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1. Introduction

Multifractal signals are very erratic signals present in many practical situations such as turbulence [1], physiology [2],
biology [3], geoscience [4]. The aim of multifractal analysis is to analyze these signals, whose regularity can change widely
from a point to another. Information concerning the global smoothness of a signals can be grasped via its Hélder spectrum,
which relies on the Holder spaces. Such spaces allow to define a notion of regularity for functions.

Definition 1. A locally bounded function f: R" — R belongs to the Holder space A%(xg) (with xg € R" and « > 0) if there exist
two constants C, R> 0 and a polynomial P of degree less than « such that
sup |f(x) —P(x)| < C|B(xo,1)|*, (1)
xeB(xq,1)
for any 0 <r <R. The polynomial is clearly unique and one has A%*¢(xg) c A%(xg) for any & >0. The Holder exponent of f
at xg is defined by

he(xo) =sup{a > 0: f e A%(x0)}.

If hy takes only one finite value, f is said to be monofractal. If hy takes at least two finite values, f is said to be multifractal.
As usual, we will write fe A¥(R") if fe A%(xg) for any xg € R, the constant C in inequality (1) being uniform. If the Holder
exponent hy is not a constant function, just knowing that a function f belongs to some uniform Hélder space does not give
enough information about the pointwise regularity. On the other hand, the behavior of the function h; can be very erratic;
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in particular, obtaining hy from a general signal f (i.e. a function obtained from real-life data) is an insuperable task from a
practical point of view. Indeed, in many cases, the sets

E,{:{xeR” the(x) = h}

are themselves fractal sets (see [5-12]). Roughly speaking, the information about the (Holder-)smoothness of a function is
summarized by its Holder spectrum, which we will now define.

Definition 2. The Hoélder spectrum of a locally bounded function f (defined on R") is the function
dy : [0, +o0] — {—00}U[0,n] h > dimy(E]).
where dimy, denotes the Hausdorff dimension (which is well suited for the study of multifractal sets) [13].

If f is a monofractal function with a Holder exponent equal to H, then dg(h) =n if h=H, and dg(h) = —cc if h#H. A
classical example is the Weierstra8 function [14].

If fis a multifractal function, the Hoélder spectrum can be a concave or non-concave function. Cascades are classical
examples of functions with a concave spectrum [15]. A non-concave spectrum can be obtained, for example, by summing
cascades (see Theorem (1)).

Here again, since the definition of the Holder spectrum involves successive intricate limits, there is no algorithm to
directly obtain the spectrum d; associated with a signal f. However, there exist methods to estimate d; starting from f; as
we will see, they only lead to upper bounds and only give the exact spectrum for specific cases.

A multifractal formalism is a method that leads to an estimation of dy; if, when applied to a signal f, the procedure leads
to the exact spectrum, one says that the multifractal formalism holds for f. Such a method was first proposed by Parisi and
Frish [16]. The idea is to define the scaling function (for g > 1, provided that such an expression makes sense)

Sth.q) = [ £+ - FO1de
(one may have to use higher order differences) to estimate the quantity

logS(h. q)

ns(@) = llIh]llonf log |h|

Using an heuristic argument [17], one can expect to have
dy(h) = infhg — n;(@)} +n. (2)

From a theoretical point of view [8,18], this method gives, at best, an upper bound. Besides, the function 7y can be defined
in terms of Besov spaces for g >0 (see [8]). Since these spaces can be characterized using wavelets, so do the function ;.
It leads to a very practical way for estimating the Holder spectrum [8,19]. For example, such a formalism holds for the
self-similar functions [20,21].

Equality (2) implies that the multifractal formalism based on Besov spaces will always lead to an increasing concave
estimation of the spectrum. These are indeed limitations to the range of validity of this multifractal formalism. The first
one (i.e. the fact that the estimation is an increasing function) can be partially taken care of by replacing the Besov spaces
Bf,/ 4 (which are not defined for q <0) with oscillation spaces [22] to obtain the so-called wavelet leaders method (WLM)
[23] (see also [24] for a continuous wavelet transform approach and [10] for a comparison between the two methods);
such spaces partially generalize the Besov spaces [22]. To overcome the second problem, that is to be able to recover non-
concave spectra, Jaffard introduced a new multifractal formalism, relying on the S” spaces [25]. In some cases (which will be
explicitly defined below), such spaces can be seen as an intersection of Besov spaces [26]. Since the S¥ spaces are defined
from the histogram of wavelet coefficients at each scale (see Definitions (3) and (4)), they are more natural from a practical
point of view than the wavelet leaders used to define the oscillation spaces. For the WLM, there are simple and efficient
algorithms for approximating the Holder spectrum. For the case of the S¥ spaces, the situation is different: although there
have been several attempts, a mature algorithm with a very limited number of tuning parameters is still missing.

Although SY spaces bring new possibilities to the multifractal analysis landscape, we will show that the transition from
theory to practice is not straightforward. In this paper, we present an implementation of the formalism based on these
spaces and show its effectiveness by applying it to several statistical and deterministic examples. Three theoretical results are
also contained in this work. The first one (see Proposition 2) is easy to obtain and gives extra freedom for the computation
of some numerical values related to the S” spaces. The second one (see Proposition 3) shows that if the signal f comes from
a measure (as the cascades which models the turbulence for example) the computation of the spectrum can be simplified.
The third one (see Theorem 1) leads to the Holder spectrum of the sum of two binomial cascades. We also show that the
estimation of the theoretical spectrum can be obtained more easily for a large class of measure-based functions.

