘HHHHH INRRSRRNENERRT!

Temperature

0 025 os0 075 1
i —

Figure 2: FE solution, velocity magnitude (top) and temperature (bottom), for
Lph = 4363, fipn, = 53778 and ppn = 667746 (left to right), py = 1.
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We consider different meshes depending the scenario. For y,;, € [10%,10°] we
consider a uniform mesh, with 50 divisions in each square side, i.e., h = 0.02v/2.
For ppn € [10°,10°] we consider a finer mesh, with 70 divisions in each square
side, i.e., h = 1/70 - /2, in order to reproduce efficiently the eddies near the
vertical walls appearing in this Rayleigh number range.

Concerning the time step in the evolution semi-implicit approach, we have
considered a time step At = 0.01 for the case of u,, € [10%,10°], and At =
21073 for the case p,;, € [10°,10°].

In the Reduced Basis framework, we perform an EIM for both the eddy
viscosity and eddy diffusivity. Although for the numerical analysis performed in
this work we have considered a regularized eddy diffusivity, the numerical tests
are done with the eddy diffusivity defined in . Since the eddy diffusivity
is proportional to the eddy viscosity, we only need to perform one EIM. With
the EIM we are able to decouple the parameter dependence of the non-linear
eddy viscosity and eddy diffusivity terms. For this test, we need M = 42 basis
until reaching a prescribed tolerance of egrpyr = 5- 1073, when we consider
that g, € [10%,10%], and M = 150 basis functions when we consider the second
scenario where i, € [10°,10°]. In this last case, the Smagorinsky eddy viscosity
and eddy diffusivity terms become more relevant, and for this reason, we take
a lower tolerance for this test with respect to the previous one, considering
eprm = 107% In Fig. [3| we show the evolution of this error for both scenarios.

——maac[lor () = D fvr ()]

——max||vp(p) = Dylvr(w)]ll«
)

5
5 10 15 20 25 30 35 0 45 0 10 20 30 40 50 60 70Msu 90 100 110 120 130 140 150

Figure 3: Error evolution for the EIM, for p,, € [103,10°] (left) and p,n €
[10°,109] (right).

For the Greedy algorithm we prescribe a tolerance of egp = 1074 for both
scenarios. For the first scenario, when p,, € [10%,10°], we need Nyax = 22 basis
to reach this tolerance. When N = 15, holds the condition of Theorem [1|] and
7~ (p) < 1 for all g in D. In the second scenario, when g, € [10°,10°], we need
N = Npax = 64 basis functions to reach the tolerance previously prescribed,
becoming 7y () smaller than one when we get N = 52 basis functions. In both
cases, when 7 () > 1 and the a posteriori error bound is not defined, we use as
a posteriori error bound the proper 7y (). In Fig. |4l we show the convergence
for the greedy algorithm.

In Fig. [5| (left) we show the comparison between the true error and the a
posteriori error bound when 1,5, € [10%,10%], in which we can observe that the
efficiency of the a posteriori error bound is between two and three orders of
magnitude. Moreover, in Fig. [5[ (right) we represent the comparison between
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the true error and the dual norm of the residual, en(p). For this test, we can
observe how the error correlates quite better with the dual norm of the residual
than the a posteriori error bound, but in any case, it does not give us an upper
bound of the error.

In Fig. [6] (left) we show the comparison between the true error and the
a posteriori error bound when u,, € [105,106], in which we can observe that
the efficiency of the a posteriori error bound is between one and two orders of
magnitude. Moreover, in Fig. |§| (right) we represent the comparison between
the true error and the dual norm of the residual, ex(u). For this test case, we
can see how the dual norm of the residual is much lower than the error. Thus,
the a posteriori error estimator gives us a better estimation for the error than
the dual norm of the residual.

——maxy () ——max 7y (k)
ue

+T31§Ah'(l’)

\\‘\ M

s s
iz 3 4 5 6 7 8 90 T2 9 s e T e s 0 et 10" 7 10 13 16 19 22 25 28 31 34 37 40 43 46 49 52 55 58 61 64
N

Figure 4: Evolution of the a posteriori error bound in the Greedy algorithm,
for ppn € [103,10°%] (left) and ppy € [10°,10°] (right).

