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Analysis of a semi-augmented mixed finite element method for
double-diffusive natural convection in porous media *
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Abstract

In this paper we study a stationary double-diffusive natural convection problem in porous media
given by a Navier-Stokes/Darcy type system, for describing the velocity and the pressure, coupled to
a vector advection-diffusion equation describing the heat and substance concentration, of a viscous
fluid in a porous media with physical boundary conditions. The model problem is rewritten in
terms of a first-order system, without the pressure, based on the introduction of the strain tensor
and a nonlinear pseudo-stress tensor in the fluid equations. After a variational approach, the
resulting weak model is then augmented using appropriate redundant penalization terms for the
fluid equations along with a standard primal formulation for the heat and substance concentration.
Then, it is rewritten as an equivalent fixed-point problem. Well-posedness and uniqueness results
for both the continuous and the discrete schemes are stated, as well as the respective convergence
result under certain regularity assumptions combined with the Lax-Milgram theorem, and the
Banach and Brouwer fixed-point theorems. In particular, Raviart-Thomas elements of order k are
used for approximating the pseudo-stress tensor, piecewise polynomials of degree < k and < k+ 1
are utilized for approximating the strain tensor and the velocity, respectively, and the heat and
substance concentration are approximated by means of Lagrange finite elements of order < k + 1.
Optimal a priori error estimates are derived and confirmed through some numerical examples that
illustrate the performance of the proposed semi-augmented mixed-primal scheme.
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1 Introduction

In nature and several technological applications, transport phenomena widely occur as a result of
a combined heat and mass transfer that are driven by buoyancy effects due to both temperature
and concentration variations (see, e.g., [15] 37, 89]). Such processes, also known as thermosolutal or
double-diffusive natural convection, involving fluid circulation in a porous media, are frequently found
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in astrophysics, oceanology, metallurgy, electrophysics and geophysics, but also appear in several
engineering applications such as filtration processes, geothermal energy exploitation, spreading on
porous substrates, bio-film growth, gasification of biomass, to name a few.

From the mathematical point of view the Darcy-Oberbeck-Boussinesq model allows to adequately
describe and quantify this complex flow by means of a nonlinear partial differential equations system.
More precisely, the momentum and conservation of fluid mass give rise to a Navier-Stokes/Darcy
type system for describing the fluid flow in the porous media which, in turn, is coupled via buoyancy
forces and convective mass and heat transfer to a vector advection-diffusion equation for describing
the substance concentration and the temperature, as a result of an energy and mass transfer balance
(see, e.g., [37,B9]).

Many computational techniques have been developed so far in order to numerically solve and simulate
this problem and related ones (see [II, Bl 10 17 18] 29, B0, B4, B8, 44], and the references therein).

Particularly, the contributions [11 3], 38| 29] 30, 34}, [44] deal with double-diffusive convection in a cavity,
whereas in [I0, [I7, [I§] the authors consider the phenomenon in a porous media.

In [38], a finite volume method is proposed and applied to solve agro-food processes, whereas some
methods based on finite elements for this problem are [I, B]. In [I], the authors proposed stabi-
lized finite element formulations based on the SUPG (Streamline-Upwind /Petrov-Galerkin) and PSPG
(Pressure-Stabilization /Petrov-Galerkin) methods to solve the problem in unsteady state. Numerical
simulations in two and three dimensions illustrate the accuracy and performance of this technique.
However, the theoretical analyses of the associate continuous and the discrete variational problems
as well as the convergence of the method are not carried out there, and the method only allows to
carry out low-order approximations of the main unknowns. On the other hand, in [3] the problem is
considered in steady state and analyzed by using the boundary control theory. The authors formulate
and prove solvability results for the corresponding boundary control problem, state local uniqueness
and stability of optimal solutions.

Focusing in double-diffusive viscous flow in porous media, [I7] proposes a technique consisting of a
projection-based stabilization method in the unsteady state. There, the convergence of the velocity,
temperature and concentration in the semi-discrete case are derived. In addition, some numerical
experiments are reported to confirm optimal order error estimates and to compare their results with
previous ones. In [I0] the authors construct a divergence-conforming primal scheme and establish the
existence and uniqueness results for the continuous problem and the discrete scheme as well as con-
vergence properties. On the other hand, in [I§] the authors propose a high-order fully-mixed method
based on the introduction of the velocity gradient, the temperature gradient and the concentration
gradient as new unknowns into the problem. The resulting formulation has a saddle-point structure
on reflexive Banach spaces for both the Navier-Stokes/Darcy and the thermal energy conservation
equations. There, it is particularly shown that the discrete scheme is well-posed and an a priori error
estimate for the Galerkin scheme is also derived under sufficiently small data. However, feasible finite
element subspaces must be constructed over meshes with a macro-element structure in order to sat-
isfy an inf-sup compatibility condition, which in turn significantly increased the computational cost,
especially in the three-dimensional case.

According to the above discussion and in order to contribute with the design and analysis of new
mixed finite schemes for simulating double-diffusive convection in porous media. The main goal of
this work is precisely to propose a new semi-augmented mixed finite element method in which the
strain tensor and a pseudo-stress tensor are introduced as primary unknowns of interest in the fluid
equations and the pressure is eliminated from the system by its own definition. To avoid any inf-sup
restriction, to guarantee greater flexibility regarding finite element spaces and lower computational
cost than [I8], the respective variational formulation is augmented by using appropriate redundant
penalization Galerkin type-terms based on the constitutive and equilibrium equations combined with



a primal formulation for the heat and substance concentration equations in standard Hilbert spaces.
In this way, the aforementioned strain tensor, the nonlinear pseudostress, the velocity and a vector
field whose components are the temperature of the fluid and the substance concentration are the main
unknowns of the resulting coupled system. Moreover, physical boundary conditions are considered.
Indeed, a no-slip condition (that is, homogeneous Dirichlet condition) for the fluid velocity, a prescribed
temperature and substance concentration on a Dirichlet boundary and no heat/mass flow across an
isolated surface/homogeneous Neumann condition.

Concerning the solvability analysis, we proceed similarly to [4, [19] by introducing an equivalent fixed-
point setting. According to this, combining the Lax-Milgram theorem with the classical Banach and
Brouwer fixed-point theorems, we establish the respective solvability of the continuous problem and
the associated Galerkin scheme, under suitable regularity assumptions (see [7], for further details), a
feasible choice of parameters and, in the discrete case, for any family of finite element subspaces. To
handle the non-homogeneous Dirichlet condition for the temperature and concentration, we carry out
a rigorous treatment of the boundary data throughout the analysis by means of appropriate extensions
involving the Scott-Zhang interpolator (in the discrete case), which allows us to establish the well-
posedness of our scheme, along with its convergence result and the respective a priori error bounds.
Up to the best of our knowledge, because of the difficulties that can arise in the analysis, the physically
relevant non-homogeneous Dirichlet condition case is usually either omitted or not considered; this is
what motivates us to contribute in this direction as well.

A Strang-type lemma, enables us to derive the corresponding Céa estimate and to provide optimal
a priori error bounds for the Galerkin solution. In turn, the pressure can be recovered by a post-
processed of the discrete solutions, preserving the same rate of convergence. Finally, some numerical
experiments are presented to illustrate the performance of the technique, including the unsteady case
with unknown solution, to confirm the expected orders.

The contents of this paper is presented as follows. At the end of this section, we introduce some
standard notations to be used throughout the manuscript. In Section 2 we introduce the model
problem and the data. We also derive an equivalent first-order equations in terms of additional
variables. Then, in Section Bl we derive the semi-augmented mixed-primal variational formulation and
establish its well-posedness. The associated Galerkin scheme is introduced and analyzed in Section
M4 In Section B, we derive the corresponding Céa estimate and, finally, in Section [f] we present some
numerical examples illustrating the performance of our semi-augmented mixed-primal finite element
method.

1.1 Notations

Let us denote by Q@ C R", with n € {2,3}, a given bounded domain with polygonal/polyhedral
boundary I' with outward unit normal vector n and let I'p,I'y € I' be such that I'n N I'y = &,
ITp| > 0 and I' = Tp U I'y. Standard notation will be adopted for Lebesgue spaces LP(Q2) with
norm || - [jop,0 or | - |0, if p =2, and Sobolev spaces H*(2) with norm || - ||5,o, and semi-norm | - |5 .
In particular, when A denotes a generic scalar functional space, then we will denote its vectorial and
tensor counterparts by A and A, respectively.

For vector fields v = (vj)1<i<n and w = (w;)1<i<n, we set the gradient, divergence and dyadic
product operators, as

0v; - Jv;

. J

Vo = <8 , dive = E e and v®w:= (Uz"wj)lgi,jgm
L5/ 1<ij<n =1 9t

respectively. Furthermore, given the tensor fields 7 = (7;;)1<i j<n and ¢ = ((ij)1<i j<n, wWe let div T
be the divergence operator div acting along the rows of 7, and define the transpose, the trace, the



tensor inner product, and the deviatoric tensor, respectively, as

n n
1
T = (Giicigen, (7)== ) T, TiC=) TGy, and mli=T - L
=1 =1

where I stands for the identity tensor in R™*". We recall that the space
H(div; Q) = {’T cL2(Q): divre L2(Q)} ,
equipped with the usual norm
I lGiv.0 = 17150 + divT[F g,

is a Hilbert space. Finally, we employ 0 to denote a generic null vector and use ¢ or C, with or without
subscripts, bars, tildes or hats, to mean generic positive constants independent of the discretization
parameters, which may take different values at different places.

