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PLANE WAVE DISCONTINUOUS GALERKIN METHODS FOR THE
HELMHOLTZ EQUATION AND MAXWELL EQUATIONS IN ANISOTROPIC
MEDIA *

LONG YUAN T AND QIYA HU #

Abstract. In this paper we are concerned with plane wave discontinuous Galerkin (PWDG) methods for
Helmbholtz equation and time-harmonic Maxwell equations in three-dimensional anisotropic media, for which the
coeflicients of the equations are matrices instead of numbers. We first define novel plane wave basis functions based
on rigorous choices of scaling transformations and coordinate transformations. Then we derive the error estimates
of the resulting approximate solutions with respect to the condition number of the coefficient matrices, under a
new assumption on the shape regularity of polyhedral meshes. Numerical results verify the validity of the theoretical
results, and indicate that the approximate solutions generated by the proposed PWDG method possess high accuracy.
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1. Introduction. The plane wave method, which is based on the Trefftz approximation
space made of plane wave basis functions, was first introduced to discretization of homo-
geneous Helmholtz equation and was then extended to discretization of homogeneous time-
harmonic Maxwell’s equations and elastic wave equations. Various examples of the plane
wave methods has been systematically surveyed in [10], for example, the ultra weak varia-
tional formulation (UWVF) [1-3, 15, 16], the plane wave discontinuous Galerkin (PWDG)
method [5-11], the plane wave least-squares (PWLS) method [12, 13,20,21,27]. The plane
wave least-squares combined with local spectral finite element (PWLS-LSFE) method was re-
cently proposed in [14] for nonhomogeneous Helmholtz equation and time-harmonic Maxwell
equations. The plane wave method has an important advantage over Lagrange finite elements
for discretization of the Helmholtz equation and time-harmonic Maxwell equations [6,10,15]:
to achieve the same accuracy, relatively fewer degrees of freedom are enough in the plane
wave-type methods owing to the particular choice of the basis functions that (possibly ap-
proximately) satisfy the considered PDE without boundary conditions.

In [16] the UWVF method was first extended to discretization of homogeneous Maxwell’s
equations in anisotropic media. The studies in [16] were devoted to approximating the
Robin-type trace of the electric and magnetic fields in an anisotropic medium, and focus
on the numerical tests and convergence analysis in TM mode scattering, which can result
in a Helmholtz equation in two dimensions with an anisotropic coefficient. In addition, the
work [16,24,25] proposed the anisotropic plane wave basis functions, based on a coordinate
transformation, for two-dimensional anisotropic Helmholtz equations.

It was pointed out in [16, p.351] that, for three-dimensional anisotropic time-harmonic
Maxwell’s system, almost all theoretical questions related to the 3D UWVF approach to
anisotropic media are still open: in particular, the relevant approximation properties of sums
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of anisotropic plane waves are not known. Meanwhile, the three-dimensional Maxwell equa-
tions in anisotropic media with positive definite matrices play an important role in practi-
cal physical applications (see [19, p. 5-6]). Recently, the PWDG method was applied to
discretization of three-dimensional anisotropic time-harmonic Maxwell’s equations with di-
agonal matrix coefficients [26], in which rough error estimates of the resulting approximate
solutions were derived.

In this paper, we first study the PWDG method for three-dimensional Helmholtz equa-
tion and time-harmonic Maxwell equations in more general anisotropic media, where the
coefficient of the equations is a positive definite matrix instead of diagonal matrix. In order to
deal with such complicated models and build better convergence results, we have to carefully
define plane wave basis functions by rigorous choices of the scaling transformations and the
coordinate transformations. Besides, we propose a new assumption on the triangulation: the
transformed triangulation ‘f“h rather than the physical triangulation 77, is shape regular. Own
to such an assumption, we can verify that the defined transformations have the desired stabil-
ity estimates on the condition number of the anisotropic coefficient matrix, and further prove
that the resulting approximate solutions have the desired convergence order with respect to
the condition number of the coefficient matrix. Numerical experiments indicate that the ap-
proximate solutions generated by the proposed PWDG method possess high accuracy, and
verify the validity of the theoretical results.

In order to clarify the novelty of the present paper, we would like to emphasize the
differences with the existing works:

1) the models are different: in the present paper, we consider three-dimensional time-
harmonic Maxwell’s equations with general coefficients that are (constant) positive definite
matrices, but in [26] three-dimensional time-harmonic Maxwell’s equations with diagonal
matrix coefficients were considered; in [16], three-dimensional time-harmonic Maxwell’s
equations that can be transformed into two-dimensional Helmholtz equations were studied;
in [25, 24] two-dimensional Helmholtz equations with coefficients being positive definite
matrices were studied.

2) the methods are different: in the present paper, we employ a new transformation
% = A3 Px that is different from the old transformation & = A~2x that used in [16, 26, 25,
24]. Moreover, we propose a new assumption on the triangulation such that the transformed
triangulation ‘f'h rather than the physical triangulation 77, is shape regular.

3) the results are different: in the present paper, we obtained obviously better error esti-
mates than the existing works, thanks to the proposed transformation.

The paper is organized as follows. In Section 2, we present PWDG method for the
three-dimensional anisotropic Helmholtz equation and analyze the convergence of the pro-
posed PWDG method. In Section 3, we extend the results obtained in Section 2 to the
three-dimensional anisotropic time-harmonic Maxwell equations. Finally, we report some
numerical results to confirm the effectiveness of the proposed method.

2. PWDG method for three-dimensional anisotropic Helmholtz equation. To our
knowledge, there seems no work on plane wave method for three-dimensional anisotropic
Helmbholtz equation in literature. In this section we first introduce PWDG method for three-
dimensional anisotropic Helmholtz equation.

2.1. The model and its variational formula. Consider the three-dimensional (3D)
anisotropic Helmholtz equation of acoustic wave field u (refer to [17]):

(2.1) -V -AVu-*u=0 in Q
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with the Robin-type boundary condition
2.2) n-AVu+iwvu=g on vy=0Q.

Here Q is a bounded domain in three dimensions, n denote the unit outer normal vector to
the boundary 0Q; A is a real-valued 3 X 3 matrix; w > 0 is the temporal frequency of the field
and g € L*(0Q). We assume that the matrix A is symmetric and positive definite.

We will derive a variational formula of the considered model based on a partition of the
solution domain Q (refer to [6]).

For convenience, assume that Q is a polyhedron. Let Q be divided into a union of some
elements in the sense that

5:0@, Q()Q=0 forl#)
k=1

where each €Y is a polyhedron. Let 7, denote the partition comprised of the elements {€2;},
where h denotes the diameter of the maximal element in {€;}. Define

Ty =00 )09, forl#j

and

N
=% ()00 k=1,....N), y={Jn
k=1

We denote by 7, = (J Oy the skeleton of the mesh, and set 72 = F,()0Q and F} =
T

ﬂ\?'hB. Let u and o be a piecewise smooth function and vector field on 7, respectively. On
09, (N 02, we define

Up+ uj o +0;
the averages: {{u}} := 7 {{o}} = T
the jumps: [u]ly := um; +un;, [ollr :=m Xo;+n; X0},
(23) [[U]]N=n1-0'1+nj-0'j,

where n denotes the unit outer normal vector on the boundary of each element €.
Define the broken Sobolev space

(2.4) H(Th) = (ve LX(Q): vlg, € H(Qy) for YO € Ty}

As usual, we assume that each entry in A is a constant. Let V(7}) be the piecewise Trefftz
space defined on 77, by

(2.5) V(Th) ={ve H*T1); —V-AVw—w?*v=0 in each Q € 73}.