—Ax(n)
o U () = Un()llx |

Figure 5: A posteriori error bound vs true error for N = Nyax (left) and A
posteriori error bound vs ey (p) (right), for p,, € [10%,10].
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— Ay (n)

o [|U (1) — Un(w)llx

Ra Ra

Figure 6: A posteriori error bound vs true error for N = Nyax (left) and 4
posteriori error bound vs €y () (right), for u,, € [10°,106].

Finally, in Table[5.1] we show a comparison between the FE and RB solutions
for several Rayleigh values in both scenarios. We show the computational time
for solving a FE solution and a RB solution in the online phase. As can be
observed, the speed-up rate of the computational time is larger than three orders
of magnitude when 1, € [10%,10°], while when y, € [10°,10°] the speed-up rate
is close to three hundred. The difference in the speed-up magnitude between
both cases is due to the longer number of EIM and RB functions computed
in each case. In addition, we show the relative errors in H'-norm for velocity
and temperature, and in L2-norm for pressure; for which we observe that the
RB solution is close enough to the FE solution, with relative errors about 10~
in both test cases. For this test, the offline phase when p,;, € [103,10°] took
approximately 2 days in being performed. For the case when p,;, € [10°,10°],
the offline phase took approximately 3 weeks in be performed. In this offline
computational time we consider either the EIM and the Greedy algorithm with
the computation of the a posteriori error estimator

5.2 Geometrical parametrization

In this test, we consider a moderate Rayleigh number value Ra = 10°, and we
consider the geometrical parameter ranging in p, € D = [0.5,2]. The difference
in the height of the cavity affects to the buoyancy force, making it more relevant
when we increase the parameter value. This behavior is observed in Fig. [7] in
which we show four solutions for different values of the geometrical parameter.

Firstly in the offline phase, we construct the reduced-basis space correspond-
ing to the EIM, in which we approximate properly the eddy viscosity and eddy
diffusivity terms. In this test, we need M = 73 basis functions in order to reach
a prescribed tolerance of gy = 1074, In Fig. [§| (left) we show the evolution
of the infinity norm of the error between the eddy viscosity vr(py) and its EIM
approximation.

For the Greedy algorithm, in this test, we prescribe a tolerance for the a
posteriori error bound of egg = 1074, We need N = 23 basis functions until
to guarantee the condition of Theorem [I} and get 75 (@) < 1. Then, we reach
the prescribed tolerance when N = Ny.x = 32. In Fig. |8 (right), we show the
maximum value for all g, € D of the a posteriori error estimator, and 7w (),

17



Data tpn = 4060 tpn = 17808  ppp = 53778 ppy = 93692
Tre 633.65s 585.835 553.255 677.86s
Tontine 0.555 0.55 0.465 0.49s
speedup 1133 1151 1189 1367
lun —unfl [ 01 109 4.06-10~9 356-107°  3.22.10°
; lluhelll
W 5.59 - 109 4291079 5.36- 109 4.76 - 1072
h|l1l
o =pnllo [ 5oe 1g-10 1711010 196.10-1  2.30.10-1
lpallo
Data fipn = 169411 iy, = 355402 jipn = 667746 i = 921441
Tre 3563.11s 3675.01s 4354.26s 4928375
Totine 9.28s 11.34s 15.22s 16.8s
speedup 383 324 285 293
lwn —unh |y o6 199 2.87 1079 159102 3.05-109
; ||Uh9||1
16, — On 1l h”; ”an 5.93.1079 5.63- 1079 5.11-107° 4.81-1079
hlll
”ph”; ﬁNHO 35310710 3.83.10710 3791010  3.65.10°10
h |0

Table 1: Computational time for FE and RB solutions, with the speedup and
the error, for problem (1)), Ra € [10%,10°] (top) and Ra € [10°,10°] (bottom),
g = 1.

in each iteration of the Greedy algorithm.

In Fig. [9] (left), we show a comparison between the a posteriori error bound
and the true error for all uy € D, in the last iteration of the Greedy algorithm,
i.e., when N = 32. Here we can see how the efficiency of the a posteriori
error bound is about one order of magnitude. In Fig. @] (right), we show the
comparison between the a posteriori error bound and ey (p). In this case, we
can observe how the dual norm of the residual is much lower than the error, and
how the a posteriori error bound fits better the true error than the dual norm
of the residual.