One could argue that such a formalism is useless, since most of the multifractal analysis previously performed led to
concave spectra. Let us emphasize once more that the estimations obtained via an equality such as (2) necessary leads to a
concave estimation, even if the real spectrum is not concave. It is therefore interesting to check if the previously collected
estimations can be supposed concave, by comparing them to the ones obtained with the SV-based multifractal formalism.
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The remainder of this paper is structured as follows. We first introduce the S” spaces and define the multifractal for-
malism they induce. Then, we show that the formalism holds for the sum of two binomial cascades. Next, we describe an
algorithm based on this formalism and apply it to several examples. We start with monofractal functions and processes
before shifting to the case of multifractal data. We show that in most of the cases the numerical results are better than
the multifractal formalisms previously introduced and, as expected, that this approach allows to recover non-concave spec-
tra. Finally, we look at the advantages and the drawbacks of this method. Let us remark that numerical methods based on
similar ideas have been proposed [27], but they rely on parameters that have to be estimated for each considered signal.

2. The SY spaces: a brief review

The SY spaces were introduced in [25] and a related multifractal formalism was proposed in [28]. Concerning the validity
of this formalism, it has been studied using two notions of genericity: Baire genericity and prevalence (see [29,30] for the
definition of this last notion). It is not limited to concave spectra.

2.1. The discrete wavelet transform

Let us briefly recall some deﬁnitions and notations (for more precisions, see e.g. [31-33]). Under some general assump-
tions, there exist 2" — 1 functions (w(’))1§,-<2n, called (periodized) wavelets, such that for any function feL%([0, 1]), one

has
f(x) = Z Z Z c“)l/f(’)(ZJX

jeN ke{0,....2i—1}n 1<i<2n

where the (periodized) wavelet coefficients are defined by
) = 20 /{mln FOOW D 2ix — k) dx.

Let us remark that we do not choose the L2 normalization for the wavelets, but rather an L normalization, which is
better fitted to the study of the Holderian regularity. Intuitively, if the point x, belongs to the dyadic cube 2’—‘J + [0, %[” then,
for any i, one has [34]

(i)
log e |

he(x) = llm 1nf1nf (3)

ie. |c§.ll)(| ~ 27" In the sequel, we omit any reference to the index i. For instance, the set {cj k2 (i, k)€E} has to be
understood as the set {c;.i,){ (k) eE, 1<i<2"}.

2.2. Definition of SV spaces

The main idea behind the definition of the SV spaces is the use of histograms of wavelet coefficients for large scales: from
Eq. (3), the coefficients which behaves as 27%J are the signature of points with a regularity «. It seems therefore natural to
try to estimate the spectrum of a function fe L2([0, 1]?) by considering the function

log #{k : 2-(+6) < |¢; | < 2-(h- 8)]}
h) = lim i
pr(h) = lim l]n:fip Tog 27

There thus exist approximately 2°f MJ wavelet coefficients of amplitude 2", From the definition of the Hausdorff dimension
and the wavelet characterization of the Holder exponent, one can hope to have p(h) = d;(h). However, two problems make
this formalism useless: the function p; depends on the chosen wavelet basis [25] and a numerical approximation of this
function is difficult to obtain. Indeed, in practice, we only have a finite number of wavelet coefficients and in order to
compute the double limit, one must introduce an arbitrary dependence between ¢ and j to approximate pg{h). To overcome
these issues, one modifies the definition of this function to count the number of wavelet coefficients greater in modulus
than 2-%J at each scale j. This modification allows to define a function that is independent of the wavelet basis (see below)
and which can easily be computed for real-life signals (see Section 4).

Definition 3. The wavelet profile of fe L2([0, 1]") is defined by
log#E;(1, o + &) (f)

ve(a) = lll’gl lim sup

J—4o0 10g21 ’
where
Ej(Coa)(f) = {k: |cjul = C27}
and (¢; k) jew kefo,... 2i—1)n are the (periodized) wavelet coefficients of f.
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If fe A*(R") for some ¢ >0, the function vy is non-decreasing, right-continuous and there exists oy, >0 for which
vi(a) = —oo for all o <ay,. Moreover, one has v{a)e[0, n] for all o >oap,. A function satisfying those properties is
called an admissible profile.

In this section, we follow the path laid down in [25] and [26].

Definition 4. Given an admissible profile v : R — {—o00} U[0, n], we define the space S¥ by
SV ={f el?([0,1]") : vs(ar) < v(x) Yo € R}.

The definitions of vy and S¥ are independent of the chosen wavelet basis and the spaces SV are vector spaces linked with
the Besov spaces by the following embedding:

N ﬂ ﬂ ngzc)/qfe’
q>0¢e>0

where 7 is defined by
n(q) = inf {aq—v(e)}+n.

