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Abstract

A goal of many inverse problems is to find unknown parameter values, A € A, so that
the given observed data uirue agrees well with thesselution data produced using these
parameters u). Unfortunately finding u) in terms“of the parameters of the problem
may be a difficult or even impossible task. Further, the objective function may be a
complicated function of the parameters A\ €3\ and may require complex minimization
techniques. In recent literature, the collage coding approach to solving inverse problems
has emerged. This approach”avoids the aforementioned difficulties by bounding the
approximation error abové by a, more readily minimizable distance, thus making the
approximation error small.yThe first of these methods was applied to first-order ordinary
differential equations and gets its name from the “collage theorem” used in this setting to
achieve an uppérbound on the approximation error. A number of related ODE problems
have been solved using this method and extensions thereof. More recently, collage-based
methods for selving linear and nonlinear elliptic partial differential equations have been
developed. In this paper we establish a collage-based method for solving inverse problems
for nonlinear hyperbolic PDEs. We develop the necessary background material, discuss
the ‘€eomplications introduced by the presence of time-dependence, establish sufficient
conditions for using the collage-based approach in this setting and present examples of
the theory in practice.

Keywords: inverse problems, parameter estimation, partial differential equations,

nonlinear, hyperbolic, optimization



1. Introduction

A goal of many inverse problems is to find parameters A in some parameter space
A determining a solution uy so that the distance between this solution and somettarget
solution u is minimal. That is, finding parameters that minimize the approximation
error ||u — uy|| in some appropriate norm. Since this is, in general, a.difficult,task, a
collage-based approach instead bounds the approximation error above by:a more readily
minimizable quantity. In minimizing this new quantity, one can c¢ontrol the approxima-
tion error. This is similar to Tikhonov regularization in spirit,/where an ill-posed problem
is replaced by a well-posed problem. In order to expect any success-in this effort, we must
first require the existence of a unique solution to the forward problem. In the setting
of ODEs a collage-based method was establishediin={9]-for which Banach’s fixed point
theorem was the driving force. A number of \ODE moedels have been treated using this
method including [2, 5, 8, 12]. In the setting\of elliptic PDEs, collage-based methods
have been established for both linear and nemlinear second-order problems in [6, 10].
In these cases the driving force for existence and uniqueness (as well as corresponding
generalized collage theorems)ds the (nonlinear) Lax-Milgram representation theorem. A
similar method for linear parabolic/and hyperbolic problems is suggested in [7].

In this paper, we/extend these methods to include inverse problems for a general
class of second-order nonlinear hyperbolic PDEs. We extend the idea of linear Galerkin
approximation‘theory to the nonlinear setting in order to establish existence and unique-
ness of a aveakrsolution to the forward problem. Following the lead of the nonlinear
generalized collage method for elliptic problems, we use the hypotheses of the nonlinear
Lax-Milgram representation theorem even though it does not directly apply in the time
dependent setting.

The structure of this paper is as follows. In Section 2, we discuss some background

theory, notation and preliminaries. In Section 3, we present the weak formulation for a

*Corresponding author
Email addresses: klevere@uoguelph.ca (K.M. Levere), hkunze@uoguelph.ca (H. Kunze),
davide.latorre@unimi.it (D. La Torre)

Preprint submitted to Elsevier May 21, 2015



general second-order nonlinear hyperbolic problem that will be the focus of consideration
for the remainder of this paper. In Section 4, we use nonlinear Galerkin approximation
theory to prove existence and uniqueness of a weak solution to the forward problem.
In Section 5, we state and prove the nonlinear hyperbolic generalized collage theorem
(NHGCT) and state sufficient conditions for its use. Finally, in Section 6, we pfesent

some examples of this theory in practice and provide results of numerical implementation.

2. Background

In what follows we define € to be an open, bounded subset of R, with Qp= Q% (0,T]
where T is the maximum value of time. We define X to be anrarbitrary/function space,
WkP(Q) to be a Sobolev space with up to k weak spatialdderivatives each in the space
LP(Q), and H*(Q) to be a Hilbert space with up to., weak\spatial derivatives. It is
understood that all derivatives are intended in the weak sense. We use a prime notation,
" to denote a weak time derivative. Of particularimportance in this work will be the
space W(f P(Q) which denotes the set of functionissin the space W*P(Q)) that approach
zero on Of).

As a result of the presence of time-dependence, it will be necessary within some of
our constructions to make use ofsthe following definition.

Definition 1. We define functions of  and t as mappings (from the time domain [0,T)
to the space domain X ) of functions of x. That is,

a(t) =lu(@)](t) = u(z,t), for xe Q,te|0,T)].

We apply Définition 1 to all functions of « and ¢. The following theorems will be of
use when proving and justifying our results.

Definition 2. Given two metric spaces (X,dx) and (Y,dy), a function f: X =Y is
said to be Lipschitz continuous if there exists a real constant K > 0 such that, for all
TP € X,

dy (f(z1), f(22)) < Kdx (z1,22).
Theseconstant K is called the Lipschitz constant.
Theorem 1. (Riesz representation theorem [15]) Let H be a Hilbert space and
¢ : H — R be a bounded linear functional. Then there is a unique uw € H such that

o0

‘P(U> = <uaU>H = Z<u¢,vi>H, Yv e H.

=1
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Theorem 2. (Nonlinear Laz-Milgram representation theorem [15]) Assume
B: Hx H — R is a function such that for each uw € H the functional v — Blv,u] is
continuous and linear on H, and m, M > 0 exist such that Yu,v,w € H

(i) mfu—ollf < Blu,u—v] = Blv,u—v];
(i) [Blu, w] = Blo,w]| < M|lu—v|[z|w]-

Finally, let ¥ : H — R be a bounded linear functional on H. Then there exists asunique
u € H such that
Blu,v] = ¢(v) Vv € H.

3. Weak formulation

A common method for solving PDEs, particularly those,with, complicated nonlin-
earities and time-dependence, is to build the related weak formulation and seek weak

solutions. We consider the following types of nonlinear hyperbolic PDEs

wn(@,t) + Llust] — g(u) = f(@) in Qr, (1)
w=0'on O x [0,T), 2)

u =\hivort Q x {t = 0}, (3)

up=hy on Q x {t =0}, (4)

where g : H — H is a nonlingarifunction of u, f : R™ x [0,T) — R is a source or sink term
at each x € R™ and t € [0, ), and’L is the second-order partial differential operator with

dependence on t givén.in divergence form by

n n

Tlu;t) = — Z (aij(x, )z, )z; + Z(bi(sc, g, + c(x, t)u). (5)

i,j=1 i=1
We assume that the n x n matrix A = (a;;) is symmetric so that a;; = a;; for each
i,7,=01,...,m. We also assume that A is positive definite for each (z,t) € Qp. The

following definition gives a characterization of the operator L.

