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ABSTRACT

This paper is devoted to constructing approximate solutions for the classical Keller-Segel model governing
chemotaxis. It consists of a system of nonlinear parabolic equations, where the unknowns are the average
density of cells (or organisms), which is a conserved variable, and the average density of chemoattractant.

The numerical proposal is made up of a crude finite element method together with a mass lumping
technique and a semi-implicit Euler time integration. The resulting scheme turns out to be linear and decouples
the computation of variables. The approximate solutions keep lower bounds - positivity for the cell density and
nonnegativity for the chemoattractant density—, are bounded in the L'(£)-norm, satisfy a discrete energy law,
and have a priori energy estimates. The latter is achieved by means of a discrete Moser-Trudinger inequality.
As far as we know, our numerical method is the first one that can be encountered in the literature dealing
with all of the previously mentioned properties at the same time. Furthermore, some numerical examples are
carried out to support and complement the theoretical results.

1. Introduction
1.1. Aims

In 1970/71 Keller and Segel [1,2] attempted to derive a set of equa-
tions for modeling chemotaxis — a biological process through which an
organism (or a cell) migrates in response to a chemical stimulus being
attractant or repellent. It is nowadays well-known that the work of
Keller and Segel turned out to be somehow biologically inaccurate since
their equations provide unrealistic solutions; a little more precisely,
solutions that blow up in finite time. Such a phenomenon does not
occur in nature. Even though the original Keller-Segel equations are
less relevant from a biological point of view, they are mathematically
of great interest.

Much of work for the Keller-Segel equations has been carried out
in developing purely analytical results, whereas there are very few
numerical results in the literature. This is due to the fact that solving
numerically the Keller-Segel equations is a challenging task because
their solutions exhibit many interesting mathematical properties which
are not easily adapted to a discrete framework. For instance, solutions
to the Keller-Segel equations satisfy lower bounds (positivity and non-
negativity) and enjoy an energy law, which is obtained by testing

* Corresponding author.

the equations against non linear functions. Cross-diffusion mechanisms
governing the chemotactic phenomena are the responsible for the fact
that the Keller-Segel equations are so difficult to analyze not only
theoretically but also numerically.

In spite of being a limited model, it is hoped that developing and
analyzing numerical methods for the classical Keller-Segel equations
may open new roads to deeper insights and better understandings
for dealing with the numerical approximation of other chemotaxis
models — biologically more realistic, but which are, however, inspired
on the original Keller-Segel formulation. In a nutshell, these other
chemotaxis models are modifications of the Keller-Segel equations
in order to avoid the non-physical blow up of solutions and hence
produce solutions being closer to chemotaxis phenomena. For these
other chemotaxis models, it is recommended the excellent surveys of
Hillen and Painter [3], Horstamann [4,5], and, more recently, Bellomo,
Bellouquid, Tao, and Winkler [6]. In these surveys the authors reviewed
to date as to when they were written the state of art of modeling
and mathematical analysis for the Keller-Segel equations and their
variants.

It is our aim in this work to design a fully discrete algorithm for the
classical Keller-Segel equations based on a finite element discretization
whose discrete solutions satisfy lower and a priori bounds.
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1.2. The Keller-Segel equations

Let @ c R? be a bounded domain, with n being its outward-
directed unit normal vector to €2, and let [0, T] be a time interval. Take
0 =(0,T]x 2 and X = (0,T] X 082. Then the boundary-value problem

for the Keller-Segel equations reads a follows. Find u : O — (0, o) and
v : 0 — [0, ) satisfying
ou—Au = =V-Vo) in Q, a
ov—4Av = u-v in Q,
subject to the initial conditions
w0 =u, and 00 =y, in )
and the boundary conditions
Vu-n=0 and Vv-n=0 on 2X. 3)

Here u is the average density of organisms (or cells), which is a
conserved variable, and v is the average density of chemical sign, which
is a nonconserved variable.

System (1) was motivated by Keller and Segel [1] describing the ag-
gregation phenomena exhibited by the amoeba Dictyostelium discoideum
due to an attractive chemical substance referred to as chemoattractant,
which is generated by the own amoeba and is, nevertheless, degraded
by living conditions. Moreover, diffusion is also presented in the motion
of amebae and chemoattractant.

The diffusion phenomena performed by cells and chemoattractant
are modeled by the terms —Au and —Av, respectively, whereas the
aggregation mechanism is described by the term -V - (uVv). It is
this nonlinear term that is the major difficulty in studying system
(1). Further the production and degradation of chemoattractant are
associated with the term u — v.

Concerning the mathematical analysis for system (1), Nagai, Senba,
and Yoshida [7] proved existence, uniqueness and regularity of solu-
tions under the condition fQ uy(x)dx € (0,4r). In proving this, a variant
of Moser-Tridinguer’s inequality was used. In the particular case that Q2
be a ball, the above-mentioned condition becomes /_Q ug(x)dx € (0, 8x).
Herrero and Velazquez [8] dealt with the first blow-up framework by
constructing some radially symmetric two-dimensional solutions which
blow up within finite time. The next progress in this sense with @
being non-radial and simply connected was the work of Horstmann
and Wang [9] who found some unbounded solutions provided that
Jo up(x)dx > 4 and [, uy(x)dx ¢ {4kx | k € IN}. So far there is no sup-
porting evidence as to whether such solutions may evolve to produce
a blow-up phenomenon within finite time or whether, on the contrary,
may increase to infinity with time. In three dimensions, Winkler [10]
proved that there exist radially symmetric solutions blowing up in finite
time for any value of [, uy(x)dx.

The main tool [10] in proving blow-up solutions is the energy law
which stems from system (1). Nevertheless, an inadequate approxima-
tion of lower bounds can trigger off oscillations of the variables, which
can lead to spurious, blow-up solutions.

Concerning the numerical analysis for system (1), very little is
said about numerical algorithms which keep lower bounds, are L'(£)-
bounded and have a discrete energy law. Proper numerical treatment
of these properties is made difficult by the fact that the non-linearity
occurs in the highest order derivative. Numerical algorithms are mainly
designed so as to keep lower bounds and to be mass-preserving. We
refer the reader to [11-16]. We were pointed out by a referee the
paper [17]. In it, the authors rewrote system (1) by using several ad hoc
auxiliary variables so that the resulting discontinuous Galerkin method
fulfilled a discrete energy law, but no lower bounds were proved. As
far as we are concerned, there is no numerical method facing lower
bounds as well as a discrete energy law.
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1.3. Notation

We collect here as a reference some standard notation used through-
out the paper. For p € [1, o], we denote by L?(£) the usual Lebesgue
space, i.e.,

PQ)={v:2-R : v Lebesgue—measurable,/ |o(x)|Pdx < oo}.
Q
or

L®(Q2)={v: 2 - R : vLebesgue-measurable, ess sup |v(x)| < co}.
xEQ

This space is a Banach space endowed with the norm |[v|| 1, =
(f_Q lv(x)|P dx)'/? if p € [1, o0) OF 10]] oo (@) = €58 SUP,eq [0(X)] if p = c0. In
particular, L2(Q2) is a Hilbert space. We shall use (u, v) = fQ u(x)v(x)dx
for its inner product and || - || for its norm.