2 The model problem

This section introduces the mathematical model we address in the present work as well as the auxiliary
unknowns that are introduced and considered in the subsequent variational formulation. Under the
Oberbeck-Boussinesq approximation framework, double-diffusive natural convection phenomenon in
a porous media is described in terms of a Navier-Stokes-Brinkman model coupled to a system of
diffusion-advection equations. In the stationary state, the problem consists of finding the velocity u,
the pressure p, and the vector ¢ = (1, p2)* when n = 2 and ¢ = (¢1,¢2,0)" when n = 3, where ¢
and o are the temperature and the concentration fields, respectively, of a fluid in a confined porous
enclosure 2, satisfying the set of equations:

yu—2div (v(p)e(w) + (u-V)u+Vp = (a-@)g in 9,
dive = 0 in Q, (2.1)
—div(KVe) + (Ve)u = 0 in Q,

where e(u) stands for the symmetric part of the velocity gradient, i.e., e(u) := %(Vu + (Vu)'). The
data are the gravitational force g, the positive constant v corresponding to the reciprocal of the Darcy
number, the (thermal and solute) expansion coefficients vector e, and the diagonal matrix of (thermal
and mass) diffusion constants K = diag(k;)1<i<n € L>°(Q), with k; = 0 when ¢ = 3, which is assumed
to be a uniformly positive definite tensor, which means that there exists a positive constant kg such
that

(Kz)-x > kolz|* Ve €R", with ko=min{ky, ko,... kn}. (2.2)

In turn, the kinematic viscosity v : RT x Rt — R™ is assumed to be a bounded and Lipschitz
continuous function that might depend on both the temperature and the mass concentration. That
is, we assume the existence of positive constants 11, 5, and L, that satisfy

vi S v(g) < vz and V(@) —v(W)| < Lylp—1| Vo, eRxRT. (2.3)

The system (1) is finally completed with a non-slip condition on the whole boundary for the velocity
and physical boundary conditions for both the temperature and the concentration fields, that is

u=0 onl, ¢ = ¢p onI'p and (Vp)n =0 on I'y, (2.4)



where ¢, € HY/2(T'p) is a known trace function on I'p.

Next, proceeding similarly to [I3], we introduce the strain tensor ¢ := e(u) as an auxiliary variable
and then define

o= 2(p)t—(u®u)— (p+ec,)l in Q, (2.5)

as an additional tensorial unknown, where ¢, is a constant to be suitably defined next (see equation

Z7) below). Thus, noting that the incompressibility condition of the fluid (divw = 0) implies that
div(u ® u) = (u - V)u, we get from the first relation of (2] the equilibrium equation

yu—dive = (a-¢)g in Q,

and taking deviatoric part in (23], we find that the constitutive relation defined by (2.I) can be
written as

o = wEt—(uouw! in Q
where t¢ = ¢ since divu = 0. Thus, the pressure is eliminated from the system, however taking trace
in (Z.3]), we find that it can be easily recovered according to the formula

p = _% [tr(o’ + (u®u))] — Cy, in Q. (2.6)

Now, since p € L%(Q) (which as usual is clearly required for uniqueness of an eventual pressure solution
to (1)), the equation (2.6l suggests to define

1 / 1
Cy = ——— [ tr(u®@u) = ——||u , 2.7

so as to get the equivalence
/p =0 if, and only if, /tra =0. (2.8)
Q Q

According to the above discusion, the system (21]) and (2.4 equivalently reads: Find ¢, o and ¢ such
that

wet—o!—(uou)! =0 in Q, yu—-dive = (a-¢)g in Q,

t+wu) = Vu in Q, —div(KVep) + (Vp)u = 0 in Q, (2.9)

u=0 on I'y ¢ =¢p on I'p, (Vo)yn =0 on I'y, and /trazO,
Q

where w(u) = 2(Vu — (Vu)!) is the skew-symmetric part of the velocity gradient. We emphasize
that the introduction of the variables t and o as new unknowns in the system allows us to equivalently
rewrite the Navier-Stokes-Brinkman model (first row of (2.1])) in terms of a first-order set of equations.
Also, observe that according to (ZG)-(28]), the zero mean value restriction of the pressure on the
domain is imposed via the respective restriction on tro in the last equation of (29). Note further
that the incompressibility condition of the fluid is implicitly present via the equilibrium relation defined
by o according to the second equation in the first row of (2.9]).

3 The continuous formulation

In this section we introduce and analyze the weak formulation proposed for the system described by
23). In Section BI] we firstly deduce an augmented mixed variational formulation of (2Z9) and then
we rewrite it as a fixed-point problem in Section B.2] whose analysis is addressed through Sections B3]

and B4



3.1 The semi-augmented mixed-primal variational formulation

To begin with, the fact that the trace of the tensor solution o of system (2.9]) has zero mean value in
Q (see last equation of (29])) suggests to introduce the space

Ho(div; Q) = {T € H(div; Q) : / trr = 0} .
Q
In addition, by their own definitions, we introduce the following space for the strain tensor ¢, as
LZ(Q) = {r cL?(Q): r'=7r and trr= O}.

In turn, because of the boundary conditions for the temperature and concentrations (see second and
third equations of last row in ([2.9)) we consider the closed subspace

HE,(©Q) = {weH'(Q): @[, =0},

for which, from the generalized Poincaré inequality, we know that there exists cg, > 0, depending only
on 2 and I'p, such that
[¥lhe < cplbhe V€ Hp (Q). (3.1)

Now, testing the first equation from first row in (23] with r € L2(9), we obtain
2/V(cp)t:r—/ad:'r—/(u@u)d:r:0 Voreli(Q). (3.2)
Q Q Q

At this point, we readily note that in order to bound the third term on the left hand side of (.2, and
thanks to the continuous injection 4 : H*(Q) — L*(Q) (see e.g. [2] or [41]), we requiere the unknown
u to live in H}(Q) := {v € HYQ) : v|r = 0}. Indeed, by applying Cauchy-Schwarz and Hélder
inequalities, we deduce that there exists a positive constant c1(£2) := ||i||?, such that

[wewtsr

Next, multiplying the first equation from second row in (2.9) by a test function 7 € Hy(div; ),
integrating by parts, using the Dirichlet condition for w, and the identity ¢ : 7 = ¢ : 79 (since t is
trace-free), we get

/t:TdJr/w(u):TJr/u.diVT — 0 V7 eH(div; Q).
Q Q Q

<a@lulielwlielrloe YuweHi(©Q),  ¥Yrel?(Q). (3.3)

Likewise, the equilibrium relation associated to o (second equation from first row in ([Z9])) is written
as

y/u-v—/v-divaz/(awp)g-’v V’UGHé(Q)a
Q Q Q

whereas, the symmetry of the pseudo-stress tensor is imposed in an ultra-weak sense (see e.g [§])
through the identity

—/a:w(v) — 0 VeecH\Q).
Q
As for the equation associated to the temperature and concentration (second equation from second

row in (2.9)), we simply multiply it by a test function v € H%D (Q) and, after integrating by parts,
and employing the Neumann boundary contidions on I'y, we find

/Kw;w + /(w)u.zp — 0 vyeHL ().
Q Q

6



In this way, a preliminary weak formulation for the coupled problem (29 takes the form: Find
(t,0,u,p) € LA(Q) x Hy(div; Q) x H}(Q) x H(Q), with (’0|FD = ¢p, such that

2/91/(4,0)t:r—/90'd:r—/ﬂ(u@u)d:r = 0 Vr e L2(Q),
/t:rd+/w(u):r+/u-divr = 0 V1 € Hy(div; ),
Q ) Q (3.4)
—/Q'v-diva—/gw(v):0'+7/ﬂu-'v = /Q(a-cp)g-v Vv e HY(Q),
/KV(,O:VI/J—I—/(VQO)U-I/J =0 Ve € Hp_ (Q).
Q Q

In order to analyze the variational formulation ([B.4]), and similarly as in [I3 Section 2] (see also
[4, 8, 21]), we additionally augment (B.4]) by incorporating the following residual Galerkin type-terms
coming from the constitutive and equilibrium equations for the fluid,

K1 / (e(u)—t):e(v) = 0 Vv e HL(Q),
Q
—/{27/ u-divT + /12/ dive -divr = —ka / (a-p)g-divr VT eHy(div;Q), (3.5)
Q Q Q
—/13/ {21/(90)15 —ol— (u® u)d} =0 V1 € Hy(div; ),
Q

where (K1, ke, k3) is a vector of positive parameters to be specified later in Section

Hence, letting .
€ = (t,o,u) € H:=1L2(Q) x Ho(div; Q) x H{(Q),

where H is endowed with the natural norm
" 2 2 2 /2 "
il o= {lr B + I lie + [0l3a} . Viii= (r,7,0) € H

and adding up ([B.4) with (B.5), we arrive at the following semi-augmented mixed-primal formulation
for the double-diffusive natural convection problem in porous media: Find (£, ) € H x HY(Q) , with
(P|FD = ¢p, such that

A (€.7) +Bu(& i) = Fu(#) Vij € H, (3.6a)
Clp,9) = Gue(¥) Vo eH (Q), (3.6b)

where, given ¢ € H'(Q2) and w € H{(Q), Ay, By, and C are the bilinear forms defined, respectively,
as