2

0
Definition 3. We say that the partial differential operator 22 + L is (uniformly) hy-

perbolic if there exists a constant 8 > 0 such that
n
> aij(a )6 > 0)€ll3
ij=1

for (z,t) € Qr and all £ € R™.



In our construction, we will assume that our operator L is uniformly hyperbolic which
implies that for fixed 0 < ¢ < T and for each x € Q) the matrix A is positive definite with
smallest eigenvalue A greater or equal to 6.

Without loss of generality we apply the homogeneous Dirichlet boundary conditien
(2) recognizing that other types of boundary conditions can be accommodated with(small
adjustments to the construction that follows.

To construct the weak formulation associated with (1)—(4) we assume thag

1. a;j, by, c € L>®(Qp) for each 4,5 = 1,2..., n;

2. f,g € L*(Qr); and

3. h1,he € L?(9).
We fix 0 € C2°(2), take the inner product of (1) with v,%and integrate over Q (applying
Green’s formula where applicable) to get

o' vdx + / T, Vg, dm—/ Uy, 0N ds (6)
/| [ 3 it Bl 7> i,

4,J=1 i,j=1

+ / > (bt \cu) b da — / g()v dx = / foda
Qi Q Q
The following result enables Ais to)state the above construction in a Sobolev space
Wkp(0,T; X).
Theorem 3. (Global apprezimation by smooth functions [3]) Let Q be a bounded domain,
0Q be C1, and suppose @ € Wg’p(ﬂ) for some 1 < p < oo and a.e. 0 <t <T and all
k> 1. Then for.aze. 0 <t. < T there exists a sequence of functions {a™}50_; € C°(Q)
such that {a™¥S2_,) converges (strongly) to 4 € Wéc’p(ﬂ), where Q0 denotes the closure of
the space
Using Theorem 3 we have that (6) holds for all 4,9 € Hi(Q) and a.e. 0 <t < T. Now
since Be HJ(Q) for a.e. 0 <t < T we have
/ Z aijﬁmf}ﬁj ds = 0.
92 j=1
Taking the resulting left- and right-hand sides of (6) we arrive at the time-dependent

functional B given by

Bla, ;1] = 7/9 > aijﬂmif)ijr(biﬁmm+cﬂ)ﬁdm+/ﬂg(ﬂ)f)dm (7)
i,j=1
6



and the time-dependent linear functional ¢ given by

(i) = /Q Fidz = (.5 1200, (8)

for @, v € H& (Q) and a.e, 0 <t <T. We remind the reader that the operator L used to
construct the functional B is assumed to be uniformly hyperbolic in all cases.

With this development we reach the important definition of the weak solution to the
time-dependent problem (1)—(4).
Definition 4. The problem:

Seek 1 € L2(0,T; HL(Q)),

with @' € L*(0,T; L*(Q)) and @’ € L*(0,T; H1(2)) such that

(i) (@",0) 20y = Bla, 0;t] + ¥(0;t),V0 € Hy(Q) and a.e"0 <67 (9)
(ii) @(0) = hy; and

(i) @ (0) = ha,

is called the weak (or variational) formulation assoéiatedywith the problem (1)-(4). A
function @ satisfying (9) is called a weak solution.of (1)<(4).

We are concerned with the existence of ayunique weak solution of problem (1)—(4).
The next section discusses the particulars of existence and uniqueness of weak solutions

to second-order nonlinear hyperbolicsproblems:

4. Galerkin approximation-theory

Before attempting to/Solye am.inverse problem it is important to determine if the
forward problem has/a“solution and if it is unique. The following is an extension of
Galerkin approximationitheory from weak solutions of linear hyperbolic PDEs (presented
in [3]) to nonlinear hyperbolic PDEs. We make use of the background material in Section
2 and adopt the assumptions presented in Section 3. We begin by letting w” = w”(x)

for r =1,2,...'bé smooth functions such that
{w"}?2 | is an orthogonal basis of H}(£2),

and

{w"}°2, is an orthonormal basis of L*(Q).

We build a sequence of functions @™ : [0,T] — H§ () taking the form

m

an(t) =y d""(tw'(a), (10)

r=1



where the functions d™™(t) (for r = 1,...,m and a.e. 0 < t < T) are to be chosen (if

possible) to satisfy

(@ + [ Mo do = [ o de= (), (1)
d""™(0) = (B!, w") 12 (q), (12)
(@) (0) = (2. ) (13)

We refer to equations (11)—(13) as the projection of the problem (1)—(4).onto the finite-
dimensional subspace spanned by {w”}" ;. We seek a function @™ of the form»(10) that
satisfies this projected problem. The following theorem gives conditions,under which a
unique solution to the projected problem (11)—(13) exists.

Theorem 4. Let g : H}(Q) — R™ be locally Lipshitz in. .. _Then for each integer
m =1,2,... there exists a unique function @™ of the form (10) satisfying (11)—-(13).

Proof. Beginning with (10), differentiate with respect™to ¢ twice, multiply by w® and
integrate over ) to get

/(ﬂm)//ws dr = / Z(dr,m)//w'rws dp— Z(dr,m)/// ww® de.
Q Q=1 r=1 Q2
Since {w"}™ , is an orthonormal basis for.L?(Q2) we have that
(@) w2y = (d™™)". (14)
Furthermore, note that
m
/ Lia™; tlw" de= Z esrdsm, where  e*" = / Lw*; tjw" de. (15)
Q i Q
Substituting (14)—(15) into (11) and rearranging gives
m ~
(@™ (t) = — Z es"d®" + / g(@™)w" de+ (f,w")2(q) (16)
s=1 Q

for fixedm = 1,2, ...,and r = 1,...,m. We see that (16) is a second-order system of ODEs.
Evaluating (10) at ¢ = 0 and using orthogonality, we arrive at the initial conditions

d""™(0) = (', w") 12 (q) (17)

for each r = 1,...,m. Similarly, differentiating (10) with respect to t, evaluating at ¢t = 0
and using orthogonality, we arrive at the initial conditions

(dm™)'(0) = <h2awr>L2(Q)~
8



From existence and uniqueness theory for ODEs; (16)—(17) has a unique solution provided
that the right-hand side of (16) is Lipschitz continuous in d™™ for each fixed m = 1,2, ...
and r = 1,...,m. Since by hypothesis, g is locally Lipschitz in ™ it follows that g is
locally Lipschitz in d™™ and hence there exists a unique d™™(t) satisfying (16)—(17).
Thus, we can define a unique solution @™ (¢t) (for fixed m) to the projected problem
(11)—(13). O

