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CURVED ELEMENTS IN WEAK GALERKIN FINITE ELEMENT
METHODS

DAN LI*, CHUNMEI WANG T, AND JUNPING WANGH#

Abstract. A mathematical analysis is established for the weak Galerkin finite element methods
for the Poisson equation with Dirichlet boundary value when the curved elements are involved on
the interior edges of the finite element partition or/and on the boundary of the whole domain in two
dimensions. The optimal orders of error estimates for the weak Galerkin approximations in both
the Hl-norm and the L?-norm are established. Numerical results are reported to demonstrate the
performance of the weak Galerkin methods on general curved polygonal partitions.
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1. Introduction. We are concerned with the new developments of finite element
methods for solving the Poisson equation by using the weak Galerkin (WQG) finite
element methods on the curved polygonal finite element partitions.

When the finite element methods are employed to solve the partial differential
equation (PDE) problems, one of the steps is to partition the whole domain describ-
ing the original body or structure into finite elements (e.g., triangles, rectangles, etc.).
The curved elements, a natural generalization of the polygonal elements, are applied
for solving boundary value problems in the two-dimensional domain with an arbi-
trary/curved boundary. Although the engineers who conceive the matrix of finite
element methods have used the curved finite elements for several decades, more re-
search work needs to be done from the theoretical/mathematical point of view with
regards to the error estimates of the numerical solution when the curved elements
are concerned on the curved boundary of the domain and/or on the interior edges
of the curved finite element partition. From the computational point of view, the
curved elements make it possible to construct the finite-dimensional space for trial
functions which is the subspace of the energy space of the boundary value problems
in arbitrary/curved domain in two dimensions.

It is well-known that the numerical solutions of PDE problems with the curved
boundaries by using the finite element methods may not be accurate [Il 2]. From a
geometrical point of view, it is simple to replace the curved boundary by a polygon.
The number of straight line segments can be increased until a desired geometrical
accuracy is obtained. However, the geometrical accuracy may not always indicate
the accuracy of the numerical approximation. Even if the piecewise polynomials of
a higher degree are applied in the numerical scheme, the same accuracy may not
be retained along the curved part of the original boundary as inside the domain or
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along the polygonal part of the boundary. This behavior is known as the “Babuska
Paradox” in the literature [I, [2]. The numerical evidence was given in [4I] where the
curved elements were proposed to be used along the curved part of the boundary.

The problem of accuracy of a finite element solution, near a curved boundary, has
been investigated for several decades and some successful methods have been proposed
to overcome it. The curved elements constructed in [41] were closely associated with
isoparametric elements, which were first introduced by Irons [I0] and were well-known
in the technical literature [22]. The numerical results given in [41] were very promising
and suggested that using them could arrive at the same order of accuracy as in the
case when the original boundary is a polygon and the triangular elements are applied
[39, []. [42] proposed a finite element method which was applied for solving second
order elliptic boundary value problems in domains with an arbitrary boundary, and
the error bounds for a model problem were derived. Reader are referred to more
references [T}, 2, B @, 077, (211 22} [39, 40, 4T, [42] [43].

Weak Galerkin finite element method is a newly-developed numerical technique
for PDEs where the differential operators in the variational formulation are recon-
structed /approximated by using a framework that mimics the theory of distributions
for piecewise polynomials. The usual regularity of the approximating functions is com-
pensated by carefully-designed stabilizers. This WG method has been investigated for
solving numerous model PDEs; see a limited list of references and references therein
[12 (18] 19, 23, B7, 34, BT B2] B3] 13}, 14, B35l B6]. The research results indicate that
the WG method has shown its great potential as a powerful numerical tool/technique
in scientific computing. The fundamental difference between the WG methods and
other existing finite element methods is the use of weak derivatives and weak conti-
nuities in the design of numerical schemes based on conventional weak forms for the
underlying PDE problems. Due to its great structural flexibility, WG methods are
well suited to a wide class of PDEs by providing the needed stability and accuracy in
approximations. A recent development of WG, named “Primal-Dual Weak Galerkin
(PD-WG)” has been proposed for problems for which the usual numerical methods are
difficult to apply [15} [7, 25 26], [38], [8, 27, 28], (241 29] 30} 16, 5] [6]. The essential idea of
PD-WG is to interpret the numerical solutions as a constrained minimization of some
functionals with constraints that mimic the weak formulation of the PDEs by using
weak derivatives. The resulting Euler-Lagrange equation offers a symmetric scheme
involving both the primal variable and the dual variable (Lagrange multiplier).

In the WG framework, the weak functions for second order elliptic equations
possess the form of v = {vg, vy} With v = vy representing the value of v in the interior
of each element and v = v, for the information of v on the boundary of the element.
Both vy and v, are approximated by polynomials of suitably-chosen degrees in the
numerical approximation. To our best knowledge, all the existing results on WG
were developed for finite element partitions with flat/straight sides. As most of the
application problems involve physical domains with non-flat interfaces or boundaries,
there is a great need of study for the WG method on curved elements.

For simplicity, we shall demonstrate the WG method on curved elements by using
the Poisson equation with Dirichlet boundary condition. The model problem then
seeks an unknown function u € H'(Q) satisfying

—Au=f, in{,
u=g, ondf,

where Q) is an open bounded domain in R? with piecewise smooth and curved boundary
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09, and A = V -V is the Laplacian operator with Vu being the usual gradient
operator.

The weak formulation of the second order elliptic model problem is as follows:
Find u € H*(Q) satisfying u = g on 99, such that

(1.3) (Vu, Vo) = (f,v),  VveV,

where V = {v € HY(Q),v = 0 on 99Q}.

In this paper, the curved edges are assumed to appear on the interior interfaces
of the partition and/or on the boundary of the whole domain in the analysis of the
H'-norm error estimate for the WG solution. For the simplicity of analysis, when it
comes to the L%-norm error estimate for the WG approximation, the curved edges
are assumed to appear only on the boundary of the whole domain while the interior
edges of the finite element partition are assumed to be straight line segments.

