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Abstract

In order to describe the coupling between the Kerr nonlinearity and the stimulated Brillouin
scattering, Mauger et al. recently proposed a system of partial differential equations in three
complex amplitudes. We perform here its analytic study by two methods. The first method is
to investigate the structure of singularities, in order to possibly find closed form singlevalued
solutions obeying this structure. The second method is to look at the infinitesimal symmetries
of the system in order to build reductions to a lesser number of independent variables. Our
overall conclusion is that the structure of singularities is too intricate to obtain closed form
solutions by the usual methods. One of our results is the proof of the nonexistence of traveling
waves.
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1 The coupled Kerr-SBS system

The coupling between Kerr effect and stimulated Brillouin scattering [I] can be described by three
complex partial differential equations (PDE) in three complex amplitudes Uy, Us, @ depending on
four independent variables z,y,t, z [8, Eqgs. (7)-(9)]

. Ui,z + Un, )
(U 4 vgUy ) 4+ —22 T 2Ly Ty B4 (U2 + 2|Us)?) Us + ngU2 —0,
. Uz,4e + U g—=
—i(Uz,z —vgUa2t) + 2T02W +b (|02 +2|U1*) Uy — ZgQUl =0, (1)

TQ: +Q — UiUs =0,

in which vy, kg, b, g, T are real constants. We adopt the notation of nonlinear optics, in which the
time ¢ and the longitudinal coordinate z are exchanged as compared to mathematical physics.

Although we will focus on the generic case g7 # 0, we will also consider the two nongeneric
cases g7 = 0, for which the system is only four-dimensional,

) Utge +U
Z(Ul,z + UgUl-,t) + Zlax T Vlyy
2ko

—i(Uns — vyUs) + Y222 + Ya,yy
2ko

n (b|U1|2 n (2b+ zg) |U2|2) U, =0,

+ (b|U2|2 + (2b— zg) |U1|2) Us = 0.

At present time, no solution is known to the generic system (1) (vybgr # 0). The goal of this
work is to look for possible closed form solutions by two methods: singularity analysis, infinitesimal
symmetries.

A prerequisite to the search of closed form solutions is to investigate the singularity structure
of the system, this is done in section 2] and this results in a triangular system of five PDEs to be
obeyed in order for a closed form solution to exist.

In section [3] we look for the simplest class of possible closed form solutions, in which Uy, Us, @
could have shock profiles. We find that, at least for the radial reduction (U;, Q) = f(2? + y2, z,t),
such a solution does not exist.

In section[d] we apply the classical Lie method, derive the Lie algebra, compute the commutator
table and the adjoint table [10].

Finally, in section [} we define a few reductions to a lesser number of independent variables.

2 Singularity analysis

There exists only one limiting case in which the system (Il) is integrable, this is its degeneracy
to the nonlinear Schrédinger equation Uy = Us,g = 0,9, = 0,¢19; + 20, = 0, (c1,¢2) # (0,0).
Let us prove that, except for this limiting case, the system () is always nonintegrable, in the
sense that it always admits a multivalued behaviour around a singularity which depends on the
initial conditions (i.e. what is called a movable singularity). It is convenient to denote the list of
dependent variables (U, U1, Uz, Uz, @, Q) as the six-dimensional vector u.

A necessary condition for the system (Il) to display a singlevalued behaviour of the general
solution around any movable singularity (i.e. what is known as the Painlevé property [3]) is that
all possible Laurent series locally representing the general solution near a movable singular manifold

w(xvyazat) — Yo = 07
—+o0
u=> ux’*, 3)
=0

indeed exist. In the above series, the expansion variable x vanishes when ¢(z,y,z,t) — @9 — 0.
This classical but technical computation [3] generates several necessary conditions, the main ones
being the following.

1. At least one of the six components of the leading power p must not be a positive integer (so
that x = 0 is indeed a singularity).



2. The Fuchs indices of the linearized system near the solution (B]) must all be integer (whatever
be their sign).

3. For any Fuchs index j > 1, the (affine) recurrence relation for u; must admit a solution,
i.e. no logarithms are allowed to enter the expansion, and this requires some conditions
(no-logarithm conditions, in short no-log conditions) to be obeyed.