Finally, in Table [2| we summarize the results for several parameter values.
We show the comparison between the time for computing a FE solution, and
the online phase computational time. We obtain a speed-up rate of several
hundreds in the computational time. The RB solution accuracy is fairly good,
since the relative error is approximately of order 10~? for velocity, temperature,
and pressure. For this test, the offline phase took approximately 5 days in being
performed. In this offline computational time we consider either the EIM and
the Greedy algorithm with the computation of the a posteriori error estimator
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Figure 7: FE snapshots for ug = 0.5, g = 1, pg = 1.5 and pg = 2 (left to

right).

Figure 8: Error evolution for the EIM (left) and Evolution of the a posteriori
error bound in the Greedy algorithm (right), for Boussinesq VMS-Smagorinsky
model with p4 € [0.5,2].

Data g =0.64 pu, =108 py;=144 pu, =187
Trz 808.91s 810.16s 866.1s 851.82s
Tontine 2.68s 2.555 2.61s 2.52s
speedup 301 317 331 337
w, —unli/funlls | 34-10°9 412-10° 541-10° 568-10 7
0n —OnN1 /100l | 375-105 4.66-10° 486-10° 491-10°
o —onllo/llonllo | 251-1079 325-109 551-10 9 4.48-10 9

Table 2: Computational time for FE and RB solutions, with the speed-up and
the error, for Boussinesq VMS-Smagorinsky model with pg € [0.5,2].

5.3 Physical and geometrical parametrization

In this test, we perform a RB model in which a physical parameter (the Rayleigh
number), and a geometric parameter are taken into account. Due to the in-
creasing complexity in the flux with the consideration of this two parameters,
we consider low range of Rayleigh number.

Thus, we consider that g = (upn, pig) € D = [103,10%] x[0.5, 2]. If we wanted
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Figure 9: A posteriori error bound for N = Ny . = 32.

to increase the Rayleigh number, we would have to consider a smaller interval
for the geometric parameter. Indeed, as shown in sect. the flow for high
Rayleigh values is quite complex, thus the consideration of geometric parameter
joint with the physical parameter is only possible if both intervals are not too
big. If a big parameter set is required, a possible strategy is to split it in subsets
of smaller amplitude.

For the EIM, in this test, we prescribe a tolerance of egrayr = 1073, The
error between vr(up; p) and its interpolant fits this tolerance when M = 138
basis functions are included in the EIM reduced-basis space. In Fig. (left)
we show the evolution of that error along the Greedy algorithm in the EIM.

—omax [lg(1t) — Zlg(p)] e —._maxT;
mas 9(1) — Zlg )| max Ty (1)

10° —omax A q
max Ax ()

.

2 0 C3 B0 00 2 140 : 47 10 13 16 19 22 25 25 31 3 7 40 45 46 49 52 54
N

Figure 10: Error evolution for the EIM, for Boussinesq VMS-Smagorinsky model
with p € [10%,10%] x [0.5,2].

For the Greedy algorithm in the offline phase we prescribe a tolerance of
erp = 1073. This tolerance is reached when N = N« = 54 basis functions
are considered. We need N = 46 basis functions to get 7n () < 1, satisfying
the conditions of Theorem [l and having defined the a posteriori error bound
Apn(p). In Fig. [10] (left) we show the evolution of the maximum value of 7 ()
and Ay (p) in the Greedy algorithm. On the other hand, in Fig. We show the
value of the a posteriori error estimator, when N = Ny, = 54, for all p € D.

Finally, in Table [3] we sumarize some results obtained for some values of
p € D. There we show that the relative error between the FE solution and
the RB solution is between order 10~7 and 10~ for velocity and temperature,
and between order 1078 and 10~° for pressure. For this test, the speedup
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Figure 11: A posteriori error bound for Ny, = 54.

rate obtained in the computation of the RB solution in the online phase with
respect the computation of the FE solution is around fifty, due to the large
number of EIM and RB basis functions needed, and the lower computational
effort in the FE computation. Again, we have obtained a good accuracy in the
RB solution with respect to the FE solution, with a considerable decrease of the
computational time. For this test, the offline phase took approximately 2 weeks
in being performed. In this offline computational time we consider either the
EIM and the Greedy algorithm with the computation of the a posteriori error
estimator.