For fixed m we have established the existence and uniqueness of a solutien to the
projected problem (11)—(13). It is our hope that by letting m — oo that thissequence of
solutions {@™}>°_, approaches a weak solution to our original problem” (1)—(4).Before
we can establish this we first need a couple of results. The first of these'results establishes

two useful bounds on the functional B.
Theorem 5. Let B : H}(Q) x H}(Q) x R — R be a functional*given by
Bla,o;t] = _/ > aijﬁzif)zj—i—(biﬂmi+cﬁ)17dx+/g(ﬁ)@dx
Q50 ' Q
= /(L[ﬂ;t]f) — g(u)?) dx
such that for each v € H}(Q) the functional w — Blw,v;t] is bounded and linear on
HX (). Let 0 be the uniform hyperbolicity comstant of the operator L, 3 be Poincaré’s

constant and define b = Z 163 0w (2) - N
i=1

1. g is Lipschitz in L*();
2. 3Cy > 0 such that [[gflr>(@) < Cyllill12(q); and
3. 60— Bb>0,
then there exist eonstants ¢, > 0 and v > 0 such that
() [Bla, s8] <IKCllall g o) 10l a0
(i) (ol < Bl 1) + A1l 22 0,

forae 0<t<T.

The next result is essential for the proof of existence and uniqueness of a weak solution

to (1)-(4).



Theorem 6. Let B : H}(Q) x H}(Q) x R — R be a functional given by

/ Z iz, Uz, + (bitle, +cu)vdx+/ g(u)v dx

1,5=1 Q

Bla, 0;t]

- / (L[ )5 — g(0)7) dx

such that for each v € HE(Q) the functional w — Blw,v;t] is continuous and dinear on
HY(Q). Then there exists a constant C, depending only on 0, T and the coefficients in
the operator L, such that

s (187 oy + 1™ o)) + 1™ lron—con

< C (||fHL2(0,T;L2(Q)) + thlle(Q) + ||h2HL2(Q) + H9||L2(0,T;L2(Q))) .

The proofs of Theorems 5 and 6 are standard in Galerkin approximation theory literature
and thus are omitted here. For a detailed treatment of‘these proofs, please see [11]. We
are now ready to state and prove a result for the existence and uniqueness of a weak
solution to (1)—(4).

Theorem 7. Let B : Hi (Q) x H}(Q) xR — R ‘be.a'function such that for each v € H} ()
the functional w v+ Blw,v;t] is continuous. and, linear on HE(QY). If g is Lipschitz then
there exists a unique weak solution to_(1)3(4)

Proof. For existence: From Theorem 6'we have that
{@™}2°_, is'bounded in L*(0,T; Hy(2))
{(a™Y 159, is bounded in L?(0,T; L*(Q))
{(@™Y4322_, Jis bounded in L?(0,T; H™*(Q)).

Since we have weak  compactness, there must exist convergent subsequences

{am gz,  {a@™5o, ™)1, < {(@") 5=, and {(@™)"}2, C {(@™)"} R
such that

™ — 4 weakly in Hg(£2)

(am=) —a/ Weakly in L2(Q) (18)
(@™=)" — 4" weakly in H=1(Q).
H

FixaR € N and choose @ € C([0,T]; Hi()) such that

R
i) = 3 d R () (@), (19)
r=1

where {d"T}2 | are arbltrary smooth functions. We choose m > R, multiply (11) by
d™f(t), and sum over r = 1, ..., R to get

R R B R
<(’L~Lm)//,Zdr’RwT> o ’LNLm,ZdT7RwT;t‘| _ <f,ZdT7R’LUT> )
r=1 L2() r=1 r=1 L2(Q)

10




Applying (19) and the Riesz representation theorem we have that, for
o€ L*0,T; H} () ~
(@™)",0) = Bla™, 0;t] = (f,0) 120

Now integrate from ¢ = 0 to ¢ =T and set m = mg to get

[y - m iy a= [ o a (20)

Taking the limit as s — oo and using (18) we have

T T
| @0~ Blagt) de= [ (70)100m . 1)
0 0
for ¥ € L2(0,T; H}(Q)) (since functions of the form (19) are dense in thisspace). Hence,

(ﬂﬂv ’U) - B[ﬂ7 v; t] = <f~a U>L2(Q)7
for all v € H}(Q) and a.e. 0 < ¢t < T. Before continuing.we néed the following Lemma.

Lemma 1. Suppose @ € L?(0,T; H:(Q)), with @' € L*0, PyH~1(2)). Then
a e C([0,T]; L (<))

(after possibly being redefined on a set of aneasure zero).

For a proof of Lemma 1 see Theorem 2 in section 5.9.2 of [3]. Continuing, since L?(Q2) C
H~1(Q) we have that

@€ L*0,T; H(Q)) and @' € L?(0,T; HSXQ)) so that Lemma 1 implies that

@€ C([0,T); L?(Q2)). To show,that the initial conditions, %(0) = h; and

@ (0) = hg hold, choose any function @ € C([0,T]; H} (R2)) such that o(T) = /(T) = 0.
Integrating the first term/in (21) by parts twice we have that

T
| (@ - Blng )=~ (@(0),70) 1200
0
T
+ (@(0),9(0)) L2(0) + / (f,0) 2o dt (22)
Looking back at/(20) and integrating the first term by parts twice gives
7
/ ((@";@m) — Bla™,v;t]) dt = — (@"=(0),9"(0))12(0)
0

O8Oy + [ (F5)e

Letting s — oo and since @™ (0) — h; in L%(Q) and (@)’ (0) — hs in L?(2) we deduce
that

T T
/0 ((0",u) — Blu, v;t]) dt = *<h17ﬁ/(0)>L2(9)+<h27’5(0)>L2(Q)+/0 (f,0)r2()dt. (23)
11



Since 9(0) and 9'(0) are arbitrary, comparing (22) and (23) we have that @(0) = hy and
'(0) = ho.

For uniqueness: Suppose that there are two weak solutions to (1)-(4), @' and @2, and
define % = @' — 2. Then @ satisfies

()
=

dre(@,t) + Lla; t] = (9(a') — g(a*)) = 0 in Qg
@ =0on 00 x [0,T]

2=0o0n Qx {t=0}

iy =0 on Q x {t =0}.

[\~
(=)

— o~
[\ DO
~ (@4
—_ =

Fix 0 <t < T and set

u(r)dr, if0 <t <s
o=l [

0, ifs<t<T.