The paper is organized as follows. In Section [2) we shall review the definition of
the weak gradient operator and its discrete analogue. In Section [3] we describe some
properties for curved finite element partitions. In Section [d we shall state a weak
Galerkin finite element scheme. Section [l is devoted to a discussion of the solution
existence and uniqueness for the discrete system. In Section [6] an error equation is
derived. In Section we present some technical estimates for the usual L? projection
operators. In Section [8] we derive some optimal order error estimates for the WG
approximations in both H! and L? norms. Section |§| provides a new technique for
calculating the integrations on curved polygons. Finally in Section we conduct
some numerical experiments for verifying the developed theories.

2. Weak Gradient and Discrete Weak Gradient. The gradient operator is
the differential operator used in the weak formulation of the second order model
equation —. This section will review the weak gradient operator as well as
its discrete version [35] [36].

Let T be a bounded domain with Lipschitz continuous boundary 07. By a weak
function on T we mean a function bundled with two or more components; each com-
ponent represents a specific aspect of the function. In the interest of the gradient
operator, we consider the weak function v = {vg, v} with two components vy € L?(T)
and v, € L?(9T). The first component vy represents the value of v in the interior of
T, and the second one v, carries the value of v on the boundary 97'. Note that v, in
general is not the trace of vy on 0T, though taking the trace of vy on 9T is a viable
option for v,. Denote by W (T) the space of all weak functions on T i.e.,

W(T) = {v = {vo, v} : vo € L*(T), vy, € L*(0T)}.

For any v € W(T'), the weak gradient of v is defined as a bounded linear functional
Vv on [HY(T)]? so that its action on each q € [H!(T)]? is given by

(2.1) (Vwv,a)r = —(v0, V- Q) + (vp,q - m)ar,

where n is the outward normal direction on 97T, (vo,V - Q)7 = [ vo(V - q)dT is the
inner product of vg and V - q in L?(T), and (v, q - n)sr is the inner product of vy
and q - n in L?(9T).

Denote by P.(T) the space of all polynomials on T with total degree no more
than r. A discrete weak gradient for v = {vg, vy}, denoted by V,, v, is defined as an
approximation of V,,v in the vector polynomial space [P,.(T)]? satisfying

(2.2) (Ve v,9)r = —(v0, V- Q)7 + (v, q - n)or, vq € [P(T))%.



Assume the first component vg of v = {wvg, vy} is sufficiently regular such that
vo € HY(T). Applying the usual integration by parts to the first term on the right
hand side of (2.2)), we arrive at

(2.3) (Vwrv,d)r = (Voo,q)r + (vp — v0,q - 0)ar, Vq € [P.(T)]?.

REMARK 2.1. In practical computation/implementation, the integrals over T and
0T must be computed by using some numerical integration formulas. We assume these
integrals are evaluated exactly.

3. Finite Elements with Curved Edges. A polygon with curved edges (PCE)
is a bounded connected polygonal region in R? bounded by a finite number of curved
or straight edges. A curved polygonal partition of the domain Q C R2, denoted by Ty,
is defined as a family of PCEs, denoted by {1}, = 1,2,. ..}, satisfying two properties:
(1) Ujz12,... Tj = Q; and (2) for any 4, (i # j), T; N} is either empty, or a common
edge, or the vertices of T; and T;. Each partition cell Tj € Tp(j =1,2,...) is called a
curved element. A curved polygonal partition with a finite number of curved elements
is called a curved finite element partition of the domain €.

Let 7p, = {T;};=1,..~ be a curved finite element partition of the domain .
Denote by hr the diameter of the element T, and h = maxy hp the meshsize of the
partition 7,. Denote by |T| the area of the element T' € T;,. Denote by &, the set of
all edges in Ty such that each edge e € &, is either on the boundary of 2 or shared
by two distinct elements. Denote by Y = &, \ 9 the set of all interior edges; i.e.,
for each edge e € &), there are two elements T and T; (i # j) such that e C T; N T;.
Denote by |e| or h. the length of the edge e € £,. Assume that each element T € T},
is a closed and simply connected polygon (see Fig. [3.1)).

F
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Fic. 3.1. Depiction of a shape-regular polygonal element ABCDEFA.

The curved finite element partition 7}, is said to be shape regular if the conditions
(A1)-(A4) are satisfied [35] [18].

A1: For each element T € T}, there exists a positive constant g, such that

thQT < ‘T|



A2: For each element T' € T, there exist positive constants x and x* such that
khr < he < K*hr,

for each edge e C OT.

A3: For each element T € 7T; and each edge e C 0T, there exists a “pyramid”
P(e, T, A.) contained in T such that its curved base is identical with e, its
apex is A, € T, and its height is proportional to hp with a proportionality
constant o, bounded by a fixed positive number ¢* from below. In other
words, the height of the “pyramid” is given by o.hr such that o, > ¢* > 0.
The “pyramid” is also assumed to stand up above the curved base e in the
sense that the angle between the vector A x., for any z. € e, and the outward
normal direction of e (i.e., the vector n in Fig. is strictly acute by falling
into an interval [0, 6] with 6y < 7.

A4: For each element T' € Ty, there is a simplex S(T") circumscribed in T' that is
shape regular and the diameter of S(T'), denoted by hg(r), is proportional to
the diameter of T% i.e., hgry < v.hr with a constant v, independent of T'.
Furthermore, assume that each circumscribed simplex S(T) intersects with
only a fixed and small number of such simplices for all other elements T' € Ty,.

For the curved finite element partition 7j, we assume that each curved edge can be
straightened through a local mapping that is sufficiently smooth. More precisely, for
each curved edge e C 9T, T € Tj,, assume that there exists a parametric representation

(x,y) = (¢(§)a¢(§)>v see= [Oahe]a

where ¢ = ¢(8) € C™ and ¢ = ¥(8) € C™ for some n > 1, and at least one of the
derivatives ¢'(8) and ¢'(§) is different from zero for § € €. Assume that the mapping
F,. := (¢,v) from € to e is globally invertible on the “reference” edge e, and both F,
and its inverse mapping F, = F1 can be extended to the “pyramid” P(e, T, A) as
Fand F := F~; see Fig. for an illustration. We further assume that there exists
a constant C' such that

d*F

(3.1) -

<,

for all |a| < n.
Let e be a curved edge of the element T € 7}, with a parametric representation
given by

= F.(8), $€[0,h],

(8
(¢(5),9(5)). With the mapping F. and its inverse

X
where x = (z,y) € e and F,(§) =
L?(@) can be transformed into a function w € L?(e) as

ﬁe := F71, any function @ €
follows

(3.2) w(x) = d(Fu(x)), x€e.