Ad,(g,ﬁ) = 2/91/((;‘))15: {r—ﬁgrd} + /Qt:{Td—ﬁle(v)} - /QO'd:{’I‘—K,gTd}

—I-(l—l-iﬂ)/ﬂu'divr— /Qv-diva+/gw(u):r—/ﬂa:w(v) (3.7)

+’y/u-’u—i—ﬁg/diva-diVT—i-/il/e(u):e(v),
Q Q

Q



and

Bu) = [(@sw: {rrt -}, (3.5)
Q
for all é’,ﬁ € H and
Cocw) += [[KVx: Ve VaxweH(®), (3.9)
In turn, Fyg and G ¢ are linear functionals defined as
Fy(ii) = /(a “$)g - {v—radivr)  VicH, (3.10)
Q
and
Guo(®) = = [ (Vo v eHl®). (3.11)

3.2 The fixed point approach

In this Section we describe a fixed point strategy that allow us to solve the coupled problem given by
([8). We start by denoting H := H}(Q) x HY(Q), and defining the operator 4 : H — H by

A(w,p) = (Ai(w, ), A2(w,9), As(w,9)) =€ V(w,¢) e H

where E = (t,o,u) € H is the unique solution of the augmented mixed formulation given by (B.6al),
with (w, ¢) instead (u, ), that is:

Ay(E,7) + Bu(€, i) = Fp(f) VHeH, (3.12)

where the bilinear forms A4, By, and the functional Fy are defined exactly as in (81), (8.8), and
(310, respectively. In addition, we also introduce the operator B : H — H(Q) defined as

B(w,¢) = ¢ V(w,¢)cH,
where ¢ is the unique solution of the problem (B.6D)), with (w, ¢) instead (u, ), that is:
Clo) = Guolw) Vo HE (), (3.13)
where the bilinear form C, and the functional G, ¢ are defined by (33) and (B.I1), respectively.
In this way, by introducing the operator . : H — H as
L(w,¢) = (As(w, ), B(As3(w, ¢),¢)) V(w,¢)€H (3.14)

we readily realize that solving (B.6)) is equivalent to seeking a fixed point of .Z, that is: Find (u, ) € H
such that

ZL(u, ) = (u,9). (3.15)
The following two sections establish the well-posedness of (B.13]).



3.3 Well-posedness of the uncoupled problems

We begin by recalling the following lemmas which are useful to prove the ellipticity of the bilinear
form Ag + By,.

Lemma 3.1 There exists c2(€2) > 0 such that
o@lrolie < I + Idiv(nlie Y7 =70+ cl € H(div; ),

with 7o € Hy(div; ) and c € R.

Proof. See [9, Proposition 3.1]. O

Lemma 3.2 There holds
§|v|ig < lle(w)lga  VveHQ).

Proof. See [36, Theorem 10.1]. O

We now provide sufficient conditions under which the uncoupled problems ([B.12) and [B.I3]) are
indeed uniquely solvable.

Lemma 3.3 Assume that k1 € (0,253(21/1 - “g?)), ko € (0,209), k3 € (0, %) with 61 € (0, V—lz),
& € (0, %), d3 € (0,1). Then, there exists ro > 0 such that for each r € (0,ry), problem BI2) has a

unique solution A(w, @) := € € H, for each (w,¢) € H with lwll1,0 < r. Moreover, there exists Cq,
independent of (w, ¢), such that

—

[A(w, )llu = [I€]lz < Calallgllioloe V(w ¢)eH. (3.16)

Proof. We begin by deriving the continuity of the bilinear forms Ay and B,, (sf. [B1) and B3,
respectively). Indeed, applying Cauchy-Schwarz’s inequality, the assumptions (2.3)), and the fact that
le()]loo < [v)i0 and |w@)|oa < [vhia Vv € HYQ), we deduce that there exists a positive
constant Ca ,, depending on k1, K2, K3, V2,7, such that

A& i) < Ca,lléllllilla V&7 cH, (3.17)

where Ca, := 3max{2,v + k1, k2 + K3, 212, 1 + 2v2k3,1 + [1 — yk2|}. In turn, by applying Hélder’s
inequality and the continuous injection i : H'(Q) — L*(2), with constant ¢;(f2), we obtain that

Buw(E M| < a2+ r3)"llwlig €l llilln V&7 cH. (3.18)

Then, it follows from [B.I7) and (BI8]), that there exists a positive constant denote by ||A, + Byl
that depends on k1, K, k3, 12,7, ¢1(Q2) and ||w|1 o, such that

(Ap +Byw)(€,7)| < |[Ag + Byl |Ellullfllm V&7 eH. (3.19)

We now address the proof of the ellipticity for the bilinear form A4 + B,,. To this end, we first derive
this property for the bilinear form Ay. In fact, from B.7), by applying ([2.3]) and the Cauchy-Schwarz



inequality, together with Lemma B.2] it followss that
As(€€) = 2/Qu(¢)t:t — 2,<;3/Qy(¢)t:ad —~ /il/Qt:e(u) + rsllo? 5.

. /Q w-dive + y|ullg + mlldivelg + mlle)q

v

2v1[tl3 0 — 2esmeltlocllolon — miltloalle(w)on + rslloldq

= ryllulloglldiveolon + Yullfo + relldivelfo + sille(w)d o

> witffo — 2mseltloglloton — riltloelule + wslloldq
ﬂ
2

— rylluloglldivelon + Yullfo + relldivelfo + = lulfg

Next, employing the Young inequality and gathering similar terms, we obtain

zz K3l K1 Y02 .
M€8 = (22— ) iR + malt - )0 + 2 (1- 252 ) vl

K2 K1
+ v (1 — 2—52> lullgo + 7(1 —&3)|uli g

and then, choosing k1, ko, k3, 01, 02 and J3 in the ranges specified of the statement of the present
Lemma, we deduce that there exists a positive constant «(2), independent of (w, ), such that

Ap(§8) > o€l VEEH, (3.20)
Next, by combining BI8) and (320, we find that
(Ag +Bu)(€,8) > {a(®) — (@ + ) PwlhoIEE  vEeH,

from which, we deduce that

- - al()) - -
(g +Bu)ES > "Dz vécm, (3.21)
provided that ||w]||1 o < 79, with
ro = (@) (3.22)

2¢1(Q)(2 4+ 53)1/2 ’

which confirms the ellipticity of Ag + By,. On the other hand, by applying the Cauchy-Schwarz
inequality, we deduce that Fy € H' (cf. (BI0)) with

[Foll < V2(2+#3)7% |l |g] @0 - (3.23)

Consequently, a straightforward application of the Lax-Milgram lemma implies that there exists a
unique solution & € H of (3I2). Finally, from (32I) and (323]), and performing simple algebraic

242 (2 2\1/2
manipulations, we derive ([B16]), with Cgq := \/_(a (;—2)/{2) > 0, independent of (w, ¢@). O

Remark 3.1 At this point, we remark that for computational purposes, the constant () defined
in Lemma B3], can be maximized by choosing the parameters 61, 02, 03, K1, ko and k3 at the middle
points of their feasible ranges. Thus, adequate choices for these parameters are §1 := 8 =+ and

1
2uy7 v
03 1= %, which establish that

Kl = — Ko = — and Ky = —5. (3.24)



Remark 3.2 In order to establish the solvability of the problem ([B13)), associated to the operator B,
we first point out that @y, € HY2(I'p) can be continuously extended in the trace sense to HY/2(T).
Indeed, the set

Hiep) = (olrp) " '{ep}) = {eeBY(Q): @)y, = ¢p}

is a closed and convex since the usual trace operator o : H (Q) — HY2(T) is linear and continuous.
Then, from The Best Approximation Theorem [24), Theorem 7] there exists a unique ¢ := E(epp) €
H!(Q), where E denotes the extension of @p, such that 4o(@)|r, = p with

lelle = inf  Jelie = dist(0,H(ep)) = lepllijzr,- (3.25)
pEH(ep)

In this way, the suitable extension of pp € HY2(I'p) is not but the corresponding one of vo(P) €
H/2(I') to H(Q).

Lemma 3.4 For each (w,¢) € H, problem [B.13) has a unique solution ¢ € HY(Q), with o|ry, = @p.
Moreover, there exists a constant Cg > 0 independent of (w, @), such that

IB(w, $)llLe = llelie < Ca{lwlialélie + lleplh/zr} - (3.26)

Proof. We begin by nothing, according to the aforementioned in Remark B.2] that given ¢p €
H'/2(T'p) there exists ¢, € H(Q) such that

Pl = ¢p and leille = llenllyers - (3.27)

Then, we consider the auxiliary linear problem: Find ¢, € H%D (©) such that

Clpp, ) = Gue(¥) — Clen,v) Vi e Hy () (3.28)

where C and G, ¢ are defined in (33) and @II)), respectively. In addition, from (B3.3) and the
Cauchy-Schwarz’s inequality, we deduce that

ICx. %)l < IKlloollxllel¥lle  ¥YxveHY(Q), (3.29)

which, in particular, confirms the boundedness of C. Then, from (3.9]), using (2.2)) and the Poncairé
inequality (B.1]), we get

C,¢) > alvlia Vo cHp(9), (3.30)
which proves that C is H%D(Q)—ellip‘cic with constant

a = kocg_pl. (3.31)

Next, applying the Cauchy-Schwarz’s inequality, the boundedness of the continuous injection 2 :
H'(Q) — L*(Q), with constant ¢;(Q) := ||%]|?, (29), and the second identity in ([B27), we easily
deduce that