Then ¥(t) € H(Q) for each 0 <t < T, and so

/Os <(ﬂ”,f)) +/9L[ﬂ;t}fzda:— /Q(g(ﬂl) g(ﬂz))f/dm) dh— 0.

Since @' (0) = 0(s) = 0, we obtain after integrating by parts in the first term above

/OS <_<'EL/,/I~)/>L2(Q) —I—/QL[ﬂ;t}ﬁd:c— /Q(g(al) —g(ﬁQ))ﬁdw) gt — 0.

Now ¢/ = —a for 0 <t < s, and so

/ <<a',a>L2(Q) —/L[f/;t]f)da:—/(g(ﬂl)—g(ﬁz))f)dm) dt = 0. (28)
0 «Q Q
Next we note that

(W, )20y = 5%”12”%2(9)

and we derive.that

N - ;
4 | Gulianaz= ~ 3 Z Jo: (@), + 205 (') (0) | do
- (zb e >b<>) o
=1
- 2 +2cvv)dw.
2 Q
Defining

1 n
Plo, ;1] = 5/Q Sy (8)ar (D), + V(D)0 + 52 | da,



and using the definition of the operator L[-;-] from our PDE gives

-3 | G@mande=— [ Litide ~ Pl

Using the product rule we have that

/wawm_ /Zb 0 de+ - /va v Ao+ = /Z )or, 00 da,
oQ

Q51

where 7; is the j*" component of 7, the unit outward normal to/0€2. Since § € H} ()
for a.e. 0 <t < T, the boundary integral equals zero. Rearranging gives

LR Y IS dde VS o s
2/52;@11(1) )z, dx = 2/9;b1(v)mv dx 2/{);(@)%1}@ d.

Using this information in (29) we have

%/Q%(L[@;t]ﬁ) dx = f/QL[v t]o dx — P[D, 03t / (Z% (bi)a Aﬁ’)ﬁ) d.

Now since ¥/ = —u we have
_1/ (i(L[f);t]fD)dm: /QL[’U tlo de — Plv, ;] + /(Z% (0)a, @+ (b)), (0 ))dm
Defining
Qg ¥ [ (Z 25 (D).t + (b, <u>v> iz,
gives
—1/ i(L[v tjo)de = —/QL[TJ’;t]f;da:—P[f;,f;;t]+Q[ﬂ,@;t]
_/_ / o tods = —1/Z(L[ﬁ;t]ﬁ)dw—kP[ﬁ,ﬁ;t]—Q[a,f;;t].

Substituting this information in (28) and rearranging gives

1/S<d ~2 / v v ))
— — ( [|a]|52 - L{v;tlvdx dt
5 | (g (il = [ 2l

Sm}-ffw- ) i) — g(i?)) 0 dx
/0@[, 1] - Pl ,t1>dt+/0 /Q<g< )~ g(a))a dadt,

13



for all 4,o € Hg(£2). Now since 4(0) = 9(s) = 0 we have

130 + 5 [ LE0)005(0) da

— S5} ey + 5 BI0), 50): 1

Recall that Theorem 5 tells us that
plll i ) < Blas @8] + 4117 q),

for constants p,y and a.e. 0 <t < T under the hypotheses. This fact allows us to bound
the second term on the left-hand side below:

1. 1 . 1 ..
§||U(5)||2L2(Q) + 5#“”(0)”%13(9 —*’Y”U(O)H%z(ﬂ)

< /OS(Q[ﬂ,f;;t] Plv, ;1)) dtJr// @?))o dedt

S
= ()32 + 190) 3y < 0( / (Qit, o9 — Plo, 5:1)) dt (30)
° = ~2\Y ~ Lo 2
R Q(g(u ) —g(@))vdedt + Sy[0(0)]L2(g) )
1
where C := 5 min{y,1}. Beunding the operator P above using Poincaré’s inequality
gives

Po,oit] < @ (0o + 18yl + 19132 ) < Callol o).
Similarly, bounding\the operator @ above, we have
Qlit. 1] < Ca((19l12 0 + 11320 (31)
Finallyssince g is’Lipschitz with Lipschitz constant K, we have that
[ @ = g@yide < [ lat@) - gl do

llg(a ) g(u )HL?(Q)||U||L2(Q)
Kla' — @) 22 lvll 2
Ca(llalZe ) + 191177 0y)- (32)

IAN N IA

Applying (31)—(32) in (30), we have

()220 + 15001 < C ( 10120y + 15Ol dt) T 15(0) 320y (33)
14



Now let us write

for a.e. 0 <t < T so that 9(t) = w(s) — w(t) and ©(0) = w(s). Then (33) becomes
la(s)1 720y + ||w(3)||?{3(9)

< ol [ 1000) ~ 03By + 10Nyt + 1066 i ) 24

o

But
l@(t) — @() 31 0y < 200 5202y + 2110() 111 0

and s
()] gy < / (1) 22 dt.

Therefore (34) implies
()12 () + (1 = 2Cs58)[[ ()] 73 ) < 205/0 196 ey + 1E(D 12 o) -

Choose T so small that .
1-205T1\> o

Then if 0 < s < T}, we have

a(s)l1Z2 () + 10(s) g 0y < 405/0 a2 () + 10E) 15 (g dt-
Consequently the integral formyof Gronwall’s inequality implies that @ = 0 on [0, 7}].
Applying the same arguinent. on the intervals [T1,274], [2T1,3T1], etc., eventually we

deduce that @ = 0 on0< #'< T/and thus we have a unique weak solution to (1)—(4). O

With an undérstanding of the existence and uniqueness theory for nonlinear hyper-

bolic problems, we,turn our attention to solving inverse problems.

5. The nonlinear hyperbolic generalized collage theorem

In what follows we define A to be our parameter space and work with a family of
funetionals B) with desirable properties. We state the nonlinear hyperbolic generalized

collage theorem (NHGCT).