Data Ra =2143 Ra =3506 Ra=5922 Ra = 9618
g =195  pg =071 pu, =113 pug,=1.63
TrE 600.96s 914.18s 684.95s 630.94s
Tontine 11.08s 15.73s 14.52s 11.46s
speedup 54 58 47 55

Tan, —unf/unl | 207-1007 3.91-10 7 652-10 8 4.18-10°°
10n —Onlli/l0n], | 1.29-1077 3.75-1077 3.17-100° 1.19-10°8
o —pnllolloallo | 1.56-10° 421-10° 557-10 9 1.52-10°

Table 3: Computational time for FE and RB solutions, with the speedup and
the error, for Boussinesq VMS-Smagorinsky model with g € [103,10] x [0.5,2].

6 Conclusions

In this work, we have developed a reduced turbulence model for buoyant flows
in domains with geometrical variability. Specifically, we have dealt with the RB
Boussinesq VMS-Smagorinsky model, for a variable height cavity. To represent
this variability in the cavity height, we have parametrized the domain. Thus,
we needed to reformulate our problem in a reference domain, which does not
depend on the geometric parameter. As main technical tool, we have developed
an a posteriori error estimator for the greedy algorithm involved in the reduced
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basis space construction. This construction is based upon the Brezzi-Rappaz-
Raviart theory. We had to regularize the eddy viscosity for temperature, in
order to ensure that the Boussinesq-Smagorinsky operator is locally Lipschitz-
continuous.

Moreover, we have presented three different tests, considering geometrical
parameters, physical parameters, or both. For each test, we obtained an accu-
rate RB solution with a speedup rate going from one thousand in the simplest
case, to fifty in the most complex case from one thousand for variability of only
the physical parameter with diffusion-dominant effects, to nearly fifty for both
geometrical and physical parameter variability.
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A  Proofs of theoretical results

A.1 Proof of Proposition

We consider Z;, = Vi, in 01 A(Uy, Vi; ) (Vi,). We first start bounding the diffu-
sive terms for velocity and temperature, obtaining:

i,z (V5 Vi ) + Gy (V, Vi ) + ag (07,07 ) + agy (67,07 p)
. 1 37
> i { g, (P8 0+ V05 ) )
g
Denoting by Cp the Poincare’s constant, and considering the Holder’s and
Young’s inequalities, the buoyancy term is bounded as

CpPrugpu

L oy

(2),2,9 + th”g,z,sz)-

(38)

Recalling the Sobolev embedding constants C), and Cpy, defined in and
respectively, we bound the following velocity convective terms as

(0, vipn) > —Prugul|0;llo2.ellvilozo > —

Cu,z(Vhs Uy Vis ) + Couy (Vi, Un, Vi ) > —|min{ g, 1} (v, - Vag, vi)ol
> —min{pg, H|[Vallg 4 ollunlloz.o > —min{ug, 1}C2[[Vupllo.2.0IVVa|§ 2.0
(39)

The remaining convective terms can be bounded analogously, obtaining that

Cu,a (Vi Un, Vi ) + Cue(Un, Vi, Vi i) 4 Coy (Viy U, Vi )
+cu,y(uha Vh,Vh; M) + CO,I(V}M 9;71," 9;;7 l'l') + c@,w(uhm 9%) 9;27 I'l’)
+co.y (v, 0}, 045 1) + coy(an, 03, 075 1)
> —min{yu,, 13(2C2 [ Vupllo.2,0 VVal§ 2.0 + 2CuColl V0,20 VO[5 2.0)-
(40)
For what concerns to the VMS-Smagorinsky terms, it holds

gy (Whs Vi Vi 1) + Qg (Wi Vi Vis 1)+ digg (a3 0, 67 1) (41)
+a/S0,ny (uh; 6%7 0;17 N) >0,

and

g / vy (I u) (1,2) [0, (1 u1 ) 0, (1T 01) + 95 (I, u2) 0, (I v2)] d2y
1 7

+; vy (I, u) (115,2) [0y (1T, u1 ) 0, (I, v1) + Oy (11, u2) 0, (I}, v2)] dS2y
g JQ

1 2 * . * 2
2 min {,U'gv i7 1’ 12} Z Cg +5Q |V(Hhuh) 71v(Hhvh)| dQ Z 0.
b S 2 L TN VT Ty

(42)
Finally, using the local inverse inequalities (¢f. [35]), we have that

Ly / Oy vr (I 0) (1T 2) O, (I156)0, (1167 9,
Pr Q,

1
g Pr

n / v (T w) (T 2) 9, (IT16™)0, (116 dS,)
Q.
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> —C(w |0 ll0.1.8)IVurllo2.ell VOilloz.ol VVallozal VO 020
S ~ C(ps 195l 1,%)
- 2
with

IVunllo2.0VO;llo.2.a(VVa

3,2,9 + \\V9ZII3,2,Q),

2—d
. 1 pg+1
min {ug, M} C3 ( 3\7}%) C}lC”d);L”O,l,R

9

/ —
o |6 lo ) = =

Thus, taking into account all the previous bounds, we have proved that if
and are verified, then there exists S(pu) > 0 such that

AU, Vi ) (Vi) = B(w)([[VVa

3;279 + HV@ZH&ZQ)VV,I € Xyp.