2.1 Generic case g7 # 0

There exists a dominant behaviour in which all six complex fields have simple poles (x is here
chosen as x = ¢(z,y, 2,t) — ¢o),
Uy ~ M{ii‘“x*l, Ul_w Meialel, Uy ~ M2\ Uy ~ Me™ 2y~
Q ~ J\/'ezal—w,gx—l7 Q ~ Nezag—zalx—I’

2 2 2 2

¥y T oy ¥y T+ @y 9 9

- : = ‘ 0.
3kob 3kobT;’ (% + SDy)SDt 7

(4)

M? =

and the two phases aj,aq are arbitrary functions of (z,y, z,t). These two sets of values for the
moduli (M, N) define two families of movable singularities. The Fuchs indices of each family are
equal to

3 V11 3 11
_170,0,1,1,3,3,4,——}—— P A, (5)

2 232 23
and the two irrational indices prove the nonintegrability of the system. This however does not yet
rule out possible singlevalued solutions.
Each of the five indices 1,1, 3, 3,4 generates one necessary condition for the Laurent series (3]
to exist. If they are all obeyed, the Laurent series depends on the eight arbitrary functions

¢.a1,a2,Q1,Q1,U13—U13,Uz3—Us3,Ura+ Ui s+ Usa+Usa, (6)

associated to the respective Fuchs indices —1,0,0,1,1,3,3,4. The five no-log conditions define a
triangular system in the first five functions of this list, whose structure is (P denotes a polynomial
of all its arguments, having degree one in its first argument, D* f is the set of all derivatives of f
of order k, and D¥! is a range of such derivatives),

Q1.. = P(D*¢, Dyp) =0,

Ql,b = P(D(a1 — CLQ), D(p) = O,

Q&a = P(D2(CL1 + a2)a DB:I@) = Oa (7)
Q3= P(D(Q1 + @), D*(a1 — a2), D*'¢) =0,

Q1 =P(D*(Q1—Q,),D(Q1+ @), D*(a1 + az), D*(a1 — asz), D" ) = 0.

Unless these five conditions are all obeyed, no singlevalued particular solution exists, therefore
one must find at least one particular solution of this set of five conditions.
The two necessary conditions at Fuchs index 1 are

2 _
Qra=3 (02 +¢2) (T 01— o) + 6 (05 + ©3) 01(Paput + ©yoyt)

+ 07 (02 (3Paz + Pyy) + P2 (30yy + ox) + 4PaPyPay) =0, (8)
2 2
wy + @ t
Qip = | a0 + py0y — —2L0; (al —as+ —39177_) + 2kop, = 0. 9)
t

The first condition admits no solution in the class ¢ = ®(§) with { = kyx + ky + k.2 + kit and
ko constants, therefore the generic (g7 # 0) Kerr-SBS system (IJ) admits no singlevalued travelling
wave solution (it does not admit plane waves either), and numerical studies [§] indeed confirm this
result.

This first condition () is a quasilinear PDE of the Monge-Ampere type. Therefore, after
switching to polar coordinates,

(x,y) = (p,0): x=pcosh, y=psinb, (10)



one follows the classical procedure of Goursat [5, §24 p. 44, 1st English edition], and performs a
hodograph transformation like

©(p,0,2,t) = T(p,p,0,2). (11)

This maps the two PDEs ([®)—([) to an equivalent system, which is even shorter when written for
T(p,R,0,z) with T = e'/7, R = p*/3,

Q1.0 = ITGTRT py + ARPTRT TR + 3TRT 2 Toe — 615 T,Tpr — 12T TRT,Tpg + 6ToT 2 Tre = 0(12)

27 T?
Ql,b =T |:6TRaR + ﬁ <T989 - T—08@>:| (a1 - CLQ) + 2gT]2% + 27bk0RTTZ =0. (13)
(]

Any solution is acceptable provided it fulfills the condition
(R*Tj +T5)T, # 0, (14)
inherited from the condition (3 + ¢2)¢; # 0, see (@),

T

4
2 2 _ 22 2 —
ipm-f—ipy - (R TR+T9), SOt — TTLP.