15



Theorem 8. (NHGCT) Let  be Poincaré’s constant and H be a Hilbert space and
By, :AXx HxHxR — R be a family of functions such that for each v € H and all A
the functional W — By[wW, 0;t] is continuous and linear on H, and my, My, T > 0 exist
such that Vu,v,w € H and a.e. 0 <t <T

(i) mylla — 17||%1 < Bjla, @ — v;t] — BA[0, @ — 0;t]; and
(i) |Bal@, w;t] = Ba[0, w; t]| < Mx||d — 0|| m[|@] a-
Finally let ¢ : H x [0,T] x R = R be a bounded, linear functional for a.e. 0, < (I T. If

@y 18 the unique (weak) solution of the equation (@', 0)r2 = By, 0;t] + ¥ (v;¢), thew for
t=T

any @ € H such that (4" — @\, % — tx)2(q) = 0 we have that
t=0

1
[ = axllpr20,m;22(0)) < ﬁTAF()\)’

where ) = min {Tgé\, 1}; llull 120,502 () denotes the sum of the norms of u and the

weak time derivative of u, each on L?(0,T; L*(Q)). .e.
lull 20,7220y = Nullz20,622()) + 1l 20,1, 4Ty Pamel

Nl

2

T
FO\) = / sup |Balit, 000N 1) — (i, 8) gy | | dt
vEL?
15 2=1

Proof. We begin by using property (i) of B)

a3

my|a

4 ( £) — (@, 1 — 1) 12 (0
+ 1/)(’[1, - ﬁ)\;t) + <'(~J,// - fLK,”LNL — 7.~L)\>L2(Q) — <1~1,”,'EL — ﬂ)\>L2(Q)
+9( t)

— (@0 — ) L2 ()

ININ A
o}
>
=
IS
|
=g}

I
Sy
>
=
st}

|
=<3}

o d,., ., .
—[la" - U,\HQLQ(Q) + @(Ul — U\, T — ) £2(0)

i — G — U i—a -
3 |U_UA||L2(Q)<B)\|:’LL,)\;t:|+1/)<|)‘;t>_<u//’ A

@ — x|z

|t — tx]| 20
~r o~ 2 i 1~~~
—|la —U,\HLz(Q) + dt<u — Uy, U — Ux) 2(q)-

@ — a2 (o)

Letting v = — TN 4o that [19]|22(q) = 1 and integrating from ¢t = 0 to t = T'
[ — uxllL2()

gives

16
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ACCEPTED MANUSCRIPT

T
m)\||ﬁ_a>\||%2(0,T;H) S/o @ — Gxllr2) sup |Ball, 0;t] + () — (@, 0) 2o | dt
v€EL?
1ol 2=1

T
jAIW—ﬂwévaHﬂ—ﬂxa—mhu

Using the Cauchy-Schwarz inequality, rearranging and using the fact that

t=T
= (0 we have \r
t=0
T
nmw—mﬁmmm+ﬂnw—%ﬁmwt
2 3
% % ’(ﬁ;t) — (", ) 12(0) ) dt)

T B T
(/ M—aw%mJ ([ ( su
0 0 veL?
2\
) )

5]l L 2=1
e left, and bounding above on the right

(W —ah\, i — Gx)r2(0)

IN

= mallt — @l|72 17 = @5l720 7020

T
@ — txllL2(0,7;02 () (/ (
0

Using Poincaré’s inequality to boun lo
gives

IN

L0t 4+ (051) — (A", 0) 120

mi -~ ~ 2 <7112
ﬁ”“ - u>\||L2(O,T;L2(Q UA||L2(0,T;L2(Q))

T
() (/ ( sup
0 peL?

llo]l L2=1

NJ=

Byt 0;t] + (05 t) — (0", 0) 20

)

o)

Bilu, o3 t] + ¥(0;t) — (0", 0) 2(q)

sup
vEeL?
5] 2=1

Simplifying and rearranging gives

1
2

2
)|

Bilw, 0;t] + ¢(0;t) — (0", 0) 12(q)

1 T
= iall s o rene o) < — / (Su
oz < 50| fo | sup

3]l L 2=1



m
where rhk—min{ﬁg‘,l}. O
We call F'(X\) the nonlinear hyperbolic generalized collage distance. Theorem 8 allows
us to control the approximation error by minimizing the nonlinear hyperbolic generalized
~ . m .
collage distance provided that m) = min {52)‘, 1} is bounded away from 0. One way. to
approach this minimization problem is a penalization method, i.e.

in  F(\) 4+ omax{—my,0}, (35)

m
AeRdim(X)
where m, is the coercivity constant of By and ¢ > 0 is a penalty constant. This approach

is reminiscent of classical regularization techniques.

In what follows, we will work on a subset of the space H}(Q)"defined as

Hi(Q) :={a € H}Q): [l ) < p for p>Ohand g.e. 0 <t < T},

where p € R defines some fixed value for which @ remains bounded in both H{(£2) and

L?(Q) for a.e. 0 <t <T. We define a similar stbset of L?(Q) as

L*(Q) := {a € L*(Q) : |afz2(0)Stp.for p >0 and a.e. 0 <t < T}.

A related inverse problem tosthe system (1)—(4) is:
given u(x,t) (possibly in the form of observational data),

f(=,2), glu)nbi(z,t), and c(x,t), find a;;(x,t).

In order to apply the NHGCT we require that the following result holds.

Theorem 9. (Sufficient) conditions for using the NHGCT) Consider the problem (1)-

(4) whose weak formulation consists of the functionals By and ¢ given in (7) and (8)

respectively. Further, let B > 0 be Poincaré’s constant, 6 be the uniform hyperbolicity
2

constant for oE 4 L, and define

i= Y laijlro@, b= Ibilre@, &=lclre@
ij=1 ij=1

If

(i) g is Lipschitz in L*(Q) with Lipschitz constant K > 0 and satisfies
191720y < Cylltllz2(q) for some constant Cy >0 and a.e. 0 <t < T,

(i) f is bounded in L*(Q) for a.e. 0 <t <T;
18



(iii) 0 < @ — Bb— %¢— 2K ; and
(IV) B/\[aa u— 67t] - B)\[{}aa — v t} >0
then

1. for each © € H(Q) and a.e. t € [0,T] the mapping W + B\[w, 0;t] represents a
linear, continuous functional on H}(Q);

2. By:Ax HND) x f{é(Q) x R — R is a mapping for which there exist mix, My > 0
such that Vi,0,w € H(Q) and a.e. t € [0,T];

(a‘> m)\”ﬂ - Il~}||I:Ié(Q) S B)\[ﬂ,ﬂ - 67t] - B)\[’Dvﬂ - f))t]7

(b) [Balit, ] — Bali, @ ]| < Mallit — 3l sy o 0] gy ¢ 088

3. 1 HY(Q) x R = R is a bounded linear functional on HFSQ).

Proof. For 1: First to show that for each © € H} () the functional @ — By[w,?] is
linear, let 9,92 € H}(Q2) and 11,72 € R. Then for each @ € H}(Q), we have

BA[’II),(Tl'f]l_FTQf}z);t] = —/ L[?I);t](Tl'f}l_‘_TQﬂ'Q)wj d:l:—i—/g(’[[})(Tlﬁl_i_TQﬁQ)dCC
Q Q

= —ﬁ/L[w;t]ﬂ;j d:c—rg/ L[w; 1)o7, d=
Q Q

+Tl/g(11))171 d:1:+72/g(w)f12 dx
Q Q

= By\[W, (0 Rat?)it] = 71 BA[W, 0*; t] + 7 Bx[®, 925 1].