Let a and 8 be two positive numbers, and let 6 € (0, %]. Define the sesquilinear form
Ap(-,-) by

Ap(u,v) = f {{u}} TAVpVIy dS +iw™ f BlAV,ully - [AV,v]N dS
T 7

allully - [Vl dS
7:hl

—f {{Ath}}-mdS+iwf

[
T
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+ f (1-68)u(AV,v-n)dS +iw™! f O0(AVuu -n) (AV,v - n) dS
7y 7

(2.6) - f S(AVju-n) v dS + iwf (1=8uvdS, Yu,veV(T.
P 7P

and
2.7 {(v) = iw! f 0g (AVpv-n)dS + f (1-0)gvdS, YveV(Ty.
7 7

Then, for a given g, the variational problem associated with (2.1)-(2.2) can be expressed
as follows (see [6, Section 2]): Find u € V(77,) such that
(2.8) Ap(u,v) = C(v), YveV(Ty.

We endow the space V(77,) with the norm

VI, = ™ I8 2 IAVIVINIG 7 + wlla P IVINIG
(2.9) +w 6" 2AV,y - n||(2)fhg +oll(1- 6)1/2v||§’ﬂ3

and the augmented norm

VI = VI, + @l 2RI -
(2.10) + ol PHAVIVIG o + 6™ VG 1.

As in [6], we can show the following existence, uniqueness and continuity of solution of
the above variational problem.
Lemma 2.1. There exists a unique u solution to (2.8); moreover, we have

— Iml Ay (w, w)] = |[[w]|[>

2.11) and |Ayw, )| < Cl|w]||-. [[|€llly. ¥ w.& € V(Th).

Fi

2.2. Discretization for the 3D anisotropic Helmholtz equation. Since A is positive
definite matrix, there exists an orthogonal matrix P and a diagonal positive definite matrix
A = diag(Amin, Amid> Amax) such that A = PTAP, where Apin < Amia < Amax are constant and
the superscript 7' denotes matrix transposition. Of course, we can assume that det(P) = 1. It
is clear that A? = PT A% P. Define a coordinate transformation:

(2.12) R=APx=5Sx, k=G5, S=AP x=(xy2l.

For convenience, we use pi, p» and p3 to denote three column vectors of P, and use g1, ¢2, q3
to denote the three row vectors of P. Then each of these vectors is a three dimensional
unit vector. Moreover, pj, p and p3 (and gy, 2, q3) are orthogonal each other. Set u(x) =
u(S ~'%) = AR).

Let Q and § denote the images of Q and Q; under the coordinate transformation (2.12),
respectively. Since the map S is linear, the transformed domain Q and elements € are also
polyhedrons. We use i to denote the unit outer normal vector on the boundary of each element
f)k, and ‘fh to denote the partition comprised by the elements {f)k}, where /1 is the maximal
diameter of the transformed elements (). Set 7, = ijafzk, GeilB = 9Q and 79; = ?A';l\?lﬁB.
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We denote by V), and @;, the element application of the gradient operator V = (% a% [%)T
A . N A N 2 2 2
and V = (% [% a%)T, respectively. Define the Laplace operator A on Q by A = % + % + 3‘9—22.

By direct calculation, we have

AVu=PTAIVa=S""Wa, and V-AVu=YV.(Va) = An
Thus, the anisotropic Helmholtz equation (2.1) is transformed into the isotropic Helmholtz
equation

(2.13) ARi+o’i=0 in Q.

Conversely, if & satisfies the isotropic Helmholtz equation (2.13), the function u(x) =
(S x) satisfies the original anisotropic Helmholtz equation (2.1).

In order to define suitable anisotropic plane wave basis functions, we first define plane
wave basis functions {yy;} satisfying the isotropic Helmholtz equation (2.13) on Q. as follows.

yu(X) = eFW g e Qy,

(2.14) d-d; =1,
[+ s —d;#ds,
where d; (I = 1,---, p) are unit wave propagation directions, and can be determined by the

codes in [22]. Choose the number p of plane wave propagation directions as p = (m + 1),
where m is a positive integer.
Then the anisotropic plane wave basis functions of V,(77,) can be defined as

Yu(Sx), x€Qy,

0, x € Q; satisfying j#k k,j=1,---,N;I=1,---,p).

(2.15) u(X) = {
Thus the space V(77},) is discretized by the subspace
(2.16) Vo (Th) = span{ukl ck=1,---,N; [=1,--- ,p}.

Furthermore, we obtain the discretized version of the continuous variational problem
(2.8): Find u;, € V,(7},) such that

(2.17) An(up, vi) = i(vi), Vv € Vi (Th).

2.3. Error estimates of the approximate solutions. In this subsection, we are devoted
to the analysis of convergence of the plane wave approximation uy,.

2.3.1. The required partition. In order to derive the desired error estimates of the ap-
proximate solutions, we require that the partition must satisfy some assumptions. In this part
we introduce a kind of particular triangulation such that these assumptions can be met.

We adopt a non-regular triangulation 77, for the three-dimensional convex domain Q as
follows (see Figure 1).

Mesh Generation Algorithm:

Step 1. Determine the image domain Q of Q under the coordinate transformation (2.12).

Step 2. Decompose Q into polyhedron elements {Q) such that 7 ; 1s shape regular and
quasi-uniform in the usual manner. Besides, we assume that each element fzk of ‘fh s a
convex Lipschitz domain.

Step 3. Determine the triangulation 77 of Q by using the inverse transformation of (2.12)
acting on the elements of 7.
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X= A"12p 0
Q Q
shape fegular
E quasi-uniform
'I"n x =PTAV2 ¥

TF

Fic. 1. Mesh generation.

REMARK 2.1. Notice that the coordinate transformation (2.12) consists of the orthogonal
transformation P and the scaling transformation A~2. It is known that an orthogonal matrix
preserves the length of any vector and the angle between two vectors, then the orthogonal
transformation preserves the shape of any polyhedron. Thus, it is cheap to determine the
image domain Q and the triangulation T, by the coordinate transformation (2.12) and its
inverse transformation, respectively, since we need only to compute the coordinates of the
vertices of the polyhedron Q and the elements €.

For a 3 x 3 matrix B, we define

|IBx|
(2.18) IBIl = |1Bll, = max ===,
0£xeR3 ||X||2
where x = (x1, x2, x3)T and ||x||, = (x% + x% + x%)il. Then it is well known that ||A|| = ||A]| =

IIA%IIZ. For the simplicity of notation, let p denote the condition number cond(A) of the
anisotropic matrix A. Then p = cond(A) = condZ(A%) = cond?(S).
The following Lemma gives an important geometric property of the triangulations.
Lemwma 2.2. For the proposed triangulation, we have

(2.19) collAZT'h < h < CollAZ|[ ',

where cy and C denote two constants independent of w, p, h, p.