Gup(®)~Clor,¥)] < {1 @lwlhalllo+IKlxolenlsr, e Yo eHE(©), (332)

which establishes the boundedness of the right-hand side of ([8.28]). Consequently, a direct application
of the Lax-Milgram lemma implies that there exists a unique ¢, € H%D(Q) that satisfies (3:28]) with

1

leollne < ={a@lwlhaldlhe + 1Klwalleplh/zr -
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On the other hand, we now set ¢ := ¢, + ¢4, which satisfies that ¢|r, = ¢lr, + @1lrp, = ¢p- In
addition, it is easy to check that ¢ is a solution of problem (B.I3]), where the uniqueness comes from
B30). Finally, ¢ verifies the estimate ([3.26]), with constant C := max{atc1(Q),a | K|/co0 + 1}.
O

We end this section by introducing a further regularity hypotheses on the problem definig 4, which
will be employed to derive a Lipschitz-continuity property for the operator .Z. More precisely, we
assume that for each (w,¢) € H with |w|;o + ||¢]1o < 7, 7 > 0 given, there holds (r,7,v) =
A(w, @) € L2 (Q) NHE(Q) x Ho(div; Q) NHE(Q) x HFE(Q), for some e € (0,1) (when n = 2) or
e €[%,1) (when n = 3), with

[Plleo + [ITlen + llvleo < COr)lellgll¢los (3.33)

where é(r) is a positive constant independent of (w,¢) but depending on the upper bound r of
its norm. The reason of the estipulated ranges for € will be clarified in the forthcomming analysis
(specifically in the proofs of Lemmas and below). Also, we pay attention to the fact the while
the estimate ([B.33]) will be employed only to bound ||7||. o, we have stated it including the terms
| 7T|le.0 and ||v][14e,0 as well, since due to the first and fourth equations of (2Z9I), the regularities of
r, 7 and v will most likely be connected.

3.4 Solvability analysis of the fixed point equation

We begin by emphasizing that the well-posedness of the uncoupled problems ([B.12)) and ([B.I3]) confirms
that the operators A, B, and .Z (cf. ([BI4])) are well defined, and hence now we can address the
solvability analysis of the fixed point problem presented in ([B.I3]). To this end, we will verify below
the hypotheses of the Banach fixed-point theorem.

Lemma 3.5 Given r € (0,rg), with vy given by (322)), we let
W, = {(w,¢) eH: [(w,)[lu <},
and assume that the data satisfy
c(r)lellgl + Callepllijer, < 7 (3.34)
where c(r) := rCq(1 4+ rCy), with Cq and Cg given by BI6) and B20), respectively. Then, there
holds £ (W,.) C W,..
Proof. Tt follows similar as in [20, Lemma 3.5] O

Lemma 3.6 Let r € (0,7¢) with ro given by B22)). Then, there exists a constant Lg > 0, depending
on the stabilization parameters ko, k3, and the constants Ly, c1(Q),a(Q),C: (¢f. 23), B3), B20)

and BAI)), respectively), such that for all (w, @), (w,P) € H, with ||w||1,q, |lw|1a < r, there holds

| A(w, @) — A, D)l < La{|As(w, §) 10 |w — Bl

. _ (3.35)
+ 11w, §)lle0 |6~ Blonsea + lallglle - B}

Proof. Given (w, @), (17),(75) as stated, we let € = (¢,0,u) = A(w,$) and ¢ = (¢,0,u) = A(w, §),
which according to the definition of operator A (cf. [BI2])), means that:

Ag(€,) +Bu(€ 1) = Fo(i) and  Ag((i) +Bg(( ) = Fy(i)  Vij€H.

12



Then, subtracting both identities, replacing E = E — E + E , and using the bilinearity of Ay + By, for
any ¢ and w, it follows from (3.12) that:

(Ay+Ba)(€—Ci) = (Fp— F3)() + (Ay — Ap)(E 1) + By w(& )  VijeH.
Moreover, applying the ellipticity of Aa +Bg (cf. B21), and then employing ([B36]) with 7j := £-¢,
we find that

a(92)

THE—EH%{ < (A$+Bm)(§—a§—f)

—~

3.36)

= (Fp—Fp)E—0) + (A3 —Ag)(E.6-0) + By w(€€-0). (337)

Then, for the first and third terms on the right-hand side of ([B:37), we employ the Cauchy-Schwarz
and Holder inequalities, together with the continuous injection i : H!(2) — L*(Q), similar as in [3.23)
and (BI8]), in order to obtain that

(Fp~ Fp) €~ O)| =

/Q(a(qﬁ—qﬁ))g-{(u—ﬁ)—ﬁzdiV(U—a}‘ (3.38)

V2(2+ 132 el gl ll¢ — Pl 1€ —

IN

and

/(u® (w—w))*: {r3(o—a)! — (¢ —Z)}‘
Q

< al@) @+ )Y ule lw - @lhall€ - Cn

On the other hand, for the second term in the right-hand side of ([B31), we apply the Lipschitz
continuity property for v given in (Z3]), the Cauchy-Schwarz and Hélder inequalities, and the definition
of A, (cf. B.1)), to obtain that

(3.39)

Ay~ AQEE-D) =

/Q 20() — (@)t {(t D) — rs(o — 7))

(3.40)

< 2L, 2+ #3)2 |16 — @llozq.0ltllo2p0 1€ — Cll

1 1
with p,q € (1,400) such that — + — = 1. We now proceed as in [7, Lemma 3.9]. In fact, given
p q

the further e-regularity assumed in ([3:33]), we reall that the Sobolev embedding theorem (see e.g [2|
Theorem 4.12]) establishes the continuous injection 4. : H*(€2) — L?(Q) with boundedness constant
C., where

2
ifn=2
1—¢
2p =
6 iftn=3
3—2e
and 2q = %, and therefore, there holds
Itlozpo < C:llt|len Vit e H(Q). (3.41)
In this way, denoting
2
Lz == —— max {cl(Q) (24 kY2 20,2+ )V 0, V2(2+ /{5)1/2}
a(92)
from the inequalities (337), B33, (339), (3:40), and recalling that t = 4, (w, ¢) and u = A3(w, @),
yields ([B35) and concludes the proof. O
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Lemma 3.7 There exists Lg > 0, depending on & and ¢1(Q) (c¢f. B30) and [B32), respectively) such

that for all (w, @), (w,¢p) € W, (cf. Lemma[B5l)there holds

|Bw, ¢) - B(@,$)l1e < Le{lw— w0+ |- dla}. (3.42)

Proof. Given (w, @), (w, @) € W;., we let ¢, p € H'(Q) be the corresponding solutions of (.13, that
is ¢ := B(w, p) and @ := B(w, p). Then, since p|r, = @|r, = ¥p, we realize that ¢ — @ belongs
to H%D (©2). In this way, applying the ellipticity of C (cf. (330)), using BI3) and (BII]), adding and
subtracting q~§, and employing the Holder inequality, the continuous injection i : H'(Q2) — L*(2), and
the definition of W, (cf. Lemma [3.3]), we readily deduce that

dle-l2a < Clo.o—7) ~C@ o)
= Guolp—®) ~ Gy 30— @) (3.43)
-~ [{F6-d)w+ (Thw-5)} (0~ )
< a@{lwlholé - dlo+dholw—@lo e - Bl
< ra@{l¢ - o+ lw—wlalle - Bl
which give BZZ) with Ly := 42, O

Lemma 3.8 Let v and W, as in Lemma B3l Then, there exists a positive constant Lysp, depending

onr, |al, |g|, and the constants Cg, Lg, and Ly (B.I6), B.35), and B.22), respectively), such that
for all (w, @), (w, ¢p) € W, there holds

12 (w, ) = L (@, d)|u < Lusp |(w,$) — (@,6) s (3.44)

Proof. Given r € (0,79) and (w, @), (w, ¢) € W,., we first observe, according to the definition of .Z
(cf. (3I4))), and the Lipschitz-continuity of B (cf. [3.42])), that

| L w.8) ~ Z(@.¢)lu = |As(w, )~ As(, D)o + | B(As(w, $).8) ~ B(As(@, ), H)l1.0
< (1+ Ly) | As(w, 8) — As(@, D)o + Lo 6~ Bluo
from which, employing the Lipschitz-continuity of 4 (cf. @), yields
| L w.¢) ~ Z(@.6)lu < (+ Ls)La{ | As(w, 8) 1.0 [ — @] 0
+ 1A (w, B)ea |6~ Bllonsen + lollgllé— dlia} + Lsld — dlio o

Then, applying the bound ([BI6) to estimate the term ||As(w,)|1 o, employing the continuous
injection of H'(Q) into L"/#(Q) with boundedness constant C., using the estimate ([B33)) to estimate
the term ||A;(w, @)z o, noting that ||¢||1.o < r, and performing some algebraic manipulations, we

get from (3:45]) that

1L (w,§) — 2L (@, $) |

IN

(1+ Lg)La la] |gl{rCallw — @ll1.0 + (C-C(r) + Dllp ~ dll1.a}
+ Ll — B0
Lispl|(w, ) — (@, ®) |

IN
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In this way, ([B.44) follows from the foregoing inequality by defining
Lusp = rCa(1+ Lp)Lalal g] + (1+ Ly)La |l g|(rCoB(r) + 1) + Ly (3.46)
in order to complete the proof. ]

Theorem 3.9 Suppose that the parameters k1, ko and k3 satisfy the conditions required by Lemma
B3l Let r and W, as in Lemma B3], and assume that the data satisfy B34) and allow to have