Likewise, any function w € L?(e) can be transformed into a function in L%(€) by
(3.3) w(3) := w(Fe(3)), see.

The relations and are written respectively as

w=wokF,, wW=wolF,.



Fic. 3.2. Depiction of locally smooth mappings Fe that straighten curved edges for curved
elements.

4. Weak Galerkin Finite Element Schemes. For any integer ¢ > 0, denote
by Py(e) the space of polynomials of degree ¢ on the straight reference edge e. With
the mapping E = F 1, the space of polynomials P(¢) can be transformed into
Vi(e, €) = Py(e) o F, as follows:

%(676):{¢:$0ﬁe: Qge Pl(é\)}

If the edge e is a straight line segment, the mapping Fe is required to be affine.
Consequently, its inverse mapping F, is also affine so that Vj(e, £) = Ps(e) is the usual
space of polynomials of degree £ on e.

Let £ > 1 be a given integer. On each element T' € Tj, we define a local finite
element space as

W (k,T) = {v={vo,vp}:vg € Pe(T),vs|c € Vi(e,k—1), Ve C IT}.

By patching all the local finite element spaces W (k, T') together with a common value
vp on each interior edge in &), we obtain a global finite element space, denoted by
Wy ie.,

(41) Wy ={v={vo,v}: v|r € W(k,T), vplor,ne = vsloryne, T € Th,e € ELY,

where vp|a7,ne 18 the value of v, on the edge e as seen from the element Ty, s =i, j.
Denoted by W} a subspace of W), with vanishing value on 9%; i.e.,

(4.2) Wy ={v: veW,, v, =0on9dQ}.

For each element T € Ty, denote by Qo the L? projection from L?(T) to Py(T).
Denote by @ the weighted L? projection from L?(€) to Py_1(€) with the correspond-

ing Jacobian as the weight function. For each edge e, we define a projection operator
Qyp : L*(e) — Vi(e, k — 1) as follows

Qwo F, := @b(w o F.), w € L*(e).

Note that for the straight edge e, the operator @y is easily seen to be the standard L2
projection from L?(e) to P,_1(e). Qo and @, collectively define a projection operator
onto the weak finite element space W}, denoted by

Qn = {Qo, Qs}.

Denote by Qy, the L? projection from [L?(T)]? onto [P_1(T)]?.



For all v, w € W}, we introduce two bilinear forms as follows:

s(v,w) = p Z h ' (Quvo — vb, Quwo — wh)ar,
TETh

a(v,w) = Z (Vuv, Vyw)r + s(v,w),
TeTh

where p is any positive number of unit size. For simplicity, we shall take p = 1
throughout the paper.

WEAK GALERKIN ALGORITHM 1. Find up = {ug,up} € Wy, satisfying up = Qpg
on 0N, such that

(4.3) a(up,v) = (f,v0), Yo = {vo,v} € Wy.

5. Existence and Uniqueness. The goal of this section is to examine the well-
posedness of the weak Galerkin finite element scheme (4.3). Note that the bilinear
form a(-,-) is symmetric and non-negative in the space Wy x W},. Letting

(5.1) loll* = a(v, ),

we see that the functional ||-|| defines a semi-norm in W},. Furthermore, the following
result holds true.

LEMMA 5.1. The functional || - || given by defines a norm in the subspace
W,?, provided that the meshsize h is sufficiently small.

Proof. Tt suffices to check the positivity property for || - ||. Assume that ||v|| =0
for v € W). It follows that

(Vav, Vo) + > hin (Quvo — v, Qyvo — v)or = 0,
TETh

which implies that V,,v = 0 on each element T and Qpvg = v, on each 0T It follows
from Vv =0 and (2.3)) that for any q € [Py_1(T)]?,

0= (va7q)T
= (Vvg,d)r + (vp — vo,q - 0)o7
= (Vvo, )7 + (Qpvo — v0,q - N)ar,

which leads to
(5.2) (Vvo, )7 = (vo — Qpvo, a4 - n)or.

On each straight edge e C 9T, since Q, is the usual L? projection onto the space
Pi_1(e) and q - n|. € P;_1(e), then

(vo — Qpvo,q - 1), = 0.

If e C OT is a curved edge, then the above identity is generally not valid. However,
Lemma [7.I] can be used to show that there exists a constant C' such that

(5.3) [(vo — Qpvo,q - n)c| < Che|[Vuollr [la7-
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By combining with we obtain
[(Vvo,@)7| < Chel[Vuollr lallr,
for all q € [Pr_1(T)]?. Tt follows that
IVwollz < Che|[Vuollr,

which shows that Vug = 0 for sufficiently small meshsize h. Thus, vy is a constant on
each T € T;, and hence Qpvg is a constant on each 0T'. Using the fact that Qpvg = vp
and vy = 0 on 0, we have vg = 0 and v, = 0. This completes the proof of the lemma.
0

THEOREM 5.2. Assume that the curved finite element partition Ty, is shape-reqular
with sufficiently small meshsize h. The weak Galerkin finite element scheme has
one and only one solution.

(1 )

Proof. Tt suffices to prove the uniqueness. Assume that uh) and uf are two
different solutions of 1) then e, = u,(ll) — u,(f) would satisfy
a(ep,v) =0, Yo € Wp.
Note that e, € W}. Letting v = ¢, in the above equation gives
2
llenll™ = a(en, en) = 0.
It follows that e, = 0, or equivalently, ug) = uf). This completes the proof of the

theorem. O

6. Error Equation. We start this section by deriving a useful result for the
discrete weak gradient operator.

LEMMA 6.1. Let Qy, and Qy, be the L? projection operators defined in the previous
sections. On each element T € Ty, we have that for any ¢ € HY(T),

(6.1) (VwQro, T)r = (Vé, 7)1 + (Qup — &, 7 - 0) 5y, 7 € [Pt (T)]%

Note that (Qpd — ¢, 7 - n)or # 0 when there is at least one curved segment on OT .
Proof. Using (2.2)), the integration by parts and the definitions of @, and Qy, we
have for any 7 € [P,_1(T)]? that

