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MIXED FINITE ELEMENT METHOD FOR A SECOND ORDER DIRICHLET
BOUNDARY CONTROL PROBLEM

DIVAY GARG AND KAMANA PORWAL

ABSTRACT. The main aim of this article is to analyze mixed finite element method for the second
order Dirichlet boundary control problem. Therein, we develop both a priori and a posteriori error
analysis using the energy space based approach. We obtain optimal order a priori error estimates
in the energy norm and L2-norm with the help of auxiliary problems. The reliability and the
efficiency of proposed a posteriori error estimator is discussed using the Helmholtz decomposition.
Numerical experiments are presented to confirm the theoretical findings.

1. INTRODUCTION

The optimal control problems subjected to partial differential equations have numerous applica-
tions in science and engineering. The objective of optimal control problems is to find the optimal
control which minimizes the given cost functional with certain constraints being satisfied. Finite ele-
ment methods are extensively used for the numerical approximation of the optimal control problems
as they are advantageous over other numerical methods in terms of implementation, accuracy and
adaptability. As per the literature review, previous studies have marked a significant development
in this area and the literature in this direction is too immense to mention all the results here. One
can find key contributions towards this area in the articles cited here and references therein. For
a general theory of optimal control problems constrained by partial differential equations and their
numerical approximations, we refer to [40}[51]. For the contributions towards the finite element anal-
ysis for the distributed optimal control problems, we refer to [24 [33 [25] [41] [46, 201 [32] BT, 47, B37].
The articles [24] 25| 20, BI, 47] study the convergence analysis of finite element methods for the
constrained distributed optimal control problems. In [33, [46], the authors have discussed super con-
vergence results and the articles [41], B2, [37] are devoted to a posteriori error analysis of the finite
element method for the distributed control problems. In the article [16], authors have used mixed
finite element method to derive error estimates and super-convergence results for the distributed
optimal control problem. The error estimates for the Neumann boundary control problems governed
by linear state equations and semi linear state equations can be found in [43] and [6], 14], respectively.
The article [4] concerns the finite element analysis with graded mesh refinement for the Neumann
boundary control problem. Recently in [38], the authors proved the convergence and studied the
optimal complexity of an adaptive finite element method for control constrained problems on L2
errors. Therein, the contraction property and the quasi optimality of the adaptive finite element
method is derived. The authors in [39] study the distributed convex optimal control problem with
integral control constraint and proved the optimal convergence rate for the adaptive finite element
method under a mild assumption on the initial mesh.

There is relatively less literature available for the Dirichlet boundary control problem due to vari-
ational difficulty. In the article [I5], the authors have discussed the numerical approximation of
semi linear elliptic Dirichlet boundary control problems with pointwise control constraints. In this
article, an optimal error estimate for the finite element approximation of the optimal control in the
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L2-norm is derived while the article [45] improved the error estimate for the state and adjoint state
variables. In both the articles [T5], 5], an ultra weak formulation has been used for formulating the
model problem. The convergence analysis of the conforming finite element method for the Dirich-
let boundary control problem is studied in [48] using the energy space based approach. Therein,
the Steklov-Poincare operator arising from the harmonic extension is used to define the continuous
and discrete problems. The authors in [I7] have used an alternative energy space based approach
in which the control is sought from H'(f2) space and the resulting control is a harmonic function
without being explicitly imposed. In [29], the authors have used energy space based approach and
established the optimal order energy norm error estimates of the conforming finite element method
for the constrained Dirichlet boundary control problem governed by diffusion problem. A variation
of this approach using conforming finite element method is discussed in [36]. Recently in [42], two
meshless methods are proposed for solving the Dirichlet boundary optimal control problems gov-
erned by elliptic PDEs. The finite element analysis of Dirichlet control problems using an energy
regularization is carried out in [55]. We refer to the articles [28, [8] for a posteriori error analysis of
finite element methods for boundary control problems governed by elliptic PDEs.

In many applications, it is important to obtain accurate approximation of the scalar variable and its

gradient simultaneously. A common way to achieve this goal is to use mixed finite element methods
[49, 10, [IT, 50]. Moreover, mixed finite element methods have the property that they maintain
the discrete conservation law at the element level. In [27], mixed finite element method is used for
the approximation of the Dirichlet boundary control problem governed by elliptic PDEs. Therein,
the control is sought from L?(9Q) and piece-wise constant finite element space is employed for the
discretization of control. The authors have obtained the optimal a priori error estimates of order
O(h'=1/%) with s > 2 for polygonal domains and quasi optimal error estimates of order O(h|in hl)
for smooth domains.  In this article, we follow the energy space based approach for the error
analysis concerning the second order Dirichlet boundary control problem. This approach produces
a sufficiently regular control. For the variational formulation, the state equation is converted to the
mixed system using the mixed variational scheme for second order elliptic equations and then the
continuous optimality system is derived. The control is sought from the H!(Q) space and it satisfies
the Neumann problem. The state equation needs to be understood in the very weak sense when
the control is sought in L*(I") space [45], since the trace operator maps H'(Q) onto H'/?(I") where
I" represents the boundary of the domain 2. Hence the normal derivative of the costate appears
on the boundary of the domain in the first order optimality condition which makes the problem
more complicated due to its discontinuity in the standard finite element methods. Thus, the use of
mixed finite element methods is advantageous as it inserts naturally the normal derivative of costate
on the boundary in the weak formulation. In order to discretize the continuous optimality system,
we use the lowest order Raviart-Thomas space to numerically approximate the state and costate
variables whereas the continuous piece-wise linear finite element space is used for the discretization
of control. Based on this formulation, we have derived the optimal a priori error estimates for the
control of order O(h) in the energy norm and of order O(h?) in L?-norm. We have also achieved the
optimal error estimates of order O(h) for the state, costate and gradient of the costate in L?-norm.
Moreover, we have developed a reliable and efficient a posteriori error estimator using an auxiliary
system of equations. Finally, numerical experiments are presented to illustrate the theoretical results
on a priort as well as a posteriori error analysis. We remark here that the approach adopted in this
article for analyzing the mixed finite element method for the Dirichlet boundary control problem
differs significantly than that of the article [27].

The rest of the article is arranged as follows. In Section [2| we discuss the Dirichlet boundary control
problem in a precised manner and pose the mixed variational scheme for it. Therein, we also obtain
the corresponding optimality system and deduce the regularity of the optimal variables. In Section
we introduce some useful notations and preliminary results, formulate the mixed finite element
method for the continuous Dirichlet boundary control problem and obtain the discrete optimality
system. We discuss a priori error estimates for the optimal control in the energy norm and L2-norm
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in Section [4 In Section [5], we develop a posteriori error analysis with the help of an auxiliary
problem and the Helmholtz decomposition. Therein, we derive reliability and efficiency estimates
for the proposed a posteriori error estimator. We conclude the article in Section [6] by presenting
numerical test results supporting the theoretical findings.

2. CONTINUOUS PROBLEM

Let Q C R? be a bounded convex domain with polygonal boundary 9 = I'. We assume the
boundary I" to be the union of line segments I';(1 < i < k) such that their interiors are pairwise
disjoint in the induced topology. We use the standard notation W*P(2) for Sobolev spaces on 2
with norm ||-||s . and semi-norm |- |5 , o(see [3]). Further, we denote W*2(Q2) by H*(£2) with norm
| - |ls.0 and semi-norm |- |s . Let (+,-) (resp. || - ||) denote the L?*(Q) inner product (respectively
norm). We denote H~/2(T') and H'/?(T) duality pairing by (-,-).

Define the cost functional J(s,g) := 1||s — yal|?> + $[|Vg|* and consider the following Dirichlet
boundary control problem governed by the second order elliptic PDE:

2.1 min J(s,
(2.1) Join, (s, 9)
subject to

(2.2) —As=f in Q,
(2.3) s=g¢g on T,

where yq, f € L?(2) are given functions and K is the admissible space (to be specified later), while
a > 0 is a fixed parameter (referred as regularization parameter). In this article, we adopt a mixed
finite element technique to solve the Dirichlet boundary control problem —. By introducing
the flux variable, k = —Vs, can be written in the following mixed form:

k =—
(2.4) , Ve,

divk =f.
Set V = H(div,Q), W = L?(Q), Q = H' (), where the space H(div,Q) with || - || g(giv,0) norm is
defined as

H(div, Q) := {v € (L*(Q))?, divv € L*(Q)},
IVl aiv.) == VI + [|div v].

Next, we introduce the trace operator defined on H(div,Q?) [I1, Lemma 1.1, Chapter III].

Lemma 2.1. There exists a trace operator v : H(div, Q) — H~2(T') defined by v(v) = v - n in the
sense that

(v-n,w}z/wdivvda&—l—/v-dex Y we HY(Q).
Q Q

The operator v is a continuous mapping from H (div, () onto H-: (T") such that
v - an%,I‘ < ”VHH(div,Q)~
In view of (2.4)), the weak mixed formulation of (2.2)-(2.3) reads as follows: find (s, k) € W x V
such that
(2.5) (k,v) — (s,divv) = —(v-n,g) VveV,
(2.6) (w,divk) = (f,w) VweW.

There exists an unique solution (s,k) of (2.5))-(2.6) (we refer [I1] for details). We now define the
solution operator S as follows:

Definition 2.2. For a given f € W and g € Hz (I'), the solution operator S : W x Hz (T') — W x V.
is defined by S(f,g) = (s,k), where (s, k) satisfy (2.5))-(2.6]).



Mixed Finite Element Method for the Dirichlet Boundary Control Problem

The mixed form of the Dirichlet boundary optimal control problem consists of finding (y, p, u) €
W x V x @ such that

2.7 J(y,u) = min J(s,g),
(2.7) (y,u) o (s,9)

subject to the condition that (s,k) = S(f,g) where J(s, g) is the underlying cost functional.
Let a(-,-) : HY(R2) x H*(2) — R denote the bilinear form defined by

a(v,w) = / Vv - Vwdz.
Q

We have the following result concerning the first order necessary optimality conditions.

Theorem 2.3. There exists a unique solution (y, p,u) € W x V' x Q of the optimal control problem
(2.7). Furthermore, the triplet (y, p,u) is the solution of (2.7)) iff there exists a unique pair (z,r) €
W x V such that (y,p, z,r,u) satisfies the following optimality system:

(2.8) (p,v) — (y,divv) = —(v-nu) Vvev,

(2.9) (w,divp) = (f,w) YweW,

(2.10) (r,v) —(z,divv) =0 Vv eV,

(2.11) (w,divr) = (y — yg,w) YV w e W,

(2.12) aa(u,q) = —(r-n,q) VqeQ.

Proof. The proof follows from the standard arguments as in [51], [17]. O

Note that, (u,q) when restricted to the boundary T belong to H= (I') x H2 (T') since (u q) €QxQ.
Therefore, in light of Lemma . (v - n,u) and (r - n,q) arising in equations and (2.12))
respectively are well defined.

Remark 2.4. In view of [I7, Remark 2.4], the minimum energy in the minimization problem ([2.7)
can be realized with an equivalent H2(I') semi-norm of the control u in the sense that the H2 (T')
semi-norm of ¢ € Hz(I') can be defined by the following Dirichlet norm:

lyri= V2l = _ min [V,

where the minimizer z, € @) satisfies

—Az; =01in Q,

zg=qonl.
Uniqueness of the optimal control v € @ implies u = z, and hence
lul g = [[Vul.

Now using Green’s formula in (2.12)), we see that u weakly solves the following Neumann problem

2.13
( ) agz——r-n on T.