Proof. Let us first recall the definition of the shape regularity and quasi-uniformity as-
sumptions. There exists a constant C independent of £ and 77, such that for all Q; € 7 and
all 7,

I

(2.20) —
Pk

h
<C and — <C,
hi

where f; denotes the diameter of the minimum sphere containing the polyhedron O, Dk
denotes the diameter of the maximum sphere contained by the polyhedron Q.

For convenience, we define two sub-transformation X = Px and X = A~3% to achieve the
coordinate transformation (2.12). At first we consider the transformation

2.21) =GP =A%k = (7.
For each element Qk €7 j» We use f/g) (i = 1,2,---) to denote all the vertices of the

polyhedron Qk, and assume that Qk and f/g) are transformed to € and V;f) under the inverse

transformation of (2.21), respectively. We denote by 7 the diameter of the minimum sphere
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containing the polyhedron {, and by g the diameter of the maximum sphere contained by
the polyhedron €, and set & = m]?x h.

Define A%y, Ay, and AZ; as

(2.22) Ay = m.a.X( 900 ) . AP, = m.a.X( 00 ) . A% = m,a,X(vﬁj)og’) ) _
o * bl y b 2

- - - -
Here( a ) = ay, ( a ) =a and( a ) = a3 for a vector & = (a; az a3)”. It follows by
5 5

2
(2.20) that
(2.23) chy < pr < ARy <y, el <Py S AP < hyy el < pr < N < Iy
with ¢ = é Moreover, by the coordinate transformation (2.21), we have

1 1 1

(2.24) AX, = Ay, APy = —=A%, A= —=A%,
\Y /lmin \Y /lmid /lmax
where
@25)  an=max (057 ) . an = max(097 ). Ano=max (05 ).
ij ¥ ij 5 ij z

Combining (2.23) and (2.24), yields

(2.26) ATl < T < CHlIAR Iy
Then, by (2.20), we get

(2.27) ollAzh < k< Col|A? |

Here ¢; and C; (i = 1,2) denote different constants independent of w, p, h, p and the triangu-
lation 77,.

Finally, since the orthogonal transformation X = Px does not change the length of vectors
and the angle between vectors, we obtain the desired result.

O

The next Lemma gives a relation between the areas of two bounded planes based on the
coordinate transformation (2.12).

Lemma 2.3. For the proposed triangulation, denote by I a general bounded plane which
belongs to F,, and by 1T the corresponding plane belonging to ;. Then we have
Il !

1
(228) ﬁ < /l,j“'d/ll;tax:

where |f| denotes the area of a bounded plane f in the three-dimensional space.

Proof. In order to achieve the coordinate transformation (2.12), we also define two sub-
transformation X = Px and & = A™2%. Since the orthogonal transformation X = Px does not
change the length of vectors and the angle between vectors, we only need to prove the desired
result under & = (£ 9 2)7 = A"I% = A2 (%5 2T, namely,

(2.29) % =A%k
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Without loss of generality, consider I : Z = aX + by + ¢, (X,¥) € D, where a, b, c are
constants, D c R? is a bounded domain. By (2. 29), we get F 17 = a(%)%fc + b(j{“—“)%jz +

(r)z (%, 9) eD. Obv10usly, = det(dlag(/lmm, Cl)) = A Ami d
Thus,
_ [1 252 022 g5 — v/ 2112
(2.30) IFI—[L; 1+Z)~C+Z)~,dxdy— 1 +a?+ b?|D|
and

(2.31) |f|=ff J1+22+ 22 didg = \/1+a2 min +02 Anid = |DI.

Combining the above equalities, we get

(2.32)

LA V1+a?+ b2 11 V1+a?+ b2 L
S /lmin/lmid/lmax = Amin/lmid/lmax - Amld/lmax
|r| \//lmax + az/lmin + bz/lmid \//lmin + az/lmin + bz/lmin

O

2.3.2. Error analysis. Throughout this paper, we use C to denote a generic constant
independent of A, w, h, p, u and &i. The abstract error estimate built in [6] also holds in the
current situation with the |H . H|¢]

Lemma 2.4. Let u be the analytical solution of (2.1)-(2.2), and let uy, be the approximate
solution of (2.17). Then, we have

(2.33) mu - uh|||7__ < C inf |Hu -V
n€Vp(Th)

For convenience, we use \A/(‘f';,) and VP(‘f' ;) to denote the images of V(77,) and V,(77)
under the coordinate transformation (2.12), respectively. In addition, we define @;(X) =
u,(S ~'%), and endow the space V(T,;) with the norm

EIG, = ™ 8" LVAPINIG 7 + wlla EOINII 4,
/1

(2.34) +w 62V - n||2 +a)||(1 )””HWB
and the augmented norm

2 _ 2 1/2

P9I == NIl +wllB™ }}IIW

-1 1/2 1/24,

(2.35) +w IIa {{th}}llw, + wll6” IIWB

The following Lemma states the transformation stability with respect to a mesh-dependent
norm and a mesh-independent norm, respectively.
Lemma 2.5. Foru € V(T},), we have

(2 36) |Hu”|‘fh = pz /lrmd /l;‘”“x (1 + /lriun) i 7:}1’
+ < Pz /lmzd /l;:wx (1 + Ayzmn) i 7?;5
and

(2.37) el < (det(/\z ) Il
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Proof. We divide the proof into three steps.

Step 1: To estimate “[[AV”“]]N“WZI and ||AV,u - n“‘)ﬂB'
By the coordinate transformation (2.12) and direct calculation, we obtain

(2.38) Vu = PTA ¥4,
which implies that

(2.39) AVu = PTA2 Vi
Thus, on the interface I';; € ?'hl, we have

[AVjudly = ng - (PTARV;5) +m; - (PTARY;2)).

AV

(2.40)
It is easy to check that
(2.41) n = |A?Pny| PTAT .
Then
(2.42) n - (PTAZViy) = [N Pyl iy - ¥} .

Substituting (2.42) into (2.40), yields
[AV,ully = |A* Pog| [V;it]ly.

(2.43)
Furthermore, by the scaling argument and the relation (2.28), we obtain

1 1 1 P
(2.44) LAV ulnllog; < IAZI ALy Amax ||[[V@M]]N||0,7f—ill
T
g Amax ”V/}u”()j?-

and
mid

(2.45) IAVh - mllg s < A7) 2

Step 2: To estimate H[[”]]N“o oy
' h
By the coordinate transformation (2.12), we obtain

(2.46) wny, = |A2 Pog| PTAT ().
Then, on the interface I'y; € 77,{ , we have
[ully = IA? Pry| PTAT [y

(2.47)
Substituting (2.47) into ||[x]y||, s and combining with (2.28) and IAz Py ||[PTAT || < p2,
“h

yields
bl < * A A 0D 7

(2.48)
Step 3: Build estimates of [[{{u}}lo. AV}l 7 and [lullo .
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By the coordinate transformation (2.12) and the scaling argument, we get

1
< A?