Let a = (a;,®,) € IN? be a multi-index with |a| = a; + a,, and let 9%
be the differential operator such that

ot — (L)“‘ (L)"Z.
0x, 0x,
For m > 0 and p € [1, o), we consider W™P(£) to be the Sobolev
space of all functions whose m derivatives are in LP(2), i.e.,

W™P(Q)={ve LP(Q) : o*ve LX)V |k| < m)

associated to the norm

1/p
Z ||0af||1]ip(g)> for 1 <p< oo,

|a|<m

L lymp iy = (

and
f lwmo iy = max 10" fll oo () foOr p= 0.

For p = 2, we denote W"2(Q) = H™(£). Moreover, we make of use the
space

H}’V(Q)z{uem(g):/v(x)dx:Oand d,v =0 on 02},
Q

for which is known that ||v]| ;2 ) and ||4v]| are equivalent norms.
N
1.4. Outline

The remainder of this paper is organized in the following way. In
the next section we state our finite element space and some tools.
In particular, we prove a discrete version of a variant of Moser—
Trudinger’s inequality. In Section 3, we apply our ideas to discretize
system (1) in space and time for defining our numerical method and
formulate our main result. Next is Section 4 dedicated to demonstrating
lower bounds, a discrete energy law, and a priori bounds all of which
are local in time for approximate solutions. This is accomplished in a
series of lemmas where the final argument is an induction procedure on
the time step so as to obtain the above mentioned properties globally
in time. Finally, in Section 5, we consider two numerical examples
regarding blow-up and non blow-up scenarios.

2. Technical preliminaries

This section is mainly devoted to setting out the hypotheses and
some auxiliary results concerning the finite element space that will use
throughout this work.
2.1. Hypotheses

We construct the finite element approximation of (1) under the

following assumptions on the domain, the mesh, and the finite element
space.
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(H1) Let 2 be a convex, bounded domain of R? with a polygonal
boundary, and let 6, be the minimum interior angle at the
vertices of 0.

Let {7,},>0 be a family of acute, shape-regular, quasi-uniform
triangulations of 2 made up of triangles, so that Q = Urer, Ts
where h = maxrey, hy, with hy being the diameter of 7. More
precisely, we assume that

(H2)

(a) there exists a > 0, independent of &, such that
min{diam By : T € T,,} > ah,

where Bj is the largest ball contained in T', and
(b) there exists § > 0 such that every angle between two
edges of a triangle T is bounded by % - p.

Further, let M}, = {a;},c; be the coordinates of the nodes of 7,.
(H3) Associated with 7, is the finite element space
X, = {xh €C%@) 1 x,ly € Py(T), VT € Th},

where P, (T) is the set of linear polynomials on T'. Let {@,}ae .,
be the standard basis functions for X,.

2.2. Auxiliary results

Our first result is concerned with the sign of the entries of the rigid
matrix.

Proposition 2.1. Let £ be a polygonal. Consider X, to be constructed
over T, being acute. Then, for each T € T,, with vertices {a,,a,, a3}, there
exists a constant C, > 0, depending on p, but otherwise independent of h
and T, such that

/ Vo, - V(pajdx < —Cheg @

T

for all a,a, €T with i # j, and

/ qua,- ’ V(pa,dx > Cneg (5)
T

forala; eT.

A proof of (4) and (5) can be found in [18].

Both local and global finite element properties for X, will be
needed such as inverse estimates and bounds for the interpolation error.
We first recall some local inverse estimates. See [19, Lem. 4.5.3] or
[20, Lem. 1.138] for a proof.

Proposition 2.2. Let 2 be polygonal. Consider X, to be constructed over
T, being quasi-uniform. Then, for each T € T, and p € [2, o], there exists
a constant C;,, > 0, independent of h and T, such that, for all x;, € X,

IVl pory < Cing B gl oy Q)
and

_2
IVxpllpory < Ciny B P IVxRll Loy Q)

Concerning global inverse inequalities, we need the following.

Proposition 2.3. Let 2 be polygonal. Consider X, to be constructed over
T, being quasi-uniform. Then for each p € [2, ], there exists a constant
Ci,y > 0, independent of h, such that, for all x, € X,

%41l Loy < Ciny B 1415 (©)]
VXl o) < Ciay B x5l 10(c2)s ©)
,2(%,l)
IVxpllro) < Ciny B PNVl 2 (10)
and
_2
IVxpll o) < Ciny A 2 IVxRl o)- an
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We introduce I, : C(2) — X, the standard nodal interpolation
operator, such that 7,5(a) = n(a) for all a € N,. Associated with 1, a
discrete inner product on X, is defined by

(x,,,)'ch),,=/Ih(x,,(x))'ch(x))dx.
Q

We also introduce
1
llxpll, = (anxh)hz .

Local and global error bounds for 7, are as follows (c.f. [19, Thm. 4.4.4]
or [20, Thm. 1.103] for a proof).

Proposition 2.4. Let 2 be polygonal. Consider X, to be constructed over

T, being quasi-uniform. Then, for each T € T, there exists Cy,, > 0,
independent of h and T, such that
lo = Lol Liry < CoppP? V0l 1y V@ € WHHT). (12)

Proposition 2.5. Let 2 be polygonal. Consider X, to be constructed
over T), being quasi-uniform. Then it follows that there exists C,,, > 0,
independent of h, such that

V(@ - 1,0l 12() < CapphllA@ll 20y Vo € HA(Q). 13)
Corollary 2.6. Let Q be polygonal. Consider X, to be constructed over
T, being quasi-uniform. Let n € IN. Then it follows that there exist three

positive constants Cypy, Coom, and Cg,, independent of h, such that

llxf, — (XDl 11y < Capphtln — 1)h2/ 1%, (0" 2| Vx ()| dx, 14)
Q

X5, = TG Xl 1) < Ceomh 1%l 1200 VXA 120020 15)

and

Ixp 1l L1y < NI L1y < Caall Xyl 10y (16)

where C, depends on n.

Proof. Let T € 7, and compute

d
V2(xh) = nn = Dxjp2 Y 9,x40, %,

ij=1

on T.

Then, from (12) and the above identity, we have
Capph IVl 1)

1%, (0" 2| Vx(2)]? dx.

”x;‘, _Ih(xl;,)”LI(T) <

< Cypn(n—DA? /T

Summing over T € 7, yields (14). The proof of (15) follows very closely
the arguments of (14) for n = 2. The first part of assertion (16) is
a simple application of Jensen’s inequality, whereas the second part
follows from (14) on using Holder’s inequality, (9) for p = n and, later
on, reverse Minkowski’s inequality. []

The proof of the following proposition can be found in [21]. It is a
generalization of a Moser-Trudinger-type inequality.