9R3T2 (15)

Two particular solutions of )1 , = 0 are easy to obtain, they are respectively defined by Tr = 0
(azimutal reduction) and (Ty = 0, Trr = 0) (radial reduction), but only the radial reduction allows
one to also integrate Q1 = 0, thus implicitly defining a particular solution of ([B)—(@) in terms of
three arbitrary functions Gy, G1, G2 of two variables,

t
9o =0: e’T =G1(p,2)(R+ Go(p,2)), a1 —as = —% [; - Gg(g@,z)} ) (16)
The next condition @3, = 0 to be solved in the triangular system (7)) is a second order linear
PDE for aj + as, and, for the values ([I6]), we could not find at least one solution.

2.2 Caseg#0and 7=0

When g # 0 and 7 = 0, the system (2]) is made of two coupled complex Ginzburg-Landau equations
in 241 dimensions, and, following the analysis made in [2], it admits a dominant behaviour (y again
denotes ¢(z,y, z,t) — o),

[]1 ~ A]\41€7;(11X—l-‘rioz7 Ul ~ Mle—ia1x—1—ia, []2 ~ MQGiaZX_lJ’_iﬂ, U2 ~ j\42€—iag)(—1—iﬂ7
M2 (452 — 202 — 4)b — 3Bg 2 + 2 M2 (402 — 28% — 4)b+ 3ag ©2 + ¢2
! 1262 + g2 ko 2 1202 + g2 ko (17)

b B% -2 2 —a? 9 9
b _ _ 0
7 6a—127 65120 FetH 70

and the two phases aj,as are arbitrary functions. This implies the two mutually exclusive possi-
bilities

(a4 B=0)or (a® —3aB+ % +2=0). (18)

The first one contains the unphysical reduction Us = U;, while the second one describes a truly
coupled behaviour. In both cases, just like in [2], the eight Fuchs indices are 1,0,0 (respectively
corresponding to the arbitrary functions ¢, a1, az) and five irrational values, therefore there is no
no-log condition to compute.

2.3 Caseg=0

For g = 0, the system () is made of two coupled nonlinear Schrédinger equations in 241 dimen-
sions, of a type which is nonintegrable [4] but for which some closed form solutions have been found
[7]. The system admits the same simple pole behaviour as ), for Uy, Uy, Us, U,

_Pit ey

Up ~ Me' x™ 1 Uy ~ Me ™1 Uy ~ Me'2x ™ Uy ~ Me™ "2y~ M? = EET -(19)
0



The eight Fuchs indices j are then the roots of j(3 — j) = —4,0,0,4/3, i.e.
~1,0,0,3,3,4,(3+V3)/2,(3 — V3)/2, (20)

and the presence of noninteger indices is sufficient to prove the nonintegrability.

After a computation quite similar to that of section 2.l we also could not find at least one
particular solution to the set of five no-log conditions.

To conclude this local analysis (of the movable singularities), closed form singlevalued solutions
are not impossible to find, but this will prove quite difficult. Such an investigation is performed in
section [3

3 Search for radial shock-type solutions, generic case g7 # 0

For the radial reduction 99 = 0 suggested by the local analysis, see (If), let us look for possible
closed form singlevalued solutions defined by the assumption

1

u=> w7, x=¢— o, (21)
=0

i.e.

U, = Meli‘“(xf1 +U11), gl = Meﬂ:‘“(xfl +§1,1);
Uy = Me(x "+ Usa), Uz = Me "2 (x ' 4 Us), (22)
Q= Ne™ "2 (y 1 +@Qq), @=Ne>"(xy ' +Q,),

in which the functions M, N, a1, a2, must obey the relations @) and (), and the functions
Ui1,Uz,1,Q1 are to be determined. When one inserts such an assumption into the six equations
of the system (), which we denote E = 0, one generates a Laurent series which also terminates

—q
E=> E;jx'* q=(-3,-3-3,-3,-2,-2), (23)
§=0

and the method is to solve the set of 11 complex equations
Vi: E; =0 (24)

for the 11 unknowns M, N, a1, az, ¢ (real) and Uy 1,Uz1, Q1 (complex). This is the famous “one-
family truncation” initiated by Weiss et al. [12], see details in [3]. The result is the following.

The three complex equations j = 0 first provide M, N as in {), and a1, as remain arbitrary
(because j = 0 is a double Fuchs index).

The next three complex equations j = 1 yield the two conditions Q1,, =0, Q1,5 =0, see [@), a
unique value for Uy 1, Uz 1, and an arbitrary value for Q.

