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Abstract

In this work, fourth-order compact block-centered finite difference (CBCFD) schemes combined with the Crank-
Nicolson discretization are constructed and analyzed for solving parabolic integro-differential type non-Fickian
flows in one-dimensional and two-dimensional cases. Stability analyses of the constructed schemes are derived
rigorously. We also obtain the optimal second-order convergence in temporal increment and the fourth-order
convergence in spatial direction for both velocity and pressure. To verify the validity of the CBCFD schemes, we
present some experiments to show that the numerical results are in agreement with our theoretical analysis.
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1. Introduction

The non-Fickian flow is widely used to describe the transport of contaminants in porous media, which is
complicated by the history effect which characterizes various mixing length growth of the flow. Actually the
evolution of a reactive chemical within a velocity field usually represents by using the classical Fickian dispersion
theory. For instance, the evolution in such a velocity field, when modeled with Fickian-type constitutive laws,
leads to a dispersion tensor dependent upon the timescales of observation. Hence, to avoid this difficulty, non-
Fickian models have been recently proposed, in which the dispersion term arising from integration with respect
to time makes the flow non-Fickian, since it is not a pure diffusion term [|i|]. The parabolic integro-differential
model is a type of non-Fickian model that can represent many physical processes such as non-local groundwater
transport [[2], microsensor thermistor problems [%] and so on.

Due to the exists of various mixing length growth, non-Fickian flows are complicated and also difficult to
be solved [EL E]. Therefore, it is meaningful for us to pay close attention to the numerical methods for solv-
ing such models. There is sizeable literature on the numerical approximations of the problem. In 2000, Ewing
[B% constructed various finite volume element schemes for the parabolic integro-differential problem and demon-
strated the error estimates in H'-norm and L?-norm. Arikoglu and Ozkol [ﬁ] considered the differential transform
method for solving the integro-differential equations and introduced new theorems to show the fast convergence
of the method. Rui and Guo [@] established a least-squares finite element method and demonstrated the opti-
mal convergence order. Besides, some other methods were proposed such as mixed finite element method [9],
two-grid method [IE] and so on.

Due to its simplicity and high efficiency, the finite difference method is widely used in practical engineering
projects. Furthermore, the block-centered finite difference (BCFD) method based on the staggered grids can
maintain local mass conservation, which is of great significance for engineering calculation. The BCFD method
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which can be thought of as a type of mixed element method [Iﬂ] has been applied to solve many types of par-
tial differential equations. Wheeler and Weiser [IE] derived the discrete L?-norm error estimate of the BCFD
method for the linear elliptic equations and proved the second-order convergence on nonuniform grids. In 2002,
the BCFD method with local grid refinement was applied to solve the groundwater problem [IE]. The authors
demonstrated the validity for both the homogenous and heterogeneous systems. Rui and Pan [@, @] intro-
duced the BCFD scheme to solve the nonlinear Darcy-Forchheimer model with constant coefficient and variable
Forchheimer number and proved the second-order convergence for both pressure and velocity. In 2015, the com-
bination of the two-grid and BCFD method was constructed for solving the Darcy-Forchheimer model and the
optimal convergence order in discrete L?-norm was obtained [IE]. Some other works on different models can
be found in ]. In 2018, Li and Rui proposed the BCFD method for the non-Fickian flow model [@] They
introduced two schemes with the difference in temporal discretization and analyzed the convergences rigorously.
This was the first attempt to solve the non-Fickian flow model by using the BCFD method. However, the classical
BCFD method can only obtain second-order convergence in the spatial direction, which may be not enough in
some high-accuracy cases. Therefore, the construction of the high order numerical scheme is of great significance.
In 2021, Xie et al. [@] proposed fourth-order CBCFD schemes for general elliptic and parabolic problems. The
authors constructed the high order operators, analyzed one-dimensional and two-dimensional problems, and ob-
tained the fourth order convergence for both pressure and velocity in the spatial direction. Based on the work,
the high order scheme was also applied to solve the nonlinear contaminant transport model [|2_fl|].

As far as we know, there is no research using the CBCFD scheme to solve the non-Fickian flows in the porous
media. Therefore in this work, we combine the compact block-centered finite difference method in spatial dis-
cretization and the Crank-Nicolson scheme in temporal discretization to solve non-Fickian flows in porous media,
which can lead to a higher order convergence in spatial direction compared with the classical block-centered finite
difference method. We establish the stability analyses and error estimates of the constructed schemes rigorously
both in one-dimensional and two-dimensional cases. Compared with theoretical analysis in one-dimensional
problem, the main difficulty for two-dimensional case is that we should establish new boundary preserving prop-
erties since the higher-order operators acting on two directions. And also compared with the recent works in
[IE, |2_£II], the main contribution in this paper lies in the careful and special treatment of the nonlocal term to ob-
tain the optimal convergence. Finally, we present some numerical experiments to verify the theoretical analysis.