Proposition 2.7 (Moser-Trudinger). Let 2 be polygonal with 6, being the
minimum interior angle at the vertices of Q. Then there exists a constant
Cg, > 0 depending on 2 such that for all u € H'(Q) with ||Vu|| < 1 and
Jou(x)dx =1, it follows that

2
/Qeahl(x)l dx < Cp,

where a < 20,,.

a7

Corollary 2.8. Let 2 be polygonal with 6, being the minimum interior
angle at the vertices of Q2. Consider X, to be constructed over T, being
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quasi-uniform. Let u, € X, with u, > 0. Then it follows that there exists a
constant Cy;r > 0, independent of h, such that

/;

Proof. From (14), we have

1 2
—||Vuy,|I” + |||uh”L1(_Q)

1
1, @) dx < Co(1 + Cyrpl| Vuy [17)e 802 12

(18)

[se]
/ I,(%@)dx = / (1+u,,(x))dx+zl' / T, (ul (x))dx
Q Q o " Ja
n=2
(s8]
1
< Z i /Q uj, (x) dx
e C, n(n — 1)A? 19
nn —
+) a‘”'”—/ | Vay (0) 22 () dx
2 n! Q
= /(1 + Copp 2| Vit (3)[)e"n ™ dx.
Q
up—m . 1 - . -
Let v, = TVl with m = T [ up(x) dx. Young’s inequality gives
h

1
uy, = |Vuyllo, +m < g||Vuh||2+29_Q|Uh|2+m. (20)
fe]
Thus, combining (19) and (20) yields, on noting (11) for p = 2 and
(17), that

/ I,(™ydx <
Q

1 2
go= IVupll=+
e®a T (1 Copp B IV (0112 Vo, (0)1)

200lva®)1? 4x

1 2
s IVun P +m

< (1 + Copp Ciny [ Vit ()11
x / 20010y gy
° 2y g IVuy 2 +m
< Co(l+ Cappcinvnvuh(x)” )ed0a .

An (average) interpolation operator into X, will be required in
order to properly initialize our numerical method. We refer to [22,23].

Proposition 2.9. Let 2 be polygonal. Consider X, to be constructed
over T, being quasi-uniform. Then there exists an (average) interpolation
operator Q,, from L'(Q) to X, such that

19nwllw sy < Coallwllwsry fors=0,1and 1< p< co, @1
and
19hw) = wllwso) < Copph "MW llymiing for0<s<m<1. (22)

Moreover, let —4, be defined from X, to X,, as

— (Bpxp, Xp)p = (Vx,, Vx,)  forall X, € X, (23)
and let x(h) € HZ(£2) be such that

—Ax(h) = -4,x, in Q
{ d,x(h) = 0 on 0Q. @9

From elliptic regularity theory, the well-posedness of (24) is ensured
by the convexity assumption stated in (H1) and

x4 ) < Cll = Ayl (25)
See [24] for a proof.
Proposition 2.10. Let 2 be a convex polygon. Consider X, to be con-

structed over T, being quasi-uniform. Then there exists a constant Cy , > 0,
independent of h, such that

IVx(R) = xp )l 12y < CraphllApxpll 12¢0)- (26)

Proof. We refer the reader to [18] for a proof which uses (13) and
(15). O
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Corollary 2.11. Let ©2 be a convex polygon. Consider X, to be constructed
over T, being quasi-uniform. Then, for each p € [2,], there exists a
constant Cy, > 0, independent of h, such that

Vx4l Loy < Cuall = Apx,ll- @7

Proof. The triangle inequality gives

”Vxh”Lp(_Q) < |IVxp, = Vth(h)”Lﬂ(_Q) + ”Vth(h)”LP(Q)

and hence applying (10), (26), (25), (22), (21), and Sobolev’s inequality
yields (27). O

3. Presentation of main result

We now define our numerical approximation of system (1). Assume
that (uy, vy) € H'(2) x H?(2) with uy > 0 and vy, > 0 a. e. in Q.

We begin by approximating the initial data (u, vy) by (ug, v(})l) eX i
as follows. Define
u(;l = Quy, 28)

which satisfies

W)>0a e in @ [u)ll g < Caallugling and  [luf)ll < Cyallugll
(29)

and

W = 0,0, (30)

which satisfies

N >0a e in |[)lyq <Cloglyq and a1

4,051l < CllAvg|l.

Given N e N, welet 0 =1y, <1t < <ty_; <ty =T be a uniform
partitioning of [0,T] with time step k = % To simplify the notation we
%

define the time-increment operator 6,¢Z+] =i
Known (u,v?) € X, X X, find (™!, v}*!) € X, x X}, such that

Gt xp)y + (Vuith Vxy) = (Vo) ult Vx,) (32
and
GO xpp + (YOI Vi) + 0 x), = @t x),, (33)

for all x;, € X,.

It should be noted that scheme (32)-(33) combines a finite element
method together a mass-lumping technique to treat some terms and
a semi-implicit time integrator. The resulting scheme is linear and
decouples the computation of u/*' and v}*!.

In order to carry out our numerical analysis we must rewrite the
chemotaxis term by using a barycentric quadrature rule as follows. Let
T € T, and consider by € T to be the barycenter of T. Then let E;’l“
be the interpolation of u/*' into X9, with X? being the space of all
piecewise constant functions over 7, defined by

—n+1

uy = uZH(bT). (34
As a result, one has
(Vo urt ' Vx,) = Y TV - Vgt (br) = (Vo @) Vxy,). (35)
TekK
Let us define
1 1
Eouns o) = 51wl + SIVORI* = Wy, 03y + Aoguy, )y, (36)
&y (ups vp) = Ny I3, + 14505117 37
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and, for each ¢,6 € (0, 1),

0
s, 0 0. 1 I4lng
RO (uh,uh) = §+T
C (1+56)
x <7‘2 tet o <||v2||U(Q>+||u2||u(g)>>. (38)

Associated with the above definitions, consider

1
Bo(uy, vy) = €ty vp) + RO“(up. vp).

1 Q
By, vg) = (14 2)E(uy, v) + RO (upovp) + 2%,
and

By (uy, vy) = Ey(uy, vy) + By(uy, v,) + By (uy, vy).

Finally, define

1L
7132
Fup, vy) = 20w 55 W) (&0, 0,)+CT By, 0)+CT Nyl 1)

The definition of the above quantities will be apparent later.
We are now prepared to state the main result of this paper.

