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ABSTRACT. In this paper, we provide a simple method to generate higher order position solu-
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1. Introduction
The derivative nonlinear Schrodinger equation (DNLS)

ig; — Gue +1(|q)%q)2 = 0. (1)
plays an important role in plasma physics and nonlinear optics. It not only dominates the
evolution of small-amplitude Alfén waves in a low-£ plasma [IH4], but also is used to describe
the behavior of large-amplitude magnetohydrodynamic (MHD) waves in a high-3 plasma [5.[0].
On the other hand, the DNLS equation governs the transmission of sub-picosecond in single
mode optical fibers [7H9)].

For the DNLS equation with vanishing boundary condition (VBC), Kaup and Newell (KN)
[10] first found the one-soliton solution by inverse scattering transformation (IST). On the
basis of bilinear transformation, the first N-solition formula was obtained by Nakamuro and
Chen [II]. Determinant expression of the N-soliton solution can be established via applying
the Darboux transformation [12]. In the case of the non-vanishing boundary condition(NVBC),
Kawata and Inoue developed an IST for the DNLS equation and obtained a breather-type
soliton (paired soliton) [I3]. Wadati et al derived the stationary solution for the DNLS equation
under the plane wave boundary [I4]. Chen and Lam [I5] revised the IST for the DNLS by
introducing an affine parameter, and derived a breather solution, which can be degenerated to
both dark soliton and bright soliton.

Recently, rogue wave, an emerging phenomenon, is passionately discussed. The concept
of rogue wave was first proposed in the studies of deep ocean waves [16,[17], and gradually
extended to other fields such as optics fibre [18-20], Bose-Einstein condensates [21], capillary
phenomena [22], and so on. Rogue wave, “which appears from nowhere and disappears without
a trace (WANDT)” [23], possesses the following two remarkable characteristics: i) locates in
both space and time, ii) exhibits a dominant peak.

The first order rogue wave was found in 1983 by Peregrine [24], which is a solution of the NLS
equation. It is usually called the Peregrine soliton, and has been observed experimentally in
fiber [25], water tank [26] and multi-component plasma [27]. The first order rogue wave solution
of the DNLS equation was first found by Xu and coworkers [2§] by the Darboux transformation
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and certain limit technique. Recently, Guo et al [29] obtained two kinds of generalized Darboux
transformations, and got the formulae of higher order solutions for both the VBC and NVBC.
Moveover, Guo showed two patterns (fundamental and triangular) of the second order rogue
wave from a special seed solution ¢ = exp(—ixz), which are similar to the case of the NLS
equation. Therefore, it is nature to ask whether the rogue wave solution of the DNLS equation
possesses new structures that have not been found in other soliton equations such as the NLS
equation.

The Darboux transformation, generated from the work of Darboux in 1882 for the Sturm-
Liouville equation, has been an important method in generating solutions of integrable systems.
To get the rogue wave solution, we need to iterate Darboux transformation at the same eigen-
value, but it does not work in this case. So we must modify the Darboux transformation to get
the solutions at the same eigenvalue. In this paper, we adopt the Taylor expansion to deal with
this defect, and obtain positon solutions, rational traveling solutions and rogue wave solutions.

The organization of this paper is as follows. In section 2, we provide a new method to
generate solutions at the same eigenvalue base on the method of Darboux transformation and
Taylor expansion, and display the formula of N-th order solution in terms of determinant. As
applications, several explicitly analytic expressions are given, which include positon solutions,
rational traveling solutions and rogue wave solutions. In section 3, we obtain the multi-rogue
wave solutions by altering the mixed coefficients of eigenfunctions, which contain several free
parameters. With the help of those parameters, we consider the dynamics of multi-rogue wave.
Moreover, three kinds of new structures: modified-triangular structure, ring-triangle structure
and multi-ring structure are given. The conclusion is given in the last section.

2. The solutions of the DNLS equation
The Kaup and Newell (KN) system [10]:

{ Ty — irge — (1°¢)z = 0, @

q + lq:c:c - (Tq2):c = 0.

can be represented as the integrability condition of the following Kaup and Newell spectral
system (Lax pair) [L0,130]:

U, = MU = (JX2+QNY,
{ (JA +QN) .