This paper is organized as follows. In Sect. 2, we introduce the one-dimensional problem and derived the
stability and convergence. In Sect. 3, we consider the two-dimensional problem based on the one-dimensional
case. In Sect. 4, some numerical experiments are carried out.

Throughout this whole paper, we use € and C, with or without subscript, to denote a small positive constant
and a positive constant respectively, which may have different values at different appearances.

2. One-dimensional parabolic problem

In this section, the following one-dimensional non-Fickian flow in porous media is considered:

pe+u,=f(x,t), (x,t)eQxJ,
u=—a(x)px(x,t)—f0tb(x,s)px(x,s)ds, (x,t)eQxJ,
—a(x)p,(x,t)=0, xe€dQtel,

p(x,0) =po(x), xeQ.

€3]

Here Q is a one-dimensional domain defined as (0, L) and J is (0, T ]. We suppose a(x), a (x), b(x, t) and b (x, t)
are bounded smooth functions and satisfy

a,<a(x)<a*, b,<b(x,t)<b" (2)

where a,,a*, b, and b* are positive constants.



Set it = —a (x) p, (x, t). The Eq.(T) can be recast into the following formulation:

petu,=f(x,t), (x,t)eQxlJ,

u=i+ [, bi(x,5)ds, (x,t)eQxJ, 3)
u(x,t)=0, xe€dQtel,

p(x,0) =py(x), xe.

2.1. The CBCFD scheme of one dimensional problem

First, we give some notations which will be helpful for the analysis of the CBCFD scheme.

Define Q; = [X;_1/2,X;31/2], 1 = 1,2,-++,M as the uniform partitions of Q2, where x;,, =0, and xy;/, = L.
Set x; = (Xj_1/2 + Xi41/2)/2, h = L/M, and x;.,/, = ih. Let f be any function, we give the definitions of the

following difference operators

fiv2—fica)2

5. f =
o=
2, Jimi—2fi+fia
e
i+1_fi

5Xfi+1/2 - h >

2 _ fivsj2 = 2fisv12 + ficay2
5xﬁ+1/2 - h2 .

Supposing f'(x) = g(x), then we have

14228 + g,
5xfi — 8i+1 24g1 8i—1 +O(h4),

8i+sj2 +228i11/0 + 8ic1/2
Oxfivi2 = l 214 ‘ +0(h*).

Now we define the interpolation operators as follows ],

Zivsj2 +228i411/0 + 8i—1/2

wxgi+1/2= 2%
h? 5
:(I+2_45x)gi+1/2’ l:]"z;”';M_]-;
h2
(I+2—46§)gi, =23, ,M—1,
~ +4g +
Pogi = 82T T 85 ? 83/2. i=1,
81248+ gJ+1/2’ =M,
6
h2
(I+2—46§)gi, i=2,3,-,M—1,
{p\xgi= 268, —58,+483— 84 =1
6 3 H
268, —58;1+48;2—38;3 =M

24

Supposing u, € C2(0, 1), then by straightforward calculation, we have

tht1/2 n—1 At
f u(t)de = Aty ultyy ) + 5 lti1y2) +O(AL).
0 =0

3



Let P", U" and U™ be the approximations to p", u" and ii", respectively. We now construct the CBCFD scheme
for one-dimensional non-Fickian flow model,

{l’\xpinﬂ _{/)\xpin n+2
R S — i=1,2,--,M, “4)
~ =, f,
~~\ n+l
5P”“ wx( ) , =12, ,M—1, 5)
i+3
l+2
U”+1—U"+1+At2( ) L i=1,2,--,M—1. 6)
=0 i+1

Set the boundary conditions and initial approximation as follows:

7 — — 0 _
vi=0y=0, Uy = U]’\;HZ—O, PP = po(x;).

To derive stability and convergence, we first give some Lemmas.

Lemma 1 [@] Suppose q; and w;,q, are any values such that wy, = w1/, = 0, then
(q’ 5xw) = (5xq’ W) .
By following exactly the same procedure in [@], we can obtain the following three Lemmas.

Lemma 2 [@] Suppose V € Uy, a(x) € C*(Q) and C, Ha;:;”"" we have

(@)= (2 =he, )@ v).

Lemma 3 [@] Set D, := ||(1/a)||ls and C, Ha;::”“’ . Let At be the time step and € be a small constant, we

obtain the following estimate

N-1 e aﬁn+1 1 5 Ca D, N 1 D, h
nzl(U a )ZEKM*_(FJFM) )”U I _(a_*Jr )HUOH
D2 X
8(a) EZAt||8pn+1H JGZAtHﬁnHZ}

n=0 n=0

Lemma 4 [@] Suppose P and U are the numerical solutions of the CBCFD scheme, we have

3 _ 4 5
7 IPII” < (3,BP) < 3 IPI?,  (xBapcP) < P P11,

5 11
c IUI? < (4, U, U) < U, E IUIP < (U, U) < UIP,

n+1

o.U
ll) ta 1> < ||3 P2,

S
2.2. The analysis of stability
Multiplying Eq.(#]) by h; P , summing on i and using Lemma [I] we obtain

(Guibpt, Pt )+ (U’“ wx(N)n+E)=($xf”+%,P”+%). %)
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By simple calculation, we can get the following equation easily,
(@prnﬂ, Pn+%) — ﬁ (({b\xprwl’ Pn+1) _ (prn’ Pn)) _ (,ljj\xprw% , atpn+1) .