{ —Au =0 in €,

Taking ¢ = 1 in , we observe that (r-mn,1) = 0, which is the compatibility condition for
the Neumann problem defined by . Since y — yq € W, from the elliptic regularity theory on
convex polygonal domains [30, Theorem 3.1.2.1], we find that (z,r) € H?(Q2) x [H}(Q)]?>. By the
trace theorem [30, Theorem 1.5.2.1],r-n € H? (T;) ¥ 1 < i < k. Hence the elliptic regularity theory
for the Neumann problem [30, Theorem 3.1.2.3] implies that u € H?(Q2). Now f € W and trace
we H2([;) V1< i<k, therefore y € H2(Q) by the elliptic regularity for the Dirichlet problem on
the convex polygonal domains [30, Theorem 3.1.2.1].
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3. FINITE ELEMENT APPROXIMATION

In this section, we consider the mixed finite element approximation of the Dirichlet boundary op-
timal control problem under consideration. We introduce the following notations, which are used
throughout the article.
e 7T} is a regular triangulation(see [I8]) of Q.
&} is the set of all interior edges of Tj,.
&} is the set of all boundary edges of Ty,.
En = & UE is the set of all the edges of Tj,.
Vj is the set of all vertices interior to €.
Vﬁ is the set of all vertices that belong to T
YV, = V,i U VZ is the set of all vertices of 7p,.
T, denotes the set of all elements sharing the vertex p € V,, and |7,| denotes cardinality of
Tp-

hr is the diameter of an element T' € T, and h = %na%( hr.
€Th

le| is the length of an edge e € &, and m, is the midpoint of e.

Py (T') is the set of all polynomials of degree less than or equal to k over T

P51 (Tr) is the set of continuous piecewise polynomials of degree & + 1.

H*(Q,Tn) = {v € L*(Q) : v|r € H(T) ¥ T € T,} is the piece-wise Sobolev space with
respect to the triangulation 7.

o |2, =>rer |27 is the semi-norm on H*(, Tp).
e We say a < b if there exists a positive constant C independent of the mesh parameter h
such that a < Cb.

Let e € & be the edge shared by two neighbouring triangles 7'y and T_ i.e. e = 9T+ NOT-. Further,
suppose ny is the unit normal of e pointing from 7" to 7, and n_ = —n. We denote v|7, by vy
and v|7_ by v_. For any scalar valued function v € H2(Q,7,) and w € H*(Q,Ty), we define the
jumps [-] across the edge e as follows:-

v ovy
] - (o] o)
H@nﬂ 8n+ an [[w]] W e v e
For any edge e € 82, there is a triangle T € Tp, such that e = 9T N T and let n. be the unit normal
on e that points outside T'. For any v € H?(Q,T;,) and w € HY(Q, Tp,), we set

[{g:;ﬂ = %ﬁlj and [w] = w|r.
For T € T}, , we define the lowest order local Raviart-Thomas space by
RT(T) = Py(T)* + x Py(T),
where x = (x1,72) € R%. Now the global Raviart-Thomas space is defined by
Vii={veV:vlr e RT(T)VT e T}

We define two more discrete spaces for the approximation of state y and control u as follows

Wy i=A{wp € W rwy|r € Po(T)V T € Tp},

Qn={g€Q:qlr e AT)VTeTh}
Consider the mixed finite element approximation to the variational problem —: find (sp, kn) €
W), x V3, such that
(3.1) (kn, vh) — (sp,divvp) = —(vh - n,g) V vy €V,
(3.2) (wp,divky) = (f,wy) Y wp, € W,
Here onwards, we shall use C' to denote the generic positive constant which can assume different

values at different appearances, it is independent of the discrete solutions and will depend only on
the minimum angle of the triangulation but not on the mesh size.

_ O
e 8TL+

e
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We have the following well established a priori estimate for standard mixed finite element approxi-
mation [35] 23] 26].

Lemma 3.1. Let (s,k) € W x V be the solution of problems (2.5)-(2.6) with data (g, f) € H?(T) x
W and let (sp,kn) € Wy, x V3, be the solution of (3.1)-(3.2). Then, s € H%() and
Ik — k|l +[Is = sull < Ch(llsl20 + 1)
Furthermore, assuming divk € H'(Q), the following estimate holds
[|div(k — kp)| _s.0 < Ch*¥|divk] o, s=0,1.
Analogous to the continuous setting, we define the discrete solution operator.

Definition 3.2. For a given f € W and g € H%(F)7 the discrete solution operator S;, : W x
HY2(T) — W), x Vj, is defined by Si,(f,9) = (sn,kn), where (sy, ky) satisfy (3.1)-(3.2).

The mixed finite element approximation of the Dirichlet boundary control problem (2.7)) consists of
finding (yn, Pn,un) € Wi x Vi, X Qp, such that

3.3 J(yn, up) = min J(Sh,9n),
(3:3) (Yn, un) o o (8hs9n)

subject to the condition that (sp,kn) = Si(f,gn) where J(sp, gn) := 3|lsn — yall* + | Vanl?.

In the next theorem, we obtain the discrete optimality system. This system of equations is obtained
by the first order necessary optimality conditions as in the case of continuous system ([2.8])-(2.12)).

Theorem 3.3. There exists a unique solution (yn, Pn, un) € Wi X Vi, X @, of the optimal control
problem (3.3). Furthermore, (yp, pn,un) is the solution of (3.3) if and only if there exists a unique
pair (zp,rn) € Wy x V}, such that (yn, Ph, 2n, I'n, up) satisfies the following system of equations:

(3.4) (Pn; vn) — (yn,divvy) = —(vp - n,up) V vy € Vp,
(3.5) (wp,divpn) = (f,wn) Y w, € Wy,

(3.6) (rn, Vi) — (z,divvy) =0 Vv, € V,

(3.7) (wh, divrn) = (yn — ya,wn) YV wp € W,
(3.8) aalup,qn) = —(th - n,qn) Y qn € Qp.

Below, we define the Raviart-Thomas interpolation, L? projection map and their properties which
will be useful in the error analysis.

Lemma 3.4. There exist linear operators Il : V — Vi and P, : W — W), (L2 projection onto W)
such that for all v e V and w € W,

(3.9) (div(v = Ipv),wp) =0 YV wy € Wy,

(3.10) v —pv]lso < Ch 7 5|v|ia, ve H(Q) x H(Q), s=0,1,

(3.11) [div (v — V)| —s.0 < CRM¥|divv]i g, divv € HY(Q), s=0,1,

(3.12) (w — Pow,wp) =0 Y wy, € Wy,

(3.13) |w — Prw|—s.0 < Ch* 5wl 0, we H(Q) s=0,1.

Proof. The readers may refer [35] [I1] for the proof of this Lemma. O

In the next lemma, we state a well known Clément type approximation result [I9] required in the
subsequent analysis.

Lemma 3.5. Let £ € H'(Q). Then there exists & € Pj,(75) such that for any T € T, and
e € 0T, it holds that

1
1€ = &nll2(e) < Clel2 V& L2,
hrl€ = &nlmr) + 1€ — Enllz2(r) < ChrlVE L2 ()
where T = {T" € T;, : TNT" # 0} and k is any non negative integer.
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In the further sections, for any v € Q@ N CO(Q), vr € @ denotes its nodal Lagrange interpolation.
We refer to [I8] [12] for the definition and approximation properties of vy.

4. A Priori ERROR ANALYSIS

In this section, we discuss the error estimates in the energy norm and L?-norm between the
solutions of — and —. In deriving the estimates for the control in the energy norm,
we first obtain the bound on H'-semi-norm and subsequently the optimal order error estimates in
the energy norm is derived with the help of intermediate results. In order to achieve the optimal
order convergence in the L?-norm, we introduce the enriched discrete control and make use of some
auxiliary results. We begin by proving intermediate results required for the further analysis.

For the optimal control u € @, let (y;%( ),p?( u)) = Sp(f,u) and (22, rh) = Sh(y}‘( u) — Y4, 0) which
h

means (yf( u), pf( u), 2 vh) € Wy, x Vi, x W), x Vj, satisfies the following system of equations:

(4.1) (P}(w), vn) = (y}(u),divvp) = —(vh - n,u) V vy € Vi,

(4.2) (whadIfo( w)) = (f,wn) V wp € Wy,

(4.3) (rh vi) — (2", divvy) =0 V vy, €V,

(4.4) (wp, divre?) = (y ’;(u) —yag,wp) YV wp € Wy
Now for optimal state y € W, find (z Z, Z) € Wi, x Vj, such that

(4.5) (rZ7vh) . (zy,divvh) =0 VvpeV,

(4.6) (wh7divr2) = (y — ya,wn) Y w, € Wy,

We note that (2! 2y y) Sp(y — ya,0) and (y?(u%p?(u)) = Sp(f,u) are the standard mixed finite
element approximations of (z,r) and (y,p) respectively. Taking into account the standard error
estimates of mixed finite element method (stated in Lemma [3.1)), we have the following result
16, 27]:

Lemma 4.1. Let (y,p, z,r,u) be the solutlons of . - Let ( y, y) and (yf( u), p?(u)) be
the solution of the auxiliary problem (4.5 and (4.1])-(4.2)) respectlvely Then, we have the
following estimates:

|z — Z;LH +|jr — rZHH(div,Q) < Chllzl2,0,
ly = vF @)l + P = PH(w) | aiv.0) < Chllyl2.0-

This lemma is useful in establishing the auxiliary estimates which play a key role in deriving the
desired error estimates in the energy norm. We first derive the error estimates in H' semi-norm in
the following theorem.

Theorem 4.2. Let (y,p,u,z,r) € W x V x Q x W x V be the solution of continuous optimality
system (2.8))-(2.12)) and let (yp, Pn, U, 2h,In) € Wi, X Vi X Qp x W}, x V}, be the solution of discrete
optimality system (3.4)-(3.8). Then the following estimate holds:

u —unli + [y} (u) = yall < Ch([lullao + |

).

Proof. Upon subtracting the corresponding equations of the system (3.4 . from (4.1 , we
obtain the following error equations:

(4.7) (p?(u) — Ph,Vh) — (y?( ) —yn,divvy) = —(vh - n,u —up) V vy € Vi,
(4.8) (wp, div(p(u) — pn)) =0 YV wy € Wy,
(4.9) (eh —ry,vi) = (2" — 2z, divvy) =0 V vy €V,
(4.10) (wp, div(r! —rp)) = (y ( ) — yn,wp) YV wp, € Wy
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By substituting vi, = rp, —r? € V}, in and using —, we find that
((rn —13) - nyup —u) = (P} (u) = Pnyrn —14) — (¥f (w) — g, div(rn —17))
—(y]}(u) — YnsYn — y’}(u))
(4.11) = llyn =y} ()|*.
Let u; € Qp be the nodal Lagrange interpolation of u, see [I8, p. 81]. Using equations and
for ¢ = u — up, and q; = up — uy respectively, we find
(4.12) aa(u,w —up) +(r-n,u —up) =0,
(4.13) aa(up,up, —ur) + (rn - n,up —uy) = 0.
From equations —7 we observe that
ofu — unf? o+ () =yl = o, — ) + (- — )
— aa(up,u — up) — (T - n,u — up)
= aa(u,u —up) + (r-n,u—up) + (" — 1) n,u—up)
— aa(up,u —up) — (Th - n,u — up)
= ((rh —r) - n,u—up) + aa(uy, up, — ug)
+ aa(up,ur —u) — (rp - n,u — us) + (rp - 0, up — us)
= ((eh —r) - n,u—up) + aalup, ur —u) + (rn - n,up — u)
(4.14) =T+ II+III
We now estimate each term on the right hand side of as follows.

