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We propose a single-step simplified lattice Boltzmann algorithm capable of performing
magnetohydrodynamic (MHD) flow simulations in pipes for very small values of magnetic
Reynolds numbers R,,. In some previous works, most lattice Boltzmann simulations are
performed with values of R,, close to the Reynolds numbers for flows in simplified rectan-
gular geometries. One of the reasons is the limitation of some traditional lattice Boltzmann
algorithms in dealing with situations involving very small magnetic diffusion time scales as-
sociated with most industrial applications in MHD, which require the use of the so-called
quasi-static (QS) approximation. Another reason is related to the significant dependence
that many boundary conditions methods for lattice Boltzmann have on the relaxation time
parameter. In this work, to overcome the mentioned limitations, we introduce an improved
simplified algorithm for velocity and magnetic fields which is able to directly solve the equa-
tions of the QS approximation, among other systems, without preconditioning procedures.
In these algorithms, the effects of solid insulating boundaries are included by using an im-
proved explicit immersed boundary algorithm, whose accuracy is not affected by the values
of R,,. Some validations with classic benchmarks and the analysis of the energy balance in
examples including uniform and non-uniform magnetic fields are shown in this work. Fur-
thermore, a progressive transition between the scenario described by the QS approximation
and the MHD canonical equations in pipe flows is visualized by studying the evolution of

the magnetic energy balance in examples with unsteady flows.
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I. INTRODUCTION

Magnetohydrodynamics (MHD) flows are found in nature and in industrial applications involv-
ing many conductive fluids and plasma flows. In most of industrial applications, for example, the
magnetic Reynolds number R, is very often smaller than 102 [I]. Simulations involving small
values R,, are usually performed by using the so-called quasi-static (QS) approximation, where
the induced magnetic fluctuations are considered much smaller than the applied magnetic field [I-
3]. The derivation of the QS approximation involves taking the limit of vanishing R,,, which can
introduce several challenges from the numerical point of view. One of the biggest difficulties is
associated with the need of solutions for a separate evolution equation for the magnetic field, and
another difficulty comes with the presence of a very small diffusion time scale. Due to these diffi-
culties, many numerical works in MHD have been restricted to cases where the magnetic Prandtl
number Pr,, is close to 1, i.e., where the magnetic and kinetic time scales are the same. This is also
the case in many numerical works in the literature of the lattice Boltzmann methods (LBM) [4H7].
In [5 [7], simulations with very small Pry,, are performed but only in the context of stationary

flows.

One of the main objectives in this article is to approach the equations of the QS regime by only
using a lattice Boltzmann framework. More specifically, we aim to extend the simplified lattice
Boltzmann models proposed in [4], 8] for simulations of MHD flows involving curved boundaries
with very small values of magnetic Reynolds numbers. In this analysis, we also intend to study
the transition between the regime described by the canonical MHD equations and the regime
characteristic of the QS approximation [2]. In our study, we manage to analyse not only the

transition, but also regimes with R, < 1, characteristic of industrial applications.

In the original simplified single-step LBM [§], the straightforward introduction of the forcing
terms does not take into consideration the lattice discrete effects, as pointed by [9} [10] in some
analogous simplified LBM models. Also, many simplified models have limitations with respect to
the stability and accuracy for high values of relaxation times, the same limitation also appears
in the classical LBM-BGK model [11l [12], which can be seen as one of the main limitations of
this model towards simulations with small values of R,,. Another issue is associated with the
dependence on the relaxation time parameter that some boundary conditions methods for LBM
have, as pointed out by [I3]. The influence of curved boundaries was not addressed by [4] in the
context of MHD flows, and in the Ref. [5], the only simulation involving curved boundaries is

performed with Pr,, = 1.



By considering the recent advances provided by the works [9, [13], 4], we manage to overcome
many of the limitations of the previous lattice Boltzmann models by introducing an improved sim-
plified LBM framework able to perform simulations of the QS approximation in flows with curved
insulating boundaries up to Pr,, ~ 10~7 in the laminar regime. Not only that, by considering pre-
conditioning procedures [5, [7, [I5HI7], we also manage to perform some simulations with Pr,, > 1,
a regime characterized by fast fluctuations of the magnetic fields, which require the use of more
accurate numerical methods. In the LBM literature, to the best of our knowledge, only a few
studies [I8] [19] analyzed MHD flows in this regime, showing accurate results up to Pry, = 2.

This article is organized as follows. In the first part, Section [[I, we describe the general MHD
equations and its connections with the quasi-static approximations, enumerating some important
differences between the two systems from the numerical point of view. In Section [[II} we briefly
introduce the traditional lattice Boltzmann method. In the following, we discuss a recent sim-
plified single-step LBM algorithm for MHD flows based on the research developed by [4, §]. In
the Section [[V] we describe the general structure of the verification of benchmarks and validations
considered throughout the article. In Section [V} the single-step algorithm undergoes to a series of
improvements, where increase of stability and accuracy are proposed with a some numerical vali-
dations. In the same section, a viscosity- and resistivity-independent immersed boundary method
(IBM) able to simulate flows in the quasi-static regime is proposed. In Section we apply the
improvements developed in the previous sections for MHD flows involving non-uniform magnetic
fields. In Section techniques for the simulation of regimes with Pr,, > 1 are developed with

some numerical validations; and in Section [VIII] we provide some conclusions and perspectives.

II. MAGNETOHYDRODYNAMIC EQUATIONS AND THE QUASI-STATIC
APPROXIMATION

The equations describing magnetohydrodynamic phenomena are formed by a coupling between
the continuity and the Navier—Stokes equations for describing the fluid motion, and the Maxwell’s

equations for electromagnetism as follows [1]

p<%1tl+(u-V)U> = —Vp+pViu+J x B, (1)
V-u=0, (2)
88]?_,_v.(u®B—B®u):77V2B, (3)
(4)

V.-B=0,



where u and B are the velocity and magnetic fields respectively, n is the magnetic resistivity and
u is the dynamic viscosity of the fluid. We denote by v = u/p the kinematic viscosity. For the
sake of simplicity, in the rest of the article, we denote u® B = uB and B ® u = Bu. The electric

field E and the the electric current density J are approximated by

E=—-(uxB)+7n(VxB), J=VxB. (5)

Considering a system where Uy is the characteristic velocity, By is the characteristic magnetic

intensity and L is the typical length scale. We have the following important dimensionless quantities

UoL UpL ByL
Re = L, Rm = L; Ha = 0 ) Prm = Q’ (6)
14 n Vall% 14

which are respectively: the Reynolds number, the magnetic Reynolds number, the Hartman number
and the magnetic Prandtl number. In our study, we are mainly interested in the situations where
R,, < 1, characteristic of the QS approximation [I], in pipe flows as shown schematically in
Figure [Il In this regime is convenient to introduce the decomposition B = B** 4- §B, where B¢*?
is the external imposed magnetic field and 0B are fluctuations. The QS approximation translates

into assuming ||0B]| < ||B¢!|].

|8

FIG. 1. Schematic representation of MHD pipe flow with a transversal magnetic field. The red and blue
lines correspond to some important cross sections of the velocity field that are analyzed in detail in this
article. The analysis of these sections helps clarify what are the main effects of constant transverse magnetic

fields.



The following system holds in this regime [2]

p(aal;Jr(u'V)u):quL,uVQquJxB, (7
V-u=0, (8
nV’B = V - (uB®! — B®y), (9

V-B=0. (10

This approximation does not involve the problems with very small magnetic diffusion time
scales. The convection-diffusion equation for a magnetic field is replaced by a Poisson equation
@]}. A first difficulty comes with these changes, which is the fact that usually the lattice Boltzmann
methods are not constructed to solve such types of equations. Also, in many problems, the solutions
of Poisson equations involve non-local methods, which can be a problem if the objective is to
perform parallelized simulations.

In the next sections, we aim to approach the system by using a lattice Boltzmann frame-
work. In this approach, the problems with the very different diffusive time scales are handled by
considering the asymptotic properties of a simplified LBM solver for advection-diffusion equations
in order to treat the Poisson equation @ The influence of curved walls is included by using an
explicit immersed boundary method whose accuracy is not significantly affected by the coefficients
of viscosity and resistivity. We also discuss lattice Boltzmann implementations of system for
some simulations of pipe flows with Pr,, > 1. In the following sections, a detailed description of

the described methods will be shown.