Using the Eq.(8), U""? can be expressed as

Therefore,

n+3 u s _| mon+l U "3 b I+1 i n+i
(U ﬂllx(z) )—(U ﬂllx(z) )+(AtlZ=0:(EU) ,wx(z) )

= Tl + Tz + Tg.
By the Lemma 2] the estimate of T; can be easily obtained.

> 5—6Cah ‘ ﬁn+1
1= 6qr

Use the Cauchy-Schwarz inequality and the Lemma [4] we have that

2

1+1 i n+3
T2 ( ) —EAt 'lpx(_)
a
~ 1 2 ~ 1 2
> —CAtZ HU“i —eAt) g+
1=0
*)2 - 2
T, < (b)—HAt ) U'H'%
2a?
and
~ - 2 2
(w fn+%’Pn+%)S le fn+% +_‘Pn+%
* 2 x 2
Taking h, € and At sufficiently small such that
5—6C,h b*)?+1
———i——eAt—L—L——At>Q
6a* 2a?

multiplying Eq.(Z]) by At, summing on n from 0 to N — 1 and combining Egs.(Z]) — (I3]), we have that
3 o2 N ) s 1 N , N—1 2
n n+
2P +Cn§=0At) s(—lze +§)At§ IP"[1? + et E |

Z) e AtZAtZHU”

~ 1
Un+ 2

Pf |P°H

5

(8)

9

(10)

1D

(12)

(13)



By using Gronwall’s inequality, we obtain

%HPN||2+C§N|

Now, we multilpy the Eq.(4]) by 2At38,p™*?, sum on n from 0 to N-1, and get the following equation,

~ 1
Un+ 3

N N—-1
L3 2 KD W B

N—-1 N-1 N-1
28t Y (39, P, 8,P™ ) + 24t Y (5, U3, 8P ) =248 Y (¢, f"5,8,PM). (15)
n=0 n=0 n=0

It is obvious that
(85 P, ,P™) > % 2.+ H2 16)

Next, we consider the second term on the left hand side of Eq.(I5).

~n+1l
(5xUn+§’atPn+1)= (UYH—%’T,UX (a?TU + ))

1 . f] n+1 1 . ﬁ n
:(E(U Wx(;) )‘ﬂ(U V’(—))
1 ~
~ n+3 a.untt
L ()

Therefore,
N—-1 N—1 N—-1 N—-1
1
20t Y (6,U™%,8,P" ) =240 D L +2A0 Y L, +2At Y I, (17)
n=0 n=0 n=0 n=0

By the Lemma [3] it is obvious that
= 5 (C, D vz (1 D\ eo2
e 22 (Ge g 1o - (5531l

8(a*)’e & 112 D> & ~ 112
-5 ;Atﬂaﬂ’” [ —ZTEnZ(;AtHU“” .

(18)




Then, we consider the last two terms on the right hand side of Eq.(TI7).

e Eman Gk (3] (@ﬁ"“))
=2At§](¢x( ) wx( : 2 é)
<2At2 ( ( ) wx( )"1 ) %2

%(%)N 2+2Atei: nbx(g)n 1 i—i}

= ije;n“ P S 2

< 2€ |5 P + cac S 5]

* n=0

N-1 NZLrp o\t e+l n
2Ath:=013=Atn ((—U) ﬂl’x( . )—#’x(;))

<cacS (|7 + |o°)) 0

o))
(3)

) (19)

2
<2Te

1
n=0
N

< CAI:Z||I7””2.
n=0

Using the Cauchy Schwarz inequality, we have

ZAtZ( S 5,Pm) < Zm‘

Combining Egs.([I3) — (2I)), we obtain that
3 8(ax)’e g 5 C 2Te
(5_ 33 _e)gmnatpnﬂnﬂ(m*_(a: )h_a_)” ol
1 Dgh\~ D2 Y - 1
s(a—*+2;“4)||uo||2+(2£6 )gmnunnhggmj

Taking h, € and ¢, sufficiently small such that

Yo" +eZAtH3 Pt (21)

(22)
~ 2
Yo f"

3 8(ax)?
S_8lae . >0
2 33
5 _(& Da)h_2T6>O
6a* a* 24 af

using the Gronwall’s inequality and combining Eq.(T4]) and Eq.(22]), we can easily get

I 0 < )« e e )

Therefore, we get the following stability theorem.

Pof"




Theorem 1 Suppose h and At are sufficiently small. Let P and U be the solutions to CBCFD scheme. There exists a
positive constant C such that the following inequality holds
2
. (23)

The convergence of the CBCFD scheme for the one-dimensional non-Fickian model will be discussed in this
section. Suppose b(x,t),p,u € C3(0,T;C>(R2)) and a(x) € C°>(Q2). By the Eq.(3) and Taylor’s expansion, the
following equations can be easily obtained.