I={(" frZ)~n,ufuh>+((r27r)~n,u7uh>

(4.15) =TI+ 1"
Using Lemma Lemma [3.4] and equations (2.11)), (4.6]), we find

Ib:<(r27r).n,u—uh>:/Qdiv(rzfr)(ufuh)der/Q(err).V(u—uh)dx

= /Q(div r’;) (Pr(u—up))de — / (divr) (u — up,) de

Q
Jr/Q(err)V(ufuh)d:c

:/(y—yd) (Ph(u—uh)—(u—uh))dx+/(ry—r) V(u—up)de.

Q
Now, using Cauchy-Schwarz inequality, Lemma[4.1] Lemma[3.4 and Young’s inequality, we find that

1° <y = yallll Pau = up) = (u—un)l| + |ry =l —upli0
< Ch(lly = yall + 1zl2.0) [u — un|1.0
(4.16) < C@OR (ly = yall* + 1213.0) + 6lu — unli o-
Taking vj, = r? — r’; in and and subtract the resulting equations to find

((ch =y nu—wp) = (Yf(u) — yn, div(rl —x})) — (P (u) — pn,rt — 1)) .
In view of the equations — and —, we have
I = (e} —xy) - n,u — wp) = (div(ry — ), yf(u) — yn) — (Pf(u) — pn,ry; — 1))
= (v} (u) =y, yf(u) —yn) — (2 — 2}, div(plt(v) — pn))
= (y}(w) — .y} (w) — yn) -



Mixed Finite Element Method for the Dirichlet Boundary Control Problem

Using Cauchy-Schwarz inequality, Young’s inequality and Lemma we get that
I < |ly}(u) = ylllly} (w) — ynl
< C(8)llyf(u) — yl* + 8y} (w) — yal®
(4.17) < C(8)P?|lyll3.0 + dllyj (u) — yall.

Combining (4.15)), (4.16]) and (4.17), we find

(4.18) 1] < COR (23,0 + 1Wl3.0 + Iy = vall?) + 6 (lyF () =yl + lu—unli o) -

Now we proceed to estimate I and I11. Substituting ¢ = u; —u € @ in (2.12) , we find
(4.19) aa(u,ur —u) + (r-n,ur —u) = 0.

In view of , we can write
IT+IIT = aalup, —u,ur —u) + {(rn —r) - n,ur — u)
= aalup —u,ur —u) + ((rn — rZ) Sm,up — )
+<(err) “n,up — u)
(4.20) =II"4+11° +1I°

Using Cauchy-Schwarz inequality, Young’s inequality and approximation property of uy [I8, Theo-
rem 3.1.4], we have

IT* = aaup, —u,ur —u) < C||V(up — w) |||V (ur —u)|
(4.21) < Slu—unlf g+ CER|ul3 o

Again, by Lemma Lemma and equations (2.11)), (4.6)), we find that

IIC:<(r;‘fr).n,u1—u):/Qdiv(rzfr)(uffu)der/Q(rZ7r).V(u17u)d:r

:/(divr;‘) (Ph(UI*U))dl’*/(din) (ur — u) dx
Q

Q
—|—/(rZ—r)~V(u1—u)dm
Q

= /(y —yq) (Pn(ur —u) — (uy —u)) de + / (rZ —r) - V(ur — u)dx.

Q Q

Using Cauchy-Schwarz inequality, approximation properties of u; and Lemma we have
11° < ly = yallllPa(ur —w) = (ur = w)l| + vy —rl[Jur —ul1,0

< Ch(lly = yall + lIzll2,0) lur —w
(4.22) < CW? (ly = yall® + l12[l5.0 + [lu

1,0
5.0) -

Finally, we estimate the term II°. For u; € Qp, let (y}”(ul), p?(u;)) = Si(f,ur) € Wy, x Vj, satisfies

(4.23) (Pf(ur), vn) = (yf(ur), divvn) = —(V - n,ur) V vi € Vi,
(4.24) (w, divpf(ur)) = (f,wn) ¥ wp € Wh.
Upon subtracting equations and , we find
(Vh - n,up —u) = (y’;(ul) — y?(u),divvh) — (p?(u;) —p",vn) ¥V vu € V.
Take v, = rp — rz € V}, in the last equation to get

11" = ((rn —v}) - nyur —u) = (y}(ur) — yf(u), div(en —r})) — (P} (ur) — plkrn — 1)),
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Using the equations (3.4)-(3.8]), (4.1)-(4.6), (4.23))-(4.24]), Cauchy-Schwarz inequality and Young’s

inequality, we find that

I1° = (yn — y, y} (ur) =y} (u) + (2 — 2, div(pl} (ur) — P (w)))
= (yn — v, ¥} (ur) — v} (u))
(4.25) < CO)yflur) — y(u)

Now, to estimate ||y} (ur) =y} (u)|, let (¢, x) = S(y}(ur) = y}(u),0) € W x V ie. (¢, %) solves the
following system:

1+ 5lly — ynll*-

(x,v) — (¢, divv) =0 Vv eV,
(w,divx) = (y}‘(ul) - y}l(u),w) vV weW.
By elliptic regularity theory on convex polygonal domains, we have é € H%(Q) and
(4.26) @ll2.0 + 1%l & aiv,0) < CHZ‘J?(“I) - ZU?(U)H-

Further, let (¢, xn) = Sh(yj}(u[) — y]}}(u), 0) € W, x Vj, denote the mixed finite element approxi-
mation of (d;, x), we have

(4.27) (Xh, Vi) — (¢p, divvy) =0V vy, € Vp,

(4.28) (wp, divxy) = (y}l(uj) — y}‘(u),wh) Y wp, € Wh.
Setting wy, =yl (ur) — y?(u) € Wy, in (4.28)), we get

(4.29) lyf (ur) =y (u )H2 (y} (ur) =y} (u), divxn).

By taking vy, = p’}(uj) - p}}(u) € Vj, in ([£.27)), we find

(4.30) (&n, div(pf(ur) — () = (xn, Pf(ur) — p(u)) = 0.

Now, using equations (4.23)-(4.24)), (4.1)-(4.4)), , Cauchy-Schwarz inequality and approxima-

tion properties of uy [I8, Theorem 3.1.4] to find
(4.31)
Iy (ur) =y} ()|* = (v (ur) = y}(u), divxn) + (6, div(p}(ur) — P}(u)) = (xn, P} (ur) — P(w))
= (y (ur) =y} (u), divxn) — (xn, P}(ur) — Pf(u))
= (Xp - n,ur —u)
< lu —ur| 2oyl Xnll 22 ()
< CR*|Jull2,0llxnl 22 (r)
Let P,x be the L? projection of x from L?(2) to W}, x Wj,. Using the inverse inequality [12, Section
4.5], Lemma and equation , we have

[%nllz2ry < %0 — Pax|r2ry + |1 Pax — x[|L2(r) + %[ 22(r)
< Ch™ % |[xp — Pux| + Ch¥ x|, + Clx1.0
< Ch™2 (||xn — x| + [[x — Pux]])
< Chzh(|x]l1.0 + |6]l2.0) + ClxllL0
< ([0 + [|4ll2.0)

(4.32) < Clly?(w) —yf)l.
Therefore, using the estimates ) and -, we have
(4.33) Iny (ur) =y ()| < CH/?

10
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By Lemma [4.1] and triangle inequality, we find
ly = ynll < lly = yF @)l + [y} (@) = yall

(4.34) < Chllyllz.a + Iy} () — yal.
Using equations (4.25), (4.33) and (4.34) to get
(4.35) 11" < CR* (Jull3. + llyll5.a) + dllyf (w) — unll*.

Combining the equations (4.18)), (4.21]), (4.22)), (4.35)) and setting § to be small enough, we find that
u—unl? o + ly} () = yall® < CR* (Jul3 0 + 1213.0 + I9ll5.0 + lly — val®) -

Take square root on both the sides to conclude the proof. O

Corollary 4.3. The following hold:
ly = ynll < Ch([[ull2,0 + lI2ll2.2 + [[yllz,.0 + [ly — yall) ,
[ —rnll < Ch([[ull2,0 + |zll2.0 + [Iyll2.0 + Iy — yal) ,
Iz = znl < Ch([lullz,0 + 12ll20 + yllz.0 + ly — vall) -
Proof. Using the triangle inequality, Lemma [4.1] and Theorem [£.2] we have

ly = ynll < lly — v )l + lyf(w) — ynll

(4.36) < Ch([ullzo + I2l2.0 + llyll2.0 + ly = yall) -

In view of (3.6)-(3.7) and (4.5)-(4.6)), we have the following system

(4.37) (rZ —Th,Vh) — (z;} —zp,divvy) =0 V vy € Vp,

(4.38) (wp, div (rZ —rh)) = (Y — yn,wp) Y wp € W
Using discrete Babuska-Brezzi condition [11, Chapter II] to find

(439 I = 2]l < Ot = ra.

Substituting vy, = rZ —ry, in (4.37)) and then using (4.38]) to get
||I"Z - I'h||2 = (Y — Yn, ZZL — zp)-
A use of Cauchy-Schwarz inequality and (4.39) gives
vy —rnll < Clly — ynll-
Now, using Lemma and (4.36)), we find
lr —rn| < [lr —xy|l + [lry —rul
< C(hllzllz0 + lly = ynl)
< Ch([lullz,0 + |zll2.0 + |yll2.0 + Iy — yall) -
Finally, by using Lemma and (4.39)), we get
Iz = 2]l < Il = 251l + llzy — zall
< C(hllzllz.0+ lly = wnl))
< Ch(flullz.e + [zll2.0 + [[Yll20 + lly = vall) -
This concludes the proof of this Lemma. O

We now proceed to obtain some relations which will be helpful in establishing the energy norm
estimates for the control. Let (ys,py) = S(f,0) and (y,,pu) = S(0,u). By the linearity of the
solution operator S and uniqueness of (y,p), we have y = yy + y, and p = py + p,. From the
elliptic regularity theory for convex polygon domains [30, Theorem 3.1.2.1], we have y, € H?(Q).
Using the integration by parts and standard density arguments, we find that

(4.40) a(yu,t) =0 ¥ t € H*(Q) N H (D).

11
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Using the equation (2.12)), we have

(4.41) a(u,t) =0 Vte HHQ).

In view of the equations (4.40)), (4.41)) and the Poincare inequality, we find that y, = u. Similarly,
we can write y, = yf +y,;, and pn = p}+p};, where (y},p}) = Su(f,0) and (y;;, , P}, ) = S (0, up).
We prove the consistency result in the following lemma, yielding the perturbed Galerkin orthogo-
nality which plays a key role in deriving the error estimates in the energy as well as L?-norms.

Lemma 4.4. For any g, € Qp, let (ygh,p}qlh) = 54(0,¢n). Then, it holds that

aalu —un, qn) + (Y — v, yn) = WF —yp, e )+ {(xh — 1) -1, qn).