IIT. SIMPLIFIED SINGLE-STEP LATTICE BOLTZMANN METHODS FOR MHD
FLOWS

A. Traditional lattice Boltzmann method

The starting point of the lattice Boltzmann method is the connection between the Boltzmann
equation and the classical hydrodynamics equations. The Boltzmann equation is an integro-
differential equation for the probability density function f(x,v,t) in six-dimensional space of a

particle position x € R? and momentum v € R3 given by

atf‘i’vxf "V + F;It vvf = Q(f> f)> (11)



where Q(f, f) is collision integral, F,; is the body force, p is macroscopic mass density of the
system, and Vy and V, are gradients with respect to the position x and velocity v coordinates,
respectively.

It can be shown that the collision integral Q(f, f) has at least five invariants [20], i.e., a set of

functions &, k =1,2,3,4,5, satisfying

| & nav=o. (12)

which are & = 1, (&,&3,£4) = v and & = |v|2. A general collision invariant can be written as linear
combinations of the functions £. The invariants are associated to some important macroscopic

quantities in the system, some of them are

mass density:/ fdv =p, (13)

momentum:/ fvdv = pu. (14)

A set of conservation laws for each of these quantities can be obtained multiplying the Boltzmann
equation by a collision invariant and subsequently integrating with respect to the velocity.
In the lattice Boltzmann method (LBM) the basic quantity is the discrete-velocity distribu-
tion function f;(x,t), it represents the density of particles with velocity c; at position x and time t.
By discretizing the Boltzmann equation in velocity space, physical space, and time, we obtain

the discrete Boltzmann equation [11 12]
fi(X+CiAt,t+At) = fi(X,t) —FQi(X,t), (15)

where ;(x,t) is the discrete version of the collision integral in . This equation expresses that
a particle f;(x,t) moves with velocity c¢; to the nearest neighbors after a time step dt, i.e., the grid
spacing is giving by dx = |c;|0t. Analogously, the mass density and momentum density pu at (x,t)

can be found through weighted sums known as moments of f; as
pxt) = filx,1), (16)
p(x, t)U(X,t) = Zcifi(xu t)’ (17)

in a similar fashion to and . The main difference between f; and the continuous distribution
function f is that all of the argument variables of f; are discrete, with the subscript ¢ referring to

a finite discrete set of velocities c¢; as shown in Figure



D3Q27

FIG. 2. Lattice velocities for D3Q27 scheme.

The discrete collision integral €); is given by BGK operator defined as

fi = 17
where the equilibrium distribution is given by
2
'(eq) — 1 Ci-u (Ci'u) _u-u 19
F o) = wip (14 22 4 2B, (19)

where ¢, is the speed of sound given by cs = ¢/v/3 and w; are the lattice weights associated with

the velocity scheme D3Q27 as shown in Table I.

Velocities c; Number | Weight w;
(0,0,0) 1 8/27
(£1,0,0), (0,+1,0), (0,0,+1) 6 2/27
(£1,£1,0), (£1,0,+£1), (0,£1,£1)| 12 1/54
(£1,41,£1) 8 1/216

TABLE 1. Weights for the velocity scheme D3Q27.

Using the BGK approximation in the equation , we obtain the lattice BGK equation
1
filx + cidt, t 4 6t) = filx.t) - = (£ix,t) = £V p,w)) (20)

The simplest way to initialize the populations at the initial time ¢t = 0 is to set fi(x,t = 0) =

fi(eq) (p(x,t = 0),u(x,t = 0)). The kinematic viscosity v is connected to the relaxation time 7 by

the equation

v=c? <7’ — ;) St. (21)



The BGK scheme is the most traditional LBM algorithm with many interesting applications, but
it has well known limitations in terms of stability, memory requirements and some problems with
appropriate boundary conditions methods for some types of complex multiphysics simulations [1T]
12].

In the next section, we discuss a recent approach that began with works developed by [8] 21}, [22],
later extended to MHD flows by [4], towards a simplified lattice Boltzmann method that does not
involve the evolution of the non-equilibrium distributions. In this approach, a single-step algorithm
is formulated giving a more efficient method in terms of memory requirements and stability in

comparison with the traditional BKG algorithm , while keeping almost the same accuracy.

B. Connection with hydrodynamic equations

From , we can derive solutions for Navier-Stokes by first considering a 2nd-order Taylor

series expansion in time and space given by
5t 5
fi(x + cidt, t + 8t) — fi(x,t) = 6tD;f; + 7Di fi +0(0t7), (22)

where D; = % + ¢; - V denotes the material derivative. Up to a second order error, we have [23]

Ofi 132fi> _ 1 eq

+ = ——T—&(fi—fz ). (23)

0 1
9t i i i+ ot = Q- i i 5 5
tf+c Vi + (2c1®c VVfi+c; -V " 5 912

Next, consider the Chapman-Enskog multiscale expansion [24],

9 9,0 -
a—&‘aitl‘i‘&‘ 87t2, V =¢eVj. (24)

where ¢ is a small parameter proportional to the Knudsen number [I12]. In this expansion, it is
assumed that the diffusion time scale to is much larger than the convective time scale t1, and that
diffusion and convection act on the same spatial scale [20]. In similar fashion, the distribution

function f; can be expanded about the local equilibrium distribution function f{? as

fi= 1 +efi, (25)

where f'“1 = fz-(l) +e fi(Q) + O(£?) is the nonequbilibrium distribution, which is associated with

viscous dissipation and verifies the following constraints

S =0, S Pe=1, for k=12, (26)
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called solvability conditions. Substituting and into and combining the sequence of

equations obtained up to order O(g?), we obtain the following system [11}, [12]

N eq
Z |:8fz +c;- vfieq:| = 07 (27)
; ot
=0
aof! eq 1 M| _
3 cz[ S e VI <1—2T) Dif;’| =0, (28)
with
fi(l)(x,t) ~ —70tD; f{(x,t) = —76t ((gt +c;- V) fi(x,1). (29)

By using the moments , and , it follows that the equations and can be

turned into solutions for continuity and Navier-Stokes equations respectively [I1].

C. Single-step lattice Boltzmann algorithm for the Navier-Stokes equations

The equations and are the starting point of many simplified LBM algorithms [8], 21, 22].
Different discretization schemes for these equations produce different simplified algorithms. In this
article, the starting point is the approach developed by [§], which will be described in the following
with a slightly different derivation.

Considering the finite differences

ofa’  fal(x,t+dt) — fal(x,t)

= 30
ot ot ’ (30)
& e &
o V[0 SN (x el t) =47 (x,) + 3 (x ciét,t)7 31)
20z
we can rewrite as
i fix,t 400 = 10ct) | fx+edtt) —4f100 ) +3Fx—edtt) gy
: ot 26w -
=1
Using , we arrive in the following algorithm
g N N |
plet+0t) =2 D f(x— bt t) = D e t)+ 5 ) fi(x+ ciot t). (33)
i=1 i=1 i=1
For the momentum equation , the term c; - V77 is discretized in a different way as
o VL [ (x + ciot, t) — f{(x — c;ot, t) . (34)

20z
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For the non-equilibrium term , we apply the directional approach for the gradient operation

N ) (1) N af(l)
iDi f; i——, 35
;c fi Zc VY ;c Fe (35)
where we used the constraints in . Using , we have
icafl(l) N N . 9 - 6t8fieq
- ’ 6ci N - 16ci T aCZ' ’
=1 1=1
al 0 [ fUx+ cidt,t) — f29(x,t)
~ Z —T(Stci 5
- aCi ox
=1
Ot 1) — 2171 (x,t — c;0t,t
(0x)?
where we combined forwards and backwards finite differences for the operator 6%1_.
Substituting . and into ( , and considering (17)) it follows that
N
p(x,t + dt)u(x, t + 6t) Z {ciff9(x — ciot, t)+ (37)

( De[f{(x+ cidt, t) — 2f7%(x,t) + f{%(x — c;dt,t)]}.