Theorem 3.1.  Assume that hypotheses (H1)-(H3) are satisfied. Let
(uy, vp) € H'(2) x HZ (L) with uy > 0 such that ||uy|l ;1o € (0,405) and
vy > 0, and take ”2 > 0 and ”(1)1 > 0 defined by (28) and (30), respectively.
Assume that (h, k) fulfill

k 1

0 0
P < 55 (39)
and
-2 1 G g
hTPFIW),09) < ée . (40)
Then the sequence {G@y, v} ﬁ:o computed via (32) and (33) satisfies the
following properties, for all m € {0, ..., N }:
« Lower bounds:
W'(x) > 0 (41)
and
Uy (x) >0 (42)
fordl x € Q,
« L1(Q)-bounds:
”uZ”Ll(,Q) = ”u(;)lllLl(Q) (43)
and
”U;T”Ll(g) < ”U(;),”LI(_Q) + ||’42||L1(Q)- 44
« A discrete energy law:
o _1 1
Eo, U+ k D 18,V 117 + KILA, % ) Vah, — A2 (i) VU, 1)
r=1
< &, vp),
(45)
where A, is defined in (61).
Moreover, if we are given h such that
Chl_%é' 0 0y < 46
1y Up) < 15 (46)
it follows that
k m
&y, op) + 5 YUV + 1V A0 1) < T, o). 47)

r=1
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Remark 3.2. The constant C is not easy to compute in practice. Hence
(39) and (40) should only be seen as theoretical conditions, meaning
1

that k/h? and hz_; have to be sufficiently small to reach (41) and (42)
on (0,T1].

As system (32)—(33) is linear, existence follows from uniqueness.

The latter is an immediate outcome of a priori bounds for (u';l+1 s uZ“ ).

4. Proof of main result

In this section we address the proof of Theorem 3.1. Rather than
prove en masse the estimates in Theorem 3.1, because all of them are
connected, we have divided the proof into various subsections for the
sake of clarity. The final argument will be an induction procedure on
n relied on the semi-explicit time discretization employed in (32).

4.1. Lower bounds and a discrete energy law

We first demonstrate lower bounds for (uZ“, ”ZH) and, as a conse-
quence of this, a discrete local-in-time energy law is established.

Lemma 4.1 (Lower Bounds). Assume that (H1)—(H3) are satisfied. Let
uy >0 and v} > 0 and let

4,011 < Fu. of). (48)

Then if one chooses (h,k) satisfying (39) and (40), it follows that the
solution pair (”ZH’UZH) € Xﬁ computed via (32) and (33) is lower
bounded, i.e, for all x € Q,

uz*'l(x) >0 (49)
and

Uit (x) > 0. (50)
Proof. Since «"*!' and v"*! are piecewise linear polynomial functions,

it will suffice to prove that (49) and (50) hold at the nodes. To do this,
let T € T, be a fixed triangle with vertices {a,,a,, a3}, and choose two
of them, i.e. a;,a; € T with i # j. Then, from (6) for p = oo, (7), (27),
and (48), we have on noting (35) that

/Tﬁain;’l Vo, dx

/(pai(bT)VUZ : V(pajdx
T

< T o IVU | Loy IV ™
< | |||(Pa, 173 (T)|| h”’; ;T)” (Paj”L (T) (51)
< Ch||V2UZ||Lm(T) <Ch v ”V;)ZHILP(T)
-2~ 1-2_1
< Ch |40l 20y S Ch ™ P F2(uf, o).

If we now compare (4) with (51), we find on recalling (40) that
/qua, -V, dx —/6,1 Vv - Vo, dx
T ! ’ T ’
2 1
< —~Coeg + CH TP FZ (D, 00) <0

and on summing over T € supp @, N supp Pa, that

(Vou,: Voa)) = @4, V0, Ve, ) < 0. (52)
Analogously, we have, from (5), that
(Voa,, Vog) — (@04, YU}, Vo) > 0 (33)

holds under assumption (40).
Let " € X, be defined as
wit =3 (@,
aeN;,
where u; (@) = min{0, uz“(a)}. Analogously, one defines up™ € X, as
up™ = N ut (@),
aEN),

where u} (@) = max{0,u* (a)}. It is easy to check that u}*' = w4y,
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Set X, = "““ in (32) using (35) to get

(G ), + (Vi vy — @ Vol vty = 0. (54

Our goal is to show that uf‘“ = 0. Indeed, note that

mm)

and hence

max

1 i inj2
n+ mm + uf ?m)h — ”u;,nm”h_

i 1 i 1
(Gl ™y = IR = ™) >

where we have used the fact that uy > 0. One can further write

(55)

(V' vty — G Vol vty
_(Vumax Vu;lnm) (_;Kllaxvu Vumm)
+ (Vul®, Vi) — GV vain),
whereupon we deduce from (52) and (53) that
(VUi vyfoiny —

= Y @N@u@)|(Vou Vou) - @V} Vo)
a#acNy,

@ Vo, vuRim)

+ Y @U@ (Vou Vo) - @aV Vo) 20,
acN,

since u!™(a)u™"(@) < 0 and ™ (a)uM"(a) = 0. Therefore,
(Vulin, Vi) — GV, Vel < (Vi vl — G ven, vty (56)
As a result, we infer on applying (55) and (56) into (54) that

a2 4 k| V|12 < k@O, Vi),

But inequalities (8), (16) for n =2, (27) for p = 2, (48), and (39) allow
us to estimate

™2 4 KV < R ) IV 2 | V™2
< cﬁr(uh, o) i + X viaginy?
< Sl - S v

thereby

2 <0

which, in turn, implies that u;l"‘“ = 0 and hence u;“ > 0. It remains to
prove that indeed "ZH > 0. We proceed by contradiction. Let @ € N,

be such u;'l“(ﬁ) = 0. Substitute X, = @5 into (32) to arrive at

0< MZ(GN)/ Pz
Q

In the last line we have utilized (52) and the fact that u;’;’l > 0. This
gives a contradiction.

It is now a simple matter to show that (50) holds. It completes the
proof. [

(V! V) — (VUi T Vog)

= Y " @{(Vew Ven) - @.V0) Vea) | <0
a#acNy,

We are now concerned with obtaining L!(£2) bounds for (uz“, UZ+1).
In particular, we will see that Eq. (32) is mass-preserving.

Lemma 4.2 (L'(2)-Bounds). Under the conditions of Lemma 4.1, the
discrete solution pair (u';l’rl , uZ“) € X? computed via (32) and (33) fulfills

1
||“Z+ ||L1(_Q) = ”“(;,”LI(Q) (57)
and

05 W gy < Ip gy + lupll 1 q)- (58)

Proof. On choosing x;, =
telescoping cancellation that

/u;’l*'l(x)dx:/u?l(x)dx.
Q Q

1 in (32), it follows immediately after a

(59
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Consequently, we get that (57) holds from (49) and (29). Now let x;, = 1
in (33) to get

/u;+‘(x)dx+k/ u;;“(x)dx:/ vZ(x)dx+k/uZ“<x)d"-
Q Q e 2

A simple calculation shows that
n+1

n+1 _ 1 0 0 k
/Q uh+ (x)dx = —(1 v /Q v, (x)dx + </Q uh(x)dx> ; —(1 el

where we have used (59). Inequality (58) is proved by applying
(50). O

Once the positivity of "ZH has been proved, we are in a position to
reformulate equation (32) so as to be able to obtain a discrete energy
law, which exactly mimics its counterpart at the continuous level.