Proof. Let qi € Qn, we have (y}, ,pl,) € Wy, x Vj, satisfies
(4.42) (pgh,vh) — (ygh, divvy) = —(Vvh-n,qn) V vp € Vi,
(4.43) (wh,divpl ) =0 ¥ wy € Wh.
From (3.8), we have that aa(us,qr) = —(rn - n,qp). Taking vy = ry in and then using the
equations , and , we find
—(th -1, qn) = (Py,»Th) — (v, , divren)

= (2, divpl ) — (yn — ya, yi)

= —(yn — Ya, ) = =W} + Y, — Yar sy
Therefore, we have
(4.44) aalun, an) + (Ys, Yg,) = Ya — Y} Ya,)-

Let (2,1, Pt )=

S(yu, 0), (2y;51y,) = S(ys —Ya,0) and their discrete approximations are (z,, ,ry
h

) =
Sh(Yu,0) and (z,, ) Sh(Ys — ya,0), respectively. Using the definitions of S and S}, we have

Wus ) = War i = an) + (us an) = (divry,, yl — an) + (Yu, qn)
= (divry,,yr — Pagn) + (divry,, Pugn — qn) + (Yus a1)
(4.45) = (div I‘Zu, yi}h — Puan) + (divry,, Pogn — qn) + (Yu, qn),
and
(Yf = Yar Yor) = (Wr — var vy, — an) + (g — Yaan) = (divey,, it —an) + (Y — va, an)
= (divry,,y" — Pugn) + (divry,, Pagn — qu) + (yr — Ya. an)
(4.46) = (divry ,yh — Pagn) + (divey,, Pagn — qn) + (7 — Y, an)-
Adding (4.45)) and (4.46) and using the facts that y =y, + yy, divr = div(r,, +r,;) and div rZ =
div(rZu + er), we find that
(y — ya,yp,) = (divey,yl — Pugn) + (divre, Pagn — qn) + (y — ya, an)
= (divre},yk ) — (divry, Pugn) + (divr, Pagn) — (dive, gn) + (y — ya, an)
_ : h , h
= (leI‘y,th),
where in obtaining the last equation, we have used ( - together with the fact that (div(r —
r), Pogn) = 0. Using the definitions of (y} ,pl, ) € Wi x Vi, (20, rh) € W), x Vi, and (2.12), we find

(y — ya,yp,) = (divey, gyl ) = (ph,Th) + (¢} -, qn)
= (zy,divpg, ) + {(r) =) - n,qn) + (r-n,qn)
= <(I'Z —1)-n,qn) — aalu, ).

Therefore, we have

(4.47) aa(u,qn) + W, ver) = —(yr — ya vl ) + ((xh — 1) -, qn).
Upon subtracting (4.44)) from (4.47), we get the desired result. O

12
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Next, we obtain an intermediate estimate required for the error analysis.

Lemma 4.5. For any (q,qn) € Q x Qp, let (yq,Pq) = S(0,¢) and (ygq,, Pg,) = S(0, gn). Then,
IPg = P ll + [1¥g = Yau I < Cllg — anll1,0-

Proof. Since (yq,pq) = S(0,q9) € W x V and (yq,,Pg,) = S(0,q1) € W x V, we have

(4.48) (Pg = Pg V) = (Yg =Ygy, divv) = =(v-n,qg—qn) VvEV,

(4.49) (w,div(pg — Pg,)) =0 vVweW.

Taking v = py — Pg, € V in and using to find

IPg — pqh||2 = —((Pg — Pgy) " q — qn).
From (4.49)), it is evident that ||div(py — Pg,)|| = 0. Now, using Cauchy-Schwarz inequality and
Lemma [2.1] we find
(4.50) IPq — P, |l < Clla —anllzr < Cllg—an

Since yq — yq, € W, there exists v € V such that divv =y, — yg, and [|V| gaiv,0) < |Yg — Ya, || [9
Lemma 2.2, p. 6]. Substituting divv = y, —y,, in (4.48) and then using Cauchy-Schwarz inequality
together with (4.50]), we obtain

1,Q-

Yg — Yan 2= (Pq — Pg,» V) + (v -1,q — qn)
< Ipg = Pl + g — anll . llv -l 1
< lpg = P, VI =+ llg = arll3 oIVl @iv.0)
(4.51) < Cllg = anll 2 rlIvllH(giv,0) < Clla = anllrellyg = ya. -
In view of and , we have the desired estimate of this lemma. O

Lemma 4.6. Let (y2,p}) = Sx(0,q) and (y2 ,pl ) = Su(0,qn) for (¢,qn) € Q X Q1. Then,
Ipt —pi |+ vy —vir Il < Cllg — qullr.o-

Proof. For a given wy, € W}, there exists vy € V}, such that divvy = wy, and ||vi|| g aiv,0) < |lwnl|
[9, Lemma 3.5, p. 17]. Taking this into account, the proof of this lemma follows using the similar
arguments as in the Lemma [4.5] a

We now derive the error estimates for the control in the energy norm.
Theorem 4.7. It holds that,
[u—unlie < Ch(llulzo + |z

20+ lyllz0 +lly = vall) -

Proof. In view of Theorem it suffices to estimate ||u —up||. Let ur € @, be the Lagrange nodal
interpolation of u. Let ¢ = ur — up € Qp, (y,’;h,pg”h’) = Sr(0,q1) and (y,p") = S,(0,u). Using
Lemma [£.4] we find

Iy 112+ alanlio = W —yu, 2 )+ Wh — iyl )+ aa(ur — u, qn)
(4.52) + (Wt —ypun) + () — 1) n,qn),

where (y? ,p" ) = S,(0,us). We now estimate each term in the right hand side of (4.52). Using
Cauchy-Schwarz inequality, Young’s inequality and Lemma [3.1] we find that

(4.53) W = YusYgr) < v — vallllyg, | < CORlyull3 o + 6 llyg, I,
(4.54) W} = yr:9a,) < lyf = yrlllyg, | < C@OR*Nlysll3 o + 6 llyg, |I*

Again using Cauchy-Schwarz inequality, Young’s inequality, Lemma [4.6] and approximation proper-
ties of uy, we have

i, — e e ) <k, = villlye || < Cllur — ullvallye || < COR*ull3q + 6 llv), 17,
aa(ur —u,qn) < Clu—uzliolanlie < CO)R*||ull3.g + 6 lanli o

13
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Lastly, we consider ((rZ —r)-n,qp). In view of Lemma Lemma equations (2.11]) and (4.6]),

we observe that

((rZ —1)-n,qp) = / div(rZ —r)qhd;v+/(r’; —r)- Vg, dx
Q Q
= / (dier) (P qn) dz— / (divr) g, dz + / (rZ —r)- Vg dx
) Q Q

Z/(y—yd)(PhCIh—Qh)d9€+/(r2—r)'VthJU-
Q Q

Therefore, using Cauchy-Schwarz inequality, Young’s inequality, Lemma [3.4] and Lemma [4.1] we get
((rp =) n,qn) < Iy — vallllPrhgn — anll + I} — rlllgnl1o
< Ch(lly = yall + lIzll2,2) lan]1,0
(4.55) < CO)R* (12130 + Iy — yall?) + 8 lanli o-
Combining estimates — together with and choosing 0 sufficiently small, we obtain
(4.56) H?JZhH +lanlie < Ch(|lull2,o + yll2.0 + 2ll2,0 + lly — yall) -

Further, let (y(v),p()) = S(2,0) and (y" (), p®(¥)) = S (¢,0), where 1) = P, qh—y(';h. By elliptic
regularity results

(4.57) IP()laiv.0) + [y(@)ll20 < CllY]].
We see that (y"(¢), pP (1)) = Si (2, 0) satisfy the following system of equations:
(P" (1), vn) = (4" (¥),divvi) =0 V¥ vi, € Vp,
(4.58) (wy, divp® () = (¥, wy) ¥ wy, € W,
Taking wp = 9 in and using Lemma and integration by parts, we get
41> = (divp®(¥), ¢) = (div p™(¥), Pr an) — (v, , divp*(¥))
= (divp"(¥), gn) — (P}, P*(¥)) — (P*(¥) - 1, qn)
= —(P"(¥), Vau) + (P () - n, qn) — (plh, , () — (P™(¥) - 1, i)
=— (P"(®),Van) — (y"(v),divph)
= - (ph(¢)7 V(]h) .
Now using Cauchy-Schwarz inequality, , Lemma and , we find

[4)1? < Ch(||u| 2,0+ [[yll20 + l|zll2.0 + Iy — yal) ||Ph(1/})||
< Ch(|lullz.0 + [yll2.0 + [2ll2.0 + Iy = yal) (IP*(¥) = )| + [P()])
< Ch(llullz + [lyll2.0 + [I2l2.0 + [y — yall) (Rlly(¥) 2,2 + [I1P()])
< Ch(llullz.0 + lyllze + llzllz.0 + lly — wal) 19l

Thus, we obtain
(4.59) [l < Ch(lullze + lyllz.0 + (22,0 + lly — yall) -
Therefore, using Lemma (4.59) and (4.56)), we have

lur = unl = lanll < llan — Pa anll + 1P an — yi, | + [lv, |

< Chlgnla + [|1Poan — v Il + 1y |

(4.60) < Ch(llullz.0 + lyllz0 + llzllz.0 + lly — vall) -
Finally, a use of triangle inequality, approximation properties of u; and (4.60]) yields
(4.61) lu = unll < Ch(ullze + yllze + I2ll2.0 + Iy — yall) -
The proof of this theorem is completed by taking into account (4.61) and Theorem [4.2 O
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Next, we proceed to obtain some auxiliary results in order to derive L?-norm error estimates. We
introduce an enriched discrete optimal control @y, [I7] which is essential for the subsequent analysis.
For any boundary edge e which is such that e = T' N 9T for some T € Ty, let jo € Ps(T) be the
bubble function defined by je = b262(3b — 1)(3b; — 1) with b;, b; as the barycentric coordinates
associated to the endpoints of the edge e. Now, for T' € Tp, if T shares an edge e with I", we define
the enriched Hermite element EH(T') on T by

EH(T) := H(T) & span{je},

where H(T') denotes the cubic Hermite finite element space defined on T. The enriched cubic
Hermite finite element space is then defined by

EQy ={we Q) :vjr e QT) YT €T},
where Q(T') = H(T) if T does not share an edge to I' and Q(T') = EH(T) if T shares an edge e to
I'. The enriched discrete optimal control 4y € £Qy, is defined by averaging as follows:
ap(v) = up(v) Yov €V,
ap(br) = uh(bT) VT €T,

Vuh Z V uh|T Vv € Vy,
|T| 7et,
(4.62) /ﬁh ds = /uh ds Veecé&,

where by denotes the barycenter of the element T. We state the approximation properties of the
enriched discrete optimal control in the following lemma. For the discrete optimal control u; and
the enriched discrete optimal control @y, we have the following estimates.
Lemma 4.8. Let 7; be a quasi uniform triangulation. Then, it holds that

lun = @nll + hllun — @nllio < Ch(|

9)-

Proof. We refer the readers to the article [I7] for the proof. O

Lemma 4.9. Let (ya,,pa,) = S(0,4n) € W x V. Then,
12, — @nll < Ch(lu=unl10 + hlull2,0)-

(T;) for all 1 < i < k, therefore iy |r, € H3/?(T;) for all 1 <i < k. Also
up, is a continuous functlon on , we have y;, € H2() by the elliptic regularity theory on convex
polygonal domains. Since (yuh,puh) = S(0,ay), they satisfy the following system of equations:

(4.63) (Pa,, V) — (ya,,divv) = —(v-n,a4;) Vv €V,
(4.64) (w,divpg,) =0 Yw € W.
Taking v = Vz in for x € D(), we get
(Pay, V) — (ya,, Azx) = —(Va - n, dp).
Integrating by parts and using , we get
a(yg,,x) =0 Yz € D(Q).
Using the density of D(2) in Hg (), we conclude that

(4.65) a(yah,x) =0 Va € H Q).
Let wg := ya, — un € HL(Q). Using ([4.65) and -, we find
a(wo, wo) = *a(uh, wo) = a(u — tp, wo).