At j = 2, one obtains a unique value for )1, plus four real constraints on ¢, a1, as.

Finally, the two complex equations 7 = 3 yields four more real such constraints, among them
the two no-log conditions @3 , =0, Q3 = 0.

If one now assumes the three complex amplitudes to be independent of the polar coordinate 6,
in order to proceed one has to choose ([I6l). Then one of the four constraints j = 2 yields

aj +a2 :Rgl(zut)+go(zut)7 (25)

in which ¢g; and gg are arbitrary functions of two variables.
Finally, one of the three remaining constraints at j = 2 yields the condition

g1(z,t)? = rational(z; Go(¢p, 2), G1(p, 2)),

in which the rhs is a rational function of z with coefficients depending on G, G1, and the condition
that the rhs be independent of ¢ admits no solution. Therefore a solution described by one family
such as (22]) probably does not exist when one waives the restriction 9y = 0.

Because of these difficulties, we did not try to find possible pulse solutions described by the
two-family truncation [3, §5.7.2].



4 Lie symmetries

For convenience, we denote the independent variales z,y, 2,t as x;,7 = 1,2, 3,4 and the dependent
variables Uy, U1, Us, Uz, Q,Q as u,k =1,---,6.

The method of Lie consists in unveiling the invariance properties of a given system of PDEs,
in order to define reductions to another system with a lesser number of independent variables. We
refer the reader to pedagogical textbooks such as [I0] [IT] [6], and to a recent paper [9] handling
an example in full detail.

In order to apply the classical method to the system (1), we consider the one-parameter Lie
group of infinitesimal transformations

{ I; - IJ + afj(xl,J:Q,I3,$4,u1,UQ,U3,U4,U5,u6), (26)

uy, = ug + enk(c1, T2, T3, Ta, Ur, U2, U3, Ug, Us, Ug),
where ¢ is the group parameter.

One then requires this transformation to leave invariant the set of solutions of the system ().
This yields an overdetermined, linear system of equations (called determining equations) for the
infinitesimals £;, 7. Having determined the infinitesimals, the symmetry variables are found by
solving the invariant surface condition

4 6
of of
o= — — —¢=0. 27
E §Jaxj+§ Mg ~ P (27)
j=1 k=1
The associated Lie algebra of infinitesimal symmetries is the set of vector fields of the form

V= §lam1 + 52812 + 53813 + §4am4 + n16u1 + 7725u2 + 7736ua + 7746U4 + 7756115 + 7763%- (28)

In the generic case gtvy, # 0 (4 independent variables, 6 real dependent variables, 6 real
equations), system (II) leads to a set of 65 determining equations, whose solution defines a Lie
algebra with 10 generators,

Tm = 896, Ty = 8y, Tz = [L, Tt = 8t, 0= .Iay — yaz,
Em = z@z + ikoIBG,

Ey = z&, + ikoyBﬁ,

Bg = ’u,lau1 — ’U,QauZ — u36u3 + ’U,4(9u4 + 2’(1,56u5 — 2u68u6,
By = 110y, — 120y, + 130y, — 1s0y,,

A= ’UgZBG — tB4.

In the nongeneric case g7 # 0, v, = 0, one obtains the 11 generators

Twu Ty7 TZ7 Tt7 97 E:Eu Eyu BGu F(t)B47
Vo = 20z + y0y + 2262 — (4104, + u20y, + u30u; + w40y, + 2u50,; + 2ue0y,), (30)

k
We = 2V — 220, + ’70(952 +v2)Bs,

in which F is an arbitrary function of one variable.

The three other nongeneric cases g7 = 0 (i.e. g =0or 7 =0 or ¢ = 7 = 0) admit the same
set of generators independent of g and 7, and these depend on whether v, # 0 or vy, = 0. For
g7 = 0,v4 # 0, introducing the notation