Lemma 4.3. Under the conditions of Lemma 4.1. Eq. (32) can be
equivalently written as

G xp)p + (Vuit! Vi) = (Vo A ) Vixy), (60)

where Ah(uﬁ“) € R?? is a piecewise constant, diagonal matrix defined as
follows. Let T € T,,. Then there exist two pairs (“uTw al)yeT? i=1,2, such
= u

that
“Tl(a;") - uTl(auT') if T +1 T
= if  ut(a)—-ut(al)#0,
['Ah(MZH )lT]ii - f/(u»;l+l (a;‘, )) _ f’(u;’:" (az"‘ )) h ul h u
' (by) if wtal) -utal) =0,

(61)
where f(s) = slogs — s.

Proof. We must identify A,/*") = Lu,"', where I, is the 2 x 2

identity matrix. To do so, first observe that f/(s) = logs. Then it is
easy to see that, for each £ > 0 and ¢ € (0, ), there exist two points
0 < u < u such that |u —u| < ¢, with u < ¢ <7, so that
ffw-fw

u-u T
Let T € 7;, and choose ¢ = “ZH(bT)- We are allowed to choose ¢ small
enough such that

u> min Wby +ry et max Wby +ry, e1) >0

=T re-11) (br +ry ) # re(-1,1) " (br +ry,e)

where r,, = dist(br,0T) and e; is the irh vector of the canonical basis

of R2. Therefore, there exists a pair (a;, a®) such that uZH (a;) =uand
bl u =

”71+1 (a®) = u and hence one defines
u
n+l. T
uy, (“H,') -

fltah) -

n+l T
uy, (aE)

fragial)

LA Dy =

In the case that min,e_ 1y u}™' (by+ry ;1) = max,g_y 1y uf* by +r; €;0),
one defines

(ARG DI = wpt (by).

This completes the proof. []

It is now shown that system (32)—(33) enjoys a discrete energy law
locally in time.

Lemma 4.4 (A Discrete Energy Law). Under the conditions of Lemma 4.1,
the discrete solution (uZ“, UZ+1) € X} computed via (32) and (33) satisfies

+1 +1 +112
€™ o) = £y v + kI8,
A2 (nt] n 2
AZ@HVor2 <0

1 (62)
+k|| A, 2 V!

where &y(, ) is defined in (36).
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Proof. First of all, recall that f(s) = s log s—s; therefore, we are allowed
to compute f’(u;’l“) due to (49). Select x;, = Ihf’(u;’l“)— v in (60) and
X, = ﬁ,uZH in (33) to get

Uit f1 iy = oy + (VU V(@ £t -
(VUi ARV, £ ) —

vp)) 63
v) =0 ©3)
and

1 1
S AT + VO D) = Sl + 190 1)

1 1
ol = vl + S IVt

llvy,

T — oI + Nl I -

n+1’5tu;ll+l)h =0
(64)

We next pair some terms from (63) and (64) in order to handle them
together. It is not hard to see that

_ (5ru2+l’vz)h (u n+1 ¥ Un+1)h — __(un+1 n+l)h (65)

(u',;, Up)p-
In view of (61), there holds
f'(u;‘,+] (al)) -

[a; -

fl ah)

;
T,

Oy, Tu(f' @) =

since 7, is piecewise linear. As a result, one deduces from (61) that

VL Wit = A Vit

Therefore,

(VU V(T f @) = o)) = (Vi A @iV — (Vi vl

and

(VO Ap@P YV, 1Yy = o)) = (Vo Vit = (Vo A, i hHvoh),

which imply that

(VU V@, f @t = o) - Vo, Ah(uz“W(I,,{’(u;“) /)
— ”A;f(u2+l)vun+l _ A;E(u;"'l)VU';IHZ_

1

A Taylor polynomial of f round u)*' evaluated at v yields

f//(un+0
F) = FEGD = @@ = i) + ——— @t -y,
where 6 € (0, 1) such that «}*’ = 0u}*' + (1 — 9)u’’. Hence,

1 1
Ot 1@ty = L (@D, Dy = 2 (@D, Dy
k
+ 5 (R, Gy
In fact, one can write the above expression as
@uitt, 1@y, = @t loguit ), — (. log ), +k(f " (W), (8,ur ),
(67)

owing to

/uZ“(x)dx:/uZ(x)dx.
Q Q

On adding (63) and (64), we verify (62) from (65), (66), and
(67). O

4.2. A priori bounds

Now that we have accomplished the discrete energy law (62) for
system (32)—(33), our goal is to derive a priori energy bounds. It will
be no means obvious since é’o(u”+1 "+') does not provide directly any
control over u2+1 and U"+' The key ingredient will be the discrete
Moser-Trudinger inequality (18).
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Lemma 4.5 (Control of (uz“,u',;“)h). Assume that the conditions of
Lemma 4.1 are satisfied. Let uy, € H'(£2) such that llugll L1 o) € (0,400).
Then there exist 5, ¢ € (0, 1) such that

( ;rlJrl n+1)h < 50(un+1 n+l)+R6 6("4}«,’ h) (68)
where &y(-,-) and Rg’a(-, -) are given in (36) and (38), respectively.
Proof. Let 6,e € (0,1) such that
(1 4 6)*[80oCyre + Ullugll 11 ) ay ©9)
80, =2
Using Jensen’s inequality and invoking (57), one finds
7. (O 0 A+ @ " (a)
@ uylie acn, W @ gl
></ @qa(x)dx
2 +1 n+1
a+6i @\ "t (a)
< Z _IOg : n+lh g
aeN, uy" (@ ) Nl e
x/ @,(x)dx
Q
- _ (1) +6 (un+1 Un+1)h
”uh”Ll(,Q)
( ogu n+1’ Z-H)
”uzllLl([))
and hence
—(MZH , U;t,+l)h + (IOg “2+1’ u;l,+1)h > S(MZ_H , U;zl+1 )h
+||u2 lL1 (@) log ||“2 (FRTee)
—[lull 1 () log
x / 1,09 ) g,
Q
In virtue of (18), we can bound
s+l
log/ 7,5 @y ax < lOg(CQ(l + Cyrr(1 + 82|Vl ||2))
Q
(1+6)? +112 4 1+6, nt1
+ 8 ”V " || |,Q| | " ”LI(Q)
C
= log(—%)
€
+log<5(l + Cyrr(1+ 82 V! ||2))
(1+6)? w12, L+
+ 80, VR 1= + W”UZ Lt
Co
< == de+ Cyre(l + 0| Va2
(1"'5) +112 4 1+6, nt1
8 ”V i ” |.Q| ”UZ ”Ll(g)v

Therefore,

1 1 1 1 1 1
_(u;',+ ’UT' )h + (log “Z+ 7’4;',+ )h > 5(”Z+ B ot )h + ”u(;)I”Ll(Q)
0
log [luj, Il 1@
+¢)

Ca
_”"‘ZHLI(Q)(?