The preceding inclusion becomes an equality if and only if v is a concave function, in which case the corresponding space
brings nothing new to the already existing formalisms. However, for non-concave profiles v, the contribution of the related
spaces will become evident. If we denote

= i f
imax = 100 Sy
the multifractal formalism based on the S¥ spaces relies on the following estimation of the Hélder spectrum:
v(h') .
h su ifh<h
d(h) = { oo = fmax. (4)
n else

For any feS", we have d;(h) < d; (h) for all h>0 [35] and the set

d; (h) if h < hpax
) else

{fGS”Idf(h)={ }

is generic from both the prevalence [28] and the Baire genericity [36] points of view.

3. A theoretical example of signal with a non-concave spectrum

In this section, we present signals with non-concave spectra for which the multifractal formalism based on the S¥ spaces
holds, while the WLM (or other Legendre-based methods) only leads to an upper bound of the spectrum.

To this purpose, we consider the sum of two binomial cascades (which are the simplest deterministic case of cascades).
The notion of cascade is very important since it models many phenomena, many of them occurring in turbulences [1,37].

Definition 5. The binomial cascade of parameter p (0, 1) is the only Borel measure m defined on [0, 1] such that

n n
& & 1 n e
m([z gkt 2”)) = pHir (1 — )" Tt
=1 k=1
for all neN and ¢, €{0, 1} (ke {0, ..., n}).

Let us recall that if m is a finite Borel measure on [0, 1]", the definition of Hélder exponent of xo and the Hélder spectrum
of m are respectively [38]

.. logm(B(x,)
hm(X0) = llrrEéPfT

and
dm : [0, +00] = {—ooc}U[0,n] h+ dimy({x € R" : hyy(x) = h}).

If m is an uniformly regular measure (i.e. there exist a constant C> 0 and an exponent h,;, > 0 such that m(B(x, r)) < Crlmin
for any ball B(x, r)c [0, 1]™) then there exist a function f, called the associated wavelet series, whose wavelet coefficients are
defined by c;, = m([k27J, (k+1)279)). In this case, d; = di (for more details, we refer the reader to [38,39]). As we will
see in Proposition 3 (see Section 4), in this setting, the S¥-based method reduces to the computation of the wavelet profile
Vr (so that we can avoid the estimation of d;f).
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The Holder spectrum of a binomial cascade of parameter p <1/2 is

dn(h) = —(alogy (@) + (1 — &) log, (1 — @),
where
_ h+1log,(1 - p)
log, (1 - p) —log, p’

for all h € [—log,(1 — p), —log, p] (for a proof, see e.g. [15]).
The following theorem gives the Hélder spectrum of the sum of two binomial cascades.

Theorem 1. Let us denote by my, (resp. my,) the binomial cascade of parameter py (resp. p,), with 0 <py <p, < 1/2. The Holder
spectrum of the measure mp, +mp, is equal to

fdm, (W) if h<ho
dm,, +m,, () = {dmpz (h) if h=hy

for all h € [-1logy (1 — py), —log, py], where

hy — 1082(1 = P1) 108, > —log, (1 — p5) log, py
log, (45£2) — loga (51)

Proof. Let us first remark that for any x< [0, 1],

hmp1 +my, (X) = min{hmp] (), hmpz 0}
Indeed, for every ¢ > 0, there is 0 <R <1 such that
myp, (B(x.1)) <" ®~° and pp, (B(x. 1)) < 1m0~

for every r <R. One has

log (my, (Bx. ) + my, (Bx.)) ) log (o 07 4 i)
>

logr logr
log <2rmin{hmp1 ®).hm, (x)}—s)

logr

A%

)

for every r<R. It follows that hmp1 +ip, (x) > min{hmp1 (%), hmp2 (x)} —& and since e&>0 is arbitrary, we get that
hmpl +mp, (x) = min{hmp1 (), hmp2 0}
In view of

mp, (BX. 1)) +mp, (B(x, 1)) = my, (B(x.1))
and
mp, (B(X, 1)) + mp, (B(x. 1)) = mp, (B(x,1)),
the other inequality is obvious.
For any x [0, 1], let Sy(x) denote the number of 0’s appearing in the nth first terms of the proper dyadic development
of x. If my is the binomial cascade of parameter p <1/2, it is easy to check that
hm, (x) +log, (1 —
i St T, (0) +logy (1 - p)
n—too M log, (1 —p) —log, p
Consequently, for every x [0, 1], we have
hm,, (X) +1ogy (1 — 1) hm,, (x) +1log, (1 - p2)
log,(1—p1) —logy p1  logy(1 - p2) —log; p;
and a simple computation shows that

hmp1 +mp, (X) = hm, (X) <= hin, (x) > ho.
The conclusion follows. O

Remark 1. Let us notice that clmp1 (hg) = dmpz (hg) and that hy corresponds to the first intersection of the two graphs since
we have
hy < —log, (1 —I;z) —log, p>
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Fig. 1. Spectrum of the sum of two binomial cascades of parameters p; = 0.08 and p, = 0.4 where the second cascade is shifted to the right by 0.2.
Theoretical spectrum (—) and WLM spectrum (). The spectrum obtained with the S¥ spaces corresponds to the theoretical spectrum.