{ Bi = w10y, — u20y,,

By = u30y,; — u40y,, (31)

there exist 14 generators

Ty, Ty, Ts, Ty, o, Fl(t—UgZ)Bl, Fg(t—l—UgZ)Bg,

ey = 205 + ikol‘(Bl — Bg),

€y = z[)y + ’LkOy(Bl - BQ),

Vi =20, + ydy + 220, + 2t0; — (w104, + w20y, + u30y; + Ua0y,),

Gy =10, + ikol)gx(Bl + BQ), (32)
Gy = tay + ikovgy(Bl + Bg),

1
H, = ~(v22° — 1*)0, + ikovga[vgz(By — Bs) — t(By + Ba)],

H, = 5@322 — %), + ikovgylvgz(By — Ba) — t(By + Ba)],



in which Fy, F, are arbitrary functions, while for g7 = 0, v, = 0, there exist only 10 generators
TI) Tyv TZ} 65 Bla B27 €z, €y,
V3 = 20, + yay + 220, — (ulaul + UQ8U2 + ’UJ38U3 + U48u4), (33)
ik
W4 = Z‘/g — 228Z =+ 70($2 + y2)(B1 — BQ)

Let us first define the shorthand notation
EZE = iko [(t — vy2)"Fi(t — vy2) By % (t + v,2)" Fa(t + v,2)Ba], n = 0,1,2. (34)

For each of the four algebras (29), (30), (32)), B3], we have built the commutator tables Table[I]
(gathering both (29) and (B0))), Table 2 Table Bl and the adjoint tables Table @ (gathering both
@9) and (B0)), Table B, Table [l which show the separate adjoint actions of each element in a Lie
algebra, as it acts on all other elements. This construction is done by summing the Lie series with
the Baker-Campbell-Hausdorf formula

2 3

YN =¥ —e[X, Y]+ X [X, Y]] - SN X Y] - (35)

5 Reductions

Let us give a few examples of such reductions.

5.1 Reductions, generic case g7v, # 0 (10 generators)

The most general generator (the coefficients aj, denote complex constants)

az Ty + ayTy + a. T, + a1y + 010 + ao By + asEy + aaBy + asBs + apA
= [a2z — a1y + ag) Oz + a3z + a1z + ay] Oy + a0, + a0,
+F; (ul(?ul - uQﬁuQ) + EQ(—U3au3 + U4au4) + E3(2U58u5 - 2u68u6), (36)

in which

Ey =iko(a2z + azy) + ag + ao(vgz — t) + au,
E2 = iko(agI + CLgy) + Qg —+ ao(’UgZ —+ t) — Qy4,
Es =iko(azx + asy) + as + apvyz, (37)

defines the first order characteristic system

dx _ dy _dz dt
asz — a1y + Qg a3z + a1 + ay o a, _at
duq dus dus duy dus dug

_ _ __ - - - . 38
E1u1 E1UQ EQUg EQU4 2E3U5 2E3U6 ( )

The three equations in the first line of (B8] can be integrated and define three invariants only
depending on z,y, z,t. When aja. is nonzero, these are [(£1,£2) are chosen so evaluate to (z,y)
when as = a3 = a; = ay, =0 and z = 0],

1 a1z Loayz
&= = +la1(azz + a1z + ay) — aza;] cos al — [a1(a2z — a1y + az) + aza.]sin al ,
1 z z
0: 1 .oa1z a1z (39
ara; # & = = —la1(asz + a1z + ay) — aza]sin al — [a1(a2z — a1y + az) + asa.] cos al ; )
1 z z

&3 = at — azz.

When one sets ag = a4 = 0, six other invariants can be found. Indeed, the three expressions
E1, E5, E5 are then equal and the characteristic system (B8] implies
dul

d
alu— — ikod(—asz + asy) = [a1a6 — tko(—azay, + azay)] a—z. (40)
1 z



The corresponding reduction

Ur = Vi(&1,62,8&) €0, Uy = Va(€1,62,63) GJ;DF’ 3
Q = W(§1552553) e2ik0F, F = — a3 + azy — a2 + agz (41)

3

ara, #0,a0 =a4=0:

a 2a?
yields the reduced system,

V; + Vi a
W + a_l(@Vl,él —&Vige,)