—Cyre(l + 5)2||uh||Ll(g)||VUn+l II*
a1+ 5) ”uh”Ll(g)

n+12
s IV
¢! +5)”u2“LI(Q) 1
-l I
12| h NLU(D)"
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On recalling (36) and on noting (69), it follows from xlogx > —é for
x > 0 that

1 1
A e ] A R L A/ BRI TA
Cq
11 (108 11 1 1y — =2 =€)
2
1+ 8)°809Cyre + Hllugll 1) "
80, h
¢! +5)”“2”Ll(g) w1
—Tllvh [
1
> _” n+1 ”h +5(“2+17U;‘,+])h _ 2
Cop (1+06) 1
_||uh||L1(Q) <T +e+ ] ||U;’l+ ||L1(Q) .

Finally, we have, from (58), that

5(1,{;"“ , UZ+1 )h <

1
SO(uZH, UZH) + Z

C
. ( 2.
(1+06)
12|

thus, proving the result.

+ Wbl z1ay + Nl 1) ):

a

The following is an immediate consequence of Lemma 4.5.

Corollary 4.6 (Control of ||u™" logu*'|| ;1q)). Under the conditions of
Lemma 4.1, there holds

£2]

i loguf ™ | 1) < (1 + %)So(u;“, VD) + RO, 0)) + 2= (0
Proof. Write
””Z“ log u™! i@ = —/ u;'l“(x) log_ u™*!(x)dx

2 71

+ / Wit (x) log, u™! (x) dx.

Q

Clearly, from —é < xlogx <0 for x € [0, 1], one gets
Q
- / it () log_ u™! (x) dx < 121 72)
Q

By the definition of 50(”Z+1> u;“), one can easily deduce from (68) that

/Q Wt (x)log, ™ (x)dx <

1 1
&Gt vt

- /Q wit (x) log_ u"™! (x) dx

+ o 73)
< (a+ é)so(u;“,u;“)
RO W, L)) + 12
Thus, inserting (72) and (73) into (71) yields (70). [
At this point a local-in-time, a priori bound for ”ZH and U;'l“ on

which an induction procedure will be applied is derived.

Lemma 4.7 (A Priori Bounds). Suppose that the conditions of Lemma 4.1
are fulfilled. Let (”ZH’ UZ“) € X; be the discrete solution computed via
(32) and (33). Then there holds

N AR AR BN +2k||fThu;+1||2
+k(R7,h(un+l Un+l)||vurl+l ”2 + E”VZI'[UZ-H ”2)
< C k(18,05 + 130571 )1

+C kg loguf ™ || 1) + Ckllu) |l 1)
where &,(-,-) is defined in (37) and

(74)

h 4 2
Rll/ (u;,1+1 Un+l) =——y—-y ”un+110gu —cCh PT'(u(}i,yg),

n+1 ”
Uy T3 L

q€)
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Proof. Set x;, = uz“ in (32) to obtain

V2 = N 2 + Nt =t 12+ 20 Vet | = 2 k(Y0 T Vi), (75)
Consider T € 7;, and let b; be its barycenter to write

n+l(b )= un+1(aT) + VunJrl |T (bT _ aT)

and

n+1(bT) _ un+1(aT) + Vun+1 |T (bT _ aT)
thereby,

Uyt (by) = (u"“(a D+ @)+ LVt (b7 -a al)+(" -a}). (76)

To deal with the right-hand side of (75), we proceed as follows. Let us
write
2

(Vor,a vty = >y / O v (by)o, uit! dx. 77)
i=1 Te7;, /T

Thus, on substituting (76) into (77), we arrive at

/a O (b0, ut! dx=/a (b )M dx

r O OO0 O el

%/ h(un+1(aT)+un+l(aT))

u
n+l. T n+l. T
uy (aﬁ,.) —u, (az,.)

dx
T T
(aai —-a z)i

/a v Vit (by —al)
+(by - ;))6xiu;+l dx

=1
2

+ /0x,v7,Vu7,“ - ((by —aET,)

+ by — aT))a ! dx,

/T 0y, U4 0y, (™) dx

which combined with (77) shows that

1
E(VUT—I , Vlh(uZ_H )2)

(VoL v

1

+5 (VW) - O, VI, W)
2

+3 Y / 0y, UpVU! - (by — al)o, uit! dx
i= lTeTh “

+Z > /a OV (b — al)o, urt! dx
i=1 TeT, -

L+ L+ 1L+,
78)
It remains to bound each term of (78). We first proceed with I,. Choose
X, = %I,,(uﬁ’“l)2 in (33) to write
1 1
_5(5102+1’Zh(u2+1)2)h _ E(UZ-H’ Zh(u;t,+l)2)h
+%(u2+1’ 1,2,
Ji+Jdy+ J5
An estimate for J, is easily computed from (16) for n = 2, 4 and the

It is

Gagliardo-Nirenberg interpolation ||x,l14(q) < Cllx,ll2 ; ”xh”H (@

given by

< n+1 n+1
S AR L1 A
< C||5,U"“||h(||Vu"“||||u"+l||h+IIM"“II )
1 1 1 2 12
< CUSV I+ N80 I N I + IIV upt,
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where y > 0 is a constant to be adjusted later on. From (49) and (50),
we know that J, < 0 For J;, we use the 1nterpolat10r1 lxpll 30y <

P00 iy o ey 1 + Gl oz el iy + Gl 87> 0
(see [7, Lemma 3.5]) and (16) for n = 3 to obtain
n+1
5o Clt,
r
< 3 ” n+1 log un+l ”L](Q)”Vunﬂ ”2
+ C”un+1 log un+1 ||L1(.Q) + C”uh ||L1(.Q)~
Inequality (9) for p = 2 shows that
L, = —-(va,u"“ VI,
A n+1 n+1
< ol Il R g,
Y
< ﬁ(llﬁtvﬁ“ 1 + 8,0 I+ 15 + Z”V”TI I1%.
We treat I; and I, together. Thus,
I+1; < Ch”VU ||1J><’(.Q)||V'/H'l||2 <ch' ”||VU ||Lp(_(z)||vun+l I
< cn'r IIAhv Mvu? < ch' PP(M VOV,

In the above we used (11), (27), and (48). The estimates for the I,’s

applied to (75) lead to
et 02 = bl + g — (12 + 2k V)2

< cu+ ﬁ>k(||5v"+‘ -+ 18,0 12 12

n+1 n+1 1-2 0 .0 (79)
+k(y+y e, ™" loguy ™ Nl 1) + Ch Pf’(uh,vh))
”Vun-H “2
+ Ck||u”+l logu*! ||L1(Q) + Ckll 1 1 -
Choose x,, = —Pv;"“ in (33) to get
I8,V 12 = 1A, 00 12 + (| Ay = v
2K\ VAU 12 + 2k Ao or 12 = 2k(Vut, VA0 0

IA

4
KGNV

3 ~
+5 VARG,

The proof follows by use of (79) and (80). []

4.3. Induction argument

The essential step to finishing up the proof of Theorem 3.1 is an
induction argument on n. We need to verify that the overall sequence
{u': }Lo provided by system (32)-(33) accomplishes the estimates from
Theorem 3.1.