U, = NU = (2JN + VA% + 10 + VI,
with

(1 0 (0 ¢
(30 (M)

— _ _ 0 _iqgc + q2r
%_2629 ‘/2_qu’ ‘/i_(irx+r2q 0 )7
Where A € C, ¥ € C?, ¥ is called the eigenfunction of the spectral problem (3] corresponding
to eigenvalue A\ .

When

r=—q, (4)

the KN system can be reduced to the DNLS equation, asterisk denotes complex conjugation.
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2.1 Determinant expression

The N-th Darboux transformation of the KN system in terms of determinant was obtained
In [28]. And the formulae for N-th order solutions were given as following:

Lemma 1. [28] Let ¥; = ( gl ) (1=1,2,--- n) be distinct solutions related to X\; of the

spectral problem (@), then (¢ ™) given by the following formulae are new solutions of the

KN system (2)).
SR Q10 02 Q910
¢ = Q—;CH-QI 53112’ n] _ Q_gr _ 9 2(;%122‘ (5)
with n = 2k,
MTlg MR N Mgr fi
Q Nlg AT A g Xaga  fo
11 — . . . . .o
A lg, AR f, A, MG fn
At ATTPA AT Mg fi
Q Mfa A2 fy Ab g, Xaga  fo
12 — . . . . )
Ao A2 f0 A7, AGn [
ANTUA NP AT Mfi oo
O — N AP AT Aafa Go
21 — . . . . )
)‘Z_lfn )‘Z_Zgn AZ_an Anfn Gn
Nlgi AP0 ATTCA Mfi
O — Xsgs A5 2gs AT Sy Aaf2 go
2 =1 . ) ) : -
Aign A2g, AR, Mfn Gn

Here Mgy = —X5, | and ¥y = ( Ju )
g2i

It is trivial to check ri2kl = —gl2kI",

i

9311 ) '
f311

2.2 Solutions from vacuum

Let us consider the trivial case. When ¢ = r = 0, the following ¥ is an eigenfunction for A,

@:<§ (6)

By applying the above formulae (), we can get N-soliton solution of the DNLS equation
from vacuum. To get new kinds of solutions, we set the eigenvalues share the same value, i.e.,
iterating the Darboux transformation at the same eigenvalue. However, the formulae (Bl will

be ineffective in this case. Next, we will use the Taylor expansion to generate the Darboux
3
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transformation and get the formula of ¢/ at the same eigenvalue as we have done for the case

of the NLS equation [31].

W(\) corresponding to

At first, we define new functions W[i, j, k| for a general solution W

A as following:

- U[i, j, k]eéE + -

Wi, j,0] + W[i, j, 1]e + W[i, j, 2]€* + - -

N =

1 (NT(\)

K!

with

k
7

O\

Ui, j, k|

In particular

MT(N).

Ui, 7, 0]

— )\1‘1’()\1),

W[1,1,0]

—\i, then the following formula is the n-th(n = 2k)

solution of the DNLS equation generated at the same eigenvalue.

Proposition 1. Let A\ = oy +181, A2

where



Proof. For the entries in the first column of Qy; (5,

A?_lgl = g[lan - 170]7

_192 = g[27n - 170]7

n
2

A
A

_193 :g[lun_ 170] +g[17n_ 171]67

n
3

gl2,n —1,0] + g[2,n — 1, 1]¢,

Ny gs

A gll,n— 1,k — 1)1,

A gl2,n— 1,k — 1)L

gll,n—1,00+g[l,n—1,1]e+ -

n—1
)\n—lgn—l -

_lgn:g[Qvn_170]+g[27n_171]6+

An

O

Taking the similar procedure to the other entries in 1, Q42, and Q. Finally, the ¢ can be

obtained through simple calculation.