Lyp < 1, (3.47)

with Lysp defined in [B46). Then, problem [B.G) has a unique solution (€,¢) € H x HY(Q) such that
plr, = ¢p, with (u,p) € W, (¢f. LemmaB3H), and there holds

I€le < Carlellgl, (3.48)

and
lelle < Cs{rllullhia + llepllijzr}-

Proof. 1t follows as a combination of Lemmas and 3.8 the assumption ([B.47), the Banach fixed-
point theorem, and the a priori estimates (3.16]) and (3.26]). We omit further details. O

4 Galerkin scheme

In this section we introduce and analyze the Galerkin scheme of the semi-augmented mixed-primal
problem ([B6). To this end, we now let 7;, be a regular triangulation of Q by triangles K (in R?) or
tetrahedra K ( in R?) of diameter hj, and define the meshsize h := max{hy : K € T5}. In addition,
given an integer k > 0, for each K € Tj, we let Pi(K) be the space of polynomial functions on K of
degree < k, and define the corresponding local Raviart-Thomas space of order k as

RTk(K) = Pk(K) & Pk(K)w,

where, according to the notations described in Section [[LI} Py (K) = [Pr(K)]", and @ is the generic
vector in R™. Then, we consider piecewise polynomials of degree < k for approximating entries of the
strain rate t, the global Raviart-Thomas space of order k to approximate rows of the pseudostress o,
and the Lagrange space given by the continuous piecewise polynomial vectors of degree < k + 1 for
the velocity wu, respectively, that is

H: = {rh cL2.(Q): rulx € Pu(K) VK e Th} (4.1)
HY = {Th € Ho(div:Q): ¢t 7plx € RTy(K) VeeR", VK e Th} , (4.2)
HY = {'vh eC@): wplx € Pr(K) YK €T, wv,=0 on r}. (4.3)

For the unknown ¢ containing the tempeture and the concentration into its coordinates, we let Hf C
H!(2) denote the Lagrange space of degree < k + 1 with respect to 7, (similar to H), and set

HY;, = {¢n€H: ¥yl =0} (4.4)
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to be the analogous space with homogeneous Dirichlet boundary conditions. We define

Pph = I,fZ(E(ch))‘FD (4.5)

to be the approximate Dirichlet boundary data, where I;f Z . H'(Q) — Hf denotes the Scott-Zhang in-
terpolant operator of degree k+ 1, which satisfies the following stability and approximation properties,
respectively, (see [25, Lemma 1.130]).

Lemma 4.1 Let p and ¢ satisfy 1 <p < +oo and £ > 1 if p=1, and 1/p < ¢ otherwise. Then, there
exists a positive constant ¢, independent of h, such that the following properties hold:

(i) For all 0 < m < min{l,(},
Vh, Vo e WQ), T O)lmpa < <ol epe (146)
(i) Provided ¢ < k+1, for all0 < m < ¢,
Vh, YK € Tp, Yv € W*P(Ag), v = ZZ ()| mp.rc < ch™ 0] epag (4.7)

where Ai denotes the set of elements in Ty, sharing at least one vertexr with K .

Hence, ¢p, j, belongs to the discrete trace space on I'p given by

H,/2(Tp) 1= {$p4 € CTp):  $pule € Praale) Ve € ery},
where Ep,, stands for the set of edges/faces on I'p.

In this way, defining Hy, := Hz x Hy x H} and denoting Eh := (tp, o, up), the underlying Galerkin
scheme given by the discrete counterpart of (&0, reads: Find (€, ¢;,) € Hy x HY, with ¢, ‘FD = @D
such that

Ay, (& i) + Bu, (€ 7in) = Fi, (1) Vi, € Hp, (4.8a)

Clenn) = Guue,(¥n) Y, e Hf 1. (4.8b)

Throughout the rest of this section we adopt the discrete analogue of the fixed point strategy intro-
duced in Section Indeed, denoting Hj, := H} x Hf, we define the operator 4, : H, — Hj,
by

Ap(wh, ) = (Avp(wn, dp), Aop (Wi, @) Asp(wn, b)) = & V(wh, ¢p) € Hy,

where £, = (t,, o, up) € Hy is the unique solution of the discrete problem (ERal) with (wp, ¢y,)
instead pf (up,;,), that is

Ag, (€ in) + B, (€n:7in) = Fy, () Vi, € H, (4.9)

where the bilinear forms Ay, , By, and the functional Fy, are those corresponding to (3.7), (B.8),
and (3.10), respectively, with w = wj, and ¢ = ¢;,.

In addition, we introduce the operator By, : H;, — Hf defined as

Br(wn, ¢p) = @5 V(wp,¢p) € Hy,
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where ¢, is the unique solution of the discrete problem (4.8D) with (wy,, ¢;,) instead pf (uy, ¢},), that
is

C(‘loh"l:bh) = G'wh7¢h (wh) \V/'l,bh € Hf,FD ) (410)

where the bilinear form C, and the functional G, ¢, are defined as in (3.9) and (B.I1]), respectively,
with w = wj, and ¢ = ¢,.

Therefore, by introducing the operator ., : H;, — Hj, as

Ln(wn, ) = (Asn(wpy, dp), Br(Asn(wn, dp), bp)) ¥ (wp, dn) € Hy,

we realize that solving (A]) is equivalent to seeking a fixed point of £y, that is: Find (uy,¢),) € Hy
such that

ZLn(un,op) = (Un, pp) - (4.11)

Certainly, all the above makes sense if we guarantee that the discrete problems (£9) and (I0) are
well-posed. This is precisely the purpose of the next section.

4.1 Well-posedness of the uncoupled problems

In this section, we establish the well-posedness of both (£0) and ([@I0), thus confirming that the
operators Aj,, By, and hence &}, are well-defined. We begin with the corresponding result for 4,
which actually follows almost verbatim to that of its continuous counterpart A4 (see Lemma [3.3]), and
the proof can be omitted.

Lemma 4.2 Assume that k1 € (0,253(21/1 — “(351”2)), ko € (0,209), k3 € (O, %) with d1 € (O, V—12),
b2 € (0, %), 03 € (0,1). Then, there exists 1o > 0 (cf. B22])) such that for each r € (0,7¢), problem

@) has a unique solution Ap(wy,¢y,) = &, € Hy, for each (wp,¢y,) € Hy with |lwnlio < r.
Moreover, there exists Cq, independent of (wp, ¢y,), such that

1A (wn, 1) li, = €nllm, < Calallglldnlon ¥ (wn éy) € Hy.

We now provide the discrete version of Lemma [3.4]

Lemma 4.3 For each (wp,, ¢),) € Hy, problem @I0) has a unique solution o), € HY, with @} |r, =
#p,n- Moreover, there exists a constant Cgz > 0 independent of (wp, ¢y,), such that

1Br(wn, #n)lle = llenlie < Ca{lwnllieldnlie + lallgl + lepllzr, - (4.12)

Proof. Let ¢y, := 7% (¢y) € HY which satisfies P14ty = ¢pp- Then, similar to Lemma [3.4] we
consider the auxiliary discrete problem: Find ¢ ), € HfrD such that

Clwpon ¥n) = éwh,dm (¥n) Vi, € Hf,FD ; (4.13)

where

Gy, (Yp) = —/Q(V@L)wh"ﬁbh - /QKVSOUL VY, Vb, € HY .

Next, the boundedness and the ellipticity of C are obtained exactly as in the proof of Lemma [3.4]
with the same ellipticity constant & given by (B8.31]). On the other hand, reasoning as in the proof of
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Lemma [34] and applying the stability property of Z;# (cf. (&0)) and the equinormic property of ¢,
(cf. B27)), we easily deduce that

G, (¥0)] < {CI(Q)||whH1,QH¢h||1,Q + cIIKlloo,n||¢D||1/2,rD}II¢hH1,Q,
Vep € HY ., which says that G, ¢, € [Hf . | and

Gy, | < c1(Q)Jwnll1oll@nllie + ¢[Kloolleplliyzr

Therefore, a direct application of the Lax-Milgram lemma implies that there exists a unique ¢ ) €
HY . that satisfies ([AI3) with

1
Iposlhe < = {er@lwnlialgnlio + clKlwolenl ars )
Then, @), = @op+ P14 € HY, which in fact satisfies that ¢y |r, = #p,h, is the unique solution of
(@I0). In addition, the estimate (ZIZ) holds with Cg := max{a ' ¢1(Q), ¢ (a 1Ko, + 1)} O
4.2 Solvability analysis of the fixed point equation

In this section we establish the solvability of the fixed point problem (4I1]) by applying the Brouwer
fixed-point theorem [16, Theorem 9.9-2]. To this end, we begin with the discrete version of lemma 3.5

Lemma 4.4 Given r € (0,rg), with ro given by (322)), we let
Wi = {(wh,¢p) €Hp: |[(wh, ¢p)lla < 7},
and assume that the data satisfy
c(r) el g| + Cy lepllier, < 7 (4.14)

where c(r) :=rCa(1 4 rCg), with Cq and Cz as in @I6) and @ID), respectively. Then, there holds
Lr(Why cwh.

In order to provide the discrete analogue of Lemma B.6] we notice in advance that, instead of the
regularity assumptions employed in the continuous case, which are not applicable in the present case,
we simple utilize an L4-L*-L? argument.