[P < 0 o)+ 3 e s

2.3. The error estimate

B P 8 = 7 +o(ht + A?) 249
~\n+l
s.pm = (Y ' +0(n*) (25)
/2 “\a i+1/2
ﬂ n+1
8,6, P1 s = =8 (E)m/z +0(h*) (26)
Set
n= p —bD,
E=U-1,

§=U—u=U—l7+g+ﬁ—u.

Subtracting Eq.(24) from Eq.(#]) and Eq.(25]) from Eq.([&), we get the error equations

— 1
Ot 6,8 =R, ©7)
~\n+1

6xn?_:—11/2 = _wx (Z) +R’211—_}_%, (28)

i+1/2

~\n+l
at 5)(7’?:11/2 = _ath (_) +Rgt_}_p (29)

aJiv1/2 a

n+l _ 4 2 n+l __ 4 n+l __ 4
where R = O(h* + At?), Rz,i+§ = 0(h") and R3’i+% =0(h").

Multiplying Eq.(27) by hm?ﬁ and summing on i, we have that

~\n+t:
=(erl+1’nn+%)+(€n+%,R;+l)‘

Similar to the stability analysis, we can get the following estimates,

— 1 1 — —~ — 1
(at,lpxnn+l’nn+§) — A_t (Q’bx,nn+1’nn+l)_(wxnn’nn))_(,prnrw;’ tnn+1), (31)
(Rn+1 Tl+%) <cla 4 8 Tl+% 2
1 > = t"+h®+ n > (32)
n+1 n+% 8 n+% >
(Rutt, g 3) < chb+e|e (33)
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Next, we consider the estimate of the second term on the left hand side of Eq.(30]).

~\n+3 ~\n+i
(§n+%’¢x(§) )z(Ur&%_ﬁr&%+gn+%+ﬂn+%_un+%’¢x(§) )

n

At b~ l+% 1 tni1 bN g n+%
_(7;:(51]) _EL Zu(x,s)ds,lpx(z)
At bR 1 [T £\ G4
+(7Z(EU) —EL EU(X,S)dS,’(lJX(E )

=0

=~ n+%
+(gn+%’¢x (g) )
=51 +Sz +53

By the straightforward calculation, we obtain that
1
1 (b~ N l+ l+3 8] b_ g n+s
Sl:E(Atg(E(U_u)) +AtZ( ) L Eu(x’s)ds’qpx E
l+2 n f b l+% thia b g n+3
w3 (28) S [ () - [ s (£) -
( Z ; t a 0 a “\a

~ 1 ~ 1%
< CAtZ ”5“5 +o(AtY) + e| gnts
1=0
Similarly,
n—1
z+1)? 4 gt
Sy < g +O(At)+e‘€ 2 (36)
1=0
By using Lemma 2] we have
5—6C,h ||= 2
> a ) n+
= 6ar 2
Therefore, Eq.([34]) can be estimated as
~\n+3 n
1 5_6C h ~. 1 2 ~ 1 2
(5”*2% (%) ) > (T“ —26)| gntz —cmz Hg”f —o(Aath). 37)
1=0

Multiplying Eq.(30Q) by At, combining the Egs.(30) — (33)) and Eq.(37]), and summing on n from 0 to N — 1, we
obtain the following inequality,

2 g+ (5 200 )Y
l2°))* +eZAt”3n”+1H +CZAt

gl+%

gn+% 2

wl-lk

(38)

+0(At* +h®).

9



Taking h and e sufficiently small such that

5—6C,h

—3e>0,
6a*

and using the Gronwall’s inequality, we can obtain

)NH (5 6Ch_3e)”§m‘

%H °|I° +62At||am”“H +0(At* +1®).
n=0

gn+% 2

Multilpying Eq.(27) by 2Ath;3,m"*!, summing on i and n , we have that

~\n+l
ZAfZ(awxﬂ n+1 ,o,m +1)+2AtZ(€”+2 51!’,((5) )

0 0
T o
= 2At Z (erH'l’ aﬂ)”“) +2At Z (€H+E,Rg+l) )
n=0 —
The following estimates can be easily got.
n 3
(Gp ™, 0™ ) > 2 Hamn+1”2.
(erl“, 5m”“) <0 (At4 + hs) + gHamnH HZ ‘

(£n+%’Rr31+1) < O(h8)+c‘ €n+% 2

(39

(40)

(4D

(42)

(43)

Similar to the estimates of the Eq.(I8]), (5] and (B6)), we obtain the following estimate by using the Lemma 4]

N—1 ~\n+l
2A¢ (5"*%,@% (é) )
n=0 a

N—1 g n+1 N—1 g n+1
— n+3 nt+3 _ fints s
- Z(g aqpx( ) )+2AtZO(U U ,afqpx(a) )

n=

+2At2(ﬂ"% "+za¢x(5) )
n=0

[ ( - %f)\
(22T
_szegAt gn N—

2

gO

2 N—1
- et

8wx(£)n+l
(& BT - (2o 52 ) ot
1 n

—0(AtY).