Observe first that 7(u9, v9) is uniformly bounded with regard to h,
because of (29) and (31), and hence we are allowed to choose (A, k)
satisfying (39) and (40).

« Case (m = 1). We want to prove Theorem 3.1 for m = 1. Inequality
(48) holds trivially, since F(u9, 1)) is bounded independently of (h, k);
thereby, from (49) and (50), we obtain, for n = 0, that, for all x € @,

Uy, (x) > 0 (81)
and
uj (x) > 0. (82)

Likewise, we have, by (57) and (58) for n = 0, that

1 0
””h”Ll(Q) = ”Mh”L](_Q)

and

1 0 0
”Uh”Ll(Q) < ”Uh”Ll(_r)) + ||uh”L1(Q)'
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In view of (81) and (82), inequality (62) for n = 0 shows that

So(u;l, U;z) - 50('4(})’, U(})l) + klléruzlli

_1 1
+k|lA, 2 @)Vu) — AZ @)V < 0
which, in turn, gives
vy) < Euy, Up). (83)

Applying (83) to (68) and (70) for n = 0 yields that

Eoluy,

1
<o), o) + ROl v))

0 0
By(uy, v,),

(u;l,vil)h < (84)

and
|2

IN

1
llu} logu} |l 11 (1+3)£0(u )+ RY W), 0)) + 2=

(85)
By, o).

As a result of applying (84) and (85) to (62) for n = 0, we find

12
kllg.,, I,

A

=< go(u(,),, Ug) - So(u;,v U;,)h
< EWd, o))+ By, o)) + B, )

By, o9).

Selecting y to be sufficiently small such that

v+ 7By, o)) < 12 (86)

and recalling (46), this implies, from (83), that

4 -1 1
R 0) 2 3 =7 =7 By o) = Ch P&,y ) > =
thus, one can find upon using (74) for n = 0 that
~ k ~
E1(uy, ) = E G V) + 2k 440, 12+ SV I + 1V 440, 1) 7
< Ck(I8,0) 1, + 16,0} INlup I + CkB . 09) + Ckllud | 11-

Gronwall’s inequality now provides the bound
k ~
o) + UV 1P + 1V A0, 1) < T, 0.

Theorem 3.1 is therefore verified for m = 1.
« Case m = n+ 1. Assume that the bounds in Theorem 3.1 are valid
for all m € {1,...,n}. Consequently, it follows that

n
k ~
&y vt DIV I + 1V 4,0 1%)
r=1

n
< &) + Cle X (118,06l + 118,51 )l I 88)

r=1

n
+Ck Y (B o)+ 11y )
r=1

holds on the basis of

Rq’h(u;!",v';)zé forall me{0,...,n}.

Then we want to prove Theorem 3.1 for m = n + 1. Indeed, by the
induction hypothesis (47) for m = n, it is clear that (48) holds; therefore,
one has (49) and (50). That inequalities (43) and (44) are satisfied for
m = n+ 1 is simply by noting (57) and (58). Combining (62) and the

induction hypothesis (45) for m = n, we deduce (45) for m = n + 1,
which implies

. 0 .0
e Eoluyl, vy) < Eouy, - (89)
As a result of this, we have, by (68) and (70), that
@t ot < By, o)) (90)
and
it log ¥l 1) < By (), v)). (91)
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Moreover, it follows from (45) for m = n + 1 that

n+1

2 0 .0
ke Y8V, < By, v)),
r=0

(92)

in view of (90) and (91).
Once again if y is chosen to be small enough such that (86) holds

and condition (46) is invoked, one finds
. 0 0y~ 1
P& (uy,v;) = )

owing to (89). We thus infer from (74) combined with (88) that

h 4 1-
RUM @t opthy > 37" 7By, %) — Ch

n+l
k ~
&G v + 5 DAV + V4,0, 1%)
r=1
n+1
< €y, ) + C ke Y160y + 18,0 1) e 1
r=1
n+1

+Ck Y (B + Chlu 1 )
r=1

and hence Gronwall’s inequality provides (47) for m = n+ 1 when used
(92).

5. Computational experiments

The computational experiments are meant to support and comple-
ment the theoretical results in the earlier sections in two different
settings. On the one hand, we regard initial data u, under the condition
f_Q uy(x)dx € (0,4x), which give solutions remaining bounded over
time. On the other hand, we use a particularly demanding test where a
finite time blowup is expected. For this latter numerical test, it must be
said that the blowup setting is out of reach from our analysis since (47)
is not satisfied for blowup solutions; therefore, lower bounds cannot be
guaranteed. Nevertheless, the results are striking with regard to lower
bounds since they fail very close to the expecting blowup time for not
so small discrete parameters.

All the computations were performed with the help of the
FreeFem++ framework [25].

5.1. Non-blowup setting

As the domain we take the square @ = [—1/2,1/2]2. The evolution
starts from the bell-shaped initial data

Uy = C,e S and  py = €, e ColPHI=057), (93)

which conditions fulfill a homogeneous Neumann boundary condition
approximately.” It should be noticed that u is centered at the origin
(0,0), whereas v, is centered at the midpoint of the top edge of the
domain.

From now on, it is assumed that the constants C, and C, are the
same. Then, for each C,, one can compute that /Q uy(x)dx € (0,4x);
therefore, problem (1) with (2)-(3) has a unique, smooth solution. As
a result of this experiment, we expect diffusion and chemotaxis transfer
of cells (the u component of the solution) from the center of the domain
toward the top edge, where the highest concentration of chemical agent
(the v component of the solution) is found.

For the spacial discretization, we introduce the P, finite element
space X, associated with an acute mesh 7,, defined as follows. From an
NsquareXNsquare uniform grid, obtained by dividing £ into macroele-
ments consisting of squares, we construct the mesh 7, by splitting
each macroelement into 14 acute triangles as indicated in Fig. 1. This
way, for Ngquare = 50, we define a mesh consisting of 35,000 acute
triangles and 17,701 vertices with mesh size 7 ~ 0.0101247. Selecting

2 If C, and C, are quite small, the Neumann boundary condition on (u, v,)
is not approximately null. For this reason, we only take C, bigger or equal to
40.
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0.0 02 0.4 0.6 08 10

Fig. 1. Reference macrolement, composed of 14 acute triangles.