Therefore, using Cauchy-Schwarz inequality together with Lemma [£.8] we find
(4.66)

(lu —unli0 + lun — @nl1,0) < C(lu—unli0 + hllull2.0) -
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In order to obtain the L?-norm error estimates, we make use of the Aubin-Nitsche duality techniques.
Let w € H}(Q) be the solution of

—Aw =wy in £,
w =0 on I.

By the elliptic regularity theory on the convex polygonal domains, w € H?(Q2) and ||w||2.0 < [Jwol|-
Let wr € Qn N HE(Q) be the Lagrange interpolation of w. Since wy € HE (), we find

lwo|* = a(wo, w) = a(wy, w — wr) + alw, wr) = alwy,w — wr) — a(iy, wr)
= a(wo, w — wr) + a(up — Up, wr —w) + a(up — Uy, w) — alup, wr)
=I+I1I+1IT+1V.
Using Cauchy-Schwarz inequality, approximation properties of wy, Lemma and ([4.66)), we find

I+ 1T < (|Jwol1,0 + |un — Gnl1,0) |lw — wil1o
(4.67) < Chljwll2,0 (Ju — unll1,0 + hllull2,0) -

Now, we apply integration by parts on I11 to get

11T = a(up, — Up,w) = 7/
Q

(uh - ﬁh)Aw dx + / (Uh — ﬂh)aﬂ ds.
50 (9n

We have [ i ds = [, updsV e € E). Hence we can rewrite 111 as follows
Ow —

117 = —/(uh — ah)Awdm +/ (uh — ’ELh)M
Q o0 on

A use of Cauchy-Schwarz inequality, approximation property of wr, trace inequality and Lemma [4.§]
yields

ds.

(4.68) 11T < Chljwllz,0 ([Ju = unllro + hllull2.0) -
Since w; € H}(Q), equation (3.8)) implies IV = 0. Now, the proof is completed by taking into

account (4.67)), (4.68) and the estimate ||w
Lemma 4.10. Let (s, k) € Wj, x V be such that

(469) (k, Vh) — (Sh,diVVh) =0 Vvp€ Vh,
(4.70) (wp,divk) =0 V wy, € Wp.

l2.0 S llwoll- O

Then, there exists a positive constant C' such that
[snll < Chl[k z(aiv,0)-

Proof. We apply the Aubin-Nitsche duality arguments. Let w € H}(Q) be the weak solution of
{Aw =w; in €,

w =0 on TI.

where w; € L?(Q) is a given function. Convexity of the domain € implies that w € H?(Q) and

w20 < |lwi|. Using and ([4.69)), we have
(sp,w1) = (sp,divVw) = (s, div(Il,(Vw))) = (k, I, (Vw))
= (k,II,(Vw) — Vw) + (k, Vw)
(4.71) =I+1I
Using Cauchy-Schwarz inequality and Lemma [3.4] we get
(4.72) I < [[K[[[[Th(Vw) = Vw|| < Chl|Vwlly,ol k]| < Chljw: [|[[k]| z aiv,)-

To estimate the term I1, a use of integration by parts and (4.70]) yields
I = (k,Vw) = —(divk,w) = (divk, Paw — w).
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Now, applying Cauchy-Schwarz inequality and Lemma to get

(4.73) IT < [|divk|[| Phw — w|| < Chlwl|y,elk] g (aiv,e) < Chllwill[[k]#@iv,0)-
Combining (4.71)-(4.73) completes the proof of this lemma. O

In the following theorem, we establish L2-norm error estimates for the control by exploiting the
Aubin-Nitsche duality argument.

Theorem 4.11. For the optimal control v € @ and discrete optimal control uy € @, the following
estimate holds

lu—unll < Ch®* (Jullz,0 + Il + [yll2.0 + ly — yal) -
Proof. We begin the proof by defining the following auxiliary problem: to find ¢ € @ such that
4.74 Jo(®) = min J,(t),
(4.74) (¢) = min Jo(t)

where J, (t) := £[|S1(0,) — (u — up)||? + | Vt[|* and S1(0,t) denotes the first component of S(0,).
By the optimal control theory [51, Theorem 2.14], there exists a unique solution ¢ € @ of the
minimization problem . Using the first order necessary optimality conditions, the unique
minimizer ¢ € @ satisfies the following optimality condition

(4.75) aalt,d) + (Y, ys) = (u—un,y) Vit €Q,

where (y;, p:) = S(0,t) and (yg, pg) = S(0, ¢). The optimality equation (4.75) can equivalently be
written as

(4.76) aa(p,t) = —(rq -n,t) ViteQ,
where (2q,1q) = S(ys — (u — uy),0). By taking ¢t = 1 in (£.76), find that
(re -m,1) =0,
which is the compatibility condition for the Neumann problem weakly solved by ¢
—Ap=0 in Q,
a% =-r,-n on I.

Since yg — (u—up) € W, by the elliptic regularity theory on convex polygonal domains z, € H?({2)
and r, € [H'(Q)]2. We also have ||z4]2.0 < Cl|lys — (u — up)||. By the trace theorem, we have
ro-n € Hz(I;) V1 < i < k, which implies ¢ € H2(Q) by the elliptic regularity theory for the
Neumann problem [30, Theorem 3.1.2.3]. Therefore y, € H?(2) by the elliptic regularity theory on
convex polygonal domains [30, Theorem 3.1.2.1]. Taking ¢ = ¢ in , then using the Cauchy-
Schwarz inequality together with the fact y; = ¢, we have the following estimate

o

Subsequently we get [|z4]l2,0 < Cllu — up| and ||¢]l2,0 < Cllu — up]|-
Let (yuy,, Puy,) = S(0,up) and (ygﬂpgl) = Si(0,¢r) where ¢; € Q) is the Lagrange interpolation
of ¢. Taking t = u — uy, in and using Lemma we obtain
lu—unl® = (u = up,u—up) = (w—wn, Yu = Yun,) + (U = s Yo, — un)

= (u = un, Yu—u,) + (= Un, Yu, — un)

= aa(, u—un) + (Yops Yu—u,) + (U = Un, Yu,, — un)

= aa(¢ — dr,u—un) + (Yo — Y, Yu — Yun) + Qa(dr,u — up)

+ Wy Yu = Ya) + (W Yty — V) + (= un Y, — un)
= aa(¢ — dr.u—un) + (Yo — Y, Yu — Yun) + W} — yr. 0L,

+ <(I‘Z - I‘) ' n’¢1> + (ygpyzh - yuh) + (u = Uhs Yuy, — U'h)
(4.77) =+ I+ 111 +IV+V +VI.

Lo = llyslla < Cllu = .
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We now individually estimate each of the six terms in the right hand side of the (4.77)). Using
Cauchy-Schwarz inequality and approximation property of ¢, we get

I < Clu—unliald — o110 < Ch||dl|2,0lu — up

Next, we consider the term 1. Let (yg, pg) = 54(0, ®). A use of Cauchy-Schwarz inequality, Lemma
Lemma [£.6] Lemma [3.I] and approximation properties of ¢; implies that
IT= (Yo = yh, Yu — Yun) = Wo — Y5 Yu — Yun) + (Wh — Y, Yu — Yun)
< (Hy¢ - yg” + ”yg - yg,”) ”yu — Yuy,
< C(hllollz +11¢ — ¢rll0) [lu — un
< Chllu— wnllnallu - w.

1.0 < Chlu — upl1 ollu — upl|-

1,0

Next, we consider the term I7]. By Lemma [3.4] we can write
IIT = (yf — g, us,) = (Puly} — ys),ul,),

recall that (yr,pys) = S(f,0) and (y}‘,p’}) = Sp(f,0). We find that (Ph(y? — yf),p’} — p,c) satisfy
the following equations:

(ph Py, "h) (l h(yhf y})7d1” ‘h)_o V. Vh € ih7
f J
(wh7di”(phf pf)) - O V 'LUh E [Lh

Therefore, (Ph(y? —ys), p]} —pys) € Wp, x V satisty both the conditions (4.69)-(4.70) of Lemmam
Hence, from Lemma and Lemma we have

(4.78) 1Pu(y} = yo)ll < ChlP} = prllmaiv.e) < CR?[lysllze < CR?|lyll20.
Now using triangle inequality, Lemma Lemma [3.1] and approximation properties of ¢, we find

lyg Nl < My, — vgll + v — vsll + llys |
<C (¢ = orlli,0 + hllysllz,e + l19ll2,0)
(4.79) < Cllu — unll-
Combining (4.78) and (4.79)), we have
11T < CR?|lyll20llu — unl-

Now we move on to estimate the term V. We have,
IV = ((ry —r)-n,ér) = ((x) —1) - 1,61 — ) + ((ry —1) -1, 9).
Recalling that (y4,py) = S(0,#), we have

((ry — 1) n.0) = =(Pg,ry — 1) + (44, div(ry — 1))

= (P} — Po; Ty — 1) + (yp — y}}, div(r) — 1))

+ (Pl r — ) + (yh, div(r) — 1))
= (pg — Po, rZ —r)+ (ys — yg,div(rz —r))+(z— zg,divpg)
= (P} — Po: Ty — 1) + (yp — ylh, div(r) — 1)),

where we have used that div pg =0 and (wp, div(rZ —r1)) =0V wp € W Therefore term IV can
be written as

IV ={((xh —r)-n,¢r — ¢) + (P, — Py, T — 1) + (ys — ¥, div(r) — 1))
=IV*+ VP + IV®e.
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By the use of Cauchy-Schwarz inequality, approximation properties of ¢;, Lemma [2.1] and Lemma
we find

IV < Cllgr = dlly pll(xy —v)-nll_sr

< Cllgr = dlhalry — rllaiv.e)
< Ch?|lu — up|||2

2,0
Again using Cauchy-Schwarz inequality, Lemma [3.1] and Lemma [4.1] we have
VP +1ve < (|lpg — poll + llys — yill) Ity — rllaaiv.0
< CR?|lysll2.0ll2]2.0
< OR?|lu — up|12]

2.0
Combining, we get

IV < Ch?|ju — upl|||2
Let (ya,,Pa,) = S(0,ax) and (y2 ,p% ) = Su(0,4), which is the standard mixed finite element

approximation of (yg,,Ppa,) where 4y, is the enriched discrete control. We estimate the term V' as
follows.