The equations and constitute the single-step lattice Boltzmann algorithm [8]. It is im-
portant to observe that these formulas depend only on the equilibrium distributions, which are
only associated with the macroscopic quantities of the system. This feature reduces significantly
the memory requirements in comparison to the traditional BGK algorithm, and also simplifies the
implementation of boundary conditions, as we no longer have to deal with complicated manipula-
tions of non-equilibrium distributions at the boundaries. In the next section, we consider a similar

development in the context of the advection-diffusion equation for the canonical MHD system.

D. Single-step simplified LBM algorithm for the magnetic fields equations

In [25], Dellar derived an extension of the lattice BKG scheme that solves the advection-
diffusion equation for the magnetic field. This work also presents, in a similar fashion, the

following algorithm

1 e
Gix (X + Ci6t> t+ 5t) = giiﬂ(xv t) - ?(giw(xa t) - gig(cl(x> t))> (38)

m

which solves, for example, the x-components of the magnetic field as

N
)= gix(x,1t). (39)
i=1
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The relationship between resistivity 17 and the relaxation parameter 7, is given by

n=c (Tm - ;) : (40)

where ¢, is the corresponding speed of sound. An analogous equilibrium distribution is defined as

e & Ciz
gid(x,t) = w; [Bx + ?g(ume —uyBy) + CfQ(usz —uyBy))| . (41)

S S
In the work [4], the authors introduced a single-step (or one-stage) simplified LBM algorithm
for following the same steps of [§], as we describe as follows.
The lattice Boltzmann equation (LBE) can be written as

gf;g (X7 t) — Gix (X, t)

Tm

Giz (X + ¢;0t) — gi(x,t) = (42)

By applying a Taylor series expansion at the left-hand side of followed by a Chapman—Enskog

expansion up to second order, it is possible to write the following equation
> [8;%2 +ei- Vil + <1 - 2;) ngf;)] =0, (43)
i
with
gV (x,t) ~ =76t Digt = —70t (gt +ci- v) g5(x, t). (44)

Now consider the following finite differences schemes

ag¥ gfg)(x + it t) — g (x, 1)

ot 5t ’ (45)
0 _ 99 (x + cidt, 1) — gV (x — eidt,b)
% Véiz 26z ! (46)
and
- 1)
E : A Z Z gm (x +cidot,t) — g;,/ (x,1)
i=1 - ng ales: ng ox -
iot,t 2¢° t (s 0,
SN s S0 . [ Rt 2

(0x)?

=1

So it follows that

D 1G5, b+ 6t) + 2(7im — 1)gia (%, £)—

i

(i — D)+ €3t 1) — Tygl(x — et )] = 0, (48)
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and then,

Bz(x,t—l—ét): {g( ot t)+ (49)

§ ||Mz

— 1)[gid(x 4 cidt, t) — 2g;0(x, ) + gid (x — ¢;0t,t)]}.

+

Analogously, the algorithm is only a function of the equilibrium distribution given by . This

algorithm is also usually much more stable then the traditional form .

E. Summary of the one-stage simplified LBM algorithm for MDH flows

Considering the following expressions for the equilibrium distributions:

ciru  (c;-u)? u-u
“x,t) =wip 1+ = - - 50
oty = wip (14 S8 LR ), (50)
i . . -
gl (x,t) = w; | By + %(ume —uzBy) + g(usz —uzBy))| (51)
L S S .
[ ¢ Ci |
gfﬁ(& t) =wi | By + g(umBy —uyBz) + g(usz —uyB:))| (52)
L S S
[ ¢ ¢ |
g:d(x,t) = w; | B, + g(uzBZ —uyB) + g(usz —u.By))| - (53)
L S S m

We have the following single-step (or one-stage) LBM algorithm for MHD flows

p(x,t + 6t) Z SF(x — ¢t t) — (%, 1) + %ffq(x + cibt, ),

N
p(x,t + dt)u(x,t + ot) = Z — c;0t, 1)+ (54)
+ (r D[f{(x+ ¢t t) — 2f7U(x,t) + f{1(x — ¢;6t,t)]},
N
B(x,t + At) = Z (x — ¢;0t, )+

=1
+ (Tm = Dlgi" (x + cidt,t) — 2g77 (x, 1) + g7 (x — cidt, 1]},

where B = [B,, By, B.] and g{! = [g5/, gfg ,9:d]. External forcing terms F,; are usually added in

a straightforward way as

N
p(x,t + dt)u(x,t + ot) = Zcz{fqu—czét t)+

(r Dff%(x + ¢t t) — 217 (x,t) + fi%(x — ¢;0t, 8)]} + (55)

+ Feui6t.
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Dirichlet boundary conditions for geometries formed by flat boundaries are implemented straight-
forward by just assigning the desired values to the boundary points, some other types of boundary
conditions are also implemented very similarly to conventional MHD solvers. To the best of our
knowledge, no studies of the single-step LBM algorithm have been conducted in the context of
MHD flows involving curved boundaries. The success of the use of the immersed boundary meth-
ods [I1] in some previous lattice Boltzmann models [13] 21, 26] indicates an interesting direction
for the inclusion of curved boundaries in simulations of MHD flows.

It important to observe that the inclusion of the forcing terms by using does not consider
the so-called lattice discrete effects [9], associated to the correct consideration of contribution of
the fording term % - Vv f in the equation . This limitation can compromise the accuracy of
the simulations, especially in the cases involving non-uniform or unsteady forcing terms.

Another limitation of the algorithm is associated with the loss of stability and accuracy
for high values of relaxation times. Considering §t = dx = 1, the simulations become easily
unstable for values of relaxation times 7 > 0.5 and 7, > 0.5, a similar limitation is also shared by
other simplified methods. In our work, one of the main objectives is the to solve the quasi-static
approximation in MHD, and for this objective is necessary to consider high values of resistivity n
which usually implies in very high values of 7,,.

In the next sections, we address all of the mentioned limitations. We first consider an imple-
mentation of forcing scheme that takes into consideration the effects of variable forcing terms in
a more accurate way. Next, we consider extensions the simplified LBM algorithms for regimes of
high values of relaxation times. In the final part, we introduce explicit immersed boundary algo-
rithms for simulations of flows involving curved boundaries and whose accuracy is independent of

the values of resistivity and viscosity coefficients.

IV. VALIDATIONS AND BENCHMARKS

In the next sections, we introduce some improvements in the simplified single-step algorithm
and we show a series of numerical tests and validations for periodic flows in circular pipes
with insulating boundaries in order to verify the suggested improvements. The numerical tests are
described in more details as follows.

For examples involving stationary flows under the presence of a uniform magnetic field with
insulating walls, as represented in Figure [l we compare the numerical solutions with the analytical

solution derived by Richard R. Gold [27] for a pipe flow submitted to a constant transverse magnetic
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field. The Gold’s solutions for the streamwise components of velocity and magnetic fields of the

system (1H4) are given by

2 > I’
Ug(r,0) = — " Op [cosh (arcos@)Zan 2”(a)12n(ar) cos (2nf)—

vHa dx = I (@)
— sinh (ar cos 3 M ar)cos ((2n
h( 0)7;)212%1(@]2"“( Jeos ((2n +1)0) |, (56)
2 oo
B (r,0) = —\/%;;Ia?; [ Z (exp (—arcosf) —
— (=1)"exp (ar cos 9)) ﬁZEZ;In(QT) exp (inf) — 2r cos 9] , (57)

where a = Ha/2, €, equal 1 for n = 0 and 2 for n > 0. I,, is the modified Bessel function of the
first kind of order n and I}, is the respective derivative. The Hartman number, in the context of the
experiments of this article, is defined as Ha = BoR//nv, where By is the characteristic magnetic
field intensity and R is the pipe radius.

We also study the effects of non-stationary and transients flows by analysing the evolution of
magnetic energy En, = (3B|?) and the kinetic energy Ej, = (5plul?) (per unit of volume), where
(-) denotes spatial averages within a cylinder with radius smaller than the radius of the pipe. The

respective variations are given by [I]

dme —1(B-V?B)— (B (V- (uB — Bu))), (58)
9B _ (a5 -+ TPu) +fu- (3 B).