2

—o(Ath) — 26, Z At

10
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Combining the Eqs.(40]) — (44]), we have that

3 . a2 [ 5 (Co. D, -
N L 8 e Ry |

2

1 Dah) ‘ Sl (8(a*)e, 8 . = 2 D? Y = 11%
<|{—+—= | ——+—=+2 Atl|on™H|"+| == +C At) n 45
(a* 24 )11 33 e e ; ™| +{ 4 nZ:O 3 )
N-1 n ST
+CAt Z AtZ EFz|l +o(Aatt +hO).
n=0 =0
Taking €, €1, € and € sufficiently small such that
3 8(a*) 8 _
——M+ﬂ+2€—6>0,
2 33 h2
combining the Eq.(39) and Eq.(45]) and using Gronwall’s inequality, we obtain that
2
||nNH2+H£N” <o(at*+hr%). (46)

Then, we get the convergence conclusion.

Theorem 2 Suppose h and At are sufficiently small and p,u € C3(0,T;C>()). Let P and U be the numerical
solutions to the CBCFD scheme. There exists a positive constant C such that the following inequality holds,

I+ [ =] < o (a4 1), @

3. Two-dimensional parabolic problem

Now, we consider the two-dimensional non-Fickian flow model with variable coefficients. The problem can
be expressed as

pe+V-u=f(x,y,t), (x,y)e,tel,
u=—(AVp+f(:B(s)Vp(s)ds), (x,y)eQ,teld, (48)
p|t=0 ZPO(X;y)’ (X,.V) EQ;

where Q = (0, L) x (0, L,), J=(0,T], and the boundary conditions are periodic. Besides, the definitions of A and
B are as follows

A=diag(a*(x,y),a”(x,y)),
B =diag (b*(x,y,1),b"(x,y,1)).

We suppose that there exist four positive constants a,,a*, b, and b*, such that
0<a,<a*,a”<a*, 0<b,<b* b’ <b"

Besides, let a*, a”, b*, b”, and their partial derivatives with respect to x and y are bounded smooth functions.
Set U = —AVp. The Eq.(48)]) can be recast into the following formulation:

petV-u=f(x,t), (x,y)e,teld,
u=ii+ [ BEA()ids (x,y)e,tel, (49)
Pli=o = Po(x, ), (x,y)eQ.

11



3.1. The CBCFD scheme of two dimensional problem

We deﬁne Ql,] = [xl'_l/z, xi+1/2] X [.yj—l/ZJyj+1/2]’ i = 1, 2,' . ’Nll j = 1, 2, cee JNZ as the uniform partitiOIlS

Of Q, Where x1/2 = O, XN1+1/2 = Ll’ .yl/Z = 0, and .yN2+1/2 = Lz. Let h = Ll/Nl and k = L2/N2.

Set
Xi—172 t Xiy1/2

1 2 >
and
Yt Y
Yi= 5
Let f and g be any functions, we define the discrete inner operators as follows:
N N,
(f.8)= D> hkfyg;,
i=1 j=1
N1 N,
(f.8) = Z thfi+§,jgi+%,jf
i=0 j=1
Ny Np—1
(£.8)y =D D> hkfj1g; s
i=1 j=0
Define
fi+1,j fl] _fi,j+1 fl]
O i+3.,] h > 5y ij+y = k >
fl+2,]_-fl 3.J fi,j+% _fl]—%
5xfij = h > 5yfij = X 5

The definitions of IZX, 1/7 v 1//)\)(, and 1//)\ , can be easily obtained by the one-dimensional case. By using above

definitions, we can establish the CBCFD scheme for the two-dimensional case.

P, P =1, T TR
4,6, U g8, U = £

fod n+1
UX
n+l __
6Pl+21 _qpx(ax ) >
i+§,j
~ n+1
Uy
5 Pn+1 :_w (
Yo + y y >
7 @ Jij+d

x,n+1 __ xn+1
Ui+%,j - +At2( ) 2
l =
Uyn+1 Uyn+1 A +2
L+ + tZ )

1
l,]+§

N|>—A

(50)

(5D

(52)

(53)

(€]

Under the periodic boundary conditions, the difference operators 1,bx (or 1:be) and fb\ y (or @ y) can be replaced

by ¢, and . Thus, Eq.(50) is equivalent to the following equation,

Wt P —ap ap PI
At

x,n+3 yn+ n+i
+wy5 U 2+¢x Yy 1] ’ w w)’fl g

Now, we give some lemmas which will be useful for the theoretical analysis.

12
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Lemma 5 Supposing that the boundary conditions are periodic and P, ; is the approximation to p; ;, then we can

obtain that

49
(¥y,BP) > 7 IP)*.