+w0mﬁ+mwﬂvvmgw%=&

i(=ar + a:09) Vi g +

. , Vz + V a
016: 05 i g, — a0,)Vae, + 20812268 4 Bie e, —Glhe) (42)
+b (V2] +2W[*) Vo —i5WVA =0,
GZTW53 + W — %VQ =0.
Another reduction is obtained by choosing the constants in (38]) as follows,
a: Gy Gy o 9
2T _ = a2, 43
Lol e (13)
This reduction is defined by
U = Vi(§,2,1) €™, Up = Va(§, 2,1) e ™00, Q = W(E, 2,1) 27,
- + 44
€= U@ 117 + (asz — azy)z, F= 200 (#4)
ai
and the reduced system
\% 2 A? A%k
(Vi e 4 0gVig) + (2016 + A22%) 225 4 (T kg =)W — 200 b (V2 + 21Wa?) Vi + i 2w v, = 0,
2k0 ko a1 2@1 2
. \% A7 A%k g 5
Ci(Vas — vgVau) + (200 + A22) 228 (A Ay ARy (W 2P Ve — STy =80
2]{30 ko aq 2&1 2

W, + W — ViVs =0,

depends on one more arbitrary constant, A2 = a3+ a3, since a; can be set to any nonzero numerical
value. When A =0 (i.e. az = ag = 0), this reduction is identical to the radial reduction dy = 0 in
polar coordinates

x = pcosf, y= psinb. (46)
5.2 Nongeneric case v, = 0,97 # 0 (11 generators)

agTy + ayTy + a, Ty + Ty + 010 + a2 Ey + a3Ey + agBg + baF () By + c6Vs + dsWes

= [a2z — a1y + ag + c6x + dezx] Oy + [asz + a12 + ay + coy + ds2zy] Oy + [az + 2c62 + d622} 0, + a; 04
+E1 (4104, — u20u,) + Ea(—u30u; + u40y,) + F3(2u504; — 2u60u,)

+(c6 + doz) (w104, + u20y, + u30yy + w40y, + 2us0u; + 2ue0y,), (47)

in which
Ey = iko(asw + azy) + ag + dgiko(x? +y?)/2 + by F (1),
EQ = iko(agx + agy) + ag + dﬁiko(sz + y2)/2 — b4F(t>,

B3 = iko(agr + azy) + ag + deiko(2* +y)/2, (48)
defines the first order characteristic system

dz B dy B dz _dt
a2z — a1y + az + cgx + dgzx asztaix+ ay + cey + de2y a4+ 206z +dg2? ar
B duq B dusg B dus B duy
 (Bi+est+dez)ur (—E1+cg+dez)us (—Fa+ce +dez)us (B2 + co + dez)ug

d d

— s - Us (49)

2(E3 + cg + dgz)u5 —2(E3 + ¢ + ng)’U,G'



If one requires the sought after reduction to be noncharacteristic (i.e. to preserve the total
differential order ten), it is quite difficult to find such a reduction.



Table 1: 466. Commutator table for the Lie algebras (29)) and (30). Example: [Ty, 0] = T,. The
10-dim Lie algebra ([29)) is recovered by suppressing the two lines and columuns labelled V5 and W
and setting F'(t) = 1. For the 11-dim Lie algebra (B0), suppress the line and column labelled A.

A 5} T. T; Ts T, Ex B, Be FO)B1 Vo Wo
A 0 0 —0,Bs  Ba 0 0 0 0 0 0 N/A  N/A
e 0 0 0 0 ~T, Tw -By E. 0 0 0 0
T. v9Bs 0 0 0 0 0 Ts T, 0 2T, Vo
Ty —Bs 0 0 0 0 0 0 0 0 F'()Bs 0 0
Te 0 T, 0 0 0 0 ikoBs 0 0 0 Ty B,
T, 0 ~T: |0 0 0 0 0 ikoBs 0 0 T, B,
B, 0 B, | -T: 0 —ikoBs 0 0 0 0 0 ~E; 0
B, 0 B, | =Ty 0 0 —ikoBs 0 0 0 0 -B, 0
Bs 0 0 0 0 0 0 0 0 0 0 0 0
F(t)Bs | 0 0 0 —F/(t)By 0 0 0 0 0 0 0 0
Ve N/A 0 —2T, 0 T ~T, Eq By 0 0 0 2Ws
We N/A 0 Vi 0 —E, —EB, 0 0 0 0 —2Ws 0

10




1T

Table 2: 444. Commutator table for the Lie algebra (32). The abbreviation EF is defined in (34)).