A.2 Proof of Proposition
We consider Z, =V}, in 01 A(Uy,, Vi; ) (V). We first start bounding the diffu-

sive terms for velocity and temperature, obtaining:
A,z (V5 Vi ) + Gy (V, Vi ) + g (07,07 ) + ag, (67,0 p)

. 1 .
> min {um M} (PrIVvalZa 0 + V0512 5.0).
g

(43)

Denoting by Cp the Poincare’s constant, and considering the Holder’s and
Young’s inequalities, the buoyancy term is bounded as

(11651

(2),2,9 + th”%,Q,Q)'

(44)

Recalling the Sobolev embedding constants C), and Cpy, defined in and
(4) respectively, we bound the following velocity convective terms as

CpPr
F0" vip) = =Prisgul6flo.2llvaloze > -

Cu,z(Vhs Uny Vis ) + Cuy (Vas Uny Vs ) > —|min{pg, 1}(vi - Vag, via)al
> —min{pg, L}[va§ s 0llunlloz,e > —min{ug, 13CZ{[Vupllo.2,0l VLG 2.0
(45)

The remaining convective terms can be bounded analogously, obtaining that

Cue(Vhy Whs Vi ) + Cua (Wh, Vi, Vi ) + Cuy (Vi Uk, Vs )
+Cu’y(uh’ Vh; Vh; ”’) + Cg,m(Vh, 0}73 02’ ll’) + CO,x(uha GZa 0}1;7 H)
+09,y(vh7 9%7 9%7 /,l,) + Cg,y(uh, 9;}“ 9;}” H)
> —min{pg, 1}(2C7 [Vunflo2.0lVVall§ 2.0 + 2CuColl VO 02,0l VO[5 2.0)-
(46)

For what concerns to the VMS-Smagorinsky terms, it holds

/ . . / . . / . .
aSu)aj (uhy Vh, Vh; ,LL) + aSu,y (Uh, Vh,Vh; N) + a’SG’n(L’(th 9;)17 0}1;7 M)

[ 47
+a{5’9,ny (uh7 9%7 9;;7 IJ/) Z 0, ( )
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and

" / O (L) (I5,2) 0, (T} 1) (I 01) + O, (T} u2) (T 0)] 42,

r

1
+— [ Owr (I, u)(115,2) [0y (11,u1) 9y (1T, 01) + 9y (11},u2) 9y (1T, v2)] d€2,

Ky Ja,
1 1 1+ p2 |[V(ITruy) : V(ITEvy)?
zmin{ug,,l,z} Z Cg N5g| ( h;h;,l( th)| dQ > 0.
te Ky ) et K 3 V(T )|

(48)
Finally, using the local inverse inequalities (¢f. [35]), we have that

Lo / Oy (I w) (IT 2) O, (IT0")8, (1T 6% d,
PT Q,

1
g Pr
> —C(u, |67 llo,1.8) I Vurllo 2.0

/
o _ O [[dnllo )
- 2
with

b [ Owna(T)(ITia) (11369, (30" o)
Q.

n110,2,21VVhllo,2,Q nll0,2,0
IVOillo,2.2VVhlloz2el VO

IVunllo.2.0lVO:llo.2.2(VVAlIE 2.0 + IVOLIE 2.0).

g

2—d
. 1 2+ 1
min {,U,g, M} Cgv ( 7?\[]3 ) C?C”(f)lnno’l,ﬂg
Cu, l¢nlloz) = .