Lemma 4.5 Letr € (0,70) with o given by 822). Then, there exists a constant E_q > 0, independent
of r, such that for all (wy,, ¢y,), (Wh, Py) € W, with ||wp |10, |whl1.a < 7, there holds

| AR (wh, ) — An(@n, ) |lu < Zﬂ{l!ﬂ&h(wh,fbh)lh,ﬂ |lwpn — w10

- N (4.15)
+ 14w @i)loae 16— losa + lallgl lén — Bullie -

Proof. Tt proceeds exactly as in the proof of Lemma B.6, except for the derivation of the discrete
analogue of (8.40]), where, instead of choosing the values of p, ¢ determined by the regularity parameter
e, it suffices to take p = ¢ = 2, thus obtaining

|(Ag,h - A%)(Eh,gh — )l < 20,2+ 822 tnlloan lon — b lloaa 1€n — Calle s
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for all (th7¢h)7(ﬂjh7$h)v with gh = (th,O’h,Uh) = ﬂh(wh7¢h) € Hy and 6h = (¥h7&h7ﬁh) =
Ay (wp, ¢p,) € Hy. Thus, since the elements of H}f are piecewise polynomials, we can guarantee
that |[tn]l04.0 < oo for each ¢, € Hf. The proof concludes with Lg := ﬁmax{cl(ﬁ) (2 4+ w312,

2L,(2+ K32 V2(2 + k32 O

The discrete version of Lemma [3.7]is given as follows.
Lemma 4.6 Let Lg > 0 as in Lemma B Then, for all (wp, ¢y,), (Wn, ¢,) € W there holds

|Bu(wn, &4) = Bu@on, dn)le < La{llwn — @illia + llon — dulio}- (4.16)

Proof. Tt corresponds to an adaptation of the proof of Lemma [B.7] to the discrete context. O

Now, combining Lemmas FL5 and B8, and employing the continuous injection of H!(Q2) into L*(Q),
we can prove the discrete version of Lemma

Lemma 4.7 Letr and Wf as in Lemmalf.4] Then, there exits a positive constant C, depending only

on La and Lg (cf. @I5) and @I0), respectively), such that for all (wp,dy,), (Wh,dy,) € W there
holds

1L (wh, @) — Ln(@n, b))l < C {”ﬂ&h(whyql)h)”l,ﬁ + c1(Q) [| A1 n(wn, ép)ll0,.4.0
+ ladlgl + L b | (wn, 81) = (@, ) |1
More precisely, there holds C' = max{(1 + Lg)zg, 1}.

Consequently, since the foregoing lemma confirms the continuity of £, by a straightforward
application of Brouwer fixed point theorem (cf. [I6, Theorem 9.9-2]) on the convex and compact set
th C Hj, we can provide the main result of this section.

Theorem 4.8 Suppose that the parameters k1, ko and k3 satisfy the conditions required by Lemma
@2l Let v and W) as in Lemma &4, and assume that the data satisfy (EI4). Then, problem (&)
has at least one solution (€5,, ;) € Hy x HY such that @p|r, = ¢p p,, with (up, @;) € Wk, and there
holds

1€l < Carlallgl,

and N
lenlie < Ca{rllunllia + lepllizr -

5 A priori error analysis

We now aim to derive the a priori error estimates for the Galerkin scheme given by (48]). To this
end7 given ((t70-7u)7(p) = (57()0) € H x Hl(Q)7 with (u7 QO) c W, and ((th,O’h,Uh),(ph) = (£h7¢h) €
Hy, x HY | with (up,, ;) € W solutions of (3.6]) and ([@S]), respectively, we first observe that the above
problems can be rewritten as two pairs of corresponding continuous and discrete formulations, namely

A (€,7) +Bu(€,7) = Fu(7) Vi€ H, (5.1a)
Ay, (€,.7) + Bu, (€4.7,) = Fp,(fy) Vi, € Hy, (5.1b)
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and
Clp,¥) = Guo() Ve e Hy (Q), (5.2a)
Clenn) = Guue,(¥n) Y, e Hf . (5.2b)

Our goal is to obtain an upper bound for the error ||(€,¢) — (&, ) |[mxEt ) For this purpose, we
first recall from [43] Theorem 11.1] an abstract result that corresponds to the standar Strang Lemma
for elliptic variational problems, which will be straightforwardly applied to the pair (G.1al)-(5.1Dl).

Lemma 5.1 Let H be a Hilbert space, F € H', and A : H x H — R be a bounded and H -elliptic
bilinear form. In addition, let {Hp}p~o be a sequence of finite dimensional subspaces of H, and for
each h > 0 consider a bounded bilinear form Ay, : Hy x Hy, — R and a functional Fj, € H;. Assume
that the family {Ap}n>o is uniformly elliptic, that is, there exists a constant B > 0, independent of h
such that

Ap(vp,vp) > Bllonll Yo € Hy, Yh>0.
In turn, let w € H and up, € Hy, such that
A(u,v) = F(v) Vve H and  Ap(up,vn) = Fp(vy) YVop € Hy, .
Then for each h > 0 there holds

F — F
lu—upllg < C’{ sup | F(wn) = Fulen) | + inf (Hu—vhHH

wp€H}, llwn | U{}LheHh

wh;AO #0

| A(vp, wp) — Ap(vh, wp) |
+ sup ’
S Tenll
wp#0

where C := 3~ max{1, ||A|}.

In what follows, as usual, we denote

dist (€, Hy) = Lot I€ —7ipllm and  dist(p, HY) = winfLPHcp—'l,bhHLQ.

rREH

We now derive the a preliminary estimate for the error ||€ — &, |z = ||(£, o, w) — (t4, oh, wp)||m.
Lemma 5.2 There exists a constant Csy > 0 independent of h, such that

I€=Eulls < Cor{dist(&Ha) + lallgl o = eullia + tlolle = @nlho
+ o llu—wilhia}- (5.3)

Proof. From Lemma we have that the bilinear forms A, + By, and A, + By, are both bounded

and uniformly elliptic, with ellipticity constant @ (cf. B2I)). In turn, F, and F,, are linear
bounded functionals in H and Hj, respectively. Then, a straightforward application of Lemma 1] to

the context given by (G.Ial)-(5.1D), gives

”E— EhHH < C{ su ‘F‘p(ﬁh) — Fo, (7in) ‘

7, €H 175l
71 #0
(5.4)

¢ it <||E—Eh||H+ up “A”Bu)“h’ﬁh)‘(‘““’h*B“h)“’“ﬁh”)},

C}LEHh ﬁh EH}L ||ﬁh ||H
6h7£0 ﬁh 750
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where C' : (Q max{l |Ay + By} It is important to recall here, from ([B.I9), that [[A, + Byl
depends only on Ki, K2, K3, V2, 7, c1(2) and ||u||; o, where ||ull; o < r. Furthermore, we now proceed
to estimate each term appearing at the right-hand side of (54]). In order to do that, we first apply
the same arguments employed to obtain ([B.38]), to find that

o (Tin) = F, ()] < V224 #3)"2 el g] lle — nllio l17in e (5:5)

Next, in order to estimate the last supremum in (54]), we add and subtract E = (t,o,u), we note
that

(Ay + Bu)(fh)ﬁh) —(Ag, + Bw)(ahaﬁh)
= (A +Bu)(E 1) — (Ay, + Bu,) (& 7in) — (Ap + Bu)(€ — . 1) + (Ag, +Bu, ) (€ — . in)
= (Ap— Ay, 711) + Buw, (€,7,) — (Ayp + Bu)(E — &3, 7y) + (Ag, + Bu, )€ — & i)

where, applying the same approach used in (3.40) and ([3.39)), together with (3.4I)) and the continuous
embedding H'(Q) — L™/4(Q2) with constant C., and the boundedness of the bilinear forms A, + By,
and Ay, + By, it follows that

(Ag + Bu)(Cno i) — (A, +Bu, ) (G in)| < {2 L,C:Ce(2+ 13)'2 |It]0 lle — ®nllo
+e1(Q) (24 53V lulia lu —unlle  (5.6)
+ (Il Ay + Bull + A, + Bu, ) 1€ - EhHH}HﬁhHH-

In this way, by replacing (5.3]) and (5.6]) back into (5.4]), we obtain (B.3) with Cgr is a positive constant
depending on «(?), L,, C¢, C¢, ¢1(Q), K1, K2, K3, V2, 7y, and 7. O

The following result present a estimate for the error ¢ — ¢ |1,0-

Lemma 5.3 Assume that r satisfy that

Cl(Q) 1
r—=— <3, (5.7)
where & is defined in B31), and c1(2) := ||| is the boundedness constants of the continuous injection
i: HY(Q) — LYQ). Then, there exists a constant Csr > 0, independent of h, such that
le —enlie < Cstlle — T (@)lha + lu—unlie. (5.8)

where I2Z denotes the Scott-Zhang interpolant operator introduced in Section [])
h

Proof. We proceed similarly as in the proof of [6, Lemma 5.3]. Indeed, by applying the triangle
inequality we have that

le —enlle < lle —dpllia + 1 — enllie; (5.9)

where v, = I7%(¢) € HY. Moreover, nothing that ¢|r, = E(¢p)lr, = ¢p, we can employ
[45, eq. (2.17)] and (&3], to obtain that v,|r, = ¢pj. Now, utilizing the ellipticity of bilinear
the form C(-,-) on Hhr (see the proof of Lemma [3]) with constant «, along with the fact that

Clen ¥n—n) = Guyp, (¢h — ) and C(p, ¥y, — @p,) = Gup(), — ¢y) (see (B.2)), we deduce that

allv, —enllia < Cle, b, — en) — Cle — Yp. by, — o) — Cleg, ¥, — ¢4)
|Guo(p, — 1) = Gy, (0p — 1) + |Clp — Py, ¥, — ). (5.10)