2,Q-

V=h v = yu,)
=Wk — kb)) + (W = vansvh) + Wa, — Yun Yl

=V Vb4 ve
Firstly, we claim that V¢ = 0. Using (4.62) and definitions of (ygh’,pf{h’) and (yﬁh,pﬁh), we see
h h h oo
(4.80) (Pu, — Pa,>Vh) — (Wu, — ¥a,,divve) =0 V vy € Vy,
(4.81) (wp, div(pl —pl ) =0 Y w, € W

Putting v, = th — pgh in (4.80) and using (4.81), we get th = pgh. Subsequently using the
surjectivity of div : V3 — Wj map, see [0, Lemma 3.5, p. 17], we have yZh = ygh and hence

V® = 0. Using exactly the same arguments as in estimating the term III, and the fact that
divp,, = divp? =divpg, =0, we have
(4.82) Ve < Chllu = un 0l — sl
(4.83) VP < Ch?|lya, llz.0llu — up -
By the elliptic regularity theory on convex polygonal domains, we have
k

(4.84) lya 2,0 < C Y llans r,-

i=1

Let u. be a C! interpolation of Clément type [12, Section 4.8] of u, then using trace and inverse
inequality and approximation properties of u., we find

k

k
P23 llanlgr, < C02 Y (i — wellg.r, + lluel ., )

=1 =1

k
< Ch% Z Hfbh — uc||17[‘,i + Oh2||u||2,ﬂ
=1
< Ch(||an — uell1,0 + hlull2,0)
< Ch(l|an — unllr,0 + [[un — ull1.0 + hllull2.0)
(4.85) < Ch(|lu = unl1e + hllull2e) -

In view of (4.82)-(4.85)), we have

V < Chljlu — up|||u — up|1 0-
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Lastly, we handle the term VI,
VI = (u—un,Yu, — un)
= (Yun — Yan» U — un) + (Ya, — Gn,u — up) + (U, — Up, w — up)
=VI*+VI'+ VI
Using the same arguments as before and Lemma Lemma and Lemma we find that
VI = (Yu, — Yay, & — Up)
= Wun = Yan — Pr Wun — Yan )y — wn) + (Pr (Yu,, — Yan ), u — un)
< Ch(lyun = van o + Yu, — ya, ) lu = uall

< Chllu = upllrollu — ual-
A use of Lemma [{.8 and Lemma [4.9] yields
VIP+ VI < Ch(|lu— unll1a + hllullz,) [lu — ual.

Therefore, we get

VI < Chllu — up|1,0llu —unl.
The proof is completed by combining with the estimates on all the six terms I, II, I1I, IV, V, VI
and using Theorem [£.7] O

5. A Posteriori ERROR ANALYSIS

In this section, a reliable and efficient a posteriori error estimator is derived with the help of
auxiliary problems and Helmholtz decomposition [9]. To this end, we define the following auxiliary

1) (P,v) — (§,divv) = —=(v-n,up) Vve,
(w,divp) = (f,w) YweW,
(t,v) — (2,divv) =0 VveV,
)= (Yn —ya,w) YweWw,
aa(t,q) = —{rn-n,q) YV q€Q.
We note that (yn,pn) and (zp,rn) are the standard mixed finite element approximation of (7, p)

and (Z,T), respectively. And wy, is the standard conforming finite element approximation of 4. By

substracting the corresponding equations of the system (|5.1)-(5.5)) from (2.8)-(2.12)), we get the error
equations:

(5.
(5.2)
(5.3)
(5.4) (w,dive
(5.5)

(5.6) (p—D,v)— (y—g,divv) = —(v-nu—up) Vvevy,
(5.7) (w,div(p—p)) =0 YweW,

(5.8) (r—r,v)—(z—2,divv)=0 Vv e,

(5.9) (w,div(r = 7)) = (y — yp,w) YweW,
(5.10) aa(u—1u,q) = —{(r—rn)-n,q) VqeQ.

Below, we prove a lemma which is useful in deriving a posteriori error estimates.
Lemma 5.1. The following estimate holds:
(Ju—unli0+ 11z = zull + [ly — wnll + [P — Pulla@iv.e) + [I* — ralla@iv,0)
< C (Ja = unlro+ 119 — ynll + 12 = zull + | — ralla@iv,e) + 1P — Palla@iv.e) -
Proof. Take g =u—u € @ in to get
alu — aﬁg =—((r—rp) -n,u—1a)
—((r=7) - nyu—a)—((f—rn) -nu—1a)

=—((r—=7)-nu—up) —{(r—"0) -nyup, — ) — ((F —rn) - n,u—a).
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Using (5.6) and (5.8)) for v=r — T and v = p — P, respectively, taking into account (5.9 and (5.7)),

we find

—(p—Bor—F) — (y— Fodivir — ) — ((r —F) - n,up — @) — {(F — 1) - 0 — )
— (2= Zdiv(p— ) — (W — Yy — ) — (= F) - o — ) — {(F —rn) -7, — )
== —wny—9) =t =F)-nup — @) = (F—1n) -0, u - W)

== =0y=9) =@ —yny -9 — (=) -nup — @) = (F —rn) - n,u—a).
Adding ||y — §||* to both the sides of the last equation to find

0‘|U*ﬂ|i§z

alu—alf o+ ly = 91> = (yn — 5,y = §) = ((r —rn) - n,up — @)
—{((rn = T) - nyup — @) — ((F — rn) - n,u — ).
Upon taking ¢ = up —u € @ in and applying Lemma we get
ofu—aff o +lly = 9l* = (7 — v, 5 — yn) + aalu — @,up, — @)
+{(rn—T) - n,a—up)+ (T —rn) - n,0 —u)
=0 —v.9—yn) +aalu—tu, — 1)
+ {((rn —T) - nyu —up)

= U=y, 9 —yn) +aa(u—a,uy, — 1)

—|—/Qdiv(rh—f')(u—uh)dx+/9(rh—f")-V(u—uh)da:

=(y—y,y—yh)—l—aa(u—ﬂ,uh—11)+/S)(rh—f')~V(u—uh)d$

(5.11) + [ div(rn — F)((u — up) — Pr(u—up)) dz,
Q
where in the last equality we have used (5.4) and (3.7). Now, taking w = div(r — %) € W in (5.9)),
we find
ldiv(r - B)| = (5 — g, div(r — ),
which yields

(5.12) ldive — D) < ly — wal.

Now, take v =r — T € V in to get

(5.13) e — |2 = (2 — 2, div(r — F)).
Since z — Z € W, there exists v € H!(Q)? such that divv = z — Z and
(5.14) vl < Cllz = 2]

Further, using (5.8]), (5.14) and Cauchy-Schwarz inequality, we have

Iz = 2> = (r = £,v) < [[r = Fl[[|v]| < Cllr — F][|]= - 2],
which yields
(5.15) |z —Z|| < Cllr — T

In view of (5.15)) and (5.13)), we get
[r — 7| < Cl|div(r —T)]|.

Therefore,

(5.16) [r = T zraiv,0) < Clldiv(r —T)].
Combining (5.15)), (5.16) and (5.12)), we get

(5.17) [z =2l < Cllr = ¥l zraiv.) < Clly — yall
(5.18) <Cly =gl + 17 —ynl) -
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Using Cauchy-Schwarz inequality, Young’s inequality, Lemma in (5.11)), we find
. . _ Cr - _
alu—affo+lly = 9l* < ailly = 91* + 517 - wull” + adelu - @l g

0204 - 03 -
+ ——|un — Uﬁ,@ + d3|u — Uhﬁ,ﬂ + 5*3||1‘h - r”%[(div,Q)'

d2
From (5.19)), (5.18) and choosing d1, d2, d3 small enough to get
(5.20)  Ju—alfq+lz =2 +ly-glI* < C (W —uplf o+ 117 —ynll* +IIF - rhllfq(div,g)) :
A use of triangle inequality and (5.20)) yields

|lu — up

(5.19)

vt 12— 2l + lly — wnll < C (1a— unlug + 17 — wnll + 5 — 2l
(5.21) HF = rall i) -

Now we estimate ||r — ru| g (aiv,0) and ||p — Pnll#(giv,0) as follows. A use of triangle inequality,

and gives
v —rullg@iv,o) < [Ir =Tl z@ive) + 1T = ralla@v,o)
< C([ly = ynll + IF = rullg@iv,0)
(5.22) < O ([ = wnlvg + 15 = yall+ 112 = 20l + I = rullrgasv.y) -
Putv=p—-pin and using , Lemma and Cauchy-Schwarz inequality, we find
P = Bl aiv.e) = P = BII> = ((p = B) - nyup, — w)

— [ dvip - B)wn ~w)de+ [ (b5 Viun — o
Q Q

~ [0=5) Viun —w)da
(5.23) < lu—up|1,0llp — Bl
By triangle inequality, and , we find
[P — Pulla@iv,) < IP — Pllaiv,o) + 1P — Pullaiv,0)
< |u—wup|i,0+ [P — PnllHiv.0)
(5.24) < C(la—unlio+ 117 — yal + 12 = zll + [IF — rull#(@iv.0) + 1P — Polla@iv.e)) -
The proof is completed by combining (5.21)), (5.22]) and (5.24]). O

Next, we introduce some notations which are required for further analysis. Let ¢ be the unit tangent
vector on e € &, oriented clockwise. For an interior side e € £; shared by two neighboring triangles
T and T, with corresponding unit tangent vectors t; and ts on e, we define the tangential jump of
v € H(div, Q) across the interior edge e as follows:

[[V . t]] = VIT1 . t1 — V|T2 . tQ.

For a boundary edge e € £P, there is a triangle T € T}, such that e = 9T NT. The tangential jump
across the boundary edge e is defined as follows:

[v-t] =v|r-t.
For v = (v1,v2) € HY(Q)?, w € HY(Q), we define rot v and curlw as follows:
rotv = % - %
Ox1  Oxo
curlw = <8w _811)) .
Oxy’  Oxy

The following lemma is crucial to establish the reliability of the error estimator. The error is
decomposed by using a generalized Helmholtz decomposition under the assumption that the domain
is simply connected.
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Lemma 5.2. For v € W x W, there exist wy € H(Q2) and wy € Q such that

v = Vw; + curl ws.

Moreover, the following estimate holds:
[Vws || + [[Vws|| < (vl
Proof. For the proof, we refer the readers to [0, Lemma 4.1, p. 27]. O

We now define the estimator terms.
The volume residuals are defined as follows

1
2
m,r = |yn — ya — divrn| L2ery, n = ( ﬂf,T> ;
Te7_h.
1
2
2,7 = hr|rot || L2 (1), N2 = ( "7%,T> ;
TETh

n3,1 = hr|rot pullL2(1), N3 = ( 3

%
nar = || f — divpnllL2(1), Ny = ( 772,T> ;

TETh
1
2
n5,7 = hrllPn + VyullL2(1), N5 = < nr|
TETh
1
2
ne,r = hr|rn + vzh||L2(T)7 Ne = < 77§,T> .
TETh

The edge residuals are defined by

1
2
1
Me = le[*||[rn - ]l z2(e), =1 Uf,e) ;

€t}

1
2
1
n2.e = lel2[[[pn - t]ll L2 (e), =Y 175,@) :

EEE;L

1
2
1
3.e = le|? [[Tynlll 2 (o) mo=|> m.| .
ec&}
1
2
1
Na,e = |e[2 || [zn]llz2(e), No = Z 773,@ )
eegi
1
1 8U/ ’
N5,c = le]? HE)TZLH ; mi = Z Tlg,e) ;
L2(e) cc€l
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and the boundary residuals are given by

1
2
_eld || o 2un _ 2
N.c = |e]? || 5, TThn ; ma = Moe |
" L2(e) s
1
a 2
1 Up
N7, = |e]? ot +Pn-t ) ms = Z 77%6 )
L2(e) GGS}IZ

N|=

1
M. = lel® lun — ynll L2y » ma = (Z n§,e> :

ec&p
1
2
— lo|3 — 2
M. = lel? lznllL2(e) » ms = Mo | -
ect?
1
2
_ 3 _ 2
Mo,e = l€|2[tn - t][22(e) e = Z M10,e
ecg?