Pr

Thus, taking into account all the previous bounds, we have proved that if
and are verified, then there exists S(u) > 0 such that

01 AU, Vi ) (Va) 2 B (IV VRIS 2.0 + IV 15 2,0) Vi € X

A.3 Proof of Lemma [1]
Thanks to the triangular inequality, it holds

|01 AU, Vis 1) (Zn) — 01A(UR, Vs 1) (Z3,)|

< max{L, pig }|(zn - V(w, — i), va)a, | +max{l, ug}|((w, —u3) - Vzn, vi)e, |

+max{L, g }|(zn - V(O — 03%), 0}, | + max{L, pg}|((w; —uf) - V7, 6)a, |

1
+ max {ug, u} |(vr (ays ) — v (uis 1) V(I 2), V(I V), |
9

]. * NZ * NU
+ max {ug, ”} (o (b 1) — v (023 )V (ITL65), V(IT68) )r|
g

1
s g L |00 () (T322) V0T, V(0T ),
g

—(Ovvr (I u3) (02, V (I u7), V(IT;vi))e,
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1
o g 4 [(@vr (T (I V851, 903,
g

—(Ovvr (57 ) (21, V(1T 03%), V(HZGZ))QT’

We bound each term separately. The first four terms, corresponding with the
convective terms are bounded analogously. For brevity, we show one of them.
Thus, considering the Sobolev embedding constants and ,

[(zn - V(03 = 042),00)a,| < llznlloal V(O = 042 ]0,2.0
< CuCu||U = URlIx 120l x Vi x

104 llo,4.2

(49)

The VMS-Smagorinsky terms for eddy viscosity and eddy diffusivity are also
bounded in a similar way. We show the boundness of the eddy diffusivity term,
for which we take into account inequality , the inverse inequalities (cf. [35])
and the properties of the convolution, recalling that ||¢,[lo1r =1,

|(vrm(up; w) — v (ay; w)VIT6;), V(IT05) ),

< (Csh)?||onllo. eIV w; — T up) |lo,3,0l VAT507) llo,3,0l VAT07) llo,3,0
< CER22CH UL — Ul x 1 Zn | x || Vi

X

(50)

Taking into account inequality , the seventh term can be bounded as in
Lemma 5.1 of [I7]. We resume the bound in the following

(Orvr () (I 2V (I wy), V(AT va))e,

—(Ovwr (I ug) (I 2,) V(T ug), V(I vh) e,
(Csh)?|IVzlos.allV(u, —ui)los.elVvalose
Csh)?(|V(u, — uj)llos.elVzlos.al Vvalose
Csh)?(|V(u, — uj)llos.0lVzlos.al Vvalose

< 3Csh* 2|V (), — i) 020/ V2020 VVallo2.e

< 3Csh?~ 20Uy — UR | x| Znllx |Vl x -

<
+
+

(
(

Finally, we next show the bound of the last term, taking into account again
the inverse inequalities and the Sobolev embedding constants:

| (O1vr, (T wy,) (T2, V (IT65), V(TT607) e,
— (0w (T u ) (T2, ) V(IT;,604%), V(IT;604) ),

< |[(Orvrn (g, (25) V(AT (05 — 632), V(IT:67))0, |
+H[(Orvr (M ui ) (T 2) — (D1vr,, (T ui ) (T2 )V (IT5,05%), VIT;67) ), |
< CL (I (V) lo,00,0) [ V2ZRl0,2,2 IV (01" — 05%) 0,200
+Co (115 (VE5) [l0,00,0) | V2R lo,2,0]|V (0, = ws2)[02,.065
< [Cr(IT5(Vug,) [lo,00,02) + Co (T (VO 0,00, 1Un — Uil x| 20l x |V x-

0,2,Q

lo,2,0
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A.4 Proof of Theorem [

This proof is an adaptation of the proofs of Theorems 5.2 and 5.3 of [I7] and
Theorem 3.3 of [12].
We define the following operators:

o R(:;p): X, — X, defined as

(R(Zns 1), Vi) = A(Zn, Vis ) — F(Vis ), VZp, Vi € Xy, (51)

o DAUL(p); p) : X, — X, defined, for Uy (1) € Xp, as

(DA(UL(); £) Zh, Vi) = 01 A(Un(), Vis ) (Zr), YZp, Vi € Xi (52)

e H:X; — Xj, defined as

H(Zn; ) = Zn — DA(UN (1); )" 'R(Zn; p), V2 € Xy, (53)

Note that DA(Un(p); ) is invertible thanks to the assumption Sy (p) > 0.
. We express

H(Zy;p) — H(Zjs p) = (Z), — Z3}) — DAUN (p); 1)~ (R(Z3y; 1) — RZ; ;(4))-)
54
It holds
R(Zy; 1) — R(Zji; p) = DA p)(Z), — Z7), (55)
where & = \Z} —(1-\)Z?, for some A € (0,1). Multiplying (54) by DA(Un (); 1)
and applying this last property, we can write
DAUN (w); ) (H(Zy; ) = H(Zj3; ) = [DAUN (10); ) — DA )] (Z), — Z).