The energy budget in is analysed for constant and variable forcing term. For the study of
unsteady forcing terms, we analyse the effects of a variable pressure difference defined as follows

op 27t
e Fycos <T>’ (59)

where Fy is a reference force intensity and 7' is the period.

In order to be able to verify the Gold’s solutions, we first need to introduce a set of improvements
in the previous single-step algorithm given by and . In the final part of the article, we
also apply the suggested algorithms for examples involving non-uniform magnetic fields. All the
numerical experiments will consider the so-called lattice Boltzmann units (Ibu), a simple artificial

set of units with grid spacing and time step verifying 6t = dx = 1.
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V. IMPROVED SIMPLIFIED SINGLE-STEP LBM ALGORITHM

A. Improvement in the implementation of forcing terms

For the proper consideration of the forcing terms in in the simplified single-step algo-
rithm , we consider the introduction of a consistent forcing scheme that takes into consideration
the discrete effects at the level of distribution functions, similar to the developments in [9, [10]. In
this section, we include the GZS forcing scheme [28] into the algorithm (54). The BGK algorithm

with the GZS scheme is expressed as

fi(th) - fz‘eq(x’t)

fi(X + c;0t, t + (St) — fi(X, If) = — + F;6t (60)
T
where
1 (ci—u) (c;-u)
Fi = (1 — 27_> w; |: Cg + Cﬁ C;| - Fext; (61)
with

N N 1
ZF =0, ZCF = <1 - 27) Feut, (62)
(2 7

N
1
ZCiCiFi = <1 — 27') (uF ¢zt + Fepiu). (63)

As pointed out by [9], the application of the Chapman-Enskog expansion analysis in gives rise

to the following expression

N
of;’ eq LY ., ot _
;Cl |: ot "‘CZV <fz + (1—27_> fl +§E —Fexta (64)
where this time
fY ~ —76tD; £ 4 16t F;. (65)
Follows that
N N
Z Cl’(Ci . Vfl(l)) ~ — ZT(StCi(Ci . V(Cl . Vfieq)) + 7'5th- (CZ' . VFZ) (66)
i=1 =1

Substituting into (64)), we obtain

N

affq eq 1 eq _
ZC" 5 +c;-V fz — 7'—5 5t(C1VfZ )+T5tE = Feut- (67)

i=1
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The extra term c;(c; - V)70tF; is associated with the lattice discrete effects that only appears
for variable forcing terms. For this term, the following discretization based on isotropic finite

differences [29] can be considered

N N
> cilei - V)TOtF; Z Fi(x + ¢;0t, t) — Fj(x — c;0t, t)]. (68)
=1 =1

Therefore, the single-step algorithm for the velocity should be rewritten as

u(x,t+0t) = m Z {eif{4(x — c;ot, t)+ (69)
+ (17— 1)[ffq(x + cibt,t) — 2f71(x, 1) + f{%(x — ci0t, t)]} —
- %Stci [Fi(x + c;0t,t) — F;(x — ¢;dt, t)] +

+ Fext (X, t)5t

With this improvement, it is possible to simulate more accurately multiple forms of external

force interactions, including space- and time-dependent body forces, such as the Lorentz force [1]
Frorent- =J x B =(V x B) x B, (70)

where the curl can be calculated by using isotropic finite differences [29]. Effects of magnetic fields
can also be introduced by changing the equilibrium distribution [4] in such a way that the divergence
of the Maxwell stress tensor is implemented [4, [6]. This approach have not shown stable results
in our numerical experiments for the case of non-uniform magnetic fields in simulations involving
very small R,,. For this reason, in this article the forcing term approach is considered in all of the

numerical experiments.

B. Boundary condition-enforced IBM

In this section, in order to introduce the effects of curved boundaries in MHD flows, we consider
the immersed boundary method (IBM). In this method a fixed Eulerian mesh is applied in which
the flow field is resolved, while the immersed solid boundary is described by a set of discrete
Lagrangian points distributed in the fluid domain. The flow variables resolved on the Eulerian
mesh are corrected by a restoration force exerted from the solid boundary [11]. In this article, we
consider velocity and magnetic field corrections given by an extension of the boundary condition-

enforced IBM based on the developments in [26], as we describe below.
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(a) (b)

FIG. 3. (a) Cylinder with boundary markers (in red) positioned in the fluid domain. The Eulerian and
the Lagrangian meshes are independent. (b) Schematic representation of the typical immersed boundary

considered for the MHD pipe flows in this article.

In most of the IBM, the introduction of the effects of the boundaries is given by predictor-
correction algorithm. In the predictor step, the LBM algorithm solves the following general system

without boundary effects

%—FV-(pu):O (71)
% +V-(plu®@u))=-Vp+ V- [u(Vu+ VuT))] + Feyt. (72)

The effects of the boundaries are imposed as an extra forcing term introduced in the corrector step

as

d(pu)
ot

=, (73)

where f is determined by the IBMs to reproduce the effects of the immersed objects. Since the
forcing term f is not considered in the prediction step, the intermediate velocity u* obtained in

the predictor step must be corrected. The corrector step is discretized as
péu = fét, (74)
where du is the velocity correction. The corrected velocity is given by

u=u"+du (75)
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In order to calculate the corrections, interpolations between the Lagrangian and the Eulerian
meshes are usually made using the discrete delta functions [I1]. In this article, we consider a
different approach for the interpolation procedure, which was suggested by [30] in the context
of 2D flows. In this work, the authors showed that the use of Lagrange polynomials, instead of
numerical delta functions, gives significantly better results in terms of accuracy. More specifically,
the velocity correction du(x;) at Eulerian mesh cell i is distributed from the velocity corrections

dU(X,) at Lagrangian points X; by [30] using classical Lagrangian interpolation schemes given by

N
Ju(x;) =Y D(x; — X;)0U(X;), (76)
j=1
and
N
u(x;) =Y D(x; — X;)U(X;), (77)
j=1

where N is the total number of Lagrangian points and D is accounts for a Lagrange velocity

polynomial interpolation written as
D(r) = Dy(r3)Dy(ry) D (1), (78)
where, for the purposes of this article, the coefficients are given by

%(rx—i—l)(rw—i-Q), for r, € [-3/2, —1/2],

Dy(re) = 1 — 72, for r, € [~1/2, 1/2], (79)
1

i(rx —1)(ry — 2), for r, €[1/2, 3/2],
and analogously for Dy (r,) and D,(r.). The use higher order Lagrange polynomials is possible [30],
but in the experiments of this article no significant differences were found by using them.

Analogously, the velocity Uy(X;) at the Lagrangian point X; can be interpolated from the
corrected velocity u at the Eulerian mesh points by using

Up(X;) = Y D(x; — Xj)u(xi), (80)
i€S(j)

where S(j) is the set of neighboring Eulerian cells near the Lagrangian point X; defined as
sa) = {i | 252 2 | B2 <) (s1)

h h h
where h is the grid spacing in the Eulerian mesh, which in this article is set to the unity without

loss of generality. Substituting and into , we obtain the following equation

)

9

N
Up(X;) = > D(x;— Xju*(x)) + > D(x;—X;) Y _ D(x; — X;)6U(X;), (82)
i€S(j) i€S(5) j=1
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where 0U(X;) is an unknown velocity correction, Uy is an imposed velocity on the immersed

boundary points and u* is known from the predictor step. In a matrix form the relation is

given by
U, = Du* + DD?6U, (83)
where
Ub(Xl) u* (Xl) (5U(X1)
U, = , u"= , oU= , (84)
Ub(XN) u*(xM) 5U(XN)

D(Xl — Xl) .. .D(XM — Xl)
D= P . (85)

_D(X1 — XN) . D(XM — XN)

where M is the total number of Eulerian points the sets S(j), j = 1,---, N. The velocity correction

0U is obtained by solving the system
AdU = b, (86)

where A = DD” € RY x RN and b = U, — Du*. The corresponding corrected velocity at the

Eulerians nodes is given by
u=u"+du=u"+DTU. (87)

It is important to mention that the matrices D and D? are easily obtained but the inversion
of a matrix A can be a non-trivial procedure. In the next, based on the developments in [26], we
discuss an explicit strategy to solve the problem which does not involve the direct inversion

of the matrix A.