The total error estimator is given by

W=

mw = (3 + 75 +n3 05+ 050G + 07 03 + 15 +nlo + 0ty + iy + 0y +nls + s + i)
In the next theorem, we prove the reliability of the error estimator 7y,.
Theorem 5.3. (Reliability of the error estimator) It holds that
lu —unli,0 + 112 = 2l + [y = yull + IP — Pulla(aiv.0) + T — ullE(giv.0) < 70

Proof. In view of Lemmal5.1} it suffices to estimate |@—up |10+ |F—yn ||+ |12 — 2al|+[|F — thll 7 @iv.0)+

P — Pull#(div,0)- Using (5.1)-(5.5) and (3.4)-(3.8), we find

(5.25) (P—Pn;Vh) — (§ — Yn,divvn) =0 V vh € Vp,
(5.26) (wn,div(p —pn)) =0 V wyp € Wy,
(5.27) (f‘ — I‘h,Vh) — (2 — 2p,divvy) =0 V vy € Vp,
(528) (wh, le(f‘ — I‘h)) =0V wy € Wh,
(529) aa(ﬂ — Up, qh) =0 Vq, €Qp.
Using (5.29) and similar arguments as in [52] [54], we find

(5.30) i@ —unlt o S niy + -

Using the system of equations (5.25))-(5.28) and similar arguments as in [13] [9], we obtain
(5.31) I — rall3aiv.0) S 71+ + 75 + 0l
(5.32) 15— ynll® < n3 +n3 + iy + 1B — pull®,
and

(5.33) |12 = znll S 0§ + iy + s + [|IF — rul*.

It remains to estimate ||p — pnl m(div,0)- By Lemma there exist v € H}(Q2) and 8 € H'(Q)
such that

(5.34) P — pPn = Vv +curl g,
and
(5.35) VA 4+ VB < 1P — pall-
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Using the error decomposition (5.34]), we have

(5.36) 5= pulP = [ (5= pu)- Vrdo+ [ (5 pu) -curl .
Q Q

Integrating by parts and using (5.2)), we have

/(f)—ph) SV da = f/ div(p — pn) 7y dz :/<divph ~f)yda
Q Q Q

= /Q(divph — Ny — Pyy) dz,

where in obtaining the last equation, we have used |, o(divpn — f) Ppydr = 0 which follows from
(3.5). Using Cauchy-Schwarz inequality and Lemma we find that

(5.37) /Q (B —pn) - Vyde < [[divpn — fIIV].

Now, consider the second term of the right hand side of (5.36)). Let 35, € P$(7,) be an approximation
of # as defined in Lemma such that curlf, € V. Using (5.25), integration by parts and

Buh

p-t=—% one € &Y we get

/ (P—pn) curlBdx = / (D —pn) -curl(8 — By) dz + / (D — pn) - curl By, dz
Q Q Q
=3 [ B -cun( =) da

TETh
= T;'h { /T(rot(f) —pn)(8 — Bn) dr — /M(ii —pn)-t(B—Bn) dx}
—= % [ wotpu)@ - ade = 3 [15 - pu) (5 - i) ds
TEThH T ec&, V€
-3 /T (vt pr) (5 — B) da + Zg / [on - £1(5 — fn) ds
(539) 2 X [ (G tonet) (5 ) as

where in the second step we have used that

(5.39) /Q(f) — pn) -curl B dx = /Q(g —yp) div(curl p,) dx = 0.

Using Cauchy-Schwarz inequality and Lemma [3.5] we get

/Q (B—pn)-curlde S | 3 2ot pulZairy + 3 lellllon - 12

TeTh e€&}
1
o 2\
Up
(5.40) + D el 5 TPnct VB 2(e)-
e £2(e)
Finally, using the equations ([5.35)), (5.36)), (5.37) and (5.40)), we get
(5.41) 1B = Pulliraiv.) S 75+ + 15 + i
The proof is concluded by combining (5.30)), (5.31)), (5.32), (5.33) and (5.41)). O

Next, we proceed to discuss the efficiency estimates of the error estimator n,. For T' € T}, we denote
by Dr, union of the elements of triangulation that share an edge with 7. Also for an edge e € &,
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T. denotes the union of elements having e as an edge. Note that if e € 52, then T, = T such that
e =0T NT. We now briefly sketch the proof for local efficiency estimates for the error estimators.

Theorem 5.4. (Efficiency for the error estimator) The following estimates hold:

mr SNy = vnlleer) + v = tull g (giv,1),
nar S llr — rh”LQ(DT)a

3,1 S lp — Ph||L2(T),

nar S 1P — Pull#(aiv,)

ns,r SNy — ynllLzery + hrllp — PallL2(r),
ne,r S |12 — 2nllL2ry + hrllr — ol 221y,
Me S v — rh||L2(DT)7

N2.e S P — ph”L?(Te)a

M3,e SNy = ynllrzcr) + lelllp — Pull2().
Me S 112 = 2nllL2cr.) + lelllr = rul 2z,
N5.e S U —unlmi(r,),

No.e S [ —unlmi(ry + It — thll B (giv,7),
N7e S lw—unlgriry + 1P — Pullz2(1),
ns,e Sy = ynllezr) + lel [P — Pullezcr,) + lu — unllpz(r,) + lel|lu — un|mr (1),
Mo.e S 11z = znllezer.) + lel r — rallr2(r,),

Mmoe St —Thllz2(Dr)-

m,r = |div(f — rn)llr2(r) < [[div(F = r)||L2(r) + [[div(r = ru)|22(7)
Sy = wnllzzry + I = rull gediv,)-
e (Lower bounds of 7o.7,71.c and ni.e:) Set 03, = 930 + 07 + Nige- Let w € Hg(Dr) be an

interior bubble function defined on Dp. Since w vanishes at the boundary of Dr, it can be extended
by zero outside D, say @ € Hg () be its extension by zero to 2. Then using the similar arguments

as in [9, Theorem 4.2, p. 29] by taking into account (2.10) and (5.3)), we find

77%6:/ (f'frh)~curlwd:c:/ (f'fr)ocurlwd:ch/ (r —rp) - curlwdz
’ DT DT DT

:/(f'fr)~curld;d:17+/ (r —rp) - curlwdz
Q Dr

= / (r —rp) - curlwdz.
Dt

Using || Vw||2(pr) S 07jes [9) Lemma 4.2, p. 28] and Cauchy-Schwarz inequality, we get

nre St —rnllL2(nr)-

e (Lower bound of 53 1:) Let T € T be arbitrary and by € P3(T) be an interior bubble function
which takes the unit value at the barycenter of T' and vanishes on 9T. Define 6 = by (rot pn) on T

and 6 € H}(Q) be the extension of # by zero to Q. Using norm equivalence on finite dimensional
vector spaces, we have

||rotth2L2(T)§/bT |rotph|2dx:/9rotphdx: Z /érotphdx.
T T Te7, IT
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Using equations (5.39)), (5.38)), (2.8) and (5.1) we get
Z / ot pn dz = —/(13— pn) - curl 6 dz
Q

TETh

:*/(f’*p)'curlédllﬂ*/(pfph)~cur10~d:c
Q Q

= /Q(y — ¢) div(curl §) dz +/

(u — up) (curld - n) ds—/(p—ph)~cur10dx
r

T
= / (pn — p) - curlfdzx.
T

Therefore, using Cauchy-Schwarz inequality and HVéHH(T) < hiz'|[rot pullrz(ry 62 53], we get

(5.58) n3,7 S |l — Pullr2(r)-

o (Lower bounds of n4,r, 5,7 and ng 7:) The estimate (5.45) is immediate with the observation that
| f = divpnllrz(r) = [|div(p — Pu)llr2(r) < [P — Pullr(div,7):

and a use of the arguments as in [9, Lemma 4.5, p. 33 ] yields

(5.59) ns. 0 SNy — ynllzcry + hellp — P2

(5.60) ne,r S |2 — 2nllL2(ry + hrllr — vl L2 (7).

e (Lower bound of 73 .:) We begin by observing that for any 8 € Q, using and -, we
have

/[[Ph t]Bds= > / (rot pn) 5d$+/(P pn) - curl dz

e€&} TETh

- Z/(a“h+ph t) Bds.

g b

(5.61)

Let e € & be an interior edge. Let b € Py(T.) be an edge bubble function which takes the unit
value at the midpoint of e and vanishes on 97, \ e . Define 6 = b, [pn - t] on T., where ¢ is the
unit tangent vector on e. Let § € HL() be an extension of this function by zero to €. Further, 6
satisfies the following estimates [52], 53]

(5.62) V0l 2.y S lel =2 [1[pn - ]l 22 (o),
(5.63) 16]122(r.) < lel 1Tpn - Il 2 ce)

Using the norm equivalence on finite dimensional vector spaces and (5.61), we have

1pn - 120, sfeﬂph~tﬂ ds=3 /nph 16 ds

ec&)
8uh ~
= Z rotph )0 dx + (p Pn) - curl@dm—z +pn-t) Ods
TET ece?
:/(f)fp)~cur1¢§dz+/(pfph)~cur1§dz+/ (rot pn) 0 dx
Q Q Te

= /Q(y — g) div(curl ) dz — /F(u —up,) (curlf - n) ds

+/ (pfph)-curlﬂder/ (rot pn) 0 dx
T. Te

e

(5.64) :/ (p—ph)-curlﬂdx+/ (rot pn) 0 dx.

e Te
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Finally, using Cauchy-Schwarz inequality, and estimates (5.62), (5.63)) in (5.64)), we get the
estimate .
e (Lower bound of 77 .:) Let e € £? and T € T}, be the triangle having an edge e. Let b, € P2(T)
be an edge bubble function such that it vanishes on 9T \ e and takes the unit value at the midpoint
of e. We define 6 = b, (8“h + Ph - t) on T where t is the unit tangent vector on the edge e. We

extend this function by zero to  and call it to be 6. The function @ satisfies the following estimates
52, 53]

_1||0u
(565) ||v9||L2(T€) < ‘6| : . .t‘ L2(e)’
(5.66) 16]] e]? Oun ‘
. Lz(Te) ~ ph LQ(E).

Now using the norm equivalence on finite dimensional spaces and equations (5.39)), (5.38]), we have

2
H%—i—ph ) ) §/9 (M—&-ph t> dS—Z/ (auh—i—ph t) ds
L2(e) . ot e
/(p pn) - curld dz + Z / rot pp) 0 dz — Z/[[ph t] 6 ds
TeTh ect}
:/(f)fp)~cur1§d:v+/(pfph)~cur19dw+/(rotph)9dx
Q T T

= / (y — §) div(curl §) dz — /(u — up) (curld - n)ds
Q r
+/T(P—ph) -curl&dx—i—/T(rotph)de

/ (p — pn) -curlfdz + / (rot pn) 0 dz — /(u —uyp,) (curlf - n)ds.
Using Cauchy-Schwarz inequality, Lemma n - - and -, we get

(5.67) N7.e S 1w —un|mir,y + P — Pullz2(r,)-
e (Lower bound of 73 .:) Let e € £/. A use of trace inequality [I2, Section 1.6] yields

lel2 [ lyn]llz2ce) = lel? [ Tyn = y]l 22 (o)
S llyn = yllezery + el Vyn = )li2er)
= llyn — yllzz(r) + lellVyn + Pllz2(r,)
Sy = wnllezer,) + IeIIIVyh + Pullz2 ) + lelllp — pallz2(r).-
We finally get the desired estimate by using (5
e (Lower bound of n4.:) Let e € £/. A use of trace inequality [12, Section 1.6] yields
lel> 1 Lzalllz2ey = lel2 Tzn — 2]l z2ce)
S llzn = zllee ) + el V(zn = 2) |2z
= |l2n — 2ll2(1.) + lelIV2n + rllL2(1)
Sz = znllzecr,) + [elllVan + a2 + lelllr — rullrz(r