Remark 2. This last result can easily be generalized to the case where a binomial cascade m is shifted by a parameter 8 > 0,
that is to say that the wavelet coefficients of the associated wavelet series are given by Z*ﬁfm([kZ*f L(k+1)2-0 )) for every
jeN, ke {0,...,2/ —1}. In this case, we get that the Hélder spectrum of the sum of a binomial cascade m; of parameter p;
and a shifted binomial cascade m, of parameter p, (with 0 <p; <p, <1/2) with shifting parameter 8 is given by

_Jdm,(h) if h<ho
dm1+mz (h) - {dmz (h) if h > hO

for any h € [-log, (1 — p1), min{—log; py, —log, p, + B}], where hy is the first intersection of the graphs of di;, and dp,.
Fig. 1 shows an example.

One easily checks that the spectrum obtained with the S¥ spaces is exactly the theoretical spectrum. Indeed, a classical
result of the theory of large deviations states that the increasing part of the spectrum of a binomial cascade is equal to its
wavelet profile (see e.g. [40]). Since SV spaces are vector spaces, the wavelet profile of the sum is smaller than the Holder
spectrum. The other inequality is due to Proposition 3, proved in Section 4. Obviously, on the opposite, the WLM only gives
the concave hull of the spectrum.

4. Implementation of the multifractal formalism based on the S” spaces

Now that the theoretical setting has been formulated and the theoretical interest has been shown, we can describe
our algorithm to effectively compute the spectrum dj‘i associated with a numerical signal f: first, we show that v can be

theoretically replaced by the function v? defined by

log #E;
V& (a) = lim limsup 0 #E; (C. o .+8)(f)
f e=>0" 400 lngj

s

for any C> 0. Next, we explain how to compute the function v$ and give a way to effectively choose the constant C. Let us

mention that the algorithm we propose is a stand-alone method: no operation but fine tuning is required by the user.
Of course, in practice, a signal is a finite sequence of values. We use the Mallat algorithm [41] and the Daubechies
wavelets [42] to compute a finite number of wavelet coefficients. In R" we adopt the tensor product wavelet basis [31,32].

4.1. A preliminary result

The following proposition is the key result for the effective implementation of the formalism.

Proposition 2. Let C = (C;) jon be a sequence of positive numbers such that there exists ¢> 0 such that 1/c<C;<c for any jeN.
If we denote

. log #E (C;,
VE(a) = lim limsup —2 i O‘_+5)(f)’
! €207 jotoo log 2

we have v}?(a) =vy(a) for any o eR.

If C is the constant sequence C; = C, we naturally write vf by v?.
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Proof. First, observe that
#E;(1/c,a+¢) <#E;(Cj,a +¢) <#E;(c,a +¢),

1/c

for all jeN, o R and € > 0. So that we have vy

C>0.
Fix @ €R, C>0, £ >0 and let > 0 be such that for all j>J, C27¢/2) < 1. If |cj| = 27(@*+#/2)] then

< vf < v;; therefore it is enough to prove that we have ¢ = vy for any

Il = 2-reic 620 = co- (@i,
in other words, we have
#E;(Ca+¢e)(f) = #E;(1, a +£/2)(f),

which implies vf(a) > ().
For the other inequality, it suffices to take J> 0 such that 2=¢J < C for all j>J. O

4.2. Computation of v;(a) for fixed C and o

Cl@ij

Let us recall that the definition of vf(ot) formalizes the idea that, if & > &, there are about 2" coefficients larger

than C2-%J at scales j “large enough”. Following this idea, an approximation of v? (@) is given by the slope of

log#E;(C, ) (f)
w log2

5

for j “large enough”. In practice, it is approximated by the slope of a linear regression on correlated points only, using the
least squares method. Also, a lower bound for the correlation has to be fixed. If the correlation is always smaller that this
lower bound or if #E;(C, &) (f) = 0 for several j's, we say that the detected value for v?(a) is —co. The impact of the choice
of this lower bound (the typical values used are p = 0.95, 0.99, 0.999) will be illustrated in the next section with examples.
From now on, the notation v? (o) will refer to this slope.

4.3. For a fixed o > 0, choice of the constant C> 0

From a theoretical point of view, the spectrum d;f can be estimated by the computation of vy, as introduced in
Definition 3. However in practice, since we only have access to a finite number of wavelet coefficients, such a method
is not efficient. If the typical value of these coefficients is too big (resp. too small) with respect to 1, too many (resp. not
enough) of them will be taken into account, so that the associated value of v{a) will be 1 (resp. —co).

In order to determine a good approximation of v{a), we use Proposition 2, that allows us to replace the constant 1 by an
arbitrary constant C, which has to be adapted to the amplitude of the wavelet coefficients. Consequently, the main problem,
for a fixed « > 0, lies in the choice of the constant C. If & > «p,;,, it should exist an interval [Cy, C] such that for any Ce[Cy,
C,], the values v?(a) are close. For every fixed o > 0, we construct the function C > 0 — v?(a).

If o > ot iy, this function should be decreasing and a stabilization should appear. In the other case (i.e. if o <oty ), the
function should decrease without stabilization. We compute this function starting with C = 0 until the detected value of
v?(a) is —oo.

To detect the existence of a stabilization, we use a non-parametric gradient descent, where the gradient is calculated as
the slope of the regression line over several consecutive points (typically 3 or 5 points) [43]. The approximation of v{«) is

e —oo if no stabilization is detected;
« the mean of the values ng(a) obtained for the C's whose gradient are close to 0, if a stabilization is detected.