C. Explicit boundary condition-enforced IBM

In a more explicit way, the system is given by

> A;0U(X;) = by, (88)
J
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where
Aij = Z D(Xk - Xz)D(Xk - X]) (89)
k

Note that we only need to consider the non-zero values of the coefficients A;;, i.e., in the summation
in we only need consider j € {4;; # 0}. The momentum correction is then linearized in the
vicinity of X; in the following form

o6y
dU(X;) = dU(X;) + aix(Xi)dXij + O(||dX; 1), (90)

where dX;; = X; — X;. Assuming that the curvature of the immersed boundary is small in such a

way it can be approximated by a straight wall in the vicinity of X; [13] [26], it follows that
06U
Z Aj—se (Xi)dXs5 = 0, (91)
J
as a consequence of the properties of the interpolating function . Substituting and
into , we have

Z Ai0U(X;) = by, (92)

up to a second order error. Now note that the unknown correction §U(X;) can now be moved out

of the summation, which leads to the simplified system [26]

SU(Xi) > Aij =, (93)
J
or in a matrix form
0 0

0 d; 0]|déU=hb. (94)

0 0
where

di= > Ay, i=1,---N. (95)
JE{A:;#0}

where N is the number of the immersed boundary points. Substituting the solutions of into
, follows that the corrected velocities in the Eulerian nodes is given by

e}

0

u=u"+DU=u"+DT |o 0|b. (96)

1
d;
0 0



22

An interesting feature of this method is that it avoids the direct inversion of the matrix A in (86]),
which can be computationally expensive, specially if moving boundaries are involved, which requires

the inversion of A repeatedly. The explicit character of also simplifies the implementation of
the method on GPUs.

D. Explicit boundary condition-enforced IBM for magnetic field

In a analogous way, the introduction of the effects of Dirichlet boundary conditions are intro-
duced in the equations for the magnetic field by considering a similar predictor-correction algorithm,
where the intermediate flow variables obtained in the predictor step are then corrected by the IBMs

in the subsequent corrector step. In the predictor step, we solve the system

OB
zg~+V-OE%—Bu):nVQB+—Q, (97)

V-B=0. (98)

where Q denotes a general source term. In this method, the boundary effects are imposed as an

extra source term introduced in following corrector step

OB

where q is determined by the IBMs to include the effects of the magnetic fields generated by

immersed objects. The corrector-step is discretized as
0B = qdt, (100)
and the corresponding corrected magnetic field will be given by
B = B* + 4B, (101)

where B* is the magnetic field obtained in the predictor step . Following the same steps as in

the case involving the velocity field, it follows that

e}

0

B=B*+DT |o 0| (B, — DB*), (102)

1
d;
0 0

where By is the imposed magnetic field on the immersed boundary points.
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The use of the corrections and gives accurate results if coupled with the single-step
algorithm when the magnetic Prandtl number Pr,, is closer to 1. For smaller values of Pry,,
some problems appears, as we can see in the Figure 4] where we performed simulations of two MHD
flows using the algorithms and with Prp, = 0.1 and Ha = 18 in a computational grid
with size n, x ny xn, = 5x80x80. The immersed boundary is approximated by a cylinder formed
by small rectangular (almost squared) elements, as shown in Figure (b) The number of elements
is chosen in such a way that each element has an area close to (dz)?, which is a common criterion
for IB methods [I1]. It is possible to see a significant mismatch in the comparisons between the
numerical solutions for U, and B, and the Gold’s solutions (56| and . A similar mismatch also
appears in the quasi-static regime as shown in Figure |5, where a simulation with Pr,, =4 x 107
and Ha = 18 with the same computational grid size is performed using some methods to be
described in the next sections. All this suggests that the accuracy of the corrections given by
and have some dependence with respect to the coefficients of viscosity and resistivity. It
implies that for the simulations of the quasi-static approximation characterized by Pr;,, < 1, some
improvements are needed. Strategies for the solution of this problem will be described in the next

subsections.

E. Viscosity-independent boundary condition-enforced IBM

In this section, we extend the previous results for IBM developed for the case where we present
arbitrary magnetic Reynolds number. In [13], the authors suggested that the complete description
of an immersed boundary problem also involves the inclusion of non-dimensional IB force. More
specifically, in any physical configuration, the flow solution can be described by a set of non-
dimensional physical quantities, as the non-dimensional pressure and velocity

* b—DPr
p = o U2 ) (103)

where U,., p, and p, are velocity, pressure and density of reference, respectively. In addition, a

non-dimensional IB force is defined as

fD

f* = —.
prU?

(104)

Consider two sets of dimensional quantities (p1,uy, f1) and (p2, ug, f2), which we call systems 1

and 2 respectively. Let us also consider that the reference densities and characteristic lengths are
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the same, i.e., p1 = p2 = p, (small Mach numbers assumption) and L; = Lg. In this situation,
if the both systems are solutions of the same physical problem, then the sets 1 and 2 results in
the same set of non-dimensional quantities, which in our case implies in the same Reynolds, same
Mach and same Froude numbers. In this case, denoting the reference velocities of the systems
1 and 2 by U; and Us respectively, it follows that the two systems are connected by the scaling
factor defined as A = Uy /Uy, which is also the viscosity ratio between configurations 1 and 2, i.e.,
A =19 /v1. As a consequence, the following scaling laws are verified

1 1

u] = XUQ, fl = Ffz (105)
The IB forces can be rewritten as
fi = proug = pr(w1 —uj), f2=pdug = pr(uz —u3), (106)
which leads to the the following equation
. 1 1 1,

Comparing and , we can observe that despite the fact that the physical quantities
exhibit self-similar scaling properties, the velocities corrected by the IBM cannot be directly
rescaled using A, because uj has a dependence on uy. This property is one of the possible causes
of the error shown in Figure 4} In the following, we describe the proper corrections that should be
considered in order to introduce the correct IB adjustments.

Let us denote the Lagrangian velocity corrections given by for the systems 1 and 2 as
0U; and 0Uj respectively. The scaling verified in the Eulerian nodes should also be verified in the
Lagrangian nodes, i.e., §Uy = A26U;. Let us consider that the system 1 is a reference configuration

that does not need scaling corrections. Using it follows that
DD’§U; = U, — Duj. (108)

As we already mentioned, the matrix DD” is usually ill-conditioned and its inversion is a non-
trivial procedure, requiring some special techniques in order to approximate the inversion of DD7 .
Let us consider, without loss of generality, the least square solution of (108) written in terms of

the pseudoinverse (DDT) with the representation formula given by
0U; = (DD")!(Up; — Duj), (109)
and then

§U, = X(DD?)1(U,; — Duj). (110)
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Using (105]) and (107)), it follows that from (110)) we can derive

§Uy = (DDT)(A\Up 5 + (1 — \)(Duy — Du3)). (111)
Using , we obtain
uy = ul + DTU,, (112)
and finally, the IB force verifying the correct scaling properties will be given by

§Uy = A(DDT) (U5 — Duj) + (1 — A)(DD?)'DDT6Us,.

= A(DDT) (U, — Duj) + (1 — \)DD'6Uy, (113)

where in the last equation we consider some general properties of pseudo-inverse matrices [31].
It is important to observe that the term DD does not have to be the general identity matrix
I. Depending on the immersed boundary method, we may cancel the coefficient A, but for some
explicit velocity correction-based IBM, as the one described in this article, that is not the case.
Due to the properties of the interpolating functions , it follows that we can use power series
and show that one first approximation for D' is given by DT [31H33]. Using again and

considering DT ~ DT, we obtain

0 O
DD/U, ~DDT6Uy, ~ |0 4; 0] 0U.. (114)
0 O
Consequently, we can rewrite (113)) as
0 0
0U2=10 5y 0| (DDT)(Uy, —Duj), (115)
0 0

where the term (DD?)T(U,5 — Du}) in corresponds to the previous velocity correction
obtained by finding the least-square solution of the system . It is interesting to note that the
form of the scalings in the matrix in the equation ([115)) is very similar to the scalings obtained
in [I3] in the context of the direct forcing IBM, with the difference that in our work we found a

matrix of scalings rather than a single scaling.
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Then, substituting ((115)) into (112) and using , it follows that the new corrected velocity,

considering the necessary scaling corrections, is be given by

0 0

w, =u;+ DT |o 0| b. (116)

A
d;(1+d;(A—1))
0 0
In the next subsection, we consider the introduction of similar corrections in the context of the

explicit boundary condition-enforced IBM for the magnetic field equations.