(2.49) [ty s = @Ml 0 < Ay pram 1T loe-

@500 AV 2 PTG < IAH ALy A [10F50]
and

2.51) il s < A b [l -

Combining (2.44)-(2.45) with (2.48)-(2.51) yields the desired result (2.36).

Finally, by the coordinate transformation (2.12) and the scaling argument, we directly
obtain the result (2.37).

]

REMARK 2.2. As in the proof of the above Lemma, we can obtain the following transfor-
mation stability with respect to two mesh-dependent norms, for Vi1 € \A/(‘T;l),

A

~1 1 _1
lallly, < £% A Ay 0+ A [l

Pt A (1 42 ||
mid max

min

2.52

i

IA

Set A = minﬁkeﬁ Ay, where ; is the positive parameter depending only on the shape
of an element € of ‘f'h introduced in [18, Theorem 3.2]. Let m be a given positive integer
satisfying m > 2 (1 +21/4),

For a bounded and connected domain D c Q, let || - ||5..p be the w—weighted Sobolev
norm defined by

N
2 _ 2(s—j 2
ME,,p = > @,
Jj=0

The following Lemma is a direct consequence of Lemma 3.7 in [6] and Corollary 5.5
in [18].

Lemma 2.6. Let 1 < r < % with a sufficiently large m. Assume that the analytical
solution &t € H™*(Q)) satisfies the Helmholtz equation (2.13) in isotropic media. Then there
is a function &, € \A/p(‘f',;) such that

~

~ B Y s py [ ~
(2.53) i=&llz < €1 TImT a0
h
and
(2.54) llallg e, < C (20" + 171P0™) |a]]| -,
? h

where Cy = C1(wh) is independent of p and i1, but increases as a function of the product wh
and depends on the shape of the Qe ‘7}, the index r and the flux parameters. € = &(m) > 0
satisfies e(m) — 0 when m — oo.

Based on the above discussions, we can easily build the desired error estimates of the
approximation u;,.
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THEOREM 2.7. Let u and uy, denote the analytical solution of (2.1)-(2.2) and the proposed
PWDG approximation, respectively. Suppose that p and r satisfy the conditions in Lemma
2.6. Assume that wh < C and u € H™*'(Q). Then, for sufficiently large p, we have

(2.55) e = willl. < € C2p¥ ™2 K72 Yl 0,
h

and

(2.56) ll = unlloa < C Cs pt ™ B 'm0 |lull, 41 0,

where the positive numbers Cy and Cs are defined as
Co= A (L +IA2TY) and €3 = (1+ A7) (AN + 143 ]).

Proof. With the transformations (2.12), we define &,(x) = 3,3(5 x), where fh satisfying (2.53)
denotes the plane wave approximation of the scaled acoustic field &#. Under the assumption
wh < C, we have C(wh) < C. Thus, using (2.33) and (2.36), together with (2.53), leads to

l”u - uhl”ﬂ ¢ ”lu é:h sz ﬂmld /1[411‘”‘ (1 + /léun
(2.57) < Cp? /lmi d Agm (1 + Afnm) W'z hf*%m*ﬂ<f*8>||a||,+lm.

Then, by the scaling argument and (2.19), we further obtain

lle = wnllly. < € @t 2 m 00 2 Ak a F ) IAME (derA ) lull 1w
(2.58) < CIAN A+ AT pF @72 W5 m Yl 0,

Combining (2.37), (2.54), (2.19), (2.52) and (2.58), yields

2.37) %
=il = (dercah) - aill g

1=

2.54 1 1Al a1
< c(det(Az)) (W % + wihb)

u—uj

~ PN

2.19)
< i — i,

1 % _1. 1 1.1
c(det(Az)) w 2h72 A2
1

€ (dewcah))” @t A IARE pF A A (1 Al [l =

2
2.52)
<

(2.58) 5 _ “A(r—
< CCpt 0 T T Ul w0

This completes the proof.

O

ReMARK 2.3. We emphasize that the shape regularity assumption on the triangulation
‘7A',; (instead of T}) is important in the derivation of the error estimate (2.56). In fact, if we
directly assume that the triangulation T}, is shape regular, we have different relations on the
two mesh sizes:

(2.59) A2 R < h < A2l A,
In this situation, we can only build a weaker L? error estimate than (2.56)

(2.60) llu — upllog < C C3 p2* ™ W PNl o (> 1)
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REMARK 2.4. A natural idea is to apply the standard PWDG method to the isotropic
Helmholtz equation (2.13) derived by the transformation S and then use the image of the
resulting approximation under the inverse transformation S~ as the desired approximation
of u, but this idea may be disappointing. Let i(X) and it;(X) denote the analytic solution of the
equation (2.13) and its PWDG approximation, respectively, and let it;(X) denote the image of
it;,(X) under the inverse transformation S ~'. Although the following abstract error estimate is
still valid

2.61) lle=illly, < inf =

‘fflevp(q—]})

¢+,
h

the approximation i, does not satisfy the abstract error estimate (2.33). Then it seems impos-
sible to build a desired error estimate of the approximation ii,. In fact, by (2.43) and (2.47),
we have

TAVWIn = (A2 P [V, 9In  and  [vIy = A2 Pl PTAT [0y onTy; € 7.

The different factors in the right hands of these relations tell us that the proposed PWDG
approximation uy, is indeed different from the image i, (x) of it;(X) under the inver transfor-
mation S .

3. Plane wave method for three-dimensional anisotropic time-harmonic Maxwell’s
equations. In this section we extend the method proposed in the last section to time-harmonic
Maxwell’s equations in three-dimensional anisotropic media. As we will see, the current
situation is more complex than the case of Helmholtz equation.

3.1. The model and its variational formula. We consider three-dimensional time-
harmonic Maxwell equations written as a first-order system of equations:

VXE —iwuH =0
VxH+iweE=0

3.1 in Q
V-(E)=0

V-(uH) =0
with the lowest-order absorbing boundary condition
(3.2) Hxn-9mXxE)Xxn=g/iw on y=0Q.

Here E = (E,E,,E))", H = (H,, Hy, H,)"; @ > 0 is the temporal frequency of the field;
© # 0 is assumed to be constant; g € L*>(0Q). The permittivity & and the permeability u are
assumed to be of the form

=g,
(3.3) M= WA,

where &, i, are constant, and A is assumed to be real strictly positive definite matrix.
We also denote by 7, the partition of the domain €, which is also a bounded polyhedron.
Define the broken Sobolev space

(3.4) H'(curl; 73,) = {w € L*(Q)° : wl, € H'(curl; Q) VY € 7).
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Let V(7}) be the piecewise Trefftz space defined on 7, by

V(T}) = {w € I2(Q) : s > 0 5.0 w € H/ > (curl: 7).
3.5)
and V X QJ_IV X W) — w’ew = 0in each Q€ ﬂ}

Let @, 3, 6 be strictly positive constants, with 0 < § < 1/2. Define the sesquilinear form
An(-,-) by

FUE. &) = - L (Y- [V X €Dy dS — o™ L Bl Vi X Elr - TV, x €l7 dS

- [tV By TET a5 - | alE), - TETy s

h

+f(1—6)(n><E)~Qu‘1Vh><£)dS—f S 'Vy xE)- (nx £) dS
7_—B B

h h

- iw‘lf 97 ' mx (W 'V, xE)] - [nx (u~'V, x )] dS
7:

- iwf (1-6)9mxE)-(nx &) dS, V& € V(Th)
i

and the functional ¢,(-, -) by
(3.6)

£y(g, &) = —iw™! f 59\ (nxg)-u~1V, x £dS +f (1-6)(nxg)-(nx&)dS, Y& € V(T)
7 77

Then, for a given g, the variational problem associated with (3.1)-(3.2) can be expressed
as follows (see [9, Section 3]). Find E € V(77,) such that,

(3.7) FAn(E, &) = tw(g.8), Y& € V(Th).