C, = 70, we compute N = 50 time iterations using scheme (32)-(33)
with time step k = 107%. Snapshots of the simulations at times ¢, = 0,
2.5-1073 and 5- 1073 are collected in Fig. 2. The same test is repeated
for C, € {40,50,60}, checking that positivity of the numerical solution
is preserved over time iterations. In all these cases, the qualitative
behavior expected in chemotaxis phenomena is obtained.

Positivity of u;*' breaks if C, grows beyond C, ~ 70, but v//*! re-
mains positive. Note that, as C,, = C, is increased, ||Vu2|| Lo (@) becomes
larger and larger, with v, defined in (93); consequently, [|[VV} |l o(q)
does at least for the first time steps. Therefore, computing u’;l“ using
(32) turns out to be more demanding. Fig. 3 (top) plots the values
{mingequ!(x),n = 0,...,50} for C, € {70,80,90,100}. Positivity is
recovered once ||V} || (o) becomes small enough.

This loss of positivity for large values of C, is not in contradiction
to (41) in Theorem 3.1, since (39) and (40) are not fulfilled for those
cases.’ Moreover it is remarkable that, for C, ~ 70, ”ZH keeps positiv-
ity, even when (39) and (40) are quite far from being verified. In fact,
P("?f 02) takes huge values, which exceed the capacity of floating point
standards. These huge values stem from ”VU(});” ~7,687.66, which gives
Bz("(;)u 02) ~ 23,411.5, used as an exponent for computing T’(u(;', 112). In
this sense, our numerical experiments suggest that there might be room
for improvement in conditions (39) and (40) of Theorem 3.1.

In order to compare the performance of scheme (32)-(33) using a
non-acute mesh, we consider, as before, a mesh composed of 50 x 50
macroelements as depicted in Fig. 4. This way the theoretical results
shown in this paper may not be applied.

Diffusion and chemotaxis movements are obtained as observed in
Fig. 2 for C, = 70, but an earlier lost of positivity as well. In particular,
it is lost from the first time step (miny, (u}) ~ —1.39289 - 1075 at ¢, =
10~4). Positivity is not completely recovered until ¢, = 0.0018, thereafter
positive values persist with time. Fig. 3 (bottom) displays the evolution
of the values {min,, up(x),n=0,...,50} for C, € {70,80,90, 100}.

5.2. Blowup setting

The second suite of tests is focused on a blowup context. We
consider

uy = Cue_o‘lcl'(xz+y2) and vy = Cue_o‘lcv(xzﬂ'z), 94)
with C, = 1000 and C, = 500. Thus constructed, initial data are large
enough to expect a finite time blowup for both u and v components
of the continuous solution to problem (1) with (2)—(3). For details, see
e.g. [26], where the blowup time ¢* is conjectured to be located in the

time interval (4.4 - 1075, 107%).

3 Since we do not know the exact value of the constant C in conditions
(39) and (40), we took C to be 1. On the other hand, for values of (C,,C,)
being small enough, both conditions hold since F(u,,v,) decreases as (C,,C,)
do. So, positivity is maintained.

.
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N e
Time: 0.0e+00 Time: 2.5e-03 Time: 5.0e-03

Fig. 2. Solution u} (colored isolines) and v, (gray scale background) at three time steps: #, = 0, 2.5- 107 and 5- 10>, Diffusion and chemotaxis transfer of u; (cells) towards
highest concentrations of vj can be seen along time. Acute mesh with Ngquare =50, k = 1074, initial data parameter: C, = 70.

Acute mesh: min(uy) for different initial constants C,

0.0000 1~-- e e e e S e e e e S e e e i ) —

~0.0005 - J
~0.00101 \
—0.0015

—.— C,=70
-0.00201 4 ¢, - g0
~0.0025 4~ Cu=90

Cy=100
0 10 20 30 40 50

0.0000 -

—0.0005 -

—0.0010 1

—0.0015 A

—0.0020 A

= C, =90
C, =100

—0.0025 A

Fig. 3. Plot of ming, (u}), n=0,...50, where 7, is an acute mesh (top) or non-acute mesh (bottom). Initial value constants: C, = 70, 80,90, 100.

to achieve positivity over the whole blowup interval. The reason is
that conditions (39) and (40) in Theorem 3.1 are not fulfilled, because
lldyll and [Voj|l are too large (lujll; = 15,708 and |Vopll7, . =
785,230). However, as in the previous experiments, one does not need
(39) and (40) to hold so as to keep positivity. For instance, a value
Nsquare = 600 suffices to obtain positivity for the overall blowup
interval. Moreover, a value Ngquare = 100 (h ~ 0.005) maintains

0.84

0.6 1

oo

positivity well into (4.4-107>,10™*). To be more precise, if 7}, is defined
by 100 x 100 macroelements and k = 107° is chosen, then up > 0
and v} > 0 for 1, € [0,87 - 107). For 1, = 87107 (n = 88),
one gets miny, (u}) = —90.7418. The evolution of u} is shown (on a
logarithmic scale) in Fig. 5 for time steps n = 0, 30, 60, and 88. A
blowup phenomenon in the center of the domain can be observed: the
maximum value of "Z grows over time, reaching max(u;") = 8.85515%10°,
while its support shrinks.

When considering a non-acute mesh of 100 x 100 macroelements
Fig. 4. Reference macrolement containing some obtuse triangles (triangles 1, 9, 5 and (see Fig. 4), we encounter that positivity is only maintained until 7, =
11). 6.7 -107%. At time 7, = 6.8 - 107 (n = 68), ming, () = —64.2157 and
maxy, (uy) = 2.16982 X 103, Fig. 6 shows the numerical solution uy at
t, = 6.8 107> (left), when positivity is broken for the first time, and at
t, = 8.7-1073 (center), when negative values of order 10~* are reached.
Otherwise, the numerical solution u” associated with an acute mesh

h
mating such a demanding blowup test, scheme (32)—(33) cannot aspire keeps positivity at time 7, = 8.7 - 10~ (right).
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When used an acute mesh of macroelements as in Fig. 1 for approxi-
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Fig. 5. Solution u”
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Fig. 6. Left: zoomed detail of u”

" associated with a non-acute mesh at 7, = 6.8 - 10=; positivity is broken. Center: u}
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, associated with an acute mesh of 100 x 100 macroelements at time steps n =0, 30, 60, and 88 (when positivity is broken).
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» associated with a non-acute mesh at 7, = 8.7 - 107; deep

negative values appear. Right: ) associated with an acute mesh at 7, = 8.7- 107, positivity is maintained.
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