A

IN
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Next, we apply the estimate ([3.43]) to bound the first term on the right-hand side of (5.I0]), whereas
for second term we use the boundedness of C(-,-) (cf. 8:29)), and (51). Then, it follows that

1K loo,2 rei(Q2
[ —enlie < =g g+ D oo+ )
Kllso.0 1
< Bl=tyo g0+ J{le-oilho + lu-wlho}. G
Then, by replacing (G.11) back into (5.9), we conclude (&) with Csr := 2(1 + A K] so.0)- O

We now proceed to combine Lemmas and to derive the Céa estimate for the total error

1€ = &l + [l — pnlle-

In fact, by replacing the estimate for ||¢ — ¢}, |l1,0 given by (E.8]) into the right-hand side of (5.3]), and

using the fact that ullLo < r Calallg| (cf. @) and [t].q < C()lallgllelon (of. GIH) along
with [|¢|1,0 < 7, we find that

I€-Eilw < Cordist(€Hy) + CsrCor {lallg| + [tll- | o — T5%(¢)]

+ Cr { I lg] + [tllo + el Il = wnl0

IN

Csrdist (€, Hy) + Colle — ;7 (@)l + Cilallgllu - unlie,

where Cj := CsrCsr(1 4+ rC(r)) |a||g| and C; := Csr(1 + rC(r) + rCq). In this way, assuming that
the data a and g satisfy that

1
Cilallgl < 3, (5.12)
we can conclude that
1€ — &l < 2Csrdist(€,Hy) + 2Co [l — ZiZ ()10 (5.13)

Consequently, we now can establish the following main result.

Theorem 5.4 Assume that r and the data o and g are sufficiently small so that (B.7) and ([BI2)
hold, respectively. Then, there exists a positive constant C*, independent of h, such that

1€ =&l + e — enlho < C* {distE M) + llp — TiZ(@)lha}- (5.14)

Proof. Tt follows straightforwardly from the Céa estimates (.I3]) and (B.8]). O

In order to provided the result concerning to the theoretical rate of convergence of ([A.8]), we recall
from [27], the approximation properties of the specific finite element subspaces introduced in Section

4

(AP?) There exists ¢ > 0, independent of h, such that for each s € (0,k + 1], and for each t €
H*(Q) NL2,(Q), there holds
dist(¢,H}) < ch®||t]sn.

(APY{) There exists ¢ > 0, independent of h, such that for each s € (0,k + 1], and for each o €
H*(2) N Hy(div; ), with dive € H*(Q2), there holds

diSt(O',Hg) < ch® {HUHS,Q + HdiVUHs,Q} .
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(AP%) There exists ¢ > 0, independent of h, such that for each s € (0, k+1], and for each uw € H¥"1(Q),
there holds
dist(u, Hj) < ch®|uls10-

Finally, thanks to the approximation property of I;?Z given in Lemma [£T] there exists ¢ > 0, inde-
pendent of h, such that for each s € (0,k + 1], and for each ¢ € H*+1(Q), there holds

le = Zi%(@)le < ch®llelsira.

Therefore, from the Céa estimate (5.14]), employing the aforementioned approximation properties, we
can establish the following result.

Theorem 5.5 In addition to the hypotheses of Theorems [3.9), and [5.4), assume that there exists
s> 0 such that t € H*(Q),0 € H*(Q),dive € H*(Q),u € H*5(Q),p € HT5(Q). Then, there exists
a positive constant C, independent of h, such that with the finite element subspaces defined by (41]),

E2), [@3), (@4, there holds

1€ = Eulls + ke — @nllie < CHs e 0 + ol + divallon + [ullisen + I@lhsso

6 Numerical results

In this section we present three numerical experiments illustrating the performance of our semi-
augmented mixed-primal finite element scheme (4.8]), and confirming the rates of convergence provided
by Theorem [5.5l More precisely, we take the stabilization parameters k1, k2 and k3 as in (3.24]), which
satisfies the assumption of Lemma 4.2l In addition, the zero integral mean condition for tensors in the
space ([4.2)) is imposed via a real Lagrange multiplier. In turn, the nonlinear algebraic systems obtained
are solved by the fixed-point method with a tolerance of 1079, along with the Newton method for
approximate the solution of (£8al) in each fixed-point’s iteration. We take as initial guess the solution
of a similar linear problem (in particular, satisfying the boundary conditions for uj, and ¢;). The
numerical results presented below were obtained using a C++code, where the corresponding linear
systems arising from (Ral) are solved using the BiCGSTAB method, whereas for (4.8D]) we employ
the Conjugate Gradient method as the main solver. Finally, in all experiments we let g = (0, —1)"
be the gravitational force, and utilizing structure triangulations of the corresponding domain in 2D.
Furthermore, for the first two examples we consider polynomial degrees k € {0, 1,2}, whereas we only
use k = 0 in the last example.

We now introduce some additional notation. The individual errors are denoted by:
e(t) = [t —tplloo,  elo) = |lo—onllave, elw) = [[u—uniq,

e(p) = lle—pnllie  and  elp) = llp—prlie,
where, according to (2.6]) and [2.7), py, can be computed as:

1 1 2
= ——|tr(o, + (U, X u + —|lu .
ph . (on + (up @ up)) n|Q|” rllo.o

On the other hand as is usual, we let r(-) be the experimental rate of convergence given by

() = log(e(-) /€'("))
' log(h/h') "
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where e and e’ denote errors computed on two consecutive meshes of sizes h and h’, respectively. In
addition, N stands for the total number of degrees of freedom (unknowns) of (L)), that is,

N := 4x {number of nodes in 7} + {2(k + 1) + 4k} x {number of edges in T3}
+ {(k+1)(k+2) + 2k(k + 1) + 2k(k — 1)} x {number of elements in 75} + 1.

Example 1. We first consider the square Q = (0,1)?, and set I'p = {(3,0), (s,1)eR?2:0<s< 1},
I'n=T\Tp, y=0.1, v(z) = (22 + 22 + 1)7! (here v; = 1 and 15 = 2), a = (0.5,1.5)", the thermal
conductivity K = 21, and adequately manufacture the data so that the exact solution is given by the
smooth functions

— sin?(27ay ) sin(47as)

= x) = cos(z1)cos(zg) — sin’
u(@) = sin(4ray) sin? (2rxs) | p(x) (1) cos(z2) W,

and
12
plx) =
exp(x1 + x2)
for all & := (x1,29)" € Q. In Table [l we summarize the convergence history of the finite element

scheme (3R] as applied to Example 1. We notice there that the rate of convergence O(h**1) predicted
by Theorem is attained by all the unknowns.

k] R N e(t) () | elo) x(o)| e(w) zx(u)| e(p) z(p)| el ()
0.0404 | 17575 | 7.98e-01 —— | 2.68e+00 —— | 1.37e+00 —— | 4.13e-02 —— | 1.09e-01 ——
0.0314 | 28895 | 6.05e-01 1.10 | 2.09e+00 1.00 | 1.05e+00 1.05 | 3.20e-02 1.02 | 8.53e-02 0.98
0.0257 | 43015 | 4.87e-01 1.09 | 1.71e+00 1.00 | 8.51e-01 1.05 | 2.61e-02 1.01 | 6.99e-02 0.99
0.0218 | 59935 | 4.07e-01 1.07 | 1.45e+00 1.00 | 7.16e-01 1.04 | 2.20e-02 1.01 | 5.92e-02 1.00
0 | 0.0189 | 79655 | 3.50e-01 1.06 | 1.25e4+-00 1.00 | 6.18-01 1.03 | 1.91e-02 1.01 | 5.13e-02 1.00
0.0129 | 170725 | 2.35e-01 1.04 | 8.54e-01 1.00 | 4.18e-01 1.02 | 1.30e-02 1.00 | 3.49e-02 1.00
0.0094 | 316805 | 1.71e-01 1.02 | 6.27e-01 1.00 | 3.05e-01 1.01 | 9.52e-03 1.00 | 2.56e-02 1.00
0.0071 | 562405 | 1.28e-01 1.01 | 4.70e-01 1.00 | 2.29e-01 1.01 | 7.14e-03 1.00 | 1.92e-02 1.00
0.0057 | 878005 | 1.02e-01 1.00 | 3.76e-01 1.00 | 1.83e-01 1.01 | 5.71e-03 1.00 | 1.54e-02 1.00
0.0404 | 59645 | 5.37e-02 —— 1.77e-01 —— 8.81e-02 —— | 1.45e-04 —— | 7.38e-03 ——
0.0314 | 98285 | 3.20e-02 2.07 | 1.07e-01 1.99 | 5.28e-02 2.04 | 8.48e-05 2.12 | 4.53e-03 1.94
1] 0.0257 | 146525 | 2.12e-02 2.05 | 7.18e-02 2.00 | 3.51e-02 2.03 | 5.61e-05 2.06 | 3.05e-03 1.96
0.0218 | 204365 | 1.51e-02 2.04 | 5.14e-02 2.00 | 2.51e-02 2.02 | 4.00e-05 2.03 | 2.20e-03 1.97
0.0189 | 271805 | 1.13e-02 2.03 | 3.86e-02 2.00 | 1.88e-02 2.02 | 3.00e-05 2.01 | 1.66e-03 1.98
0.0129 | 583445 | 5.19e-03 2.02 | 1.80e-02 2.00 | 8.70e-03 2.01 | 1.39e-05 2.01 | 7.75e-04 1.98
0.0404 | 126215 | 2.70e-03 —— | 8.82e-03 —— 3.76e-03 —— | 3.25e-07 —— | 3.45e-04 ——
0.0314 | 208175 | 1.26e-03 3.04 | 4.15e-03 2.99 | 1.76e-03 3.03 | 1.47e-07 3.17 | 1.63e-04 2.99
2 | 0.0257 | 310535 | 6.87e-04 3.03 | 2.28e-03 3.00 | 9.58e-04 3.02 | 7.96e-08 3.05 | 8.92e-05 2.99
0.0218 | 433295 | 4.15e-04 3.01 | 1.36e-03 3.08 | 5.79e-04 3.02 | 4.79e-08 3.04 | 5.40e-05 3.01
0.0189 | 576455 | 2.70e-04 3.00 | 8.83e-04 3.03 | 3.76e-04 3.01 | 3.10e-08 3.03 | 3.51e-05 3.00

Table 1: History of convergence for Example 1.