=4,

For example, when n

i511512
2
621

2

. 511512
051

§1q+21

52
521

gt

where

SRS SNESNESNESN S T T
o= — oo =" oo = ™
NN NN N NN
=, = e o~ o
oS = - oo =" oo ==
RS ed e < < <t < A A e
o e o~ o —o = e
SRS S S, S S— S S S S

I I I

= o =

5 S S

Substituting the eigenfunction () into the formula (9), we obtain the positon solution

(10)

Ll

(4]

ositon L2 9
1

P

q
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where
Ly =G —iGo,
Ly = — 16ia, By (cos(Fy) + isin(Fy)) (87 + 4iaifrz + 4iad Bz — 32ia; Bt + 16iaf 1t — 48iaj
xﬁ?t) sinh(F) — (1a? + 403 B2z + 3203 Bt 4 483 B3t + 4B7anr — 168%at) cosh(Fl)) ,
Gy =" + B! + 256 ar 2wt — 256 a5yt + 256 0 ° By "t — 256 n By Pt + 512 By 101
+3201°6:°0% + 3201 ° B °2? + 51201051 %17 + 2048 0y * By 117 + 3072 0 ° 5, °1
+ 64 01" By 2 + 2048 0B + (o * — B1*) cosh (2FY) ,
Gy = — 1600?81 e — 384 a By 't + 64 a1 * Bt + 16 a1 81w + (20, B1 + 2 a1 41%) sinh (2F)
+ 64 098, °t,
Fy=day By (4ton® — 4tB° + 2)
Fy =2a:%c + 4ai*t — 24ty 2512 — 2 B2 + 4 B 't
when z — o0, [¢¥]| =0, when = 0, t = 0, |¢/¥|?> = 648?. A simple analysis shows that
it possesses phase shift compared with 2-rd soliton when t — +oo. After taking values as
ar; = 0.5, 51 = 0.5, the evolution of positon solution of the DNLS equation is shown in Fig. [l
Next, if we set a; — 0 in above procedure, we will get the the second order rational traveling

solution. With these parameters, we find that the general solution can be given in the same
form as (I0), but with the values for L; and Ly written by

L, =G, — Gy,

Ly = — 8iB1exp(2if7 (287t — ) (=31 — 1287x — 483]t + 4813 x* + 2304i3%t* — 768i30xt
— 64%2% + 409681%> — 3072312t + 768535 1a?),

Gy =3+ 4096 3, 'tz — 24576 B, "*t?2* + 65536 x5, t* — 768 5,°xt + 96 B, x* — 65536 3, 'Ot
+ 4608 ;%% — 256 (1 %z*,

Gy =576 Bt — 48 B2z + 3072 8, 5ta? — 256 ;%2 + 16384 5,143 — 12288 5,1zt

The dynamics of rational travelling solution of the DNLS equation with 8, = 0.3 are shown
in Fig. @l Actually, it represents the interaction of two rational traveling solitons, and shares
same properties with positon.

2.3. Solutions from periodic solution

Here, we will apply the method discussed above to generate solutions from periodic seed
solution with the same eigenvalue. Moreover, we generate a hierarchy of rogue wave solutions.
We start with a general periodic solution

q=cel @) p—q(—c*+a), a,ceR (11)

Substituting (III) into the spectral problem (3]), we obtain the eigenfunction ¥ = ( g ) cor-

responding to the eigenvalue \ via applying the method of separation of variables and super-
position principle.
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( flx, t,N) \ [ Diwly(z,t,X) + Daw? (2,8, \) + Dywiy (w,t, —=\*) + Dow?," (2,1, —\*)
( ) )

gz, t, A Dywiy(z,t,N) + Dow?y(x,t, N) + Diwiy (x,t, =) + Dow?y" (2,1, —\*)
(12)
where
D=4 13
ot (19
1
( Wl (2,1, 0) ) exp(cy(z + 20%t + (=% + a)t) + 5(1(@:)3 +0t)))
1 - ia — 2i\2 + 2 1 ’
124 A) 0 7 AN H 20 oer (24 202+ bE) — = (i(az + b))
2)Xc 2
1
< W2 (2,8, \) ) exp(—cy(z + 2\%t + (—=c* + a)t) + i(i(az +0t)))
2 | ia—2iN2-2 1 ,
Wis(2, 1, A) la = BN 720 (e + 202+ bE) — S (i(az + b))

2)\c
1 2
1 _ W11(1'>ta )\) 2 _ W11(1'>ta )\)
wimh )= < et y) ) =gy )
o/ —a? =AM — AN —a)
- 5 .

To get the rogue wave solutions, the value of n in formula (B) must be even. When n = 2k,
we obtain the new expression of ¢,

Proposition 2. Assuming A\ = %\/ —c?+2a— %ic, Ay = =L, then ¢ given by following

formula is the k-th rogue wave solution for the DNLS equation.