To show that for each & ENI;T& (Q); w — By[w, 7] is continuous we choose any € > 0 and
suppose that for o', 3% € H(Q) we have that [|o! — 772”1?5(9) < &, where p is the bound

on functions in Hg(€2). "Then using linearity and Theorem 5 we have that there exists
an ¢ > 0 such that

Bw,0';t] — Balw,9%t]| = |Baw, " — 5%;t]|

IN

¢l gy o llo" = %1 g o)

¢pllot —52“&3(9)
67

A IA

fora.e 0<t<T.
For 2(a):

Ollii— 0% 0y < /QZaij(ﬂ—f/)xi(ﬁ—ﬁ)xjdm

1,7=1

19



= —(Bj[a, 0;t] — Ba[o, 0 — 0;t]) /QZb 2 (U —0)dz

~ /Q clii — 0)? dz — /Q(g(a) _ o)) — 7) dz

Byla, @ — 0;t] — By[o, @ — 03 1] +E/ |Di — Do||a — 0] dae
Q

IN

+6/ |11—z7|2d:1:—|—/ lg(@) — g(9)||a — 0| da
Q Q

Now using the Cauchy-Schwarz inequality and the fact that g is Lipschitz, gives

0l — ’Dlli}é(g) < Balu,u— 0;t] = Ba[0, @ — 03t] 4 bl — 0| gage) 1 =Bl ;2 )
el — 322 ) + Kl — i

Applying Poincaré’s inequality where appropriate yields

Olli = 0|7y < Balt@—t] — BA[D, @ — ;) bB[1% =015, o

+626”ﬂ UHHl(Q) 62K”a*7~}”§f]é(g)'
Rearranging gives
(0 — Bb— % — B2K)|ji — 9| %, oy < Balia & 0;t] — By[o, @ — 9;1].
Hy (2)

Using hypothesis (iii) gives the result.
For 2(b):

|Ba[t, w; t] — Balo,w;t]] = ‘ /Zawu—v g, da — /Zb U — D)y, Wdx

—/Qc(ﬁ—@)tbdw—k/ﬂ(g(ﬁ)—g(f)))d)dx
/Z|au\|u—vml|\w%|dw+/2|b|| ) |0 da

1,9=1
/|c||u—v|\w|dm+/ 19(@) — g(9)\|] de

a/ |Da_Da||Dw|dm+b/ \Dit — D[] de
Q

+c/ |u—v|\w|dm+/ lg(a 0)||w| de.

Using the Cauchy-Schwarz inequality for ZQ(Q) and the fact that g is Lipschitz, we have
that

IN

IN

Bi[u, w; ] _BA[ﬁvw;t]’ < alla =0l ga oy 0l g2 ) + 0l = 0ll ga o) 1901l 220

Fella — ol g2 ) 1@l 20y + Collt = 0l 2 (o) 101 22 () -
20



Applying Poincaré’s inequality gives
Bl — Balov it < (@455 + 68 + Co8? ) 17~ ll gyl g

Letting My = @+ b3 + &8% + C, % > 0 gives the result.
For 3: First to show that 1 is linear in o let 91,92 € H}(Q) and 71,72 € R. Then

Y(ro! + mv?it) = / F(riot + mad%; ) da = m (15 8) + magp (0%;1).
Q
Thus ¢ is linear in ©. Next we show that v is bounded in L2(9).

wwm{éﬁmsAMWMSmm@wmm

Since f is bounded in L?(Q) and functions in L?(Q2) are boufided.the Tesult follows. [
Remarks:
1. This theorem can be applied to linear hyperbeolic PDEs by letting g = 0.

2. Since a;; is not known a priori, conditionsa(iii) and (iv) must be verified after the

collage method process has been completed.

With sufficient conditions for using the NHGCT, we now apply this theory to a few

application problems.

6. Applications
Example 1. Consider the following nonlinear hyperbolic PDE problem

it (2, ) — (R(z )ty (2, 1))z + bz, t)ue (2, 1) + c(x, tu(z,t) — g(u) = f(z,t) in Qr, (36)
u=0 on 9 x [0,T], (37)

u=hi(z) on Q x {t =0}, (38)

ut = ha(z) on Q x {t =0}, (39)

for Q= Q.x (0,T] where Q = (0,1) and T = 10. We discretize the problem with respect

to time, thus performing collage coding on multiple time steps, each one at a different
fized value of t. We simulate observational data by sampling

u(z,t) = 4z(l —x)(1 + ¢)

at N uniformly distributed nodes on Q = (0,1) (at each fized time step). To account for
experimental error, we add noise that is normally distributed with mean 0 and standard
deviation € to these data points. Suppose further that we are given that

b(x,t) =2® — 4 clz,t) =x g(u) = u® — 3u® + 4u
21



and f:R™ x [0,T) — R is chosen so that the true value of k(x,t) is given by
Htrue(x7 t) = (3 Sin(l’) + 5)(5 + t)

We recognize that in practice such information about the true value of k(x,t) is unknown
and thus we use the knowledge of Kirue(x,t) only for comparison purposes at the end
of the generalized collage coding process to check our accuracy. Assuming a fifth-degree
polynomial representation of Keollage(Z,t),

5
K($7 tT) = Z Kirxi
=0

we must choose the coefficients K for i = 0,....5, and 7 = 0, £,T sothat the non-
linear hyperbolic generalized collage distance is minimal. Following the dévelopment in
Section 3, we build the weak formulation associated with (36)-(39) wowking in the infinite-
dimensional space FI(} (Q) as suggested by the homogeneousDiriehlet boundary condition
(87). The functionals By and ¢ are given in (7) and (8), respectively. Before continuing,
we check that each of the sufficient conditions for usingthe NHGCT are satisfied.

For (i): g is Lipschitz in L*(Q)

lg(@) — ()l z2(0) [a® — 3a* + 4 — o™ #3802 40| 72(q)

<@ = 3 g2 ) B3NTH = 2% 220y + 41T — Bl g2
< ||ﬁ—17||£2(9)“112 +ﬁ5+52||i2(9)

A3[1% + 0l p2q)llt — Ol g2 (q) + 418 — Ol z2(q
< (3pF+6p % 4)|a@ — 0| 12 (-

Defining K = 3p* + 6p #4 gives the result. Next, we show that there exists Cy > 0 such
that |9l z2(q) < Collal 22 oy

N \ _ . N 1~
191l 22y = 18° #3@* + il 12y = 1@(a* = 3@+ 4)|| 120y < (P* + 3p + 41Q2) ||| £2 (-
Defining Cg =)y* +38p + 4\Q|% gives the result.