3.2. Plane wave discretization for the 3D anisotropic Maxwell equations. The pro-
posed plane wave method for (3.1) depends on two transformations.

3.2.1. A scaled transformation and a coordinate transformation. Since A is positive
definite matrix, there exists an orthogonal matrix P and a diagonal positive definite matrix
A = diag(Amin, Amid> Amax) such that A = PTAP, where Apin < Amid < Amax are constant.
Without loss of generality, we also assume that det(P) = 1. Furthermore, we set

(38) Mmax = V/lmid/lmax, Mmid = VAmaxAmin -~ and My = V/lmin/lmid-

Define the scaled fields E and H as

(Ex By E)' =G (Ex Ey E),
(3.9) (Hy Hy, H)" =G (A, Hy, H)".

Here G = PTA"3. Then, by direct calculation on (3.9), we deduce that

g3 VE, L 42 VE 43 VE. a1 -VE. ¢-VE, +41'VEy)T

1
VXE =P A1(- , .
Mmin Mmid Mmin Mmax Mmid Mimax

b}
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q3 -Vﬁy + q2 'VI:IZ q3 -VI:IX _ q1 -VFIZ _qz-VI:IX + q1 'VFI},)T

VxH=PAI(- , .
Mmin Mmid mmi{l ~ mmaxl ~ Mmid Mmax
uH = 1, PTAPPTA2H = 11, PTAH,
(3.10) ¢E = 5, PTAPPTA*E = &, PTAZE.

Here we need to first use (3.3) for the derivation of the later two equalities.
Set M = diag(mmax, Mmids Mmin), and define the coordinate transformation

(3.11) $=(392"= MP(xy)' =Sx, S=MP
With the inverse transformation S ~!, we define the scaled electric and magnetic fields
(3.12) E®,HR)" = (ES '8, HS'%)" = (E(), H)".

By direct manipulation on (3.12), we obtain the following system

A A -VE, -VE -VE, -VE -VE, -VE,
VxE:(—q3 v, z’q3 _q z’_q2 L4 ST
Mmin_ Mmid_ Mmin_ Mimax _ Mmid _ Mmax _
PN -VH, -VH. -VH, -VH -VH, -VH,
VxH:(—q3 I z’% _q z,_CI2 +Q1 ST
Mmin Mmid . ’;”min mnllai( Mmid Mmax
MA:V-H=V-(PTA2H),
IS A 1 ~
(3.13) MA:V-E =V .- (PTAZE).

Thus, by (3.1), (3.10) and (3.13), the scaled electric and magnetic fields (E(f{), ﬁ(ﬁ)) satisfy
the transformed isotropic Maxwell equations:

VXE—iwy,H=0

VxH+iws,E=0 A
(3.14) N N in Q

V-(gE)=0

V- (uH) =0

Conversely, if the scaled electric and magnetic fields (E(f(), I:I(f()) satisfy the transformed

isotropic Maxwell equations (3.14), the physical electromagnetic fields (E(x), H(x))
E(x) = GE®) = GE(Sx)

(3.15) N N
H(x) = GH(X) = GH(Sx)

satisfy the original anisotropic Maxwell equations (3.1).

As in Section 2, let Q and €); denote the images of Q and € under the coordinate
transformation (3.11), respectively. In addition, let 7 denote the partition comprised of the
elements {f)k}, where 7 is the mesh size of the partition 7A”h Set ?A'h = Uk 6f2k, 7%? = 0Q and

In the next subsubsection we present a plane wave discretization method for the con-

sidered anisotropic Maxwell equations by using the scaling matrix (3.9) and the coordinate
transformation (3.11).

3.2.2. Anisotropic plane wave basis function spaces. The discretization is based on a
finite-dimensional subspace V,(73) C V(77,). We first define plane wave basis function space
V,(773) satisfying the isotropic Maxwell equations (3.14).
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By choosing p unit propagation directions d; (! = 1, - - - , p), which can be determined by
the codes in [22], we can define plane wave functions E;:

(3.16) E; = Fiexpickd;-%) and E,, = Gexp(ixd;-%) (I=1,---,p),

where k = w+/i;&,, F; and G; are polarization vectors satisfying F; - d; = 0 and G; =
F;xd,((=1,---,p).

Let ézp denote the space spanned by the 2p plane wave functions E, (I=1,---,2p),and
define the isotropic plane wave space

(3.17) V,(T5) = {o e LX(Q): Vg €@y for any K € ‘Th}
By (3.15), we can define the anisotropic plane wave basis functions satisfying the original
equations (3.1):
(3.18) E;= GFexpicd;-Sx) and E;,= GGjexpicd;-Sx) ([=1,---,p).
Let &, denote the space spanned by the 2p plane wave basis functions E; (/ = 1,--- ,2p),
and define the anisotropic plane wave space

(3.19) V,(Th) = {v € IXQ): Vlx €@y for any K € 'rh}.

It is clear that the above space has N X 2p basis functions, which are defined by

E/(x), x €,

0, xeQ; satisfying j#k (K7L Nol=1ooe2p)

(320) Pf(x)= {

Furthermore, for a given g, we obtain the discretized version of the continuous variational
problem (3.7): Find E;, € V,(77,) such that,

(3.21) An(En, &) = 0n(g, &), V€ € Vp(Th).

For convenience, we use \A’(‘f';,) to denote the image space of the space V(7;) under
the scaling transformation (3.9) and the coordinate transformation (3.11), and set E;(X) =
G 'Ey(S~1%).

3.3. Error estimates of the approximate solutions. For the simplicity of notation, we
also use p to denote the condition number cond(A) for the positive definite matrix A defined
in (3.3). It is easy to see that cond(A) = cond(A) and cond(S) = cond(M) = p%.

We adopt similar steps described in section 2 to partition Q. The minor difference is that,
under the coordinate transformation (3.11), we have

(3.22) collM™'h < h < CollM~ Y.