Example 2. Next, we adapt [IT, Example 3], and consider the L-shaped domain Q = (—1,1)2\ [0, 1]?,
and set I'n = {(s,0),(0,s) €ER* : 0< s <1}, I'p =D \Ty, v =103, v(x) = 1+ exp(—2?}) (once
again v = 1 and 15 = 2), a = (1,0.5)!, K = ((1) g), and adequately manufacture the data so that
the exact solution is given by the smooth functions

2 2 2
) exp(—zy — 73)
I O R e (L T
—z? —X1T2

for all  := (z1,22)" € Q, where py € R is such that [,p = 0 holds (py ~ 8.211056552903396e-01). In
addition, we remark here that the partial derivatives of p, and hence, in particular div(eo), are singular
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at the origin. Indeed, according to the power 1/3, there holds o € H?3¢(Q) and div(o) € H¥375(Q)
for each ¢ > 0. In fact, in Table 2] we present the corresponding convergence history of Example 2,
where, as predicted in advance, we note that the orders O(h™™*+1.5/3}) and O(h?/3) are attained by
(tn, up) and o, respectively. Once again, the rate of convergence predicted by Theorem [5.5is attained
by all the unknowns, except for the variable ¢, that preserves O(h**1). The foregoing phenomenon
could be a special feature of this example. Furthermore, the results in Example 2 suggest that our
approach should certainly be strengthened with the further incorporation of an adaptive strategy
based on a suitable a-posteriori error estimates. This issue will also be addressed in a forthcoming

paper.

Rl h N [ o @] e0) (o) | e rw | o) (@) | @) ()
0.0707 17285 5.60e-02 —— 2.77e-01 —— 7.07e-02 —— 1.02e-01 —— 4.85e-02 ——
0.0566 26855 4.48e-02 1.00 | 2.23e-01 0.97 | 5.66e-02 1.00 | 8.15e-02 1.00 3.88e-02 1.00
0.0471 38525 3.73e-02 1.00 | 1.87e-01 0.97 | 4.72e-02 1.00 | 6.80e-02 1.00 | 3.23e-02 1.00
0 | 0.0404 52295 3.20e-02 1.00 | 1.61e-01 0.96 | 4.04e-02 1.00 | 5.83e-02 1.00 2.77e-02 1.00
0.0354 68165 2.80e-02 1.00 | 1.42e-01 0.96 | 3.54e-02 1.00 | 5.10e-02 1.00 2.42e-02 1.00
0.0236 | 152645 | 1.87e-02 1.00 | 9.63e-02 0.95 2.36e-02 1.00 | 3.40e-02 1.00 1.61e-02 1.00
0.0166 | 305495 | 1.32e-02 1.00 | 6.94e-02 0.94 1.66e-02 1.00 | 2.40e-02 1.00 1.14e-02 1.00
0.0135 | 465575 | 1.07e-02 1.00 | 5.69e-02 0.93 1.35e-02 1.00 1.94e-02 1.00 9.22e-03 1.00
0.0707 58565 2.34e-04 —— 2.67e-02 —— 1.35e-04 —— 1.45e-03 —— 7.06e-04 ——
0.0566 91205 1.56e-04 1.82 | 2.30e-02 0.68 | 9.20e-05 1.71 9.30e-04 2.00 | 4.62e-04 1.90
1 | 0.0471 | 131045 | 1.12e-04 1.81 | 2.03e-02 0.67 | 6.75e-05 1.69 | 6.46e-04 2.00 3.27e-04 1.89
0.0404 | 178085 | 8.47e-05 1.81 | 1.83e-02 0.67 | 5.21e-05 1.69 | 4.75e-04 2.00 2.44e-04 1.89
0.0354 | 232325 | 6.66e-05 1.80 | 1.68e-02 0.67 | 4.16e-05 1.68 | 3.63e-04 2.00 1.90e-04 1.88
0.0236 | 521285 | 3.23e-05 1.79 | 1.28e-02 0.67 | 2.11e-05 1.68 1.62e-04 2.00 8.93e-05 1.86
0.0707 | 123845 | 3.00e-05 —— 1.52e-02 —— 3.29e-05 —— 1.64e-05 —— 8.29e-05 ——
0.0566 | 193055 | 2.07e-05 1.67 | 1.31e-02 0.67 | 2.27e-05 1.67 | 8.39e-06 3.01 | 5.70e-05 1.68
2 1 0.0471 | 277565 | 1.52e-05 1.67 | 1.16e-02 0.67 1.67e-05 1.67 | 4.85e-06 3.01 4.20e-05 1.67
0.0404 | 377375 | 1.18e-05 1.67 | 1.05e-02 0.67 1.29e¢-05 1.67 | 3.05e-06 3.00 3.25e-05 1.67
0.0354 | 492485 | 9.44e-06 1.67 | 9.60e-03 0.67 | 1.04e-05 1.67 | 2.04e-06 3.00 | 2.60e-05 1.67

Table 2: History of convergence for Example 2.

Example 3. Finally, we aim to illustrate the accuracy of our method by considering a case in which
the exact solution is unknown in the a time-dependent approach. More precisely, we add O;u and
Opp to the left-hand side of first and last equations of (21I), respectively, which, together with the
boundary conditions (Z4]), we consider initial conditions

u(-,0) = ug in Q and p(+,0) = ¢y in Q.

We remark here that, in similar way of [33], the analysis presented along of this paper can be extended
to this time-dependent problem by employing backward Euler time stepping in order to obtain a
fully-discrete method. On the other hand, for this example we consider once again the unit square
Q = (0,1)% and set I'p = {(0,s),(1,s) eR* : 0<s<1}, In =T \Ip, v =103, v(zx) = 1072,

a=(1,10)" K= (é 100,1 > The boundary condition is defined as

(L)' ifa; =0

xr,t) =
#(@.1) (—1,-1)" ifz; =1

for all @ := (z1,22)" € Q, whereas the initial conditions are given by

wo(x) = sin?(7xy) sin(2mzs) nd (@) = exp(z1 + x2)
’ —sin(27xy ) sin? (1) 0 exp(x1 — x2)

1

In addition, for the time stepping technique we use At = &;.
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In Table Bl we summarize the convergence history, where we can note that the rate of convergence
O(h**+1) predicted by Theorem is attained by all the unknowns for £ = 0 and time step t95 = 0.5.
We mention that the errors and the convergence rates are computed by considering the discrete solution
obtained with a finer mesh (N = 28895) as the exact solution. Additionally, in Figures [[l and [2, we
display the approximation of the velocity components, temperature and concentration. All the figures
presented there were obtained with N = 28895 degrees of freedom (used as exact solution) in the time
step tg := £ - At, with ¢ € {1,5,10,15,20}.

k]l n N e(t) zx(t) | elo) z(o) | e(w) z(u) | elp) z(p) | elp) z(p)
0.0707 | 5845 | 4.47e+01 —— | 1.07e+01 —— | 5.79e-01 —— | 5.15e-01 —— | 8.63e-01 ——
0.0566 | 9055 | 3.57e+01 1.01 | 8.35e+00 1.10 | 4.54e-01 1.08 | 4.02e-01 1.12 | 6.86e-01 1.03
0 | 0.0471 | 12965 | 2.95e+01 1.05 | 6.80e+00 1.13 | 3.6le-01 1.26 | 3.21e-01 1.24 | 5.66e-01 1.05
0.0404 | 17575 | 2.53e+01 0.99 | 5.72e+00 1.12 | 3.08e-01 1.03 | 2.70e-01 1.11 | 4.85e-01 1.01
0.0354 | 22885 | 2.21e+01 1.03 | 4.93e+00 1.11 | 2.68e-01 1.02 | 2.34e-01 1.08 | 4.19e-01 1.09

Table 3: History of convergence for Example 3 for ¢ = 0.5.
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Figure 1: Example 3, velocity components w1 (left) and wy o (right), obtained with a fully-discrete
time-dependent mixed method with no manufactured analytical solution using £ = 0 and N = 28895

degrees of freedom. We plot for ¢ € {t1,t5,t10,t15, 20}, en each row.
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Figure 2: Example 3, temperature ¢, 1 (left) and concentration ¢, o (right), obtained with a fully-
discrete time-dependent mixed method with no manufactured analytical solution using £k = 0 and

N = 28895 degrees of freedom. We plot for ¢ € {t1,t5,t10,t15,t20}, en each row.
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