(Vu(Qro), T)r = —(Qo9, V- )1 + (R, T - m)oT
= 7((7257 = T)T + <¢>T : n>3T + <Qb¢ - ¢7T : n>8T
= (V(ba T)T + <Qb¢ - ¢7 T n>6T7
which implies the desired identity . |

LEMMA 6.2. For any w € HY(Q) N HY(Q) with v > L

3, and v € Wy, the
following identity holds true

Z (VuQrw, V,v)r = Z (Vw, Vug)r + Z (Vw -n, vy — vo) o

(6.2) TETh TET TETh
+ 01 (w,v) 4+ la(w, v),



where

G(w,v) = > ((Vw = QpVw) - 1,00 — vs)or,
TeTh
KQ(UJ,’U) = Z <wa - w, Vv - n>6T'

TETh

Proof. From (6.1)) with ¢ = w and 7 = V,,v we obtain

(6.3) (VuwQrw, Vyv)r = (Vw, Vyu)r + (Quw — w, Vv - 1) o,
Using (Vw, V)1 = (QnVw, V) 7,(6.3) can be rewritten as
(6.4) (VuQrw, Vyv)r = (QnVw, Vyv)r + (Qew — w, Vv - 1) g

Now by applying (2.3) with ¢ = Q,Vw to the first term on the right-hand side of
(6.4) we arrive at

(VuQprw, V)7

=(QnVw, Vog)r + (QrVw - n,vp — v0) g + (Qvw — w, Vv - 1) o

(Vw, Vug)r + (QnVw - n, vy — v0) g + (Qew — w, Vv - 1) 51
(Vw, Vug)r + (Vw - n, vy — vg) 57 + (QnVw — Vw) - 0, vy — 1) o1

+ (Qvw — w, Vv - 1) oo,

(6.5)

Summing (6.5) over all T' € Ty, gives rise to

Z (VuQrw,Vyv)r = Z (Vw, Vug)r + Z (Vw -n, vy —v0) g

T€Th TETh TETh
+ 41 (w,v) 4+ Lo (w, v),

which confirms the identity (6.2). O

Let up = {ug, up} € Wy be the weak Galerkin finite element solution of and
u be the exact solution of —. By error function, denoted by e;, we mean the
difference of the L? projection of the exact solution u and its weak Galerkin finite
element solution wuy; i.e., e, = Qpu — up, = {eg, ey} with

eo = Qou —ug, ey = Qpu — Up.

We are ready to derive an error equation for the weak Galerkin finite element
scheme which the error function e, will satisfy.

THEOREM 6.3. Assume that the exact solution u of the model problem —
is sufficiently regular such that uw € HY(Q) N H*(Q), v > % Let ey, be the error
function of the weak Galerkin finite element scheme . Then, for any v € W)
there holds

(6.6) alep,v) = £1(u,v) + la(u,v) + s(Qru, v).

Proof. By testing ((1.1)) with the first component vg of v = {vg,v,} € W}, we have

(6.7) > (Vu, Voo)r — Y (Vu-n,vg — v)or = (f,v0),

TET TeTh
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where we have used the fact that > . (Vu-n,v)sr = 0 since v, = 0 on 99Q. Next,
from Lemma [6.2] we obtain

Z (VwQpu, V) = Z (Vu, Vo) + Z (Vu-n, v, — v0) g

(6.8) TET TET TET
+ 41 (u,v) + £2(u,v).

Combining (6.7]) with yields

D (VuQnu, Viv)r = (f,v0) + €1 (u,0) + bo(u, v).
TeTh

Adding s(Qpu,v) to both sides of the above equation gives
(6.9) a(Quts0) = (f,00) + b1 (1, ) + Lol 0) + 5(Quet, ).
Finally, subtracting from yields

alen,v) = b1 (u,v) + la(u,v) + s(Qupu,v), Yve& W),

which completes the proof of the lemma. O

7. Some Technical Estimates. For any function ¢ € H(T'), we use the ideas
presented in [36] to obtain the following trace inequality

(7.1) el < C (7' llellz + hrlVel?) -
If ¢ is a polynomial, using the inverse inequality, the trace inequality (7.1]) becomes
(7:2) lell? < Chzllll7-

In the weak finite element space W}, we introduce the following discrete H'-
seminorm; i.e.,

2
(7.3) vl = ( > IVwollz + a1 Qsvo — vbll?n) Vo = {vo, v} € Wh.
TE7_}L

It is not hard to see that || - ||, indeed provides a norm for the subspace W} which
consists of the weak finite element functions with vanishing boundary value.

LEMMA 7.1. On each element T € Ty, for any ¢ € HY(T) and q € [Pr—1(T)]?,
there exists a positive constant C, such that

Chg/jw— Qudllor [lal|T fork>1,
Chi?||¢ — Qudllor (lallr + |Vallz), fork > 2.

Moreover, taking ¢ = vy € Px(T), then for any k > 1, there holds

(74) (¢ —Qvp,q-m)c| < {

(7.5) [{vo = Qvvo, @ - m)e| < Che[Vuollr [lallz

Proof. For each straight edge e C 9T, we have
(7.6) (¢ — Quvd,a-n)e =0,
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since @ is the usual L? projection onto the space Py_1(e) and q - n|. € P,_1(e). If

e C 0T is a curved edge, then the identity ((7.6)) generally does not hold true. However,
by mapping to the reference edge €, we have

(6 — Qo q-n)e = / & - 04)d- nlJ.\de

- /ﬁ— 0vd)(@-1— )| .|de.

where J, is the Jacobian of the mapping, and x € P;_1(€) is any polynomial of degree
k — 1 on the reference edge €. Thus, using the Cauchy-Schwarz inequality gives

(7.7) (6 - Quéva-n).| < CHE </€\5_@bgf |Je|dg>é (/ A>2 |

From the chain rule and the assumption (3.1) we have

Z CalVq| < Z CalV©d|,

lee|=0 |er|=0

d*(q-n)|”
dsk

d*(q-n)
Codsk

where we have used the fact that V¥q = 0 as q is a polynomial of degree k — 1. By
mapping back to the edge e we have