Proof
Yy Pip1j+ 220 P i+ Py
Y, PP = 24 Py
1
:5—76 (Pi+1,j+1 + 22Pi+1,j + Pi+1,j—1 + ZZPi’j_H + 484Pl’1 + 22Pi’j_1
+Py ji1 +22P i+ Py )P
> L —1p2 —11P%  — 1P2 —11P2  +438P2 —11P%2  — lpz
=576\ g itLi+l i+1,j  9litlj-1 ij+1 ij -1 9l i—Lj+1
Therefore,

Lemma 6 [@] Let C;x = max {} %C;X

Ni N, Ni N,

can obtain that

and

(i, BP) = ;thqpxqpypi,jpi,j > %;thpfj = % I1PII*.
= e
I oy e
(@ V,pyp, V), = % (@V,V),,
(@ Vap,v), 2 B0t @y

WV, V), < IIVIE,
Wy Vo, V), < (VI

2
—11P2  —

1

Lemma 7 [@]Assuming that h, k, and e are sufficiently small, then there exists a positive constant C such that

where s = x or

—1

N-1 ~o\ N+l
o2 (0t () )2 (16 - 10])-<
n=1

N
—cacy o
n=0

n=

y.

3.2. The analysis of stability
In this section, we will derive the stablity of the CBCFD scheme for two dimensional non-Fickian flow problem.

Multiplying Eq

.(55) by hiijin;rz and summing on i and j, we obtain that

ZAt ||8tp"+1||2

(8, P71, P ) 4 (1, 5,07, Pt ) o (1,8, UPHE P ) = (p, £, o).

13

P2

5 i—1,j—1

} and h,,,, = max(h,k), we
oo

(56)

).



Substituting Egs.(51)) — (54)) into the Eq.(53]) and using the Lemma [T} we then have that

1 ~ 1 ijx n+% ~ 1 ij n+%
(athwypn+1’Pn+E) + Ux,n+§’,¢x1’by (_) + Uy,n+2’¢x1’by (_)
ax ay
X y
n-1 I+3 ~ o\t n—1 1+1 ~ \nt3
bXN 2 UX byN 3 Uy
(B ) o (5 ) v ($)
=0 \¢ a . =0\ a’ y (57)
At (b -\ TR At (b \"H g\
+| — | —=U* — +| — | —=U" —
(z(ax ) e (5 ) (2( ) (5)
x Y

— (wxwyfn-'—%’PrH—%) .
Similar to the derivation of Eq.(8]), we have
(B, P, P d ) = (o, P4, PY) — (o, P, PP)) — (0, PP, 8P, (58)

et Gy =ma ([ .o |2} o = man {22 |2

we can obtain the following two estimates by using Lemma [6]

} ,and Co = min(49—6C g, 49—6Cy g ),
oo

1 1
. g\ 49 —6C,<h o (T Co Il a2
Ux,n+%’ v > a*'max Ux,n+§’ v > 0 ety 59
( Wy ax 72 ax 72a* x (59
X X
1 1
- o\ 49 —6C,,h T\ Co Il 1]
fynts il > 17 Prarlimax ( Fynty [ 20 > 20 |Ifynts
( :wxwy ay — 72 H ay e 72(1* y (60)
y X
For the fourth term on the left hand side of the Eq.(57)), we have that
n—1 1+1 ~ \n+i n—1 1+l 2 ~ \n+l 2
b* -\ o CAt b -\ e At o
(Atz(a—xU) vty (5 )2‘—2 DY (G I A
1=0 x 1=0 x x (61
n—1
> _EAtZ fjx,l+% 2 _ elAtz fjx,n+% 2 .
2 = x 2((1*) x
Similarly,
n—1 141 ~ N\nt3 n—1
b~ \'*2 0> C P €A ey 1|2
At (—UY) , (—) >—=At )U%”f ——— |[TU¥"*=|| . (62)
( ; ay Pxby ay , 2 ; v 2(a,)? y

Now, we consider the sixth term on the left hand side of the Eq.(57]). By using the Cauchy Schwarz inequality
and Lemma[6 we have

1
At [ b* ~ n+% U’x n+3 b* 2+1 _ 2
(7(:xe) S ) I I ] Ll ¥ (63)
X
x *
At (b ~ \"2 TANE (b*)2+1 I
(7(;’”) ’Wpy(a—y) ] L (64
y *



Then, by simple calculation, we get

2
1
Pn+—2

(e, f43,PHE) < C ) ] c| (65)

Multiplying the Eq.(57Z) by 2At, summing on n from 0 to N — 1, and substituting the Egs.(58]) — into the
Eq.(57), we have that

Co P+ 0 S ([t vt
5 PN pN) 4| = — 2L T oA At OUX””f +HUy’"JrE )
(wxwy ) 36a* ai nZ:=0 X y
N—1 2 N—1 ) N-1 n—1 - 1112 - 112
SCAITZ‘P”+E +62AtZ||3tP”+1H +CAtZAtZ(‘ ol+s +HU%1+5 ) (66)
—0 n=0 n=0 =0 x *
A2 S (|~ 2 = 2 S ’
o (oot ])) s cacT e 2 )
(a,)” 7= * Y n=0

Taking €, and At sufficiently small, such that

C, b2 +1 At
o @)+ A&
36a* a? a?