For (it): f is bounded in L*(Q) for a.e. 0 < t < T Recall that f was chosen so that the
remaining functional values of the problem were as stated above. By plugging these values
into the left-hand side of the PDE, we arrive at an expression for f. We then compute
the norm on LQ(O,T;iz(Q)) of the expression for f. Using mathematical software we
compite || f| 207,72 (a)) ~ 930.89.

Finally for (i), 0 — Bb— 3%2c— B2 K > 0, we compute each quantity separately: First, we
recall that 0 is the uniform hyperbolicity constant which in one-dimension, is equivalent
to taking
0= inf k(z,t).
(Tt)eQr
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Thus,

0= inf (3si +95)(5+1t) = 25.
QB (3sin(z) +5)(5+ 1)

Now

b= sup [|2%2—4|=4 ¢= sup Jz|=1 and B = diam(£2) = 1.
(x,t)eQr (x,t)eQr

So we calculate
0 — Bb— 3% — 7K =25 — (1)(4) — (1)*(1) — (1)*(3p* + 6p + 4) = 16 — 3p%— 6p

Thus we must restrict the spaces H}(Q) and L*(Q) so that

pE (O, 3+3\/577> ~ (0,1.5166).
Having verified the sufficient conditions for using the NHGCT we proceed with imple-
mentation of the example.

To compute the nonlinear hyperbolic generalized collage. distance (at each time step
T), we approximate ﬁ& (Q) by a finite-dimensionalssubspace Vi of H&(Q) Partitioning
the space Q at N (uniformly distributed) points we et

D 7
TV +1

fori=0,...N + 1. At each of thésewpartition points, we define the hat basis for the
subspace Vi by

Li

(N + 1)(117 — CU¢71)7 Ti—1 S X
Si(ry=q N+ D(@ip1 —2), 2 <xi1
0; otherwise,

fori=1,....,N. Werequire a value of zero on the boundary of Q and thus we define
Co(x) = 0 = Engi®). Using the hat basis functions as our test functions v(x) and
representing the darget function, u(x) in terms of the hat basis we must minimize the
nonlinear hyperbolic generalized collage distance at each time step. We use a centred
difference approzimation to the second time derivative of u where possible, defining

w(wi, trya) — 2u(xi, tr) + u(xi, tr—2)

1
intr) =
u (@i, tr) FYNE

and forward or backward difference approximations where necessary, given by

w(@i, trya) — 2u(xq, tryr) + ulg, tr)

ul/(:}ji7 t.r) = Atz
o (i) = u(zi, tr) — 2u(x¢,At;2f1) + u(acl-,ltT,Q)7

respectively, where At denotes the distance between consecutive time steps. The results
for various numbers of sample points N, T = 10 with At = 1, and various amplitudes
of noise e are presented in Table 1. We report the average (over all time steps) of the
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approximation error in Kk, denoted by ﬁ||l€true - /icouageHEz(Q), the average generalized
collage distance and the average approximation error in the solution u. As we expect,
increasing the number of grid points (thus increasing the amount of given information)
produces smaller errors. Looking at the results for different amplitudes of error e, we
see that the method responds well to error. We see that our errors indeed increase as €
increases. In an attempt to improve our results, we increase the degree of Kcollage 0 order
to better approximate its true sinusoidal value. With this idea in mind, Table 2 presents
the average approximation errors in k and u for various degrees of Kcollage, N = 10 and
T = 10 with At = 1. We see that as we increase the degree of Kcollage we tndeed see
a decrease in error. There is a limit to the success of this tactic for rédueing error,
as we require more grid points in order to avoid underdetermination/of\the problem.
Finally, we recognize that error has been introduced by the approrimation ofsthe second
time derivative in our collage distance. Table 3 presents results achieved byichanging At.
We see that our errors do decrease as we decrease the distance between successive time
steps. However, in order to attain more significant decreases in errovmarmore substantial
decrease in At is required. Computationally, this is an expensive choice for reducing
error.

N € %Hfitruc — /{collagc”L?(Q) %FN ()\)

10 0 0.72294 x 1071 067476 x 1073
0.01 0.73041 x 10! 0.86716 x 10~2
0.10 0.27778 0.15821

20 0 0.35864¢x 101 0.19413 x 1073
0.01 0.36737 x 101 0.21619 x 102
0.10 0:21:399 0.85396 x 1071

30 0 0.23975.x 10~2 0.33264 x 10~1
0.01 026565 % 10~1 0.43452 x 1073
0.10 0.14593 0.20782 x 101

40 0 017897 x 1072 0.31220 x 10~
0.01 0.23814 x 10! 0.15861 x 10~3
0.10 0.10803 0.40696 x 10~2

Table 1: Results of the generalized collage coding process on (36)—(39) for T' = 10 with At = 1, various
numbers of data points N, and levels of Gaussian noise added e.
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ACCEPTED MANUSCRIPT

Degl"ee of Rcollage % ||Htrue - "écollage”Lz (Q) %FN()\)
2 0.83275 0.36728
0.21766 0.15066 x 10~ Q

3
4 0.96592 x 10~* 0.10830 x 1072
5 0.72294 x 107! 0.19413 x 103
6 0.18796 x 10~* 0.82307 x
7 0.48871 x 1072 0.65379
8 0.12706 x 10~2 0.43307 x 10~
9 0.33037 x 1073 0.2308 10712
10 0.85895 x 10~4 0.50 18
Table 2: Results for various degrees of k¢ollage for At =1 with T' = 10 a 10 (and no noise added).

v

| Rgrue — "icollage”LQ(Q) %FN (>\)

"0.32637 x 10~ ! 0.30714 x 103
0.32688 x 101 0.48635 x 1073
0.32768 x 1071 0.68950 x 10~3
0.32828 x 101 0.84240 x 1073
0.32901 x 10! 0.97993 x 103
0.33425 x 10! 0.15723 x 103
0.34234 x 10~ 1 0.22775 x 1073
0.34533 x 101 0.27199 x 10~3
1 0.35864 x 101 0.67476 x 1073

v Table 3: Results for various values of At with T'= 10 and N = 20.
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Example 2. Consider the following nonlinear hyperbolic PDE problem

ug(2,y,t) — V- (k(z,y,t)Vu(z,y,t)) + bz, y,t) - Vu(z,y,t)
+e(z, y, ulz,y, t) — g(u) = f(z,y,t) in Qp, (40)
u=0 on 90 x [0,T], (41)
u=hi(x,y) on Q x {t =0}, (42)
ug = ha(x,y) on Q x {t =0}, (43)

where Qpr = Q x (0,T], Q= (0,1) x (0,1) and T = 5. (40)-(43) is the two dimensional
equivalent to the problem studied in Example 1. We follow a similar technique to that of
Ezxample 1, this time defining

b(z,y,t) = ( et ) cl,y,t) =2’y g(u) =u(l-u)

x
and that f : R™ x [0,T) — R is chosen so that the true value of k(xz,y,t) is given by

_ [ (10432 + 2y + 2y)(1 + 1) 0
’ftrue(xvyat) = |: 0 (14+$+y+2$2)(1+t)

The choice of a diagonal K is consistent with many examples in the literature, particularly
those in biological modelling. Further, this greatly.reduces computing time since fewer
parameters need to be recovered in the diagonal case. A more rigorous discussion is
required to extend this work to the non-diagonal’case.