C1

where
gll,n—1,1] f[1,n—2,1] ¢[l,n—3,1] g[1,1,1] f[1,0,1]
gl2,n—1,1] f[2,n—2,1] ¢[2,n—3,1] g2,1,1] f[2,0,1]
g[l,n—l,?] f[lan_2>2] g[lan_3>2] g[1a1>2] f[1a092]
511— g[2an_1’2] f[Q,?’L—Q,Q] 9[2,71—3,2] g[2a1>2] f[2a092] ,
glln—1k flLn—2.k glln—3.k - g[L1k] f[L,0,K
gl2,n—1,k] f[2,n—2k] g[2,n—3,k g2,1,k] f[2,0,k]
fli,n, 1] f[l,n—2,1] g¢g[l,n—3,1] g[1,1,1] f[1,0,1]
fl2,n,1] f[2,n—2,1] g¢g[2,n—3,1] 92,1,1] f[2,0,1]
fl1,n,2] f[l,n—2,2] g[l,n—3,2] g[1,1,2] f[1,0,2]
5iy = | F12:m,2] f2,m—2,2] g[2,n—3,2] gl2,1.2] f[2,0,2]|
flLn k] flL,n—2,k] g[1,n—3,K] g[L, 1, k] f[1,0,k]
f[2anak f[2>n_2>k] g[2an_ ’k] g[2a1>k] f[2>0ak]




f[l,n—l,l] g[1>n_271] f[1>n_3’1] f[1’1>1] 9[1,0,1]
f2on—1,1 g2n-21 f2,n—3,1] f12.1.1] g[2,0,1]
fllon—1,2] gllin—22 fll,n—3,2] f11.1.2] ¢[1,0,2]
P fl2,n—1,2] ¢g[2,n—2,2] f[2,n—3,2] fl2,1,2] ¢[2,0,2]
f[1>n_1>k] g[l,n—2,k] f[l,n—B,k‘] f[lalak] g[l,O,k:]
f[2>n_1>k] g[Q,?’L—2,k’] f[Q,TL 371{:] f[271ak] 9[2’071{:]

N7hg =g[1,n — 1, 1]e,
Ao tge =g[2,n — 1, 1],
N tgs =g[1,n — 1,1]e + g[1,n — 1,2]¢,
Nitgy =g[2,n — 1,1]e + g[2,n — 1,2]€%,

)‘Z:%gn—l :g[l7n - 17 1]6 + g[l7n - 17 2]62 T g[lu n— 17 k]€k7
N rg =g[2,n — 1, 1]e +g[2,n — 1,2]é* + - - - + g[2,n — 1, k]€".

Taking the similar procedure to the other entries in 41, 49, and ;. Finally, the ¢ can be
obtained through simple calculation. ([

Here we point out that the formula (I4) is different with the result of [29].
Next, we present some special examples, which have different structures.

e The first order rogue wave solution
For n = 2, we get the first order rogue wave solution according the above formulae

E]w _ L;f_/_?zCexpia(:c—ltc%rta)7 (15)
where
L1 =eq +iey, Lo =e3+iey,
e1 = — 8t2c%a® + 12t%c*a® — 8 xcPta® + 8 xc'ta — 2 ax’c® — 6t3cPa — 1,

ey =datc® — 6tct + 222,
es =8t°c?a® + 8 xc’ta® — 12t%c*a® + 2 ax’c® — 8acta + 6t2cPa — 3,

e, =12atc® — 6tc* + 2.