A last crucial point is to determine the minimal length of the interval [C;, C;] where the gradients are close to 0. A
first idea is to consider a length equal to the greatest value among the moduli of the wavelet coefficients. It gives some
good results (see [44] for a similar method) but it is less efficient for signals with small size and it may be influenced by
aberrant values in the signal (see Appendix). Besides, for any «, this approach uses the same magnitude for the stabilization.
However, the number of wavelet coefficients used to approximate v(«) strongly depends on «; so does the length of the
interval with a stabilization. In this article, a more robust approach is proposed for which the length of the interval [C;, C;]
depends on «. Let us recall that we count the number of wavelet coefficients that are greater than C2-%/. In other words,
the considered wavelet coefficients ¢; ; satisfy Z“flcj, x| = C. In view of this inequality, the idea is to consider an interval [C;,
C;] of magnitude equals the median of the values Z“flcj, «l. In Sections 5 and 6, we show that this method gives very good
results. It is not influenced by aberrant values in the signal and allows to have a better approximation of the spectrum than
other wavelet-methods.
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0 o

Fig. 2. Example of vf (- - -) and d;f ().

4.4. The transition from vy to d;f

Let us recall that the multifractal formalism based on the S” spaces for a function f is a transformation of the function
vy (see Eq. (4)). To understand this transformation, let us introduce the following definition [45].

Definition 6. Let 0 < a < b < +o0. A function f : [a, b] — R* is with increasing-visibility if f is continuous at a and

fo _ f®

sup — <
ye(ax] y X

for all x e (a, b].

In other words, a function f is with increasing-visibility if for all x e (a, b], the segment ((0, 0), (x, f(x))] lies above the
graph of f on (aq, x].

The passage from vy to d;f transforms the function vy into a function with increasing-visibility. This is illustrated in
Fig. 2.

In practice, once vy has been computed, a first natural idea is to estimate supy(g p Vs (h')/h’ in order to determine dqh).
However, since we have to deal with numerical data, there are precision errors in the function v; which may introduce a
bias in the computation of this upper bound. In order to overcome this issue, we can use the fact that the function vy is
transformed into a function with increasing-visibility. It is easy to see that a function g is with increasing-visibility if and
only if the function

h>0r—>g(hﬁ

is increasing. So, we can compute the function h > 0 — Vflsh) (for example, by taking steps of 0.01). If it is increasing, then
ds(h) = v¢(h); on the other hand, if it is decreasing, we are in a non increasing-visibility part of vy. In this case, we com-
pute the mean of v{h)/h for the first points of this decreasing part. If we denote by s this mean, we use the estimation

d;f(h) = hs for every h such that v{(h)/h <s. Once we get vf{(h)/h>s, we study, as previously, the monotonicity of the func-

tion hr>v(h)/h to determine d;f.

This last step of the algorithm adds a lot of computational operations to the method. Let us show that in some cases,
this step is not useful.

Proposition 3. Let m be an uniformly regular measure and let f be the associated wavelet series. If

. ve(x) — v
1nf{f())<_yf()/) 1X, Y € [@min, ¥max], X < y} >0, (5)

where amax = inf{a : vg(a) = 1}, then the wavelet profile vy is an approximation of the increasing part of dj, ie. it gives an
upper bound of the Hélder spectrum.

Proof. Let us remark that if fg denotes the function whose wavelet coefficients are given by Z*ﬁfcj,k, then we have

ds, (h) =dg(h— ) and vy, (h) = v;(h - B) (6)
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Fig. 3. Function CvS(«) for a simulation of a Brownian motion. We search a stabilization on an interval [C;, C;] whose length | depends on « (see
Section 4.3).

for any h € [0, +oo]. The hypothesis on the wavelet profile v; implies that there exists 8> 0 such that the function vy, is
with increasing-visibility. In this case, Vi, approximates df,g (see the end of Section 2). Using property (6), we can conclude
that the increasing part of dy can be approximated by vy O

Remark 3. Obviously, if the infimum in (5) equals 0 and if the infimum taken on X, y € [o¢py,y, ] is strictly positive for any
o < Omax, then the result is still valid.

The method presented in this section will be called the Wavelet Profile Method (WPM). In the following, we will show
that this method gives better theoretical results on some signals: we will do a systematic study on signal simulations by
discussing the size of the signals generated and by comparing the WPM with the WLM.

5. WPM in action: standard setting

The next step is to test the algorithm described in Section 4 on several examples. We show here that the method gives
results at least as good as results obtained using other wavelet-methods (mainly, the WLM) when the function is monofractal
or multifractal with a concave spectrum.

5.1. The fractional Brownian motion

To illustrate the monofractal case, the walks of a fractional Brownian motion are used. This process was introduced by
Mandelbrot and Van Ness in [46]. For a given He [0, 1], it is the unique Gaussian stochastic process that is self-similar of
order H with stationary increments. Its main property is the existence of a long-range correlation which introduces a weak
dependence between the points of a realization. Such dependence are detected in many experimental observations and that
is why fractional Brownian motions model many monofractal phenomena [46-49].

The parameter of self-similarity H is called the Hurst index. Almost surely, the walk of a fractional Brownian motion of
parameter He (0, 1) is continuous, nowhere differentiable and the associated Hoélder exponent is equal to H [50].