Ty T, T, T 5) FiB1 2By ex ey Va Ga Gy H, H,
T, 0 0 0 0 T, 0 0 iko(B1 — B2) 0 T, ikovg(B1 + B2) 0 Tr, H:] 0
T, 0 0 0 0 ~T 0 0 0 [Tx, ex] T, 0 [Ty, Gz) 0 [Ty, Ho)
T, 0 0 0 0 0 —vgB1 —vgBy Ty Ty 2T, 0 0 vgez Ugey
T 0 0 0 0 0 F/Bi  F}B; 0 0 2T, Te Ty Gy ey
e -T, T, 0 0 0 FiB1  FaBy  —ey ez 0 —Gy Ga —H, H,
"By | 0 0 vgB1 —Fl’Bl —-F1B1 0 0 0 0 —2F1’Bl 0 0 0 0
FyB2 | O 0 vg B2 —F2’Bz —FyBy 0 0 0 0 —2F2’Bz 0 0 0 0
ex —iko(B1 — B2) 0 T 0 ey 0 0 0 0 —eg lex, Gz] 0 lex, He] O
ey 0 — [T, ex] -7y 0 —ex 0 0 0 0 —ey 0 lex, Gz] 0 lex, Hy]
Vi —T, ~T, 2T, —2T, 0 2F/B1  2FB: ey ey 0 Ga Gy 3H, 3H,
Ga —ikovg(B1 + Ba) 0 0 ~ Ty Gy 0 0 —[ex, Ga] 0 —Gy 0 0 [Gu,Ha] 0
Gy 0 —[T%,Gz] O ~Ty —Gy 0 0 0 —lez,Gz] =Gy 0 0 0 [Gz, He)
H, [T, Hy] 0 —v2es  Ga H, 0 0 —[ex, Ha) 0 —3H, —[Ga, Hy] 0 0 0
H, 0 —[To,Hy]  —v2ey Gy —H, 0 0 0 —lex, Hs] —3H, 0 —[Gz,Hs] O 0
[emu Gm] = _El_u
1., H,] = _ng;ra
lex, Hy) = E5 /2, (50)
Gy Hy] —qu;/Q,
[Ty, Gz = vg By,
[T, ex] = Ey




Table 3: 344. Commutator table for the Lie algebra (33]).

T, T, T. 2) Bi B2 ea ey Vs W
T, | 0 0 0 T, 0 0 iko(B1—Ba) O Ty ez
T, |0 0 0 -, 0 0 0 iko(B1 — Ba) T, ey
T. |0 0 0 0 0 0 T T, 2T, Vs
e | -7, T, 0 0 0 0 —e ex 0 0
Bi |0 0 0 0 0 0 0 0 0 0
By | 0 0 0 0 0 0 0 0 0 0
ex | —iko(By — Ba) 0 ~T, e 0 0 0 0 —ex 0
ey |0 —iko(Bi —B2) —~Ty, —es 0O 0 0 0 —ey 0
Vs | —T. ~T, —2T. 0 0 0 e ey 0 2W,
Wy | —ex —ey -5 0 0 0 0 0 —2Wy 0
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Table 4: 466. Adjoint table for the Lie algebras (29) and (30), with the same convention than in Table[Il The entry (7, ) represents Ad(e”¢)|v;. When it

evaluates to vj, it is simply represented by a dot (.) symbol. The abbreviations ¢ and s stand for cose and sine. Large expressions (i, j) are listed just after
the table. N/A means not applicable.

Ws — eEy + €%ikoBg /2,

A (S T, T Tx Ty Ey Ey Bs F(t)Ba Ve We
A TZ—I—EUQB(; Ty — eBy N/A N/A
) Tec+ Tys Tyc—Tys Erc+ Eys Eyc — Egzs
T, A —evyBg Ey —eTy Ey — €Ty Ve — 2T, (T, Ws)
T (Tt,A) FB4€75F,/F
Tr © —eTy E; — eikoBs Ve — €T (T, We)
Ty O +eTy, Ey — eikoBs Ve — €Ty (Ty, Ws)
Eq © —cBy T, + Tue + e2ikoBg/2 Ty + eikoBs Ve +eEq
E, ©+¢eEy T, + Tye +e?ikoBe/2 Ty + €ikoBs Ve + By
Bg
F(t)By Tt +eBaF’
Vs N/A T.e% Tyes Tyes Ege™® Eye~¢ Wee™2¢
We N/A T, + eV + £2Wg T, +eE, Ty +cEy Ve + 2eWs
’
(Ty, A) = A+ By(1 = (F/F)e=="/F),
2.
(Tz, Wg) = Wg — EEI +e€ ZkoBG/2, (51)
(Tyv Wﬁ)

T, Ws) = Wy — eV + 2T,




4!