>0,

and using the Gronwall’s inequality and Lemma [5] we can obtain that

pV|? ANZ_f
[PY][" + At
n=0

Next, multiplying Eq.(53) by h;k; atpl.";l and summing on i and j, we have that

2
~ 1 ~ 1
Ux,n+ 3 Uy,n+§

N N-1
=eali e p ency e @)
n=0 n=0

|

X

~x n+1
(awxwyp"“,afp”“%(U*’“%,athwy(l] ) )

ax

(68)
s ij n+1 N .
+| U 8, (a—) = (v, f5,8,Pm1).
Then, multiplying Eq.(&8]) by 2At and summing on n from 1 to N — 1, we obtain that
N—1 N—1 : G\
20t D (B, P, 8, P ) + 240 D (U"’”Jri’ EXTRTS (—x) )
n=1 n=1 a 69
N—1 , ﬁy n+1 N—1 : ( )
+2At (U“*f, dhsipy (—) ) =20t > (W p, fE,5,P™H).
n=1 a’ n=1
By Lemma 5] it is obvious that
N—1 49 =1 ,
28t > (33, P, 8P ) > % > atlap| (70)
n=1 n=1
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Now, we consider the second term on the left hand side of the Eq.(&9]

K\t x\ 1
2AtZ(U“+z XN %(U ) ) 2AtZ(Ux"+2 TN wy(U ) )
N— n— x +_ ~x n+1
S aS (o), (2) )
_ - x n+1 X n+1
+AtNZfAt((z—xl7x) AT ¢y(U ) )

= SSl + 552 + 553

By the Lemma 7] we can easily derive the estimate of SS;,

N-—1 N
55,2 C ([T 2= [5]) —es D ae o[~ cae Y |5
n=0 =

For SS,, we have

SSZ—ZAtZAtZ(( X)HZ Yy %(anm))
n=0
X X\ 1 x n—3
_ZAtZ(¢ wy(U ) —y, %(U ) (2 ) )
X A\ 1 N
szAtZe4( o, (U ) 4, %(U ) ) Y
n=1 x 4 n=1

2 2
Y, %(U ) +2Ate4z At

2

)
X
b* 5 =
ax
X

<2Te4

(
¢¢y(Ux)n1 +—
n=1 x

2e4n=1
2Te€, |~ 2At At(b*)?
< Zes oo+ 2255 S e S0 S |
*  n=

*

2
~ 1
Ugrxna

X

_2“4 |5 | +CAtZHU"”

* n=0

Now, we consider SSs,

N—1 b oy n+i an+1 ij,”
553=Atn=0((a—xU) ,wxwy( pe ) wwy( x))

IA
(@)
>
=
M
-
DN
=
=
+
_l’_
=
=
=
—

Therefore,

= g\ 2Te, )\ |~ -
0 ] N e I B e [

" N-1 N
—ea p Atfla PP - cae Y T
n=0 n=0
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Similarly,

N—1 ~ n+1
] N e I N S [ L

n=1 * (72)

N-—1 N
—e5 . At|a P —caed] [T
n=0 n=0

Next, we estimate the term on the right hand side of the Eq.(69),

N—-1

N N—1
20t > (o, f4E, 8P ) < CAL Y | [, 7 +esae > japr I°. (73)
n=0 n=0

n=
Taking €5, €4 and €5 sufficiently small such that

49

36 —2€63—€5>0,
c— 22264 >0,
*
and combining the Egs.(69) — (Z3]), we have that
~ N2 meNn2 L (49 = 12 ~.ol2 12 ~.0l12
[T+ [T, + (g —Zeg—es)AfZ; 1P " <c |7 +CAfZO: [T [[x + cflg2,
"~ "~ (74)

N N
+CALY] ||l7%”||i +CALY] [, £
n=0 n=0

Using the Gronwall’s inequality, we obtain that

N-1

[+ N0+ (G —2es -5 ) e 3 o
n=0 . (75)
<C ”ﬁx’OHi +C Hﬁy’OHi - CAtZ £
n=0
Taking e, sufficiently small such that
%—263—65—62 >0,
and combining the Eq.(67)) and Eq.(73]), we have
N
e A L R (N RN A RS T R
-

Theorem 3 Suppose h and At are sufficiently small. Let P and U be the solutions to CBCFD scheme. There exists a
positive constant C such that the following inequality holds,

[P+ T+ Ty < ¢ (HP°H2 +H|gell + 5 + Afgllf”llz) : 77)
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3.3. The error estimate

In this section, we will discuss the convergence of the CBCFD scheme. Suppose p,u*,u” € C3(0, T;C>(Q)).
From the Eq.(49)), we can get the following equations by Taylor’s expansion.

n+3 g *2
Oy P 8y TG =, 7 0 (R K+ A, "
i~ n+1
s o (_) +o(nY), 79
xpl+1/2,1 wx a* Jiv1/2,j ( ) ”
ﬂy n+1
5oml (_) +0(k%), (80)
yPij+1/2 Y\ ay i,j+1/2 ( )
Set
n=P—p,
g: ﬁx_ﬂx’
g:Ux_uX:Ux—ﬁx+gx+ﬁx_ux’
"}7: ﬁy_ﬂy5

y=U"—w =U' =0 + &+ —u.