A direct analysis shows when z — oo, t — o0, ¢@ — ¢2, the maximum module
of ‘qu is equal to 9¢? and locates at the origin. A l-rogue wave with particular
parameters is shown in Fig. [3]

e High order rogue wave solutions

Generally, the expression of rogue wave becomes more complicated with increasing
n (an analytic expression of the second rogue wave solution is displayed in appendix
A). Therefore, we use numerical simulations to discuss the high order rogue wave for

convenient. We set a = 1 and ¢ = 1 in the following.
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When n = 4, we can obtain the second order rogue wave solution of the DNLS
equation according to the formula (I4]).
4] LiL,

with

Ly =9+902% — 122" +666¢* + 180t* + 825 + 8% — 5dix + 24ita* — 216 2°t?
— T2xt + 24 2% + 48 23t + 48wt + 288 it?xw + 24 2%t — 24 ity — 24ia°
— 48ix3 — 48it%2® + 1981t + 24it° + 48it3z? + 336 it?,

Ly =45 — 198 22 — 60 2" — 4862 — 60 t* — 481z + 528it> + 72it° — 414 it + 8 2°
+ 85 + 72itat + 144it32% + 24 itz + 48 it%2® — 576 it%x — 288 izt — 90ix
— 504 2% + 504 xt 4+ 24 2't? — 144 23t — 144 at® + 24125 + 24 2%,

Besides, we succeed in reaching the 7-order rogue wave by applying the above formula
(I4). Nevertheless, the analytical expression is too tedious, we omit it here. Their
dynamical evolutions are shown in Fig. @l From the figures, we find that the maximum
height of the k-th order rogue wave is (2k + 1)%. As remarked in [31,[32], there are
@ — 1 local maxima on each side of the x = 0 line for k-order rogue wave of the NLS
equation. However, there are only k small peak on the each side of the ¢ = 0 line in Fig.
[ for k-order rogue wave solution of the DNLS equation. We may make a conjecture
here that the central peak of rogue wave of the DNLS equation contain more energy

than the NLS.

3. The dynamics of rogue wave with parameters

In above section, we assume that D; = 1 and Dy = 1 (I3). Actually, both D; and D, can
be assumed as some new constants on the premise that (I2]) is the eigenfunction of spectral
system (3]). In this section, we set Dy and Dy as following:

D, =exp (—icl(So + S1€+ Soe? 4 Sz + -+ Sk_lek_l)) ,

Dy =exp (101(50 + S1e+ Soe? + Szed + -+ Sk_lek_l)) )
Here Sy, S1,S9,55,--+,Sk—1 € C . Although the terms with nonzero orders of € in eq.(I7)
vanish in the € — 0 limit, their coefficients S;(i = 0,1,2,--- ,k — 1) have a crucial effect on the
structure of higher order rogue wave. Depending on these parameters, we can obtain a variety of

solutions of the same order. Finding these relative positions in terms of S; (i = 0,1,2,--- /k—1)
is the subject of our analysis below.

(17)

3.1. Solutions with one parameter

In this subsection, we will discuss the dynamics of high-order rogue wave in detail. In the
case that only one of the parameters is nonzero, four typical models are obtained: fundamental
pattern, triangular structure, ring structure, and modified-triangular structure. Moreover, the
modified-triangular structure has never been found in other equations.

e Fundamental pattern
For n = 2, the first order rogue wave possesses only one parameter Sy, which is

shown in Fig. We observe that it is a translation of the solution in Fig. [3] relative
9



to the origin. Actually, it can shift the 1-order rogue wave solution to an arbitrary po-
sition on the (x,t)-plane, but it is trivial. So we omit this case for higher order solutions.

e Triangular structure

In this subsection, we set S; = 0 except S;. The resulting wave functions for orders
k = 2,3,4,5,6,7 are shown in Fig. Remarkably, all higher order solutions display
triangular structure. We observe triangle with three peaks in Fig. [l(a)(It has been
obtained in Ref [29].), ten peaks in Fig. [l(b), fifteen peaks in Fig. [6l(c), etc. All peaks
within the triangle are first order rogue waves. So we can conclude that the triangular
structure of an order k rogue wave solution is composed of @ first order rogue waves,
and it can be observed that successive k rows possessing k, £k — 1, k — 2, ---, 1 peaks
respectively. Evidently, the structure of the second order rogue wave is same as the
result of the NLS equation, which is called triplet [33].