(7.8) / ‘

where we have used the trace inequality . Substituting (7.8]) into ([7.7]) yields

k—1
all? < ChZ™*|al? < Che™?*(lallZ,

|e|=0

(6 — Qo q-1)e| < ChE |6 — Quillor lalir,

which verifies the estimate ((7.4) for £ > 1. In the case of k > 2, the inequality (7.8)
can be replaced by

f=a

which, together with , verifies the second estimate in (|7.4) for k > 2.
Finally, (7.5 stems from (7.4)) with the following inequality

clde < Ch™**(|lal|F + IVall?),

1
llvo — Qvvollor < Che||[Vuollar < ChE ||Vl T,

where we have used the trace inequality ((7.2). This completes the proof of the lemma.
0
LEMMA 7.2. For any v = {vg,vp} € Wy, there holds

(7.9) hztlvo = wll3r < C(IVwoll7 + hz ' |Quvo — vill3r),
(7.10) IVvoll7 < € (IVwolld + hz' [ Qevo — vell3r)
(7.11) IVwoll7 < C (IVeollf + Azt 1Quvo — wbll37) ,
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provided the meshsize h is sufficiently small, where C is a positive constant. Conse-
quently, the discrete H'-norm || - ||1.n is equivalent to the triple-bar norm || - || in the
sense that there exist positive constants oy and ag such that

(7.12) arfloll < vl < azflol.

Proof. Note that on each edge e C 9T one has
(7.13) oo = Quuoll = | 50 — Quof?|.1de < Che Pl

It follows from the triangle inequality that

lvo — w37 < 2[lvo — Qovoll3r + 21| Qbvo — w37
< Chr||Vuol17 + 2/1Qbvo — vsll37

where we used ([7.13]). This implies the inequality (|7.9)).

For any v = {vg, vy} € Wh, it follows from ([2.3)) that

(vwva Q)T = (VUO7q)T + <Ub —V0,q - n>3T

7.14
(7.14) = (Vwo,q)r + (vp — Qpvo, q - 0) 5 + (Qpvo — vo,q - 1)y,

for all q € [Py_1(T)]?. Thus, from the Cauchy-Schwarz inequality, the trace inequality
(7.2), and the estimate (|7.5)), we obtain from ([7.14)) that

|(Voo, @)zl < [Vwolrllallr + [Qvvo — vsllarllallor + Che[[Vuollr|lallr
_1
<IVwollzllallr + Chy? [|Quvo — wbllorllallr + Che[|Veollz[lallr,

which leads to
1
Vool < C(IVwvllr + hp? [[Qovo — villor + hr|[ Vol 7).

This gives rise to the estimate (7.10]) for sufficiently small hp. The estimate (7.11)
can be derived in a similar, but simpler fashion. (7.12]) can be obtained easily using

FI-E10). 0

The following two Lemmas contain some useful estimates for the local L? projec-
tion operators.
LEMMA 7.3. For any w € H™ Y(T), m € [0, k], there holds

(7.15)  [|[Vw = QuVulr + [[V(w = Qow)lir + h'|w — Qowllr < ChE|[w]lmr1,7-

LEMMA 7.4. There holds

m+1 m
(7.16) 1Qow — wllar < Chiy 2 |lwllmar7, Yw € H™ (T, m € [0, K],

(7.17) 1Qow — wllor < CHI % |[w]|m.z, Voo € H™(T),m € [1, k].
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Proof. From the trace inequality (7.1]) and the estimate (7.15) we have

1Qow — wllor < C(hz!|Qow — wlF + hr | V(Qow — w)||7)'/?

+1
< Chy ||l

which verifies (|7.16)).

Next, for any edge e C 9T, using the mapping x = F.(8) we arrive at

Qo — wl? = [(@w—wPde = [ [@uw—w)o F.PI11d5
where J, is the Jacobian of the mapping. Note that
D=woF, Qb= (Qu)oF

where Qb is the |J.|-weighted L?(€) projection onto the polynomial space of degree
¢, =k —1 one. Thus, for m € [1, k] we have

(7.18) IQuw — wl = [(@ -~ B|.Jds < CH* a2, .

where 7" is the image of the pyramid € as its base. By mapping back to the element
T, we obtain the desired estimate (7.17)). O

LEMMA 7.5. Assume that the curved finite element partition Ty, is shape reqular.
For any w € H*1(Q) and v = {vp,vp} € W}, we have

(7.19) |5(Qnw,v)| < Ch*||wll41]Jvll,
(7.20) [61(w, v)| < Ch*[wllksa o]l
(7.21) [€2(w, v)| < CR*[|w]li]|v]]-

Proof. To derive (7.19), we use the definition of s(-,-), the Cauchy-Schwarz in-
equality, and the estimate ((7.16) with m = k to obtain

> hp Qu(Qow) — Quw, Quvo — vb)or

TETh

|s(Qnw, v)| =

=Y h'(Qu(Qow — w), Quuo — vb)or

TeThH
1 1
2 2
< (Z hpt | Qow — w%T> (Z ht Qv — ubn%T)
TeTh TETh

< Ch¥||wlliallo]l-

As to (|7.20)), from the Cauchy-Schwarz inequality, the trace inequality (7.1)), and
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the estimate ([7.15)) we have

|41 (w,v)| = Z (Vw — QpVw) -n,v9 — vp)ar

TeETh

N
ol

(Z h;lnvo—vbn%T)
TETh
1

2
<Ch*|[wl|i1 <Z h'llvo — vbII%T> :

TETh

(7.22) < ( > he||Vw - QthH%T)

TETh

Note that ((7.9) and (7.10) implies

_ 2
> hptlve — vl < Cllo]l.
TETh

Substituting the above into (7.22)) yields the estimate (7.20).
To establish (7.21]), we use the estimate (7.4]) and Cauchy-Schwarz inequality to
obtain

[2(w,0)] < Y {Quw —w, V- m)yy

TET
1
<C Y h2Quw — wlorl|Vwo|r
TETh
1 1
2 2
1
<ot ( 3 10w - s ) (X 19.nit)
TeTh TeTh

Now using (|7.17)) with m = k we have the following estimate
[2(w, )| < CRF|[w]|i o]

This completes the proof of the lemma. O

8. Error Estimates. With the help of the error equation and the technical
estimates presented in the previous section, we are ready to present some optimal order
error estimates for the weak Galerkin finite element solution in discrete H'-norm and
L?-norm.