F. Resistivity-independent boundary condition-enforced IBM

In this subsection, for the explicit IBM for the magnetic field described in the Subsection [V D]
we consider a procedure analogous to the case involving the velocity field. In this case, the two

non-dimensional important physical parameters in this case are

R, = @, Ha =222, (117)

n Vi
Consider two sets of dimensional quantities (u;, B1) and (ug, B2), which we also call systems 1 and
2 respectively. We also assume that the both sets are associated with the same physical system,
which implies in the same set of non-dimensional quantities. The corresponding scaling factor will

be given by Ayqg = 172/m1, which leads to the following relationships

B, = B = — 118
1 )\mag 2, d1 )\gnag q2, ( )
and similarly
1 1 1
Bi=(— —— )By+-——B;, 119
! ()\mag A%nag) ? )‘%nag ? ( )

where B} and B3 are magnetic fields obtained in the predictor step . The equation for the

corrected magnetic field B is then given by

0 0
. * T )\ma — *
B2 - B2 +D 0 ij—l)) 0 (B2,b DBQ)? (120)
0 0

where By j is the imposed magnetic field on the immersed boundary points associated to the system

configuration 2.
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FIG. 4. Simulation of MHD pipe flows under the presence of a transversal magnetic field with viscosity

v = 0.004, resistivity n = 0.04 and Ha = 18. In these experiments, we show the magnetic and velocity field

profiles for a simulation with pipe radius » = 35 and constant pressure difference % = —-3.7x107°, and we

compare with the respective analytical solutions given by and . In (a) we consider the corrections
given by and (102). In (b) we consider the new corrections given by (116)) and (120 showing a much

better agreement with the Gold’s analytical solutions.

An application of the new velocity and magnetic fields corrections by the formulas and
is shown in Figure where we performed simulations of two MHD flows using the algorithms
and with Pr,, = 0.1 and Ha = 18. With the new corrections, we can observe a much
better verification of the Gold’s solutions and (57)).

G. Stability improvements for high values of viscosity and resistivity
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In this section, we aim to extend range of stability of the previous simplified methods for regimes
cassociated with high values of relaxation times. The main idea is first to set the relaxation time
7 = 1 [14, B34] in the classical BGK algorithm (|15)) obtaining the so-called macroscopic lattice

Boltzmann model given simply by

p(x,t) = fel(x — c;t, t — 6t), (121)
1 € . J—
u(x,t) = Fex) za: CafU(x — ;0. T — 6t). (122)

It is possible to show that the particle speed ¢ can be changed in such a way to include the effects

of different viscosities v as

61
Sz’

c= (123)

where 6t = dx/c. In our applications, for the sake of simplicity, we always consider dz = 1.
Accordingly, the change in the particle speed c¢ also implies in the following changes in the lattice

velocities of the D3Q27 scheme as

c. = (0,—¢,0,0, —¢, —¢, —¢, —¢,0,0, —¢, —c, —c, —¢, ¢, 0,0, ¢, ¢, ¢, ¢, 0,0, ¢, ¢, ¢, ¢) T, (124)
¢, =(0,0,—-¢,0,—c,¢c,0,0,—c,—c¢,—c,—c,c,c,0,¢,0,¢,—¢,0,0,c,¢,¢,c,—c, —c)T, (125)
c. = (0,0,0,—¢,0,0, —¢, ¢, —¢, ¢, —¢, ¢, —¢, ¢,0,0,¢,0,0,¢, —¢, ¢, —¢, ¢, —¢, ¢, —¢) L. (126)

The algorithm formed by and is particularly efficient and stable for flow simulations
with small and moderate Reynolds numbers. High Reynolds numbers usually will require a very
small dz, which implies in a substantial increase of the number of points in the computational grid.
In this article, this algorithm is suggested as an extension for 7 > 1 of the single-step algorithm
. Actually, it can be considered an extension for any other simplified method that also have
problems for high values of relaxation times.

In this article, we also extend the idea of the macroscopic LBM algorithm for the magnetic field

equations and . Substituting 7, = 1 in , we obtain the following algorithm
B (x,t) = ngﬁg(x — ¢;0t,t — ot),
By(x,t) = > g5(x — cidt,t — bt), (127)

B.(x,t) =Y gl(x — cidt, t — 6t).
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Recall the formula for the resistivity n as a function of the relaxation time 7, given by

2
n=c (Tm - ;) ot = % <7’m - ;) ot. (128)

Introducing 7,,, = 1 in (128)), we obtain

c? c (6z)?
1= =60 o

(129)

and considering dz = 1, we have n = ¢/6.

The algorithm given by solves and for a wide range of n values, but similarly to the
algorithm given by and for the velocity field, this algorithm is not practical for small
values of resistivity, but is very suitable for the values of resistivity associated with the quasi-static
approximation . The idea in this article is to set the dx = 1 in (velocity and magnetic
fields are solved in the same computational grid) and obtain ¢ = 1/6n. It implies that if n > 1/6,
then the algorithm should be iterated a few times before every update of the single-step
algorithm given by and for the momentum equation. The number of iterations NN,y for
the algorithm can be defined as

Nynag = PW (130)
ot
where the function [-] denotes the smallest integer number greater or equal to 1/§t. In many
applications, very high values of resistivity generate a prohibitive value of Ny, but in this situa-
tions we can work with some kind of effective number of iterations, as we shown in details in the
Section [VH| The result of this strategies is shown in Figures [6] and
For a significant high values of 7, the algorithm given by converges to the equation

nV?’B =V - (uB — Bu). (131)

as a natural asymptotic limit. A verification of the proposed single-step algorithm is shown in
Figure [6] where a pipe flow submitted to a uniform transverse magnetic field is implemented for
three different values of Hartmann numbers, Ha = 12,18 and 24, with n = 10000 and v = 0, 04.
Periodic boundary conditions are considered in the streamwise directions with Dirichlet boundary
conditions at the walls of the pipe. All the simulations are initialized from zero velocity. The
numerical solutions are compared with the Gold’s solutions given by and for the values
of § = 0 and # = /2, showing a good agreement. In Figure |7, we analyze in more details the
simulation with Ha = 18, showing that the solution not only verifies the Gold’s solution, but also

the initial transient regime accurately verifies the energy balance given by .
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For most of the experiments in this article, we set Ha = 18, which we consider a representative
value for the simulations with Hartman numbers between 1 and 30, in the sense that no significant
differences have been verified by changing the values of Ha in this range. For higher values of
Hartman numbers, grid refinements, especially close to the boundaries may be needed to handle

the intensification of the Hartman layers [5], for example.