Another remarkable feature of these solutions is that, for the triangle of k-order(k > 2)
rogue wave solutions, the outer triangle is composed of 3k — 3 first order rogue waves,
and the inner triangle contains % first order rogue waves which is similar to the
triangular structure of (k—3)-th order rogue wave solution. For example, the 7-th order
rogue wave solution in Fig. [6(f) is composed of 28 first order rogue waves, 18 first order
rogue waves locating on the outer shell, and the inner is similar to the triangle of the
forth order rogue wave containing 10 first order rogue waves.

e Modified-triangular structure

Actually, the inner triangle structure can form a higher order rogue wave inversely

by changing the appearance of (I7)). For instance, when k = 5, if we set

(z,t,\) \ _ [ Diwii(x,t,\) + Diwd (z,t,A) + Dowly (z,t, —=\*) + Dow?y (2, t, —\*)
T\ Diwhy(x,t, A) + D1y (m, 8, A) + Dowdy (2,8, =A%) + Dow?, " (z,t, —A\*) )7

D IGXp(—ic%(SO + S1€ + Soe® + Sz 4 - - + Sk—IEk_l))v
Dy =exp(ic] (S + Sie + S2€® + Sze® + -+ -+ Sp 1€ 7)).

we will get a triangular structure with an second order rogue wave located in the
center. It is remarkable that this structure has never been given before in nonlinear
science, which is called modified-triangular structure. One with special parameter is
shown in Fig. [7

e Ring structure

If we assume S; = 0 except S,_1, we can get ring structures, which are shown in Fig.
Bl They possess 1-order rogue waves and higher order rogue waves. Peaks locating on
the outer shell of the ring are all first order rogue waves, and locating in the center of
the ring are higher order rogue waves. Besides, the number of the first order rogue wave
and the order of the inner higher order rogue wave increase according to the order of
rogue wave. From those figures, we can conclude that there are 2k — 1 first order rogue
waves locating on the outer shell of ring structure of the k-th order rogue wave solution,
and a WANDT of order k — 2 locates in the center of ring. Notably, this structure has

never been displayed for the DNLS equation.
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3.2. Solutions with more than one parameter

Generally, there are k — 1 free parameters for k-order rogue wave solution. As we discussed
in previous subsection, the four basic models are depending on particular parameters. If there
are two or more parameters which are non-zero, new models will be obtained. Moreover, higher
order WANDT locating in the center of ring structure can be split into lower order waves.

e Ring-triangle

When k£ = 4 with parameter S3 # 0, we have gotten a ring structure with 7 1-order
rogue wave solution located on the outer shell, and a 2-order rogue wave locating in the
center in above section. Further more, if the parameter S; is also non-zero, the central
higher order peak is split into a triangular structure and the outer shell remains the
same. When k = 5,6, 7, the similar structure is also displayed. These phenomenons are
displayed in Fig. [0 Therefore, we are able to conclude that the central higher order
rogue wave will be split into a triangular structure if S,_; > 0 and S} # 0 for k-order
WANDT.

e Multi-ring

Similarly, the central higher order WANDT in ring structure can also be split into
ring structure. For instance, when k = 5, we have observe a ring structure in Fig. B(b).
In this case, if we set Sy # 0, the inner 3-order rogue wave can be split into a ring
model. Its dynamics are shown in Fig. [0l When k = 6, if we assume S5 = 1 x 108
and S, = 1 x 10%, the inner higher order rogue wave is split into a ring structure with
a second order rogue wave locating in the center. Its evolution is shown in Fig. [IIl
Indeed, we can continuing decomposing the inner structure with the help of another
parameters. A new multi-ring model of the six order is displayed in FiglI2l From these
figures, we find that both the outer shell and the middle shell are circular, and the inner
shell is triangular (or circular). Naturally, the 7-order rogue wave solution possesses the
same character except for the difference that the central peak can be split into both a
triangle model and a ring pattern. They are shown in Fig. [[3 and Fig. [14

4. Conclusions

In this paper, we generate the formulae of higher order positon solution in proposition 1 and
higher order rogue wave solution in proposition 2 for the DNLS equation at the same eigenvalue
with the method of Taylor expansion and limit technique. By applying these formulae, we get
positon solutions, rational traveling solutions and rogue wave solutions. These formulae are
given in terms of determinants explicitly. Remarkably, the formula for rogue wave solutions is
really effective in achieving the analytic expression and computer simulation of k-order rogue
wave. Further more, we give rise to solutions with different structures are obtained by adjust-
ing the free parameters D; and Ds in our formula. With the help of these parameters, we
study the dynamics of higher order rogue wave solutions. Overall, there are four basic mod-
els for higher order rogue wave. By choosing proper parameters, combination structures can
be obtained. For example, fundamental pattern, triangular structure, ring structure,modified-
triangular structure, ring-triangle structure, and multi-ring structure. The last three models

have never been given before.
11



In the last part of this paper, we make a classification of higher order rogue wave of the DNLS
equation. We found out that some basis structures (fundamental pattern, triangular structure,
ring structure) also appear in other equations such as NLS. But the modified-triangular struc-
ture is unique to the DNLS equation.