To simulate fractional Brownian motions, we use the algorithm described in [51]. As a first illustration, we compute the
spectrum of a classical Brownian motion (i.e. H = 1/2). Let us recall that to approximate the spectrum at point ¢, we look for
a stabilization of the function G—v(«). If there is no stabilization, the spectrum at point « is equal to —co. Consequently,
for a Brownian motion, no stabilization should be detected for o <0.5 and a stabilization equal to 1 should appear for
o = 0.5. This is illustrated in Fig. 3.

For a fixed size 2/ (12 <j <20), we have simulated one hundred walks of fractional Brownian motion with a parameter H
which varies between 0.2 and 0.8 by steps of 0.05.

We have compared our method with the WLM: in Fig. 4, the mean and the boxplot of the distances between the detected
Hélder exponent and H for simulations of size 2/ is represented for any j.

The two methods often give similar results. The WPM seems more robust, in the sense that the boxplots associated with
this method are smaller than those associated with the WLM. The robustness will be more deeply studied in Section 6.3.
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Fig. 4. Functions that represent for every j, the boxplot of the distances between the Holder exponent detected and H (for H which varies between 0.2 and
0.8 by steps of 0.05) of size 2/ of walks of fractional Brownian motion with a parameter H. The mean of these distances is also represented (in black).

5.2. Multifractal examples with concave spectra: the Mandelbrot cascades

The first example of function with a concave spectrum is based on the notion of Mandelbrot cascades [52]. It generalizes
the notion of binomial cascades presented in Section 3.

Definition 7. Let W be a given positive random variable such that E[W] =1 and {W;}, . be an i.i.d. collection of copies of
W indexed with the infinite binary tree ¥ = (J,-1{0, 1}". For any neN, one defines the random measure my on [0, 1] by

n n

Ex &k 1

My [ZZ!{’ZZ}Z+211> :W€1W€1F«z?""Wslé‘z,,...sn-
k=1 k=1

The sequence m, converges almost surely to a Borel measure m on the interval [0, 1] [38].

In the sequel, we will consider the case where the law of W is log-normal with parameters @ <0 and o2 such that
|u|/o > /21og?2. Its spectrum is given almost surely by

2
d(h) = — (h+ wn/log2)*log2 1

202
. [ 2 [ 2
ifhel-/1520 = é, 6520 ~ @] [38,53].

The theoretical spectrum is compared with the spectrum obtained with the WPM and with the WLM in Fig. 5: one can
see that both methods give a good approximation of the spectrum. Let us remark that the WPM hardly detect the spectrum
for small h; this problem depends on the size of the signal (on average, the first h is equal to 0.03 for size 220 and 0.08 for
size 21°). Let us recall that this method is based on the investigation of the behavior of the number of wavelet coefficients
that are larger than 2~ across scales j. For very small h, there are not enough remaining coefficients to have a stabilization.
Let us mention that the method proposed in this article (i.e. which consists in taking the median of the values 2"‘f|cj, Kl as
magnitude of the size of the interval of the stabilization) greatly improves this detection compared to similar methods [44],
as developed in Appendix.

For a fixed size 2/ (11 <j <20), we have simulated one hundred log-normal cascades and computed the root-mean-square
deviation (RMSE) of each simulation. The boxplot and the mean of these RMSE are represented in Fig. 6. The two methods
give very similar results.

5.3. Multifractal examples with concave spectra: the Lévy processes without Brownian part

The second example considered here is a Lévy process. It is a stochastic process with independent and stationary incre-
ments that is right-continuous and admits almost surely a left limit at any point. A Lévy process is associated with an index
B €0, 2], called the Blumenthal and Getoor lower index. It is mostly used in the field of financial modeling [54].

The multifractal nature of a Lévy process is presented in [55]. Let us recall one of its main properties: a Lévy process
can be decomposed into the sum of a (possibly vanishing) Brownian part and an independent pure jump process. The
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Fig. 5. Increasing part of the spectrum of the log-normal cascade (& = —0.45log2 and o2 = 0.1log2). Theoretical spectrum (—), WPM spectrum (__) and
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Fig. 6. Functions that represent for every j, the boxplot of the RMSE of one hundred log-normal cascades of size 2/. The mean of these RMSE is also
represented (in black).

multifractal properties of the sample paths of a Lévy process are governed by its index B: if the Lévy process with index g
has no Brownian part, then almost surely, its spectrum is given by

d(h) = Bh

for all he[0, 1/B]. The case where there is a non-vanishing Brownian part will be treated in the next section.

To simulate Lévy processes, we use the algorithm described in [56].

The theoretical spectrum is compared with the spectrum obtained with the WPM and with the WLM in Fig. 7. The
spectrum detected with the WPM fits better the real one than the spectrum obtained via the WPM. This last method tends
to make a strictly concave spectrum. However, as for the previous example, the WPM does not detect the spectrum for
very small h but the method proposed in this article greatly improve this detection compared to similar methods [44], as
illustrated in Appendix.

For a fixed size 2/ (11 <j <20), we have simulated one hundred Lévy processes without Brownian part (8 = 1.3) and the
RMSE of each simulation has been computed. The boxplot and the mean of these RMSE are represented in Fig. 8. The WPM
clearly gives better results than the WLM.