We endow V(77,) with the mesh-skeleton norm,
. Wl = 182005 whe o + lle20wle [
+ 07 J5207 2 ox (V) Wl + (1= 929 Pm w1

and the following augmented norm

Il = i, + el 2t

+ o o P2t xwh[) 0+ 0|60 2 wl; e
N T h
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Similarly, we endow \A’(‘f}l) with the mesh-skeleton norm, which were introduced in [9],
2 N N 2 2ra 2
= & B0 V5 Wil + ol 0]

+ o7 |62 0 x (1 'V, % w)||07__3 +w||(1-6)"*9"*h

\

h

and the following augmented norm
NI = I, + wlls™ 2l

a)_l”a_l/z{{ﬂr_lﬁﬁ ||o¢l + a)||5_

As in [9], we can show the following existence, uniqueness and continuity results of
solution of the above variational problem.
Lemma 3.1. There exists a unique solution Ej, of (3.7). Moreover, we have

- iy, w)1 = [
(3.27) and |Ayw, &)| < 2[[wl||-. [ll€]ll. V'w.E € VT,

7:+

The abstract error estimate built in [9] also holds in the current situation with the
Il llly, ~norm.

Lemma 3.2. Let E be the analytical solution of (3.1)-(3.2) and let E), be the approximate
solution of (3.21). Then, there exists a constant C independent of w, h, p and A such that

(3.28) [E-Eifll. <3 inf [[E-&l],

hEYp(p

Letmbea positive integer satisfying the condition described in Subsection 2.3.2, assume
that ] <r <2 2 L and choose p = (m + 1)>. The following Lemma is a direct consequence of
Corollary 5.5 in [9].

LemMa 3.3. Assume that the analytical solution B € H'*'(curl; Q) satisfies the Maxwell
equations (3.14) in isotropic media. Choose a set of p plane wave propagation directions
{d;}1<i<p with the corresponding set of polarization directions ¥, G; defined by (3.16) in a
suitable manner. Then, there is a function éh € \A’p(‘f},) such that, for large p,

.
<co (L) e

(3.29) I - &lll~ —

x EHrJrl,m,fI’
where C; = C(wh) > 0 is independent of p and E, but increases as a function of the product
wh, and C, depends on the shape of the . € ‘f'h the index r, the material parameters 9, &, [,
and the flux parameters.

The following auxiliary result, which states the transformation stability with respect to
two mesh-dependent norms, will play a key role in the derivation of the desired error esti-

mates.
Lemma 3.4. For E € V(7T},), we have

El, <07 my i, 1+ IARI l)|||E|||ﬁ’

id mm
WEll. < p" iy, 1+ AR

(3.30)

mm
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Proof. We divide the proof into three steps.
Step 1: To estimate H[[/fth X E]]TH0 71 and Hn X (u'Vy, x E)HO -
h 7 h
By the first equation of (3.10) and the first equation of (3.13), we can verify that

(3.31) VX E = PTA3 ¥, x K.
Thus, on the interface I';; € 7—‘,{ we have
(3.32) ' Vi x Elr = 17" (e x (PTA™? ¥, x B) +my x (PTA™? ¥; X K ))).
It follows by the transformation (3.11) that
(3.33) n =S | SThy = S Ty PTMT iy
Notice that (P"a) x (PTb) = P (a x b) (Va,b € R*). Then, by (3.33) we obtain
ne X (PTA2 V; x By) = 1S Ty (PTM i) x (PTA™? ¥; x By
G35 Tng PT((MTﬁk) % (A ¥ Ek)) = 15Tyl PTAY iy x (F; x By).
Substituting (3.34) into (3.32), yields
(3.35) [V, x Ellr = 1S oy |[PTAY2 [ (V) x B) .

It is easy to see that

(3.36) IS Ty IA2]] < p'12,
and
Til\3 IR
(3.37) ('A"")z < g M
[Tl

These, together with (3.35), lead to

(3.38) 0% il < 017 oy 0795 ¢ B
and
(3.39) I 'V x B 0 < 01 iy i |18 (1719, )|y

Step 2: Build estimates of ||[Ellz||, ., and ||n x |-
T h T h

By (3.33), the scaling transformation (3.9) and the coordinate transformation (3.11), we
obtain

(3.40) m X By = 1S Ty (PTMTfiy) x (PTAIEY).
By direct manipulation, we can show that

(3.41) n X E; = 1S Tl PTAY? fy x Ey.
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Combining (3.41) with (3.36) and (3.37) yields

IR < 17 oy (B

(3.42) 0 X E||,p < 02 m m
T

mid " “min

fi X E”O?_]B

Step 3: To estimate [[({EN|, .. [[{{u! Vi < B}, -, and [[nx K, .
By the scaling transformation (3.9) and the coordinate transformation (3.11), we get

{{E))

min

343 0Bl = [IMGEN], < IGH[IUEN]y ey < HA~Hmfy | o

Moreover, we have

pap BN S0 |l PTAE 9 x Bl

< Ay 95 ¢ Bl
and

3.42 11 N
(3.45) Bl “<7 o

Combining (3.38)-(3.39) with (3.42)-(3.45) gives the desired results (3.30).

O

REmARK 3.1. We point out that, since we have used different choice of G from that in [26],
the transformation stability estimates (3.30) with respect to the condition number p of A are
better than (5.7) and (5.8) in [26].

REMARK 3.2. As in the proof of the above Lemma, we can obtain the following transfor-
mation stability with respect to two mesh-dependent norms, for VE € \A’(‘f}l),

1 1
Bl <o migemZ, (1A [||E]|]- »
46 % o i [fpi]

Bl <" mian mlyy (14 A [[E

As in [9], we define the following slightly modified weaker norm than Z?-norm in Q: for
every ¥ € L*(Q)3,

L -adR
47 gy = sop 22
aeH(dv:Q) |[U|prdiv0)

where
(3.48) 8]y = Floe + 19 - 91l

Notice that we have l|€7“H(div;Q)’ = H‘A'Ho,g for every

$ € H(div’; ) = {e € I2Q)*:V-9=0in Q}
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Define the following norm: for every w satisfying G™'w € L*(Q)?,

-1 -1
fQG w- -G 'vdx

(3.49) ¥y = sup
B Hvllﬁ(div;Q)
where
2 T 2
(3.50) Mivey = 167 ¥l + IV Bl
with 8 = —4

det3 ()
By direct calculation, we have

G5 |IV-Bv|iy = IV BGH|[, = [V PTM); = det DT3[ .
which yields
(3.52) ”VHi”udiv;Q) = det(M)||v :-I(div;fl)'

By the scaling transformation (3.9) and the coordinate transformation (3.11), we obtain
the following Lemma.
Lemma 3.5. For E € V(77},), we have

(3.53) HEHI'{(div;Q)’ = der(M™'"?) [ H(diviQdy
Proof. By the scaling argument, we have
HE” ) —(3'49) sup fQG_lE Gl —(3'52) sup det(M~1/%) LE . 0dﬁ.
ey veH(div;Q) ”V”ﬁ(div;g) veH(div:Q) ”eHH(div;fl)
O

With the help of the above preparation, we can prove the final results easily.