Our results give an essential understanding of the relation of shift parameters with relative
positions, which will be useful in other integrable equations such as Hirota equation, Gerdjikov-
Ivanov equation, the Davey-Stewartson equation, and so on.
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APPENDIX A. THE EXPRESSION OF THE SECOND ORDER ROGUE WAVE SOLUTION

Here we present the expression of the second order rogue wave solution

G2, = —%exp(i (ax + (—02 + a) at)), (18)
1
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where

L, =eq + ieg, Lo = e3 + iey,

e1 = — 9+ 72actxt — 216 a>Pat — 108 ac*t? — 18 ac®t? + 216 Sat — 54 ac?x® — 216 a3>2t?
+ 1088 a’c'?2°t* — 1536 a®cwt® + 6528 a®cPt! — 3264 a’ " x*t® — 1920 a” P2t
+ 3456 a®cPat® — 456 aPcP 2t + 648 actttt — 1280 a%cPaPt? + 912 a’ Batt? — 2268 a? Mt
— 480 a’cPa*t? + 4272 P!t + 96 aP P2t — 1296 ac'at® — 4368 a*cPtt — 96 a*Cat
+ 3456 a®c'0xt® + 1728 a®cStt — 4320 a®cPat® — 8 aBcPx® + 864 ac'®2*t? — 216 a3c'3t°
+ 1296 ac'%% — 3456 a°c'*t® + 864 a®c'Owt® + 5184 a®c*t® — 4320 a’cMat® — 4608 a"c't°
+ 9216 a’cat® — 1368 a’c" 2! + 2304 a®c*t° — 10368 a®c'Vxt® + 5472 a’cP2’t! — 512.a”c5¢°
+ 6144 a"at® — 8736 a°c'02*t* — 96 a’c*a’t + 24 ac®z" — 12a°c'at — 36 2 — 324 Pt
— 192 aSc*t? + 2496 a*Pat® — 1656 a®cP2?t? — 384 a’c*at® + 1296 a®cPa?t? — 240 ac®x>t
— 288 a*c*a*t? + 288 a*cPat,

es =6 (92 + 12 c*2?ta — 24 *at?a® + 48 wt*cPa® + 24 2*ta’c® — 180 *t?xa + 1776 Pa*t*s
— 360 c'a’t’z* — 51tc® + 18ta+ 4 c'a’z’® + 108 Ptz — 1008 ¢a't® — 240 Pt?a®—
108 cMa®t® — 576 5aSt® — 64 c*t3a® + 128 c*a™t® + 1056 a’t + 32t3c%a* + 324 Pt
— 36 Sta? 4 504 2t + 40 aPtat + 324 ¢P2a*tie — 1200 ¢ %aPt e — 336 Cat?a®
+ 160 c*a*t?s® — 44 BaPta® + 4 cta® — 108 ¢! — 960 Pa'tPx? + 184 Fat?a?
+ 320 c'a’t?x® + 42°ca — 1216 a’ttx + 320 'alt'r + 992 Ba’tPx?),

es =(es — e1)c,

e, =6 03(—15 x + 108 c*x?ta + 456 *xt?a® — 336 xt2ca® — 120 2%ta*c? — 324 St2za + 2928 Battix
— 360 %322 4+ 21tc? — 90ta + 4 *a®x® + 108 St2x — 1584 ¢'Vat® — 384 5t3a? — 108 ¢!at
— 1344 Fa’t® + 544 ¢'Pa® + 384 ¢*a"t? + 2016 Pa’t® — 288 t*cPa’ + 324 tPa — 36 Cta®
+ 648 26315 + 56 ctaPtat + 324 2ot s — 1584 ¢!Vt s — 464 Cat?a® + 288 ctattia?
— 44 Sa’tat + 4 cta® — 108 0P — 1664 CattPx? + 184 Ba’t a® + 704 P tPa? — 1223
— 2496 a’t*x + 832 c*aSttx 4 1344 BatPa?),