6. WPM in action: effectiveness of the method on classical examples

In this section, we show the contributions of the WPM in the computation of the Holder spectrum. First, we consider
functions that have a non-concave spectra and we show that the WPM gives a good approximation of the spectrum. As
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Fig. 7. Spectrum of the Lévy process without Brownian part (8 = 1.3). Theoretical spectrum (—), S” spectrum () and WLM spectrum (). The results
are obtained with a realization of length 220,
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Fig. 8. Functions that represent for every j, the boxplot of the RMSE of one hundred Lévy processes without Brownian part (8 = 1.3) of size 2/. The mean
of these RMSE is also represented (in black).

expected, the WLM only allows at best to recover the concave hull of the spectrum. Second, we illustrate that the WPM is
more robust than the WLM.

6.1. Multifractal examples with non-concave spectra: the Lévy processes with a Brownian part

The first example with a non-concave spectrum gives a complement to the computation of the spectrum of a Lévy
process. Indeed, in Section 5.3, we have calculated the Holder spectrum of a Lévy process without Brownian part. Now, we
treat the case where the Brownian motion of the Lévy process is non-vanishing [55]. If the Lévy process with index 8 has
a Brownian component, the associated Holder spectrum is non-concave and, almost surely, is equal to

[Bh ifhe[0.1/2)
d(h)—{1 ifh=12 -

In Fig. 10, we have represented the function G—v () (o = 0.4 and o = 0.52) for a simulation of a Lévy process with a
Brownian part. It is interesting to note that for o <0.5, one stabilization is detected and corresponds to the approximation
of the spectrum at « (see Fig. 10(a)); for o > 0.5, two stabilizations are detected (see Fig. 10(b)). This first one is the approx-
imation of the spectrum at o and the second one corresponds to the Lévy process without Brownian part used to define
the signal. The WPM can thus detect the presence of several processes in a single signal.

In Fig. 9, we compare the spectra obtained with the WPM and the WLM. As for the Lévy process without Brownian part,
we have used the function vy to approximate the spectrum. With the WPM, the non-concave part is detected. In this case,
the superiority of the WPM is clear, since the WLM only allows to detect the concave hull of the spectrum.
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Fig. 10. Function C—v () for a simulation of a Lévy process (8 = 1.3) with a Brownian motion. We search a stabilization on an interval [C;, C;] whose
length | depends on « (see Section 4.3).

For a fixed size 2/ (11 <j <20), we have simulated one hundred Lévy processes with a Brownian part (8 = 1.3). For each
fixed j, we have computed the RMSE of each simulation. The boxplot and the mean of these RMSE are represented in Fig. 11.
The WPM is obviously better than the WLM. However let us remark that for the signals of size 211, it is very difficult to
have an acceptable stabilization for the function C v?((x) for almost every «e. We have less than 15% of the signals with

an acceptable stabilization; it is thus impossible to represent the boxplot of these signals for the WPM.
6.2. Multifractal examples with non-concave spectra: superposition of two log-normal cascades

Our last example is obtained by superposing two log-normal cascades. More precisely, if m; and m, are two measures
associated with a log-normal cascade, we define the measure m by

m=1; +my

where 171 (resp. ;) is a measure defined on [0, 1/2] (resp. [1/2, 1]) such that fi1; (I) = m (2I) (resp. iy (I) = my (2(I1 — 1/2))).
Clearly, the spectrum is given by

dm(h) = sup{dm, (h), dm, (h)}.

In Fig. 12, we compare the spectra obtained via the WPM and the WLM. The second method can only compute the
concave hull of the theoretical spectrum; it is thus impossible to detect the presence of two log-normal cascades. With this
method, one could conclude that there is only one cascade in the signal. On the other hand, the WPM shows the existence
of a second phenomenon in the signal.

For a fixed size 2/ (11 <j<20), we have simulated one hundred superpositions of two log-normal cascades and have
computed the RMSE of each simulation of size 2/. The boxplot and the mean of these RMSE are represented in Fig. 13. We
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Fig. 11. Functions that represent for every j the boxplot of the RMSE of one hundred Lévy processes which are the sum of a pure jump process (8 = 1.3)
and a Brownian motion (H = 0.5) of size 2/. The mean of these RMSE is also represented (in black).
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Fig. 12. The increasing part of the spectrum of the superposition of two log-normal cascades with parameters p; = —0.45log2, 0]2 =,/0.1log2, u; =
—0.33log2 and o} = 0.02log2 where the first (resp. second) cascade is shifted to the right by 0.1 (resp. by 0.05). Theoretical spectrum (---), S” spectrum
(__) and WLM spectrum (). The results are obtained with a realization of length 22°.
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Fig. 13. Functions that represent for every j, the boxplot of the RMSE of one hundred log-normal cascades with parameters @, = —0.45log2, 012 =
0.1log2, py = —0.33log2 and o} = 0.02log2 where the first (resp. second) cascade is shifted to the right by 0.1 (resp. by 0.05) of size 2/. The mean of
these RMSE is also represented (in black).
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Fig. 14. Function g—nfq). Right (resp. left) for the fBm (resp. abfBm) of size 215 with H=0.8.

clearly see that the superiority of the WPM over the WLM. Let us remark that, as for the Lévy process, for the size 21" and
212 less than 10% of the signals give an acceptable stabilization for the function C — v?(a) for almost any « < 0.34. In these
cases, the WLM leads to a spectrum, but it is not a good approximation of the theoretical spectrum. The boxplot associated
to these signals for the WLM are also clearly worse than the others.