We finally get the desired estimate by using (5.47| -
o (Lower bound of ng .:) For any v € V, using the equations (5.1] and Green’s identity, we

find that
Z/uh_yh Vnds—Z/ph— vdx—i—Z/y yp)div v dz
eegh TETh TET
(5.68)
- Z / Vyn + Pn) vdachZ/I[yh]] v n)
TeTh ect}
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Let e € 5}; be arbitrary and 7" be the triangle such that e = 0T NT. Let be € V be a lowest order
Raviart-Thomas basis function corresponding to an edge e such that be-n. =1 on e and be-n =0
for all other edges except e (see [7]). Define ve = be (up, —yp) on 2. Note that ve and divve vanish
outside T'. Using the standard scaling arguments, we have the following estimates

(5.69) Idivvel|z2cry < lel™ % llun — ynllr2(e)
(5.70) IVellz2(ry < lel 2 llun — ynllz2(o)-

Then using the norm equivalence on finite dimensional spaces and ([5.68)), we have that
o =y = | Ve un =) ds

= Z/ph— Ved$+2/y yp)div ve dx

TeTh TETh
—Z/ (Vyn +pn) - Ved$+2/ﬂyhﬂ (Ve
TeTh e€&;

=/(ph—p)-vedw+/(p—f))-vedx
T Q
+/(y—yh)divvedx+/(17—y)divved:c
T Q
—/(Vyh-l—ph)-vedx
T
:/(ph—p)-vedx—i—/(y—yh)divvedw—/(Vyh-i-ph)'vedx
T T T
—/(u—uh)divvedx—/V(u—uh)~veda:,
T T

where in the last equality, we have used equation and Lemma By the use of Cauchy-
Schwarz inequality, (5.69), (5.70) and (5.59), we have the desired estimate .
e (Lower bound of 79 .:) The desired estimate can be obtained by applying the same set
of arguments used for obtaining (5
e (Lower bound of 75 .:) Let ¢ € Q be arbitrary. Then using , we find that

aa(t, q) — aalup, q) :—/q(rh-n)ds—a/ Vuy, - Vgdx
r Q

(5.71) =— Z / q(rh-n)ds+a/Vuh~qux .
ter, L Jrnar T

Apply integration by parts on the second term on the right hand side of (5.71)) to get

) Ou
aa(l — up,q) = Z {—/FHBTCI(I'h'n)ds‘f‘a/TAUhqdvT_a aTanqu}

TETh

(5.72) :—aZ/Hauhﬂ ds — Z/( —+rh n) qds.

e€f} ec&p

Let e € & and b, € P4(T.) be an edge bubble function which vanishes on 97T \ e and takes the
value one at the midpoint of e. Then by equivalence of two norms on finite dimensional spaces, we

get
2
H Hauhﬂ §a/be [{auhﬂ ds.
. on
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Define 6 = b, [3%]] on T, where n is the outward unit normal vector on e and § € H(Q2) be an
extension of 6 by zero to 2. Then using the equation (5.72)) and (5.10] -, we have

AL, = fo ] o= f5[22]

e€é&}

:—aZ/Vu—uh -V dz

TETh

:*OZ/QV(’(NL*U)'VédxfOt/ V(u—up) VOdx
:<(r+rh)-n,9~>—a/ V(u—up) Vodx

= —a/ V(u—up)-Vodz.

Using the estimate ||VO[2(7,) < |e|_%|
obtain the estimate ([5.52)).

e (Lower bound of 76 .:) Let e € £ and b. € P5(T) be an edge bubble function which vanishes
on 0T \ e, where T' € Ty, is the triangle such that e C 9T. Define 0 = b, (08%‘ +ry - n) on T where

n is the outward unit normal vector on e. Let 6 be an extension of 6 by zero to €2. Then using the
norm equivalence on finite dimensional spaces, equations (|5.10) - and -, we have

2
Z/ < —+rh n) ds
L2(e) e

ec&p

[%th] H L2(e) 52, B3] and Cauchy-Schwarz inequality, we

2
o— n
on h

A

= —a/ V(a —up) - VOdz
Q

—a/ V(ﬂ—u)-V@dm—a/ V(u—uy)-VOdz
Q T

:/Q(rh—r)-nds—a/V(u—uh)-Vde.
e T

Now, using the estimate ||V0| r2(r) S le| =2

a%“rf —&—I‘h-nHH( : 62, 53], Cauchy-Schwarz inequality
e
and Lemma in the last equation, we get the desired estimate. O

6. NUMERICAL REALIZATION

In this section, we present the numerical results of two test examples to validate the theoretical
findings. The results of a priori error estimates derived in Section {4 are validated by the first
experiment. On the other hand the second experiment validates the reliability and the efficiency of
the error estimator discussed in Section [5| In the first example, mesh is refined uniformly while in
the second example instead of uniform mesh refinement, the following adaptive strategy is used for
mesh refinement :

SOLVE — ESTIMATE — MARK — REFINE.

First, we solve the discrete system — and then compute the error estimator 7;, in the step
ESTIMATE. We use the Dorfler’s marking strategy [22] with parameter § = 0.4 for marking
the elements for refinement. Using the newest vertex bisection algorithm, the marked elements are
refined to obtain a new adaptive mesh. All the computations have been performed using the software
package MATLAB and the discrete system is solved using a preconditioned projection algorithm. In
this direction, we modify the cost functional with known solution. The cost functional J is modified
to Jp,, which is defined by

1 o
Jm(w7p) = 5”11) - yd||2 + 5‘]3 - udﬁ,ﬂ’
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where (w,p) € W x Q and ugq € Q is a given function. Then the minimization problem reads: Find
(y,u) € W x @ such that

Im ,u) = min Im w,p),
(y,u) . L L (w,p)

subject to the condition that (w,k) = S(f,p). It can be easily checked that the continuous optimality
system takes the form:
(p,v) — (y,divv) = —(v-n,u) Vvey,
(w,divp) = (f,w) YVweW,
(r,v) — (z,divv) =0 Vv ey,
(w,divr) = (y — yq,w) YV w e W,
aa(u,q) = —(r-n,q) + aa(ug, q) VqeQ.

Accordingly, the discrete optimality system is modified as well.

(Pn,vh) — (yn,divvy) = —(vn - n,up) V vy € Vp,
(wp,divpn) = (f,wn) Y w, € Wy,

(tn, Vh) — (z,divvy) =0 Vv € V,

)

)

(Yn — ya,wn) YV wp € Wh,
aa(up,qn) = —(rn - n,qn) + aa(ug, qn) V qn € Qn.

(wp, divry

In this case, a posteriori error estimator 15 . is modified as follows:

8(’U,h — ud)
« on

N5.e = €] 4+Th N

12(e).

Example 6.1. In this experiment, we consider = (0,1) x (0,1) and the parameter & = 1 to-
gether with the following data: the state y(x1,zs) = e(®*17%2) p(z1,x5) = —Vy, the adjoint state
2(xy,x0) = 23(1 — 23)?23(1 — 23)?, r(21,22) = —V2z and the control u(x1,xs) = e*1+%2) Then
obtain f = —Ay and yq = y + Az. Note that the choice of z leads to ug = u.

Table (1] shows the errors and order of convergence of the numerical approximations of the state,
adjoint state and control in L?-norm. The errors and the orders of convergence of the numerical
approximations of the gradient of state, gradient of adjoint state and control in H(div, ) norm
and H'-norm are computed and shown in Table It is evident from these tables that the error
converges with optimal rate in the respective norms.The plots of the exact and discrete controls are
shown in the Figure [T]

h lly — ynll Order Iz — zll Order [l — wup]| Order

2721 3.712x 107! - 3.183 x 1073 - 5.064 x 1072 -

273 | 1.877 x 1071 | 1.187 | 1.520 x 1073 | 1.286 | 1.593 x 1072 | 2.014
27419405 x 1072 | 1.094 | 7.446 x 10~* | 1.130 | 4.298 x 1073 | 2.074
2751 4.705 x 1072 | 1.046 | 3.700 x 10=* | 1.056 | 1.102 x 1073 | 2.056
27612353 x1072 | 1.023 | 1.847 x 107* | 1.025 | 2.778 x 107* | 2.034
277 [ 1.176 x 1072 | 1.011 | 9.230 x 107° | 1.012 | 6.961 x 10~° | 2.019

TABLE 1. Errors and orders of convergence in L?-norm.
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h | lp = Pulla(div,0) | Order | [|r —rhllgiv,0) | Order | [[u —up|1o | Order

272 | 9.818x 107! - 2.040 x 107! - 5.852 x 107! -

273 | 4.980x 107! 1.182 | 1.130x 107! 1.029 | 3.137 x 107! | 1.086
274 2493 x 107! 1.095 | 5.740x 1072 | 1.071 | 1.609 x 10~! | 1.057
275 | 1.246 x 107! 1.048 | 2.880x 1072 | 1.042 | 8.118 x 1072 | 1.034
2761 6.227x 1072 1.023 | 1.441x 1072 | 1.022 | 4.070 x 1072 | 1.019
27| 3.113x1072 | 1.012 | 7.207x 1073 | 1.011 | 2.037 x 1072 | 1.010

TABLE 2. Errors and orders of convergence in H(div,{2) and H!-norm.

VR

S48 ® A0 O N O

FIGURE 1. The computed control(left) and exact control(right) for Example

Example 6.2. In this example, we consider the L—shaped domain as shown in the Figure [3a] and
20

the regularization parameter a = 1. The data is chosen as follows: the state y(r, ) = (/) sin (F),
the adjoint state z(x1,2) = 23(1 —2})223(1 —22)? and control variable u(r, §) = r(2/3) sin (%) We
then compute p = —Vy, r = —Vz, f = —Ay, yg = y + Az and uqg = u as in the previous example.
Figure 2] illustrates the behavior of the error estimator 7, and the total error |u—us|1,0+ |z —zx||+
ly = ynll + 1P — Pulla(div.0) + It — rull #(div,0) With respect to increasing number of total degrees of
freedom (total number of unknowns for optimal state y, p, optimal control u and optimal adjoint
state z, r). This figure confirms the reliability of the error estimator and we observe that the error
and the estimator both converge with the linear rate which is optimal. The convergence history
of the estimator contributions 7, n; for 5 < i < 16 is recorded in Figures [fa] and [4D] note that
e = 13 = n4 = 0 for this experiment. Figure shows the efficiency of the error estimator using
the efficiency indices(estimator/total error). The adaptive mesh refinement is depicted through
Figure [3a] as expected we observe more refinement near the corner where the optimal variables have
singular behavior. The plots of the exact and discrete controls on an adaptive mesh is shown in the

Figure We have compared the error and estimator for different values of marking parameter 6
in Figure [5a] and
7. CONCLUSIONS

In this article we have developed a priori and a posteriori error analysis of mixed finite element
method for the second order Dirichlet boundary control problem using energy space based ap-
proach. It is advantageous to use the mixed finite element methods for Dirichlet boundary control
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(A) Error and estimator (B) Efficiency Index

Ficure 2. Error, Estimator and Efficiency Index for Example

(A) Adaptive mesh refinement (B) Discrete control and exact control

FiGUuRE 3. Adaptive mesh refinement and plots of the discrete (left) and the
exact control (right) for Example

problem as it naturally incorporate the normal derivative of costate on the boundary in the weak
formulation. The optimality system, construction of the suitable auxiliary problems and Helmholtz
decomposition are crucial ingredients used in the analysis. The convergence of the method is illus-
trated over both uniform and adaptive meshes through numerical experiments. Though the analysis
is carried out in two dimension but the same ideas can be extended to three dimension.

Acknowledgement. We thank Professor Thirupathi Gudi for useful discussions on the Dirichlet
boundary control problems.
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