Re =512.279259 4 %107 Ha =18
0.09 r R Gold solution for ~ §=0
r ® Simplified LBM solution
0.08 r
0.07 r
0.06 r
0.05 r
S 004 | Q
0.03
0.02 Gold solution for 6= 7/2
0.01 Gold solution for =0
®  Simplified LBM solution
0 ®  Simplified LBM solution
_001 L L L L L L L
10 20 30 40 50 60 70
v v

FIG. 5. Comparison with the Gold’s solutions by using the single-step LBM algorithms given by and
with viscosity v = 0,004, resistivity 7 = 10000 and Hartman number Ha = 18 in a pipe with radius
r = 35. The algorithm for the magnetic field is iterated N,,,q = 12 times before every update of the
velocity field. The resulting magnetic Prandtl number Pr,, = 4 x 10~7. In this simulation, we consider the
immersed boundary corrections given by and . It is possible to observe a significant mismatch

between analytical and numerical solutions, which is corrected by the introduction of the new corrections

([116) and (120), as shown in Figures [6] and [7]

In the references [5, [7], the authors consider the introduction of extra parameters x and v and

use the traditional BGK algorithm to solve the following equation

0B x 1o
— + =V . (uB —Bu) =-V“B 132
o+ AV (uB - Bu)="v'B, (132)
which has a stationary solution given by
V. (uB - Bu) = %V2B. (133)

The parameter x can be set to archive the desired magnetic Prandtl number Pr,, and the parameter
v, usually much smaller then 1, helps to increases the convergence rate to steady state solutions.
The same strategy can also be applied for the single-step algorithm as well. Originally in [5],

this procedure is mostly considered for steady states solutions, but its applicability for general flow
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15 I I I I I I I I I

FIG. 6. Simulation of a MHD pipe flow submitted to a constant transverse magnetic field with a pipe radius
r = 22, resistivity 7 = 10000 and viscosity ¥ = 0.04. The results for three different values of Hartman
Ha = 12,18 and 24 are shown. In picture (a), the velocity profiles corresponding to the Gold’s solution
for = 7/2; in picture (b), the solutions corresponding to 6 = 0, and in (c), the magnetic field profiles for

6 = /2. The continuous lines are the respective analytical solutions for each value of Ha.

regimes with R,, < 1 is not clear. In this article, the algorithm (127 gives a more direct route
towards simulations with very small R,, with a much simpler and stable algorithm, and without

the need of the introduction of extra parameters.

H. Strategies for very high values of resistivity

The formula (130]) gives the necessary number of iterations for the convergence of the algo-
rithm (127)). Naturally, if the value of the resistivity is too high, the number of iterations becomes
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FIG. 7. Verification of the Gold’s solutions by using the single-step LBM algorithms given by , and
7 with viscosity v = 0,004, resistivity n = 10000 and Hartman number Ha = 18. The simulation is
performed in a pipe with radius r = 35. The resulting magnetic Prandtl number equal to Pr,, =4 x 10"
In (a) we show the velocity and magnetic field profiles verifying the Gold’s solutions and , and in
(b), we show the verification of the energy balance given by the equations .

prohibitive for numerical purposes. In this subsection, we shown some strategies for the solution

of this problems.

We first consider a small modification in the equilibrium distributions given by , and

as follows. For ¢; = [0, 0, 0], let us introduce an extra coefficient a as

gfgc = (1 —w1)By + aBy,
91a = (1 —w1)By + aBy, (134)

g1t = (1—w1)B, + aB,.
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FIG. 8. In this figure we show the transition to the quasi-static regime. In (a) we show a simulation
of a MHD flow in a circular pipe with radius r = 22, Ha = 18, n = 2 and v = 0.08 submitted to
dp/0x = —2.4 x 10~ cos(27t/200) with [£] = N = 12 iterations for (127). In (b), we set n = 45, which
implies in {%1 = N = 270 iterations for the algorithm . We can observe in (b) the complete damping

of the time derivative of the magnetic field, which is characteristic of the quasi-static approximation.

and for the other velocities ¢ = 2,- - -, N, consider

e Ci Ciz
Giz = Wi [Bx g (yBe —uaBy) + 5 (u=Ba — uxBZ»} )

S

C; C;
G52 = i By + S5 0By = 0, 2) + % By — B (135)

S S

C; C;
Jiz = Wi [Bz + —5 (s Be — u:Ba) + 3 (uy B2 - usz))] :

S S
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with the following small modification in the algorithm (127]) given by

9
1
By(x,1) = — D gel(x — cadt, t — dt),
a=1
1 9
By(x,t) = — Zlg;g(x — Cat,t — 6t), (136)
o=

9
1
Ba(x,) = — D gld(x — cabt,t — 6t).
a=1

By using the Chapman-Enskog multiscale expansion, it is possible to show that the algorithm (136])
solves the following equation

B
a%t +V - (uB — Bu) = nV°B, (137)

with a sufficient number of iterations. This procedure increases the convergence hate by a factor
of 1/a, as we can see in the Figure @ In this figure, a simulation with a variable pressure gradient
given by the formula is shown. In Figure @(a), we show a simulations with the algorithm given
by , where the algorithm for magnetic field is iterated N = 9 times before every iteration of
the algorithm for the momentum equation. The same experiment is performed by using the
algorithm with the same number of iterations, i.e., N = 9, recall that for the algorithm
the number of iterations is given by , which gives N = 18 for n = 3. We can see that the
algorithm converges to the twice as fast in comparison with .

Values of a smaller than 0.5 can cause instabilities in , which limits the application of this
procedure with respect to the quasi-static approximation. In Figure (b), we see that the value of
resistivity n = 45 is enough to make the time derivative %—]? negligible, and the formula gives
N = 270 as the number of iterations needed to make the the difference [pV2B — V - (uB — Bu))|
to be the same order of the time derivative, thus also negligible. We argue that the same number
of iterations is also enough for values of resistivity much bigger then n = 45. In Figure , we
compare the simulations with n = 45 and n = 1000 with the same number of iterations N = 270.
In Figure ((10)(a), we can see essentially the same results observed in Figure (8])(b) in the analysis
of the energy budgets.

In order to calculate more accurately the dependence of the errors with respect to the resistivity

with a fixed the number of iterations, we consider the following expression for the residual

[7V°B — V- (uB — Bu (138)

)HL2(Q) ,
where the differential operators are calculated by using isotropic finite difference schemes [29]. The

residual is normalized by the initial residual, i.e., the residual at the first iteration. In Figure
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FIG. 9. Simulation with n = 3, v = 0.08, Ha = 18 and pipe radius r = 22. The variable pressure difference
in this case is given by and % = —1.9x 10~ cos (27t/200). In picture (a), a simulation using the algorithm
(136 is shown, where the convergence is reached with N = 9 iterations, which is half of the number of
iterations recommend by the formula for the algorithm 7 whose result with the same number of

iterations is shown in picture (b).

we can see that the normalized error (138]) does not change with the increase of the value of the
resistivity, actually the value of the residual ((138)) is the same for n = 45 and n = 1000.

It suggests that for very high values of n we do not have to consider a too small value of §t
(or very high number of iterations) given by the formula , instead we can actually consider
an effective number of iterations defined by the number of iterations associated with the smallest
value of resistivity that causes a satisfactory damping in the time derivative of the magnetic field,
ie., \%—?] ~ 0. An interesting feature of this procedure is that this convergence criterion avoids
the need to calculate the residual (which is a non-local procedure) at each time step to guarantee
convergence. An alternative procedure is given by solving the equation using , which
is equivalent to solve in the QS regime. Both procedures produces the same results for the

experiments of this article.
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FIG. 10. Simulation of the quasi-static regime in a circular pipe with radius r = 22, Ha = 18 and v = 0.08

submitted to dp/0x = —1.19 x 10~

4 cos(2mt/200). In the picture (a), the resistivity is set to 7 = 1000 with

N = 270 iterations of the algorithm (127) for the magnetic field equations. The analysis of the residuals

given by the expression ((138)) normalized by the initial residual is shown in picture (b), where we compare
results for n = 45 and n = 1000.

VI.

EFFECTS OF NON-UNIFORM MAGNETIC FIELDS

Most of the LBM simulations of MHD flows only considers the influence of uniform transversal

magnetic fields. In this sections, we test the proposed algorithms developed in the previous sections
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in problems involving an external non-uniform magnetic field, as for example, the field given by

B,(z,y,2) =0, (139)
By(z,y,2) =2 [arctan (y ; L) — arctan <y —Z L)} , (140)
B.(z,y,z) =log (%) , (141)

where (x,y, z) is a points in the fluid domain. These fields are obtained by using the Biot—Savart
law [2], where L is the width of the slab’s rectangular cross section, which we assume to have aspect
ratio 2. We consider L = R/6. The magnetic field lines generated by and in the yz-
plane are shown in Figure a); and in Figure b) we shows the field lines of a combination of six
magnets with alternating poles, where the magnetic field of each magnet can be mapped into the

field given by (139), (140) and (141 by considering compositions with rotations and translations.

FIG. 11. (a) Magnetic field lines of one magnet generated by the field given by (140) and (141)) in the
yz-plane, where the red and blue colors indicate the north and south poles of the magnets, respectively. In
(b), the magnetic field lines generated by a set of six magnets with alternating poles forming a hexagonal

structure.