6.3. Robustness of the method: aberrant values in fractional Brownian motions

In practice, aberrant values can appear in a signal (for example, see [4]). These values can influence the analysis of the
signal. This is illustrated in this section with the fractional Brownian motion (denoted by fBm) where one value of the
signal is modified. More precisely, one point of the signal is replaced by four times the largest value of the signal (such a
modification is inspired by real-life signals [4]). This signal will be denoted by afBm.

Let us recall that the WLM approximates the Holder exponent of a monofractal signal by the slope of the function

q—nfq) where
270y d]e
1@ =i g

where (d; ); x denote the wavelet leaders of the signal ; they are defined as local suprema of wavelet coefficients, see
[57] for more details.

0.2 0.2
0.15 + 1015 i
0.1} 1 01t ]
0.05 + | 10.05 | [ ,
0 e T T T T 0 e
11 12 13 14 15 16 17 18 19 20 11 12 13 14 15 16 17

(a) WPM (b) WLM

Fig. 15. Functions that represent for every j, the boxplot of the distances between the Holder exponent detected for the fBm and the exponent detected
for the corresponding afBm of size 2/. The mean of these distances is also represented (in black).



T. Kleyntssens et al./Commun Nonlinear Sci Numer Simulat 56 (2018) 526-543 541

For the fBm, this method gives good results (see Section 5.1) but the function 7y is strongly disturbed with the afBm, as
illustrated in Fig. 14. Indeed, such a modification of the fBm implies that, at each scale j, at least one wavelet coefficient is
strongly modified. As a result the function 7; has a flat part for the largest values of q and the slope of the increasing part
does not give a correct approximation of the Holder exponent. The WPM (resp. WLM) approximates the Holder exponent
by 0.81 and 0.82 (resp. 0.81 and 0.87) for the fBm and the afBm respectively.

Fig. 15 shows for every j, the mean and the boxplot of the distance between the Holder exponent detected for the fBm
and the exponent detected for the corresponding afBm using the WPM and the WLM. The robustness of the WPM is clear.
For the sizes 2/ with 15 <j <20, this distance is smaller than 0.01. For smaller sizes, this distance is also very small, excepted
for a few signals of size 2!1. On the other hand, the WLM is very disturbed. For the sizes 2/ with 16 <j <20, the distance
has the same order of magnitude as the approximation of the exponent of the original signal (see Fig. 4). For the smaller
sizes, the exponent detected for the afBm is significantly different from the true exponent.

7. Conclusion

We have introduced an algorithm that allows to apply the SV-based multifractal formalism to numerical data. Similar
methods have been proposed [27], but the implementation described in Section 4 is the only one which is stand-alone.

For monofractal and concave spectra, our method gives similar results to the ones obtained using the wavelet leaders
method for the increasing part of the spectrum. Moreover, the WPM leads to the detection of non-concave spectra, where,
as already known, the wavelet leaders method fails and only leads to the concave hull of such spectra.

However, the WPM may be unsuccessful in detecting the spectrum for the smallest values of h. This is due to the fact
that more coefficients are needed to properly compute the S¥ spectrum.

Moreover, the WPM is more robust to aberrant values, as shown in Section 6.3.
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Appendix A

In practice, the choice of the constant C used to compute an approximation of the value v(«) is very important; the
computed value v€(«) is dependent of C and can be very different from the theoretical value v(o). Our approach is not to
find a constant C but rather an interval where the value v<(«) is (nearly) constant. In a previous article [44], the length of
this interval was taken to be equal to the greatest value among the moduli of the wavelet coefficients. In what follows, this
approach is called method 1 and the approach of this article is called method 2. This appendix illustrates a few problems of
method 1 and shows that method 2 solves them.

First, as illustrated in Fig. 16, method 1 is less efficient for the smallest sizes of the signal than method 2.
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Fig. 16. Functions that represent for every j, the boxplot of the distances between the Holder exponent detected and H (for H which varies between 0.2
and 0.8 by steps of 0.05) for walks of fractional Brownian motion of size 2/ with parameter H. The mean of these distances is also represented (in black).
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for the corresponding afBm of size 2/. The mean of these distances is also represented (in black).

Table 1
The median value for the smallest h detected for a Lévy process of size 2/ (B =
1.3).
Method 1 Method 2  Difference between the two methods

j=20 0.09 0.26 0.17

j=19 0.13 0.27 0.14

j=18 0.19 0.27 0.08

j=17 0.18 0.28 0.1

j=16 0.19 0.3 0.1

j=15 0.2 0.33 0.13

j=14 0.22 0.34 0.12

j=13 0.3 0.37 0.07

j=12 0.36 0.43 0.07

j=1 0.45 0.56 0.11

Moreover, it is easy to convince oneself that method 1 is strongly influenced by aberrant values in the signal, as for the
WLM, since the size of the interval in this case is given by the largest wavelet coefficient. In Fig. 17, we compare the two
methods for the afBm (as in Section 6.3): we clearly see the influence of an aberrant value in the signal in method 1.

Finally, method 2 allows to approximate the spectrum for smaller values of h compared to method 1. Table 1 gives the
median value for the smallest detected h for a Lévy process of size 2/. We clearly see the advantages of the method proposed
in this article.
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