Then, thanks to Lemma [I| and this last equality, it follows that in a neigh-
borhood of Uy (u) and &,

(DA(UN (w); ) (H(Zp; ) — H(Zi5 1), Vi)

< g 1UN (1) = Ellx 1125 — Z3|Ix 1V x-

Now, applying the definitions of Sy (i), Tn, DA(Un(p); 1), and this last
property, we can obtain

BN (W)H(Zjy; w) — H(Z7; )| x 1 Tn (H (Zhs p) — H(Zi; ) | x
< | Tn(H(Zy; ) — H(Zi; )%
= (TN(H(Z#M) - H(Zi%;ﬂ);ﬂ)aTN(H(Zhaﬂ) (Zh7ll') ))
= (DAUN(p); ) (H(Zyy; 1) — H(Zis 1)), T (H(Zjy; 1) — H(Zis 1) 1)
< P UN () = Ellx 12 — Zi|| x| Tn (H(Z}; 1) — H(Z; )i )| x
So, we have proved that

Pn(hg)
An(m)

(2} 1) — H(Z3 )| x < © 1UN () = €llx 1125, — Z|x-
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If Z} and Z? are in Bx(Un(p), @) then, |[Uy(p) —€|lx < a, and,

Pnl
IH(Zy; ) — H(Zi; )| x < ( g)aHZ;lL - Zix-
Bn(w)

B (1)

Pn(kg)
. . e Bn (1)

exist at most one fixed point of H(-; p) inside Bx | Un(p), , and hence,

Pntig)
at most one solution Uy (p) to in this ball.

To prove , we prove that the operator H(-; p) has a fixed point. Thus,
let o > 0 and Z;, € X}, such that |[Ux(p) — Z1||x < . We consider

Then, H(-; ) is a contraction if a <

. So it follows that there can

H(Zp; ) = Un(p) = Zn = Un (1) = DAUN(1); )" R(Zn; )
= Zn — Un(p) = DAUN(1); )" [R(Zn; 1) — R(Un (1); )]
—DA(UN (1); ) " R(Un (1); 1)
Multiplying by DA(Un(p); i), we obtain
(DA(UN (p); ) (H(Zps ) — Un (), Vi) = (DAUN ()5 1) (Z1 — Un (1)), Vi)

— (R(Zn; ) = R(UN(1); ), Vi) = (R(UN(p); 1), Vi), YV € X

It holds that R(Zp; pu) — R(Un(p); #) = DAE(1); 1) (Zy, — Un (), where
&(n) = ' Zn + (1= ) Un(n), t* € (0,1).

Thus, Lemma [ and this last equality, it follows that in a neighborhood of
Un(p) and &(p), we obtain:

(DAUN(p); p)(H(Zn; 1) — Un (1)), Vi) = (DAUN(p); ) (Zn — Un (1)), Vi)
— (DAE(p); w)(Zn — Un (1)), Vi) — (R(Un (1) 1), Vi)
< pn(p)IUN (1) = E() | x| Zn — Un ()] x Vel x + en ()| Vel x
< (Pl 1Zn = Un ()% + en () [IVal x
Thus, it follows that,
BN(WIIH (Zns ) = Un (W[ x 1T (H (Z3; 1) — Un (1)) |l x

< \ITX (H (2 ) = Un ()%
< (P Zn = Un ()% + en (W) 175 (H (Zn; ) = Un ()| x
Then, as Z € Bx (Un(p), @), we have

oy Pn(ﬂg)OéQ en(p)
I1H(Zn; p) = Un (p)llx < )" T Bnp) (56)

In order to ensure that H maps Bx(Un(p), ) into a part of itself, we are
pn(ﬂg)QQ + en(p)
B (1) B ()

verified for @« = Ay (). Consequently, since Ay (p) < BN(M), there exists a

unique solution Uy (i) to in the ball Bx(Un(p), @).
Finally, 7 can be proved analogously as in [17].

seeking the values of o such that

< «. This condition is
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