THEOREM 3.6. Let E and Ej, denote the analytical solution of (3.1)-(3.2) and the solution
of (3.21), respectively. Suppose that p and r satisfy the conditions in Lemma 3.3. Assume that
wh < C and E € H™*(curl; Q). Then, for sufficiently large p, we have

3 h 3
(3.54) e = Eill, <€ Copt Ay HVXE], g
and
-
(3.55) IE ~Eillgnay < € C3p* 0 —— [V XE], ., 0
m 2

where the constants C, and Cs are defined as

Co=IM'IP (1 + AT A2 and  C3 = IM7'IP (1 + A2 (1 +JA7Z]).

Proof. With the transformations (3.9) and (3.11), we define &,(x) = G f;,(S x), where fh
satisfying (3.29) denotes the plane wave approximation of the scaled electric field E. Under
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the assumption wh < C, we have C|(wh) < C. Thus, by (3.28) and (3.30), together with
(3.29), we deduce that

=Bl <3 (1= &l <30 m i 1 DAL B - &
(3.56) <Cp"m i m 2 (14 IAY af5/2(%)f*%||¢ x|, 0
By the first equation of (3.10) and the first equation of (3.13), we can deduct that
(3.57) (VxE)®) = A™'2P (V X E)(x).
Substituting (3.22) and (3.57) into (3.56), and using the scaling argument, yields
I = Eall,, < €p% mfy o, (1AM w7522 AP E, g

11 h ;
(3.58) <Cp"?m > m? <1+||A%||*‘)w*5/2<$>’*% M3 I3 (der(M))'/?

mid " “min

||V < E|| < CCpi w—S/Z(%)’—%HVxEH
m

r+l,w,Q — r+1,w,Q°

Furthermore, by (3.53), Proposition 4.8 of [9], (3.22), (3.46) and (3.58), we obtain

[E Eilgivar ¢ det(M ™) ||E = Ej|ggivsary
< CdetM"?) Wt -t E—E,;!Hﬂ
P27 Caau ot it el (|-
3.46
U Cdet )y w7t I 02 mi it (1L IATH) [[E - B
3.58) h2
< CCGCs Pg w™ m;l(r_%) HV X E”r+l,w,Q'
m}

ReMARK 3.3. In the considered anisotropic case, the derived error estimates contain a
factor depending on the condition number p of the coefficient matrix A. In contrast to the
shape regularity assumption on Ty, in [26] (where A is a diagonal matrix), we assume that
the transformed triangulation ‘f'h is shape regular. Under this assumption, we obtain the
important property h < CIIM~ "' h instead offl < |IM||h (derived in [26]). By this property,
we can build good stabilities of the transformation. Owe to such stabilities, we obtained
obviously better error estimates than those in [26, Theorem 5.1] in the sense that the error
bounds on the condition number p is superior to that of [26]. Besides, we believe that the
orders of the condition number p in the error estimates are optimal since the transformation
stability estimates seem sharp.

4. Numerical experiments. In this Section, we apply the proposed PWDG method to
solve the acoustic wave equation and electromagnetic wave propagation in anisotropic media,
and we report some numerical results to verify the efficiency of the proposed method.

For Maxwell’s equations, we use “new PWDG” to represent the proposed method in this
paper, and use “old PWDG” to represent the method introduced in [26], in which the shape
regularity assumption was directly imposed on 77 ( [26] only considers the case of the di-
agonal matrix A). Here, “old PWDG” employs the same variational formulation (3.21) and
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coordinate transformation (3.11) as “new PWDG”. For the Helmholtz equation, the formula-
tion of “the old PWDG” is the same as (2.17) of “the new PWDG”, and the only difference
between “old PWDG” and “new PWDG?” is in a different “shape regularity”” assumption on
the mesh. As described in Section 2 and Section 3, we choose the same number p of basis
functions for every elements ;. We consider the choice of numerical fluxes for the PWDG
method as in [6]: the constant parameters @ = =0 = 1/2.

To measure the accuracy of the numerical solutions u;, and E;, we introduce the following
L? relative error:

= wllz ) _E = Epllr2)
I1Ellz2 )

El

||u||L2(Q)

for the exact solution u € L*(Q), or E € (L*(Q))>. All of the computations have been done
in MATLAB, and the system matrix was computed by exact integration on the mesh skele-
ton. The mesh 7, of Q is generated by the Mesh Generation Algorithm of section 2.3.1. We
start by covering Q by a mesh of tetrahedra denoted by ‘f,fl, which is generated by the soft-
ware Gmsh [4]. “DOFs” represents the number of degree of freedoms equal to the elements
multiplied by the number of basis functions per element.

4.1. The 3D anisotropic Helmholtz equation. The exact solution of the problem is

exp(iw|S X — x0|)
u(x) = 47T|S X — xol ’

a? +p’1b2 ab(p™'-=1) 0
where Q = [0, 1]>. We set the anisotropic matrix A = | ab(p™' —=1) b +p'a> 0 |,
0 0 p!
where a = %, b=(1- az)% = \/LE’ and p > 1. By orthogonal diagonalizing, we obtain the
a -b 0
diagonal matrix A = diag(1,p~!,p™"), and the orthogonal matrix P = [ b a O ] Thus,
0 0 1
we have ||A|| = [|A]| = 1, and the condition numbers of the anisotropic matrix A = PTAP
and the coordinate transformation matrix § = A~ZP are p and p% , respectively. To keep the
exact solution smooth in Q, we choose the singularity xg as xo = (0.6, —0.6, —0.6) satisfying
Xy # S X where Vx € Q.

First, Table 1 and Figure 2 show the errors of the approximations generated by the pro-
posed PWDG method with respect to m. Here, we set w = 4n, p = 4, choose the number p
of basis functions from p = 9 to p = 64 (2 < m < 7), and fix the mesh triangulation.

TaBLE 1

Errors of the approximations for the case of p—convergence.

p 9 16 25 36 49 64 81
err. | 7.6le-1 | 1.65e-1 | 2.07e-2 | 3.23e-3 | 5.12e-4 | 8.12e-5 | 1.46e-5
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Relative Error with respect to m
T T T

Relative Error

107

—+— NEW-PWDG

100
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10 10 10 10 10

Fic. 2. Err.vs m.

Figure 2 shows the plot of L? relative errors with respect to m. It highlights two different
regimes for increasing m: (i) a preasymptotic region with slow convergence, (ii) a region of
faster convergence. The conclusion is consistent with Figures 4.2-4.5 of [6].

Then, we would like to compare the L? relative errors of the approximations generated
by the proposed PWDG method and the old PWDG method in [26] for the case of almost
the same degree of freedoms (DOFs). We fix w = 4n, p = 25, h = i, but increase the
condition number of the anisotropic matrix A and the corresponding number of elements.
The numerical results are shown in Table 2 and Figure 3 .

TaBLE 2

Comparisons of errors of approximations with respect to p.

Je) 8 16 32 64 128 256
err 8.72e-2 | 2.46e-1 | 4.55e-1 | 7.54e-1 1.46 -
old PWDG DOFs | 12800 25000 54925 | 102400 | 200000 | 390625
new PWDG err 1.79e-2 | 2.52e-2 | 2.86e-2 | 3.86e-2 | 5.61e-2 | 8.02e-2
W DOFs | 14400 25600 52900 | 102400 | 193600 | 409600

Relative Error with respect to cond(A)

Relative Error with respect to cond(A) in logarithmic scale

Relative Error

— * — OLD-PWDG
—+— NEW-PWDG or

log(Relative Error)

P

— * — OLD-PWDG
slope =0.808 |
—+— NEW-PWDG

—0— slope =0.486 |

05 !
50 /
*
/
/
¥
/
e
0 n " . . .
0 50 100 150 200 250 300

FiG. 3. Left: Err. vs p.

log(p)

Right: Err.vs p in logarithmic scale.