To generate data values, we sample

1
u(zgy, t) = £ sin(mz) sin(my) (1 + t)
at N x N uniformly distributed modes on Q = (0,1) x (0,1) (at each fized time step).
To account for experimental error, we add normally distributed noise with mean 0 and

standard deviation € to these data points. We assume a componentwise polynomial rep-
resentation of k(asy,t),

2 1
SY Ky 0
i=0 j=0
11
0 ZZKZZJTnyJ

i=0 j=0

k(z,y,tr) =

)

wemmust choose the coefficients K}jT and K%T so that the nonlinear hyperbolic generalized
collage distance is minimal. Again following the development in Section 8 and working in
the infinite-dimensional space H& (Q) as suggested by the homogeneous Dirichlet bound-
ary condition (41) the functionals By and v associated with (40)-(43) are given by (7)
and (8), respectively. Before continuing, we check that each of the sufficient conditions

for using the NHGCT are satisfied.
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For (i): g is Lipschitz in L*(Q)
19(a) = g(@0)z20) = Na(l —a—o(1=0)llz> o

< e = dllzagq) + 18 = 8% 720

A

= [la—=0z2q) + It + 0l z2q)lla — 0l £2(q)

(Ll + 0l g2 )@ = Oll g2 (q)
< @ep+Dla =0l z2g)-

Defining K = 2p + 1 gives the result. Next, we show that there exists Gy >0, such
that || 72(q) < Cylltllz2(o)-

1901 220y = lG(1 = @) z2(q) = 11 — @ll p2qylll 20y < (0 + (UM lfpag)-

Defining Cy = p + |Q|% gives the result.

For (ii): f is bounded in L?*(Q) for a.e. 0 <t < T Once dgain, recall that f was chosen
so that the remaining functional values of the problem abere as\stated above. By plugging
these values into the left-hand side of the PDE, wesarrive at/an expression for f. We
then compute the norm on L2(0,T; L2(Q)) of the.expression for f. Using mathematical
software we compute ||f||L2(O,T;i2(Q)) ~ 1105.6.

Finally for (iii), § — Bb — B%c — B2K > 0, we\compute each quantity separately. First,
we recall that 6 is the uniform hyperbolicity constant of the operator L which in two-
dimensions, is less or equal to the smallest, eigenvalue of the matriz k(xz,y,t). Since the
matriz k(x,y,t) is diagonal, we will take

# = min inf ki (zdy,t), Linf  koo(x,y,t
{(:ut)em u (a0, YInf, moel:y )}

= min{ inf 10432+ 2y+zy)(1+1t), inf (14d+z+y+22>)(1+t
{ it yra)+0, it ( v 2140
min{10, 14}

= 10.

Now
b= sup- |wy|l# sup |2? =2 é= sup x*y=1 and B = diam(Q) = v/2.
(Tyt)eQr (x,t)eQr (T,t)eQr

So ‘we,calculate

0 —/Bb— 5% — B2K =10 — (V2)(2) — (V2)%(1) — (V2)*(2p + 1) = 6 — 22 — 4p

Thus we must restrict the spaces H(Q) and L*(Q) so that p < 3 - % ~~ 0.79289.

To compute the nonlinear hyperbolic generalized collage distance (at each time step
7), we approzimate H}(Q) by a finite-dimensional subspace Viy of Hg(2). Partitioning
the space Q at N x N (uniformly distributed) points we let

irYj) = N+1,N+1 ’
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for i,j = 0,...,.N +1. A common choice for a basis for two spatial dimensions is
hexagonal-based pyramids. For each partition point in ), the corresponding basis func-
tion &;;(x,y) has height 1 at (z;,y;) and 0 at neighbouring partition points that form a
hexzagon. Neighbouring points are then joined with (x;,y;) by planes. We require a value
of zero on the boundary of 2 and thus we define all basis functions on OS2 to be zero. We
use these basis functions as our test functions v(x,y) and to represent the target function,
u(zx,y,t) in terms of this basis. To deal with the time derivatives present in the nonlinear
hyperbolic generalized collage distance we again use a centred difference approtimation
where possible and forward or backward difference approximations where necéssary.

Table 4 presents the results of generalized collage coding for various numbers of-grid
points and amounts of Gaussian noise for T =5 with At = 1.

N € % ||’ftrue - ’%ollage”LQ(Q) %FN ()\)

10 0 0.18920 x 1071 0.13097 x 102
0.01 0.18942 x 10! 0.46764 x 1072
0.10 0.68203 0.44894 % 10!

20 0 0.23416 x 10~2 0.12229 %10~3
0.01 0.23882 x 1072 0140248 x 10~2
0.10 0.13038 0.36820 x 10!

30 0 0.70896 x 103 027722 x 104
0.01 0.18355 x 102 0.31594 x 10~2
0.10 0.18994 x 107! 0.31476 x 10!

40 0 0.29932 %10~ 0.98436 x 10~5
0.01 0.77294 x 10273 0.30382 x 10~2
0.10 0.10210"% 10! 0.29926 x 10!

Table 4: Results of the generalized collage coding process on (40)—(43) for T' = 5 with At = 1, various
numbers of data points N, and levels of Gaussian noise added e.

As in Example 1, ave seethat increasing the number of grid points improves our results.
One explanation for this improvement lies in functional forms. In Example 1 error was
introduced because the functional forms of Kirue and Keollage differed. Conversely, in
this example,, both functional forms are the same (polynomial) and the method performs
exceptionally well. We also see that increasing the amount of Gaussian noise in our data
increases. error (as expected). While the method tolerates low amplitudes of Gaussian
noise well, it seéms to struggle with higher levels of noise. One way to combat this issue
and, achieve better results by decreasing the step size between successive time steps as was
noted in the discussion of Example 1.
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