Subtracting Eq.(Z8) from Eq.(53]), Eq.(Z9) from Eq.(51)) and Eq.(80) from Eq.(52]), we have

n+1 n+i
3t¢x¢y772;1 + 5x€i,j 4+ 5y)/l"j : ZR?;}J" (81)
g n+1
+1 0 _ +1
xMis1/a; = ~Wx (a_x) , +Rg,i+%,j’ (82)
i+1/2,j
;}7 n+1
n+1 . i n+1
6y77i,j+1/z ==, (ay )i,j+1/2 TRy i+1/20 (83)
+1 — 4 4 2 +1 _ 4 +1 _ 4
where R’ll’l. =0(h*+ k" + At?), R’zl,i+§,j = 0(h"), and Rg,i,j+1/z = O(k").

The convergence result can be obtained by a similar process to the Theorems [2]and Bl

Theorem 4 Suppose h and At are sufficiently small and p,u*,u’ € C3(0,T;C%(Q)). Let P, U* and U” be the
solutions to CBCFD scheme. There exists a positive constant C such that

[PY =p" ||+ [|TN —aN|| + || TN =@V || < c (A + R+ &), (84)

4. Numerical experiments

To verify the validity of the CBCFD scheme, we will carry out two examples including the exact solutions of
polynomial functions and trigonometric types. The Example 1 is an one-dimensional case with the domain Q =
(0,1). The Example 2 is a two-dimensional model with the domain = (0,1) x (0,1). In the two examples, we
setJ = (0,1] and take At = h? for showing the fourth spatial convergence order. The uniform grids are available
in this section. In addition, we compute the results of the normal BCFD scheme and display the comparison of
errors for the two methods which indicates that the CBCFD method has a higher accuracy than the normal CBCFD
method.

Example 1: In this experiment, the numerical results for an one-dimensional case will be displayed. We take
the coefficients a and b and the exact solution p as follows. The source/sink term f can be obtained by the direct

18



calculation. The errors, convergence orders and the comparison between BCFD and CBCFD scheme are listed in
Table [Mland Figure [T}

p =tx*(1—x)%,

a=1.0x1078,

b=1,

f=x"1—x)"—4.0x 108x2(1 —x)?(3— 14x + 11x2 — 22 + 7xt? + 3x2t — 7x2t2).

Table 1: Error and convergence rates in h of example 1.

h Ip" = ZN|l 20y Rates 2 — UV 20 Rates
1/20 2.00E-06 — 2.89E-14 —
1/40 1.48E-07 3.7553 2.19E-15 3.7218
1/80 1.04E-08 3.8377 1.52E-16 3.8541
1/160 6.92E-10 3.9072 9.96E-18 3.9286
1/320 4.47E-11 3.9506 6.38E-19 3.9654

Example 2: We consider a two-dimensional case and take the coefficient matrices A and B, the exact solution
p and the source/sink term f as follows. The numerical results are listed in Table [2]and Figure

p = t?xcos(2mx) x cos(2my),

A=1,

B=1tI,

f=(2t+8n%t?+ %2t4)cos(2nx)cos(2ny).

Table 2: Error and convergence rates in h of example 2.

h Ip" —ZNlle(m Rates [N — UNlle(m Rates
1/10 4.52E-04 — 1.97E-03 —

1/20 2.82E-05 4.0016 1.23E-04 4.0011
1/30 5.58E-06 4.0004 2.43E-05 4.0003
1/40 1.76E-06 4.0002 7.69E-06 4.0002
1/50 7.23E-07 4.0001 3.15E-06 4.0001

From the data in Table and Figure [T2] we observe that the numerical solutions approximate the exact
results well. In addition, we can conclude that the CBCFD schemes are valid for solving the non-Fickian flow
models and have the fourth convergence order in spatial direction.

5. Conclusion

In this work, the numerical schemes combined the compact block-centered finite difference methods in spatial
direction with the Crank-Nicolson discretization in temporal direction were constructed and analyzed to solve
non-Fickian flow models in porous media. We also established the stability analyses and error estimates of the
constructed schemes rigorously both in one-dimensional and two-dimensional cases. Finally we carried out some
numerical experiments to verify the theoretical analysis.
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Figure 1: The comparison of convergence orders of the two schemes

BCFD and CBCFD in the Example 1.
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Figure 2: The comparison of convergence orders of the two schemes

BCFD and CBCFD in the Example 2.
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