In Figure , we show a simulation of a MHD flow in a circular pipe based on the schematic
representation shown in Figure [11|b), with viscosity v = 0.04, resistivity n = 1000, Hartman
number Ha = 20 and pipe radius r = 40 in a computational grid with size n, xn,xn, = 5x83x83 .
Periodic boundary conditions are considered in the streamwise direction and a constant body force

% = —2.16 x 1077 is imposed. In the Figures a) and (b), we can observe the contour lines for
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the velocity and magnetic fields showing the expected symmetry associated with the magnetic field
configuration presented in Figure b). The respective verification of the energy balance is
shown in Figure (c) The modification of the equilibrium distributions in order to implement the
divergence of the Maxwell stress tensor [4], rather than the direct implementation of the Lorentz
force, has not shown stable results for the cases involving non-uniform magnetic fields, indicating
that for the algorithms presented in this article, the forcing term approach given by is more

suitable procedure.
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FIG. 12. Simulation of a MHD flows with the six magnets configuration in the quasi-static regime with
n = 1000, Ha = 20, v = 0.04 and pipe radius » = 38.5. A constant body force with % =216 x 107% is
applied. The algorithm for the magnetic field (127) is iterated N = 12 times before every iteration of the

algorithm for the velocity field . The simulation is performed until the stationary solution is obtained.

In (a) and (b) we show some level curves for the velocity and magnetic fields, respectively. We can see that

the velocity and magnetic field profiles verify the expected symmetries associated with the system (7H10).

In (c) we show the verification of the energy balance equations given by (58).

VII. SIMULATIONS WITH MAGNETIC PRANDTL NUMBER Pr,, > 1

In all of the previous discussions, we concentrate our analysis in regimes with Pr,, < 1. In this

section, we analyse the results of the single-step simplified algorithms proposed in this article for

the case Pry, > 1. This regime usually requires more accuracy of the numerical methods in space
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and time. The few LBM results in the LBM literature [I8, [19] about this regime are performed
up to Pry, = 2 by using more robust numerical schemes, such as the central-moments-based LBM
in simulations with flat boundaries. In Figure (a), we can see a significant mismatch between
numerical and analytical solution by using with in a simulation with Pr,, = 4, despite

the improvements introduced in the previous sections.
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FIG. 13. MHD pipe flow simulations with v = 0.08, = 0.02, Ha = 18 and pipe radius r = 22 with v =1
in picture (a), and v = 4 in picture (b). A constant body force with % = —2.38 x 107* is applied. It
is possible to observe a significant loss of spatial accuracy in (a), which is restored by using the rescaled

simplified single-step LBM solution obtained by using (142|) and (143]), as we can see in picture (b).

In order to solve this problem we consider a strategy based in the introduction of a smaller time
steps. Most of the simplified LBM methods are constructed considering 6t = dx, which restricts
the possibilities of the changes of §t to some particular grid configurations. In order to avoid this

limitation, we consider a set of rescaled variables, indicated by overlines, associated with an extra
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parameter -y verifying

— 6t
5t = —, 142
5 (142)

with rescaled lattice velocities €; and speed of sound ¢, verifying

ci=7vc; and ¢, = Je - s, (143)

V3

which means that we are keeping the computational grid unchanged, i.e., 62 = dz. Assuming that
the density is not affected by the transformations, i.e., p ~ p, it turns out that the substitution
of scaling relationships (142)) and (143 in the demonstration of the single-step algorithm ([54)

is equivalent to consider the original algorithm (where dx = dt) with the rescaled equilibrium

distributions
; - 1 /(c;ru)? u-u
iy ) = wip |1 G-ua, 2 ¢ — 144
fl ($ ) wlp |: + Cg + ’Y 2621 20% 9 ( )
[ 1 (¢ i |
gfg(x,t) =w; | Bz + g <Cz2y(uyBx —uyBy) + 5(UZBI — usz))) , (145)
L S S
[ 1 /¢ 1 )
gfg(m, t) =wi | By + ~ (CZ;(UJ:B?J — uyBy) + 5(%31; - usz))> ) (146)
L S S J
[ 1 /(¢ G
gfzq(:v,t) =w; |B, + 5 <CZ;U(U‘ZBZ —u,By) + %(usz — usz))> , (147)
L S S J

v + L v + L (148)
T = —_ _ = —_
@25t 2 it 2
and
Ul 1 7 1
_n 1 - 149
™= 2 Ty T yas Ty (149)

which are defined in such a way to keep the viscosities and resistivities unchanged by the transfor-
mations ((142)) and (143)). If we consider the inclusion of the FGS forcing term in the simplified
algorithm, then the introduction of (143)) also leads to
1 ci— = .
Fi = <1 — ) w; [( ‘ 7) + (CZ U_)CZ‘ 'Fext- (150)

4
63 Ve

with 7 given by (148]). All of these modifications provide essentially the same result as those
obtained using the preconditioning procedures described in [7, [I5HI7]. The same equations can
also be found by using the strategy of the adaptive time step (ATS) developed in [35], with the

exception of the treatment of the nonequlibrium terms.
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If we consider we consider v > 1, we essentially decrease of the effective time step by a factor
of 1/~. Consequently, we obtain a significant improvement of the accuracy with minimum changes
in the original single-step algorithm. Naturally, v cannot be changed arbitrarily, if v is too small,
some transient phenomena with typical small time scales may be missed, and if v is too large,
simulations may have an excessively slow convergence rate with some possible loss of accuracy, due

to the fact that the scalings can make the relaxation times to close to the value 0.5 if v > 1.
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FIG. 14. MHD pipe flow simulation with v = 0.08, n = 0.02, Ha = 18 and pipe radius r = 22. A constant
body force with % = —2.38 x 10~% is applied. In picture (a), we show results of the analysis of the energy
balance for v = 1, and in picture (b), the results for v = 4. By analysing the transient part in the energy

budgets, we can observe an increase of the accuracy in time by using the rescaled simplified single-step LBM

solution obtained by introducing (142 and (143).

In the Figures and we performed some MHD pipe flow simulations with v = 0.08,
n = 0.02, Ha = 18 and pipe radius r = 22. A constant body force with g—g = —238 x 107 is
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applied. The computational grid size considered is n, X n, x n, = 5 x 50 x 50. In Figures (b)
and (b), we show the velocity and magnetic field statistics associated with the scaling v = 4; and
in Figures (a) and (a), we present the statistics generated by using v = 1. In the Figure
it is possible to see that the solutions were essentially rescaled in time by a factor of 7. Not only
that, we can also observe a significant improvement of the accuracy in space (verification of the

Gold’s solutions) and time (correct verification of the energy balance).

VIII. CONCLUSIONS

In this article, we provide a set of extensions and improvements in a class of simplified LBM
algorithms with the objective to simulate MHD flows with very small magnetic Reynolds numbers
in pipe flows. We also introduce a immersed boundary method able to accurately include the effects
curved insulating walls in the MHD equations and whose accuracy is not significantly dependent
on the values of the relaxation times. Improvements in the implementation of forcing term allows
an accurate and stable implementation of variable forcing terms, showing good results even in the
presence of strongly non-uniform magnetic fields. With this set of improvements, in the present
work we provide a completely local and explicit LBM framework for simulations of the quasi-
static approximation in pipe flows, with a good potential for simulations involving more complex

geometries.

By considering an adaptive time step strategy, we were able to increase the precision of the
single-step LBM algorithm in space and time with minimal changes in the general form of the
algorithm, extending the applicability of the method to some regimes up to Pr,, = 4, which have
not yet been analyzed in the LBM literature. It is also important to mention that results introduced
in this article can be extend as well to some other simplified lattice Boltzmann models [14], 21}, 22]

34).

As future works and suggestions, further verification of the proposed methods for turbulent flows
and extensions for the cases involving conducting curved walls are natural future directions for
this research, as well as systematic comparisons with similar solutions provided by other numerical
methods. Also, the use of of more robust LBM schemes such as MRT (multiple-relaxation-time) and
central-moments-based schemes for the magnetic field equations can be interesting options towards

the same objectives of this article, with some possible improvements in terms of accuracy [36].
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