THEOREM 8.1. Let up, € Wy, be the weak Galerkin finite element solution of the

problem — arising from . Assume the exact solution u € H*T1(Q) and

meshsize h is sufficiently small. Then, there exists a constant C' such that

(8.1) llun — Quull < Ch* |[ulli1-

Proof. By letting v = e, in , we have
lenll® = 1(u, en) + €a(u, en) + s(Qnu, en).
It then follows from the estimates (7.19)-(7.21) that

2
lleall” < CR*[lullisallenll,



15

which implies (8.1]). This completes the proof of the theorem. O

Using the norm equivalence ([7.12)) and the error estimate (8.1) we immediately
obtain

(8.2) |un — Qnul

Furthermore, with the straightforward extension of || - ||1,;, to general weak functions
we arrive at

Lh < Ch* [[ull41.

(8.3) lun = ullip < CR* [Jullg41-

Now we turn to deriving an optimal order error estimate for the weak Galerkin
finite element approximation in the L? norm by following the usual duality argument.
To this end, consider the dual problem which seeks ® € H}(Q) satisfying

(8.4) —A® =¢y in Q.

Recall that eg = Qou — ug is the first component of the error function e;. Assume
that the dual problem ({8.4) has H2-regularity in the sense that there exists a constant
C' such that

(8.5) []l2 < Clleo]lo-

Throughout the following estimates, we assume that all the interior edges of
the curved finite element partition 7, are straight line segments. In other words,
the curved edges only appear on the boundary of the domain. This assumption is
practically feasible and computationally preferable. In addition, we shall consider
only the finite element solution of order k > 2, as no need is necessary for curved
elements of lowest order k = 1.

THEOREM 8.2. Let up € Wy, be the weak Galerkin finite element solution of

the problem (1.1)-(1.9) arising from with order k > 2. Assume that the exact

solution of s sufficiently reqular such that u € H*T1(Q) and the meshsize
h is sufficiently small. Then there exists a constant C' such that

(8.6) lu = unll < CR* [lul| 41

Proof. By testing (8.4) against eg we obtain
lleoll* = —(A®, eo)
(8.7) =Y (V®, Veg)r — > (V®-n, €0 — eb)yr,

TETh TETh

where we have used the fact that e, = 0 on 0. Next, by setting w = ® and v = ¢,

in (6.2) we arrive at

D (VuQn®, Vuer)r = Y (V& Veg)r+ Y (VO -m,e, —eo)yy
(8.8) TET TET TET

+ El(q)a eh) + 62((1)7 eh)‘

Substituting (8.8)) into (8.7) gives
(89) ||€()||2 = (Vweh, vah(b) - fl((b, eh) - fg(‘b, 6h).
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Now using the error equation we have

(vweha Vth(I)) = El (’U/, Qh(b) + 62(ua Qh(I))
(8.10) +5(Qnu, Qn®) — slen, Qn®).
Combining with yields
leoll> =01 (u, Qrn®) + La(u, Qr®) + s(Qnu, Qn®)
—s(en, Qn®) —1(P,ep) — l2(P,ep)

:ZIJ"

Jj=1

(8.11)

where I; are defined accordingly. The rest of the proof shall deal with the terms
Ij(j=1,---,6) one by one.

Step 1: Note that all the interior edges are straight line segments on which @Qp is
the usual L? projection onto Pj_1(e). Thus, we have

(Vu—=QnVu) -n, = Qp®P)ornegy = (Vu-n, & —Qp®)ornso,
which, together with the fact that ® = 0 and Q,® = 0 on the boundary 052, leads to

Z (Vu—QpVu) -n, & — Qp®)or = Z (Vu-n, ® —Qp®)or = 0.

TET TETh

It follows from Cauchy-Schwarz inequality that
(11| =61 (u, Qr®)|

Z (Vu—QnVu) -n, Qo® — Qy®)ar

TET
(8.12) = > {(Vu—QuVu) 0, Qo — D)or
TeTh
<( X Ivu—@uVuldr)” (X 1Qo0 - 3r)”
TeTh TeTh

<CR*ullera]| ]2,

where we have used the trace inequality (7.1)) and the estimates ([7.15]) in the last line.
Step 2: To bound Iy = la(u, @, P), we use the second estimate in (7.4]) to obtain

|62 (u, Qn®)|

Z (u — Qpu, (Vo Qr®) - m),p

TeTh
(8.13) <Ch*? 3" lu = Quullor (IVwQn®|l1 7 + |V Qn®| 1)
T€7-h
<CRFHHful|.{ (Z ||Vth(I’|iT> + (Z ||Vth‘I>||2T> 2
TeTH TeTh
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where we have employed Cauchy-Schwarz inequality and the estimate (7.17)) with
m = k in the last inequality. By assumption, all the interior edges are straight
line segments. Using this and the fact that ®|sq = 0 and QpP|sg = 0 we can
see that the boundary integral on the right-hand side of vanishes, and hence
Vu@Qr® = Q,V. It follows that

(Z |vah<I>||iT>

TeTh

Nl

= (Z IIQhV@IIiT> < O[]z,

TETh

Similarly,

Nl

(Z ||vah<I>|%> = (Z ||@hv<1>||%> < C[|®]2.

TETh TETh
Substituting the above two estimates into (8.13)) yields

(8.14) [£2(u, Qu®)| < CA* [[u ]| @]l

Step 3: As to the third term I3, we use Cauchy-Schwarz inequality, the L2-
boundedness of @, and the estimate ((7.16)) to obtain

|5(Qnu, Qr®)[ < Y hy' [(@uQou — Quu, QuQo® — Q) oy

TETh
3 3
(8.15) _
< D np?1Qou — w3y S 11Qo® — @3,
TeTh TETh

<CR* ! ull ]| @] 2-

Step 4: For the term |I4] = |s(ep, QpP)|, from the estimate (7.19) (with &k = 1 and
w = ®) we obtain

(8.16) [s(en, Qn®)| < Chllen||[®]l2-
As to the term |I5| = |€1(®, ep)|, it follows from ([7.20]) with w = ® and k = 1 that
(8.17) [6(@ en)| < Chllen]l]| @]

Finally, for the term |Is| = |[l2(®P,ep)|, we use the estimate (7.21) with w = ® and
k=1 to get

(8.18) [£2(®, en)| < Chllenl]|®[]2-

Substituting the estimates (8.12]) and (8.14)-(8.18]) into (8.11]) yields

leoll* < C(h** [[ullnss + AllenlD [ 2]l2.

which, combined with the regularity assumption (8.5) and the error estimate (8.1)),
gives the optimal order error estimate . ]
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For any weak finite element function v = {vg, vy} € W), we define the following
semi-norm

1
2
[oplles = (Z thlvb|§T> :

T€7_}L

By combining the L? error estimate with the H' error estimate , one can
derive the following L? error estimate for the WG approximation on the boundary of
each element. Details of the proof are left to interested readers as an exercise.