We can see from Table 2 and Figure 3 that, the approximations generated by the new
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PWDG are more accurate than those generated by the old PWDG. Besides, the growth rates
with respect to p of the L? relative errors of the approximations generated by the new PWDG
method are much smaller than those generated by the old PWDG method, which verifies the
validity of Remark 2.3. In addition, the numerical convergence order of the approximation uy,
generated by the proposed method with respect to p is superior to the theoretical convergence
order.

Furthermore, we fix the product of wh to be ’—2’, but increase the wave number w and

decrease the mesh size h. The resulting errors of the approximations generated by the new
PWDG and the old PWDG are listed in Table 3 and Figure 4.

TaBLE 3

Comparisons of errors of approximations with respect to w.

w 4r (s 8 107 127 14r
old PWDG err 1.23e-3 | 2.03e-3 | 3.46e-3 | 6.16e-3 | 1.02e-2 | 1.73e-2
DOFs | 25000 84375 | 200000 | 390625 | 675000 | 1071875
err 6.97e-4 | 6.99e-4 | 7.94e-4 | 9.13e-4 | 1.05e-3 | 1.16e-3
new PWDG

DOFs | 25600 | 86400 | 204800 | 400000 | 691200 | 1097600

Relative Error with respect to w

0.018 :
—+— OLD-PWDG
00161 — * — NEW-PWDG
0014
0012
0.01F

0.008 -

Relative Error

0.006 -

0.004

0.002 -

Fic. 4. Err. vs w.

Table 3 and Figure 4 show that, the approximations generated by the new PWDG are
more accurate than those generated by the old PWDG. Besides, the numerical errors in rel-
ative L? norm indicate that the proposed PWDG method is slightly affected by the pollution
effect (see [28]).

4.2. Electric dipole in free space for a smooth case. We compute the electric field due
to an electric dipole source at the point xg = (—0.6, —0.6, —0.6). The dipole point source can
be defined as the solution of a homogeneous Maxwell system (3.1). The exact solution of the
problem is

1
“4.1) Eex = —1wl¢p(X,X0)G a + on GV,(Vy¢-a)
we,
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where
exp(iw \/g_,lS X — xol)
Pl 3o) = 47r|S X - x0|
a*>+pb> ab(p-1) 0
and Q = [0,1]3. We set the anisotropic matrix A = | ab(o—1) b*>+pa*> 0 |and

0 0 o

& = ur = 1, where a, b, p are the same as in the previous Subsection. By orthogonal
diagonalizing, the diagonal matrix A = diag(1, p, p), and the orthogonal matrix P is the same
as in the previous Section. Besides, we have M = diag(p, p%, p%) and |[M7Y|| = p‘%. In
addition, the condition numbers of the anisotropic matrix A = PTAP and the coordinate
transformation matrix S = MP are p and p% , respectively.

First, Table 4 and Figure 5 show the errors of the approximations generated by the PWDG
method with respect to m. Here, we set w = 4m, p = 4. The number p of basis functions is
chosen from p =9 to p = 64 (2 < m < 7), and the mesh triangulation is fixed.

TABLE 4
Errors of the approximations for the case of p—convergence.

p 9 16 25 36 49 64
err. | 2.22e-1 | 2.31e-2 | 3.74e-3 | 4.74e-4 | 4.54e-5 | 4.20e-6

Relative Error with respect to m
T T

—+— NEW-PWDG

Relative Error

10°

10%4 10°° 10%° 10%7 10%°

Fic. 5. Err.vs m.

Figure 5 shows the plot of L? relative errors with respect to m. It also highlights two
different regimes for increasing m: (i) a preasymptotic region with slow convergence, (ii) a
region of faster convergence. As stated in Remark 3.14 of [6], the convergence order of the
approximations with respect to m turns out to be exponential since the analytical solution of
the problem can be extended analytically outside the domain.

Next, the L? relative errors of the approximations generated by the proposed PWDG
method and the old PWDG method in [26] are compared for the case of almost the same
DOFs. We fix w = 2r, p = 25, h= %, but increase the condition number of the anisotropic
matrix A and the corresponding number of elements. The numerical results are shown in
Table 5 and Figure 6.
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TABLE 5

Comparisons of errors of approximations with respect to p.

P 8 16 32 64 128

err 9.42e-2 | 1.95e-1 | 4.51e-1 | 9.09e-1 -
old PWDG DOFs | 25600 | 109850 | 400000 | 1638400 | 6632550
new PWDG err 4.18e-2 | 6.59¢-2 | 1.14e-1 1.63e-1 2.65e-1

DOFs | 28800 | 102400 | 387200 | 1638400 | 6771200

Relative Error with respect to cond(A) Relative Error with respect to cond(A) in logarithmic scale

% — OLD-PWDG A | - + — OLD-PWDG
! -05F J —+— NEW-PWDG
/’ 1 P —0— slope =0.653

Relative Error
log(Relative Error)

0 50 100 150 200 250 300 2 25 3 35 4
3 log(p)

FiG. 6. Left: Err.vs p.  Right: Err.vs p in logarithmic scale.

From Table 5 and Figure 6, we can see that, the approximations generated by the new
PWDG are more accurate than those generated by the old PWDG. Moreover, the growth rates
with respect to p of the L? relative errors of the approximations generated by the new PWDG
method are much smaller than those generated by the old PWDG method.

Finally, we fix the product of wh to be 5, but increase the wave number w and decrease
the mesh size /. The resulting errors of the approximations generated by the new PWDG and
the old PWDG are listed in Table 6 and Figure 7.

TABLE 6

Comparisons of errors of approximations with respect to w.

w 3r 4r Sn 6 n 8
old PWDG err 3.18e-3 | 3.04e-3 | 3.78e-3 | 4.65¢-3 | 6.52e-3 | 2.28e-2
DOFs | 50000 | 109850 | 204800 | 342950 | 532400 | 781250
new PWDG err 3.04e-3 | 2.71e-3 | 2.60e-3 | 2.56e-3 | 3.22e-3 | 3.70e-3
DOFs | 43200 | 102400 | 200000 | 345600 | 548800 | 819200
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Relative Error with respect to w

0.025 : . . . . . . . .
—+— OLD-PWDG
— % — NEW-PWDG
0.02f —
S 0.015 B
i
o
2
k<t
& o001 g
0.005 1

6 8 10 12 14 16 18 20 22 24 26

Fic. 7. Err. vs w.

Table 6 and Figure 7 show that, the approximations generated by the new PWDG are

more accurate than those generated by the old PWDG. Besides, the numerical errors in rel-
ative L? norm indicate that the proposed PWDG method is slightly affected by the pollution
effect.
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