e5 =36 + 288 ac'zt — 576 a*c*xt + 288 a’c't? + 432 ac®t® + 864 Sut — 144 acx® — 576 a3At?
+ 1296 a*c'?t* — 4032 P!t + 4032 a* Bt — 1728 a*cxt® — 768 a°cStt + 3072 aPcPut?
— 384 a’ctr’t — 48 a*c'xt — 144 ¢'2® — 1296 3* — 768 a®c't! + 288 a*Pr*t? — 1536 a’c 't
+ 576 a®c®x?t? — 1152 a’*c*a?t? 4+ 192 a®Pa3t.

With the help the formula (I4]), we can also obtain the expression of k-th (k=3,4,5,6,7) order
rogue wave. Since they are too complicated to write down, we omit them.
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F1curE 1. (Color online) The dynamics of positon solution on the (x, t) plane
with o] = 05, /81 = 0.5.

F1GURE 2. (Color online) The dynamics of 2-rd rational traveling solution on
the (x, t) plane with 5; = 0.3.

FIGURE 3. 1-rogue wave solution with a =1, ¢ = 1.
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(d) 5-rogue wave (e) 6-rogue wave (f) 7-rogue wave

FIGURE 4. (Color online)The dynamics of higher order rogue wave solution.
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(©) (d)

FIGURE 5. (Color online)Various form of 1-order rogue wave solution with par-
ticular parameter Sy. (a) The first order rogue wave with Sy = 5, the maximum
amplitude occurs at * = 0 and ¢t = —5. (b) The first order rogue wave with
So = —5, the maximum amplitude occurs at t =0 and t =5
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(a) 2-order rogue wave (b) 3-order rogue wave (¢) 4-order rogue wave
with S; = 500 with S; = 500 with S; = 500

(d) 5-order rogue wave (e) 6-order rogue wave (f) 7-order rogue wave
with S1 = 500 with S1 = 500 with 51 = 250

FIGURE 6. The triangular structures of higher order rogue waves.

FIGURE 7. (Color online)The modified-triangular structure of 5-order rogue wave
with a second order rogue wave located in the center. (a) An overall profile of
5-order rogue wave with S; = 100. (b) The centra profile of the right panel.

18



(a) 4-order rogue wave (b) 5-order rogue wave
with S5 = 10000 with S4 = 500000

(c) 6-order rogue wave (d) 7-order rogue wave
with S5 =1 x 108 with Sg =1 x 1019

FIGURE 8. (Color online) The ring structures of higher order rogue wave solu-
tions with Sy_; # 0.
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(a) 4-order rogue wave (b) 5-order rogue wave
with S; = 300 and S3 = with S; = 200 and S4 =
1 x 107 1x10°

(c) 6-order rogue wave (d) 7-order rogue wave
with S; = 500 and S5 = with S; = 300 and Sg =
3% 10 5 x 1010

FIGURE 9. (Color online) A triangular pattern in a ring for higher order rogue
wave with Sy_; # 0 and S; # 0.

F1GURE 10. (Color online) (a) The multi-ring model of 5-order rogue wave so-
lution with Sy = 5000 and Sy = 1 x 108. (b) The local central profile.
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(a) The entire part (b) The inner part

F1cure 11. (Color online)The multi-ring-1 structure of 6-order rogue wave .

(a) The entire part (b) The inner part

F1GURE 12. (Color online)The multi-ring-2 structure of the 6-order rogue wave.
Both the outer shell and the middle shell are circular, and the inner shell is
triangular(or circular).

(a) The entire part (b) The inner part

Ficure 13. (Color online) The multi-ring-1 structure of 7-order rogue wave
with S, = 1000, S; = 1 x 107and Sz = 5 x 10'!. All the three shell are circular.
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(a) The entire part (b) The inner part
F1cure 14. (Color online) The multi-ring-2 structure of 7-order rogue wave

with S; = 100, S, = 1 x 107and Sg = 5 x 10''. Both the outer shell and the
middle shell are circular, and the inner shell is triangular.
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