THEOREM 8.3. Let up, € Wy, be the solution of the weak Galerkin Algorithm
with finite elements of order k > 2. Assume that the exact solution u of —
is sufficiently reqular such that v € H*1(Q). Assume that curved edges in the finite
element partition can only appear on the boundary of the domain. There exists a
constant C' such that

1Quu — uplle, < CR*FHJuls-

9. Numerical Integration on a Curved Polygon. Let T be a curved element.
For simplicity of implementation, assume that the boundary 0T of the curved element
T consists of one curved edge e; and the rest edges e;(i = 2, ..., Ng) being straight
edges. For any given function F(z,y) defined on the curved element T, it follows from
the Taylor expansion that

F(x,y) =F(xrr,yr) + 0. F(zr,yr) - (x — 27) + Oy F'(27,97) - (Y — Y7)

((x —27)0: + (y — yT)ay>kF(xT7 yr)

o —l—O(hk'H),

where (z7,yr) is a given point on the curved element 7. Thus, one arrives at
/ F(x,y)dT = F(xT,yT)/ 1dT
T T

(¢ —x7)dT + Oy F(z7,yr) / (y —yr)dT
T T

E
Jr (@ =210, + (y = yr)dy ) Flor,yr)al
k!
The number of terms you shall expand for the right hand side of (9.1]) depends on the
desired approximation accuracy.
For simplicity, we shall consider the first three terms on the right hand of (9.1])
to calculate the approximation of the integral fT F(x,y)dT with the approximation

error O(h?). As to the first integral [.1dT, there exists a vector-valued function
f1(x,y) such that V - fy(z,y) = 1. Then, it follows from the divergence theorem that

T T aT
Ng
~ [ e mds+ 3 [ fa(ey) s,
€1 =2 7€

+ O(hF ).

(9.2)
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where n; represents the unit outward normal direction to edge e; for: =1,..., Ng.
Similarly, there exist two functions fa(z,y) and f3(z,y) such that V - fa(z,y) =
x—azp and V - f3(x,y) = y — yr. Thus, we arrive at

(9.3) /T(yc —z7)dT :/ fo(z,y) - nids + %E:/ fo(z,y) - nids,
i=2 e

e

(9.4) té@yﬂifZ;&@w%nﬂh+§ilfﬂay%nﬂ&

Recall that the parametric presentation for e; is given by (z,y) = (#(8),¥(3)).
For any given point (z,y) € e;, there exists a vector 8 starting from the given point to
a point in the interior of the element T'. Then one arrives at the unit outward normal
direction to e; given by

() d(olds))

\/( d(wcgédg)) )2+ (d(¢(§g§)) )2

where the coefficient « is set by

o {17 if (d(wcl(gg));_d(¢d(§§))) B <0,

—1, otherwise.

Recall that the mapping F, maps a curved edge e to a straight edge é. Then, for
any vp, wp € Vp(e,k — 1), we have

/vbwbds :/@bwb o Fede
(9.5) z/ﬁbd)b | Je|d§
é

=[%m¢W®P+W%Wﬁ,

which can be computed by using numerical integration with desired precision.
Substituting - into gives rise to an approximation for the integral

[ F(z,y)dT with the approximation error O(h?), which will be further calculated by

and numerical integration with required precision.

10. Numerical Experiments. This section shall illustrate several numerical
experiments to demonstrate the accuracy and efficiency of the curved elements in WG
methods. For simplicity of implementation, we consider two types of WG element.
One is called a curved WG element where one edge is curved and the rest edges
are straight; the other is called a straight WG element where all edges are straight.
The curved WG element with degree k and the discrete weak gradient discretized by
[Pr_1(T))? is denoted by Py(T) — V4(0T,k — 1) — [Px—1(T)]? element. Analogously,
the straight WG element with degree k is denoted by Py (T) — Pr—1(0T) — [Px—1(T)]?
element.
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Test case 1 (curved quadrilateral domain) We consider a curved quadrilat-
eral domain given by

Q={{z,y}: 0<z<1, gi(x) <y < ga(x)},

where g1(z) = 55 sin(mz) and ga2(z) = 1 + 55sin(37z). The exact solution is u =
z(z —1)(y — g1(2))(y — g2(x)) shown in Figure[10.3] (a). The finite element partition
on the curved domain 2 is constructed such that the mesh node (zq, yq) is given by

[20]

_ ('rsays + gl(xs)(l - 22/5)), if Ys < %7
(anyQ) - .
(5,1 —ys + g2(xs)(2ys — 1), otherwise,

where (24, ys) is the mesh point obtained by uniformly dividing the unit square domain
[0,1]? into m x n sub-squares. The numerical tests are implemented on the curved
uniform meshes and the straight uniform meshes respectively. The curved uniform
meshes and straight uniform meshes are obtained by connecting the mesh nodes on the
curved boundary edges y = ¢1(z) and y = go(x) where 0 < 2 < 1 by curved segments
and straight segments, respectively, while the interior mesh nodes are both connected
by straight edges. The first level of straight uniform meshes is shown in Figure [10.]]
(Left). The second level of the straight uniform meshes is refined by connecting the
midpoints of the quadrilateral elements on the first level ending up with dividing each
quadrilateral element on the first level into 4 sub quadrilateral elements as shown in
Figure (Right). Similarly, the first two levels of curved uniform meshes are shown

in Figure

R o
1 —T 1
— BRI - ]
|| . Iy o SR =g g B R
\//_J Iy N
08 08 T
L | [ IRy .