Table 5: 444. Adjoint table for the Lie algebra (B2)). The notation and convention are the same as in Table @l The abbreviation EF is defined in (34).

T: Ty T, T © F1B1 F>Bs ex ey Vi Ga Gy H, H,

. | . . . ©—cl, . . ex —eBy . . Ga —evgEj . Hz +cEF

T, | ) . . O +eTy . . . ey —eBy . . Gy —evgEF . Hy+eE;
T. | . . . . Fi1B1esvs/F1 FyBoefve/F2 ey —eTy ey —eTy Vi —2eT. . . (T, Hy) (T, Hy)
| . . . . FiBie <F1/F1 pyBie—cFa/Fz . Vi—2T, Go—cTp, Gy—cT, (Tt,H,)  (Ti, Hy)

© Toc+Tys Tyc—Tzs . . . F1Bie ¢ FoBoe™ ¢ exc+eys eyc—ezs . Gzc+ Gys Gyc— Ggs Hzc+ Hys Hyc— Hgs
F1Bi|. . T, —evgB1 Ty +eF|B1© +eF1 By . . . . Vi + 2eF!/By.

FyBo|. : T, —evgBa Ty +eFyB2© +eF2Ba. : . . Vi +2eF}Bs.

e |Tx+eBy . (ex, T%) . O —eey . . . . Vi + ey Gy +eE] . H, —cE; /2.

ey | Ty +cBy (ey,Tz) . O +ceer . . . . Vi + eey . Gy +ebE . Hy —cE; /2
Vi |Trpe® Tye® T,e2e Tre2s . FlBlefstl,/Fl F2B26725F2,/F2 eze € eye . Ggpe ¢ Gye ¢ Hye 3¢ Hye’35

Gz |Tw + cvg By (G2, Tt)  ©—eGy . . ex —€E] . Vi+eGe . . Hy +eES /2.

Gy Ty +evg B . (Gy,Tt) O +eGy . : . ey —eET Vi+eGy . . . Hy —eEf /2
Hy |Tw —cvgE; (Hy,T;) (Hy,Ty) ©—ceHy, . ) ex +eEy /2. Vi+3eHy Go—eBf/2.

H, Ty —evgEY (Hy,T:) (Hy,Ty) ©+eHy . : . ey +eEy /2Vy+3eH, . Gy +eESf /2.

(T., H,) = H, — evie, + 2021, /2,
( gey + 52ngy/2,
( =H, +eG, —*T,/2,

( =H, +¢G, — T, /2,

( y=T, +eT, +2Ey /2,

(ey, T:) =T + €T, + *E; /2,

( =T, +evie, +e*v2Ey /4, (52)
( =T, + Evgey +e*v, By /4,

E =T, +eT, +2v,ES /2,

(

(




Table 6: 344. Adjoint table for the Lie algebra ([B3]). The notation and convention are the same as
in Table @l Fif = iko [B; + Ba).

Ty Ty T, © Bi Bz e ey Va Wi

Ty |. . . ©—cTy . . ex—ck, . Va —eTy Wi —ceq+e2F, /2
Ty |. . . O+eTy. . . ey —eFy Va—eT, Wiy—ceey+e2F, /2
T, |. . . . . eg— €Ty ey —€Ty .

O |Tec+ Tys Tyc—Tys . . .. ezCH+eys eyc—ezs .

By

B2

ex |To +eFy . T, +€Tz+€2FO’/2®—€ey .

ey |Tw+eFy . T, +eTy +e2F; /20 —¢ey .

V3 |Tpe® Tye® T, e3¢ . .. ege € eye” . W4e’25

Wa|Ty +cex Ty+eey T.+eVa+e?Wa . S . Vs + 2eWs .

6 Conclusion

We have unveiled both the singularity structure and the underlying symmetries of a nonlinear
optics system which has great potential applications. However, this analytic structure is too
intricate to allow us to derive close form solutions. Since the original nonlinear system results from
a reductive perturbation method, maybe another physical assumption during its derivation could
make it tractable by the analytic techniques investigated here.
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