HEERNY
INEEN

11N

| T T

VLT
[EENEN
IHEEEEN

0 02 04 06 08 1 0 04 08 08
Level 1 Level 2

F1G. 10.1. Level 1 (Left) and level 2 (Right) of straight uniform meshes in test case 1.

We have observed from Table that the optimal order of convergence for
the numerical approximation on both the curved uniform meshes and the straight
uniform meshes when the lowest order WG element & = 1 is employed, which is
consist with what the theory predicts; in addition, the convergence order of the WG
numerical approximation in various norms on the curved uniform meshes is better
than that on the straight uniform meshes for the higher order WG elements k = 2
and k = 3 respectively. The WG numerical solution ug on the curved uniform meshes
for k = 1,2, 3 are illustrated in Figure [10.3

Test case 2 (circular domain) Here is the configuration of the test: the exact
solution is u = —(2? + 32 — 1); the domain is an unit circle Q = {{x,y} : 2% +1? < 1};
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F1G. 10.2. Level 1 (Left) and level 2 (Right) of curved uniform meshes in test case 1.
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Fic. 10.3. (a) the exact solution u, (b) WG solution for k =1, (¢) WG solution for k =2, (d)
WG solution for k = 3.

the curved WG element P»(T) — V, (9T, 1) — [P1(T)]? is used; and the curved uniform
meshes on levels 1 & 2 are shown in Figure The exact solution v and WG
solution ug are plotted in Figure[I0.5] As we can see from Table[10.2] the error of the
WG appriximation in various norms on curved uniform meshes achieves an optimal
order of convergence, which consists with our theory.

Test case 3 (circular disk) The configuration of the test is as follows: the
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TABLE 10.1
Test case 1: Numerical errors and corresponding convergence rates.

1/h |lex]| Rate  |leol| Rate  |leslls, Rate  [[Vegl| Rate
Py (T) — V,(9T,0) — [Po(T)]? element on the curved uniform meshes

8 5.08e-02 - 3.06e-03 - 3.25e-03 - 1.85e-02 -

16 2.82e-02 0.85 7.94e-04 1.94 9.15e-04 1.83 5.86e-03  1.66

32 1.47e-02 094 2.02e-04  1.98 2.38e-04 1.94 2.10e-03  1.48

64 7.52e-03 0.97 5.07e-05 1.99 6.02e-05 1.98 8.55e-04 1.30

128 3.79e-03  0.99 1.27e-05  2.00 1.51e-05  2.00 3.85e-04 1.15
Py(T) — Py(0T) — [Po(T)]? element on the straight uniform meshes

8 5.08e-02 - 3.04e-03 - 3.22e-03 - 1.87e-02 -

16 2.85e-02 0.84 8.02e-04 1.92 9.27e-04 1.79 5.99e-03 1.64

32 1.50e-02 0.93 2.05e-04 1.97 2.43e-04 1.93 2.14e-03 1.49

64 7.64e-03 0.97 5.15e-05 1.99 6.17e-05 1.98 8.62e-04 1.31

128 3.86e-03  0.99 1.29¢-05  2.00 1.55e-05 1.99 3.87e-04 1.16
Py(T) — V4, (0T, 1) — [P, (T)]? element on the curved uniform meshes

8 1.24e-02 - 3.43e-04 - 1.01e-03 - 9.41e-03 -

16 3.24e-03 1.94 4.16e-05  3.04 1.43e-04 2.82 2.30e-03 2.04

32 8.37e-04 1.96 5.19e-06  3.00 1.90e-05 2.92 5.75e-04  2.00

64 2.12e-04 1.98 6.51e-07  3.00 2.44e-06  2.96 1.44e-04  2.00

128 5.35e-05 1.99 8.15e-08  3.00 3.08e-07  2.98 3.61e-05 2.00
P5(T) — P1(0T) — [P1(T)]? element on the straight uniform meshes

8 1.22e-02 - 3.73e-04 - 1.04e-03 - 8.88e-03 -

16 3.42e-03 1.83 6.25e-05  2.58 1.66e-04 2.65 2.16e-03  2.04

32 1.10e-03 1.64 1.32e-05 2.24 3.00e-05 2.47 5.38e-04  2.00

64 4.38e-04 1.33 3.13e-06  2.08 6.51e-06 2.21 1.35e-04  2.00

128 2.03e-04 1.11 7.70e-07  2.02 1.56e-06  2.06 3.37e-05  2.00
P3(T) — V,(0T,2) — [P2(T)]? element on the curved uniform meshes

4 1.05e-02 - 7.18e-04 - 3.93e-04 - 1.04e-02 -

8 1.76e-03  2.57 7.19e-05 3.32 5.98e-05 2.71 1.70e-03 2.61

16 2.29e-04 2.94 4.67e-06 3.94 4.38e-06  3.77 2.18e-04  2.96

32 2.93e-05 297 3.02e-07  3.95 2.99e-07  3.87 2.77e-05 2.98

64 3.74e-06 297 2.03e-08 3.89 2.12e-08 3.82 3.49e-06 2.99
P3(T) — P2(0T) — [P2(T)]? element on the straight uniform meshes

4 1.03e-02 - 7.63e-04 - 5.50e-04 - 1.00e-02 -

8 3.12e-03  1.72 1.98e-04 1.95 2.0le-04 1.45 2.67e-03 1.91

16 1.15e-03 1.44 5.05e-05 1.97 5.63e-05 1.83 7.12e-04 191

32 5.17e-04 1.15 1.26e-05 2.01 1.49e-05 1.92 2.0le-04 1.83

64 2.52e-04 1.04 3.11e-06  2.01 3.83e-06 1.96 5.97e-05 1.75

domain is a circular disk defined by Q = {{z,y} : 0.16 < 2% + y? < 1}; the exact
solution is given by u = —(2% + y? — 1)(2? + y*> — 0.16); the curved WG element
Py(T) — Vy(dT, 1) — [P1(T)]? is used; and the curved uniform meshes on levels 1 &
2 are shown in Figure The plots of the exact solution u and WG numerical
approximation ug are demonstrated in Figure [10.7] We have observed from Table
[[0.3] that the error of WG solution in different norms on the curved uniform meshes
achieves an optimal order of convergence. All numerical results are greatly consist

with the theory established in this paper.
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